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ÌÜèçìá 2�ÑÏÓÅ��ÉÓÔÉÊÇ ËÕÓÇ�ÑÁÌÌÉÊÙÍÓÕÓÔÇÌÁÔÙÍ
2.1 ÅéóáãùãéêÝò Ýííïéåò2.1.1 Ïñéóìüò ãñáììéêïý óõó�Þìá�ïòÏñéóìüò 2.1.1 - 1. Ç ãåíéêÞ ìïñöÞ åíüò ãñáììéêïý óõó�Þìá�ïò (linearsystem) m-åîéóþóåùí ìå n-áãíþó�ïõò x1, x2, : : :, xn åßíáéa11x1 + a12x2 + · · · + a1nxn = b1a21x1 + a22x2 + · · · + a2nxn = b2... · · ·

...am1x1 + am2x2 + · · · + amnxn = bm (2.1.1 - 1)üðïõ �á aij ìå i = 1; 2; : : : ; m; j = 1; 2; : : : ; n åßíáé ïé óõí�åëåó�Ýò �ïõóõó�Þìá�ïò êáé �á bi; i = 1; 2; : : : ; m åßíáé ãíùó�ïß áñéèìïß.Áí bi = 0 ãéá êÜèå i = 1; 2; : : : ; m, �ü�å �ï óýó�çìá (2:1:1 − 1) ëÝãå�áéïìïãåíÝò êáé ìßá ðñïöáíÞò ëýóç �ïõ åßíáé ç x1 = x2 = : : : = xn = 0, åíþ,ü�áí Ýíá �ïõëÜ÷éó�ïí áðü �á bi; i = 1; 2; : : : ; m åßíáé äéÜöïñï �ïõ ìçäåíüò,�ü�å ëÝãå�áé ìç ïìïãåíÝò. 1



2 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïòÌå �ç âïÞèåéá �ùí ðéíÜêùí �ï óýó�çìá (2:1:1 − 1) ãñÜöå�áé











a11 a12 · · · a1na21 a22 · · · a2n... · · ·
...am1 am2 · · · amn












︸ ︷︷ ︸A











x1x2...xn










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︸ ︷︷ ︸b Þ −→bÞ Ax = b (2.1.1 - 2)üðïõ A ï ðßíáêáò �ùí óõí�åëåó�þí �ùí áãíþó�ùí ìå A ∈ ℜm×n Þ A ∈ Cm×nêáé b äéÜíõóìá �Üîçò m. . Áí�ßó�ïé÷ç ìïñöÞ �çò (2:1:1 − 2) éó÷ýåé ãéáó�ïé÷åßá áðü �ï C áí�ß �ïõ ℜ.2.1.2 ÌÝèïäïé ëýóçòÏé ìÝèïäïé ëýóçò �ïõ óõó�Þìá�ïò (2:1:1− 2) ÷ùñßæïí�áé ó�éò ðáñáêÜ�ù äýïêá�çãïñßåò:
• Üìåóåò (dire
t), êáé
• åðáíáëçð�éêÝò (iterative).1Áðü �ï óýíïëï �ùí ëýóåùí èá äïèïýí ó�ç óõíÝ÷åéá ìüíïí ïé êõñéü�åñåò,ðïõ áíáöÝñïí�áé ó�çí ðåñßð�ùóç üðïõ ï ðßíáêáò A �ùí óõí�åëåó�þí �ùíáãíþó�ùí åßíáé �å�ñáãùíéêüò �Üîçò n êáé ç ïñßæïõóá �ïõ |A| 6= 0.21�éá Üëëåò ðåñéð�þóåéò ï áíáãíþó�çò ðáñáðÝìðå�áé ó�ç âéâëéïãñáößá êáé ó�ï âéâëßï Á.ÌðñÜ�óïò [3℄ Êåö. 3.2Ç �áñÜãñáöïò 2.2 ðïõ áêïëïõèåß äåí óõìðåñéëáìâÜíå�áé ó�çí åîå�áó�Ýá ýëç.



¢ìåóïé ìÝèïäïé 32.2 ¢ìåóïé ìÝèïäïé2.2.1 ÌÝèïäïò �ïõ CramerÅðåéäÞ |A| 6= 0, ï ðßíáêáò A åßíáé áí�éó�ñÝøéìïò, äçëáäÞ õðÜñ÷åé ï A−1,ïðü�å áðü �çí (2:1:1 − 2) äéáäï÷éêÜ Ý÷ïõìåAx = b Þ I
︷ ︸︸ ︷A−1Ax = A−1b Þ Ix = A−1büðïõ I ï ìïíáäéáßïò ðßíáêáò �Üîçò n, äçëáäÞ �åëéêÜx = A−1 b: (2.2.1 - 1)Ç (2:2:1 − 1) óõíáñ�Þóåé �ùí áãíþó�ùí x1, x2, : : :, xn �ïõ óõó�Þìá�ïòáðïäåéêíýå�áé ü�é �åëéêÜ ãñÜöå�áéxi = |Ai|
|A| ; i = 1; 2; : : : ; n; (2.2.1 - 2)ü�áí ìå |Ai| óõìâïëßæå�áé ç ïñßæïõóá ðïõ ðñïêýð�åé, áí ç i-ó�Þëç �ïõ ðßíáêáA áí�éêá�áó�áèåß áðü �éò óõí�å�áãìÝíåò �ïõ äéáíýóìá�ïò b. Ç ìÝèïäïò áõ�Þ,ðïõ åßíáé ãíùó�Þ óáí ìÝèïäïò �ïõ Cramer , ëüãù �ïõ ìåãÜëïõ áñéèìïý�ùí ðñÜîåùí êáé �ùí õðåéóåñ÷ïìÝíùí óöáëìÜ�ùí ó�ñïããõëïðïßçóçò (round-o� errors), Ý÷åé èåùñç�éêü ìüíïí åíäéáöÝñïí.�áñÜäåéãìá 2.2.1 - 1¸ó�ù �ï óýó�çìá

−3x1 + 6x2 − 11x3 = 5

3x1 − 4x2 + 6x3 = −2

4x1 − 8x2 + 13x3 = 4ðïõ ãñÜöå�áé
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4 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïòÁí A åßíáé ï ðßíáêáò �ùí óõí�åëåó�þí �ùí áãíþó�ùí, �ü�å |A| = 10, ïðü�åA−1 =
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:Ç ðáñáðÜíù ëýóç ðñïêýð�åé åðßóçò êáé áðü �ïí �ýðï (2:2:1 − 2) üðïõ
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= −64:2.2.2 ÌÝèïäïò áðáëïéöÞò �ïõ GaussÇ ìÝèïäïò áðáëïéöÞò �ïõ Gauss ÷ùñßò äéÜ�áîç3 (pivoting) ðåñéãñÜöå�áé áðü�á ðáñáêÜ�ù âÞìá�á (steps):1ï âÞìá. ¸ó�ù ü�é ïé åîéóþóåéò �ïõ óõó�Þìá�ïò (2:1:1−1) Ý÷ïõí äéá�á÷èåßêá�Ü �Ý�ïéï �ñüðï, þó�å a11 6= 0. Ôï a11 ëÝãå�áé êáé ïäçãü ó�ïé÷åßï(pivot). Ôü�å ï Üãíùó�ïò x1 áðáëåßöå�áé áðü �ç 2ç, 3ç, : : :, n-ïó�Þ3¼ìïéá ãéá Üëëåò ðåñéð�þóåéò âëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜ�óïò [3℄ Êåö. 3.



¢ìåóïé ìÝèïäïé 5åîßóùóç, áöáéñþí�áò:m21 =
a21a11 öïñÝò �çí ðñþ�ç áðü �ç äåý�åñç åîßóùóçm31 =
a31a11 " " �ñß�ç... ... ... ...mn1 =
an1a11 " " �åëåõ�áßá;ü�áí �á mi1; i = 2; 3; : : : ; n åßíáé ïé ðïëëáðëáóéáó�Ýò �ïõ Gauss ãéá�ï ðñþ�ï âÞìá. Ç ìïñöÞ �ïõ óõó�Þìá�ïò ó�ï �Ýëïò �ïõ 1ïõ âÞìá�ïòåßíáé a11x1 + a12x2 + · · · + a1nxn = b1a(1)22 x2 + · · · + a(1)2n xn = b(1)2... ...a(1)n2 x2 + · · · + a(1)nnxn = b(1)n (2.2.2 - 1)

üðïõ ìå a(ê)ij , b(k)i ; k = 1; 2; : : : ; n− 1 èá óõìâïëßæå�áé ó�ï åîÞò ç íÝá�éìÞ �ùí aij êáé bi ó�ï �Ýëïò �ïõ k-âÞìá�ïò ãåíéêÜ.2ï âÞìá. ¼ìïéá, Ýó�ù ü�é ïé åîéóþóåéò �ïõ óõó�Þìá�ïò (2:2:2− 1) Ý÷ïõíäéá�á÷èåß êá�Ü �Ý�ïéïí �ñüðï, þó�å a(1)22 6= 0. Ôü�å ï Üãíùó�ïò x2áðáëåßöå�áé áðü �çí 3ç, : : : , n-ïó�Þ åîßóùóç, áöáéñþí�áòm32 =
a(1)32a(1)22

öïñÝò �ç äåý�åñç áðü �çí �ñß�ç åîßóùóç... ... ...mn2 =
a(1)n2a(1)22

" " �åëåõ�áßá:



6 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïòÇ ìïñöÞ �ïõ óõó�Þìá�ïò ó�ï �Ýëïò �ïõ 2ïõ âÞìá�ïò èá åßíáéa11x1+ a12x2 + a13x3 + · · · + a1nxn = b1a(1)22 x2 + a(1)23 x3 + · · · + a(1)2n xn = b(1)2a(2)33 x3 + · · · + a(2)3n xn = b(2)3... ...a(2)n3 x3 + : : : + a(2)nnxn = b(2)n : (2.2.2 - 2)
Óõíå÷ßæïí�áò ìå áõ�ü �ïí �ñüðï ó�ï �Ýëïò êáé �ïõ n−1 âÞìá�ïò, ç ìïñöÞ�ïõ áñ÷éêïý óõó�Þìá�ïò (2:1:1 − 1) �åëéêÜ èá åßíáéa11x1 + a12x2 + a13x3 + · · · + a1nxn = b1a(1)22 x2 + a(1)23 x3 + · · · + a(1)2n xn = b(1)2a(2)33 x3 + · · · + a(2)3n xn = b(2)3. . . ...a(n−1)nn xn = b(n−1)n (2.2.2 - 3)

üðïõ ðñïöáíþò �ï óýó�çìá (2:2:2 − 3) åßíáé éóïäýíáìï ìå �ï áñ÷éêü. Ôïóýó�çìá (2:2:2 − 3) ãñÜöå�áé áðëïýó�åñá ùòu11x1 + u12x2 + u13x3 + · · · + u1nxn = 
1u22x2 + u23x3 + · · · + u2nxn = 
2u33x3 + · · · + u3nxn = 
3. . . ...unnxn = 
n



¢ìåóïé ìÝèïäïé 7Þ ìå �ç âïÞèåéá �ùí ðéíÜêùí
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;äçëáäÞ Ux = 
 ìå U ∈ ℜn×n (2.2.2 - 4)üðïõ ï U åßíáé Ýíáò Üíù �ñéãùíéêüò ðßíáêáò.Ç ëýóç �ïõ óõó�Þìá�ïò (2:2:2 − 4) ãßíå�áé ìå áíÜäñïìç áí�éêá�Üó�áóç(ba
kward substitution), äçëáäÞ áðü �çí �åëåõ�áßá ðñïò �çí ðñþ�ç åîßóùóçùò åîÞò: xn = 
n=unnxn−1 = [
n−1 − un−1; n xn] =un−1; n−1... ...x1 =




1 − n∑j=2

u1j xj = u11 : (2.2.2 - 5)
�áñÜäåéãìá 2.2.2 - 1¸ó�ù �ï óýó�çìá

2x1 + 2x2 + 4x3 = 6

−x1 + 2x2 − 3x3 = 3x1 + 2x2 − x3 = 5: (2.2.2 - 6)Ôü�å óýìöùíá ìå �ç ìÝèïäï áðáëïéöÞò �ïõ Gauss ÷ùñßò äéÜ�áîç ç ëýóç åßíáé:1o âÞìá�ßíå�áé áðáëïéöÞ �ïõ áãíþó�ïõ x1 áðü �ç 2ç êáé 3ç åîßóùóç ùò åîÞò:Åîßóùóç 2 : = Åîßóùóç 2 − m21 ∗ Åîßóùóç 1 ; m21 = −1=2Åîßóùóç 3 : = Åîßóùóç 3 − m31 ∗ Åîßóùóç 1 ; m31 = 1=2 :



8 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïò¢ñá ó�ï �Ýëïò �ïõ 1ïõ âÞìá�ïò �ï óýó�çìá ãñÜöå�áé
2x1 + 2x2 + 4x3 = 6

3x2 − x3 = 6x2 − 3x3 = 2;ðïõ ðñïöáíþò åßíáé éóïäýíáìï ìå �ï áñ÷éêü, åðåéäÞ Ý÷åé äéá�çñçèåß ç
1ç åîßóùóç.2o âÞìáÁðáëåßöå�áé ï Üãíùó�ïò x2 áðü �çí 3ç åîßóùóç ùò åîÞò:Åîßóùóç 3 : = Åîßóùóç 3 − m32 ∗ Åîßóùóç 2 ; m32 = 1=3:¢ñá ó�ï �Ýëïò �ïõ 2ïõ âÞìá�ïò �ï óýó�çìá èá Ý÷åé �åëéêÜ �ç ìïñöÞ

2x1 + 2x2 + 4x3 = 6

3x2 − x3 = 6

−
8

3
x3 = 0

(2.2.2 - 7)ðïõ åßíáé åðßóçò ëüãù �çò äéá�Þñçóçò êáé �çò 2çò åîßóùóçò éóïäýíáìïìå �ï áñ÷éêü. Ëýíïí�áò �þñá �ï óýó�çìá (2:2:2 − 7) ìå �çí áíÜäñïìçáí�éêá�Üó�áóç, äçëáäÞ áðü �çí 3ç ðñïò �çí 1ç åîßóùóç, ðñïêýð�åé çëýóç: x3 = 0, x2 = 2 êáé x1 = 1.2.3 Åðáíáëçð�éêÝò ÌÝèïäïé2.3.1 Ïñéóìïß¼�áí �ï ðëÞèïò �ùí åîéóþóåùí åßíáé ó÷å�éêÜ ìéêñü, �ü�å åßíáé ðñï�éìü�åñïãéá �ç ëýóç �ïõ óõó�Þìá�ïò (2:1:1−2) íá ÷ñçóéìïðïéçèïýí ïé Üìåóïé ìÝèïäïé�çò ðñïçãïýìåíçò ðáñáãñÜöïõ Óå ìåãÜëï üìùò áñéèìü åîéóþóåùí ãéá ðåñéóóü-�åñç áêñßâåéá �ùí ëýóåùí óõíÞèùò ðñï�éìïýí�áé ïé åðáíáëçð�éêÝò ìÝèïäïé(iterative methods).¸ó�ù ëïéðüí �ï óýó�çìá (2:1:1 − 2), äçëáäÞ �ïAx = b (2.3.1 - 1)



Åðáíáëçð�éêÝò ÌÝèïäïé 9üðïõ ï ðßíáêáò A åßíáé �å�ñáãùíéêüò �Üîçò n ìå |A| 6= 0. Ôü�å Ý÷ïí�áò õð'üøéí �ï áíÜëïãï ðñüâëçìá �çò åýñåóçò �ùí ñéæþí �çò Åîßóùóçò (1:1−2) �ïõÌáèÞìá�ïò 1 èá ðñÝðåé êáé ãéá �çí ðåñßð�ùóç �ïõ óõó�Þìá�ïò (2:3:1 − 1)íá äçìéïõñãçèåß ãéá êÜèå Üãíùó�ï x1; x2; : : : ; xn ÷ùñéó�Ü ìéá åðáíáëçð�éêÞó÷Ýóç áíÜëïãç �çò (1:1 − 3). Áí ãéá åõêïëßá ç åðáíáëçð�éêÞ ó÷Ýóç ãéá �ïíÜãíùó�ï, Ýó�ù x1, ãñáöåß ó�ç ìïñöÞ xi+1
1 = g1 (xi1); i = 0; 1; : : : ; �ü�å ãéá�ïí xk Üãíùó�ï èá Ý÷åé �ç ìïñöÞxi+1k = gk (xik) ; k = 1; 2; : : : ; n êáé i = 0; 1; : : : : (2.3.1 - 2)Ïé �éìÝò �ùí áãíþó�ùí ãéá êÜèå �éìÞ �ïõ äåßê�ç i Þ äéáöïñå�éêÜ ãéá êÜèååðáíÜëçøç, ïñßæïõí Ýíá äéÜíõóìá ìå óõí�å�áãìÝíåò �éò áí�ßó�ïé÷åò �éìÝò �ùíxi1; xi2; : : : ; xin. ¸ó�ù xi+1k =

[xi1; xi2; : : : ; xin]T �ï äéÜíõóìá áõ�ü. Ôü�å �áäéáíýóìá�á áõ�Ü äçìéïõñãïýí ìéá áêïëïõèßá äéáíõóìÜ�ùí, ðïõ èåùñç�éêÜ èáðñÝðåé íá óõãêëßíåé ó�ç ëýóç �ïõ óõó�Þìá�ïò (2:3:1 − 1).ÅðïìÝíùò �ï ðñüâëçìá �çò åýñåóçò �çò ëýóçò �ïõ óõó�Þìá�ïò (2:3:1−1)áíÜãå�áé ó�ïí ðñïóäéïñéóìü �çò åðáíáëçð�éêÞò óõíÜñ�çóçò gk ó�çí (2:3:1−
2). ¼ðùò êáé ó�ï ÌÜèçìá 1 ï �ñüðïò ðñïóäéïñéóìïý êáèïñßæåé êáé �çíáí�ßó�ïé÷ç ìÝèïäï ëýóçò �ïõ óõó�Þìá�ïò. Ôá êñé�Þñéá äéáêïðÞò �ùí åðáíáëÞ-øåùí �ïõ ÌáèÞìá�ïò 1 éó÷ýïõí êáé ó�çí ðåñßð�ùóç �ùí åðáíáëçð�éêþí ìåèü-äùí ãéá óõó�Þìá�á.Åîå�Üæïí�áé ó�ç óõíÝ÷åéá ïé áñ÷éêÝò êëáóéêÝò ìÝèïäïé ðïõ ðñïêýð�ïõíáðü �ç ìïñöÞ (2:3:1 − 2), åíþ ï áíáãíþó�çò ðáñáðÝìðå�áé ó�ç âéâëéïãñáößáó�ï �Ýëïò �ïõ âéâëßïõ ãéá ìéá åê�åíÝó�åñç áí�éìå�þðéóç �ïõ ðáñáðÜíù ðñïâëÞ-ìá�ïò.2.3.2 ÌÝèïäïò �ïõ Ja
obiÓýìöùíá ìå �ç ìÝèïäï �ïõ Ja
obi ç åðáíáëçð�éêÞ ó÷Ýóç (2:3:1−2) äçìéïõñãåß�áéáðü �ï óýó�çìáa11 x1 + a12x2 + · · · + a1nxn = b1a21x1 + a22 x2 + · · · + a2nxn = b2... · · ·

...an1x1 + an2x2 + · · · + amn xn = bn; (2.3.2 - 1)



10 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïòü�áí áõ�ü ëõèåß äéáãþíéá ãéá êÜèå Ýíáí Üãíùó�ï ÷ùñéó�Ü, äçëáäÞ ç 1çåîßóùóç ãéá �ïí Üãíùó�ï x1, ç 2ç ãéá �ïí x2 êáé �åëéêÜ ç n-ïó�Þ ãéá �ïí xnèåùñþí�áò �ïõò Üëëïõò áãíþó�ïõò óå êÜèå ðåñßð�ùóç óáí ãíùó�ïýò.¢ñá óýìöùíá ìå �ç ìÝèïäï áðü �ï óýó�çìá (2:3:2 − 1) ðñïêýð�åé ü�é:x1 = −
1a11 [ a12 x2 + a13 x3 + : : :+ a1n xn] +

b1a11x2 = −
1a22 [a21 x1 + a23 x3 + : : :+ a2n xn] +

b2a22... =
... ...xn = −

1ann [an1 x1 + an2 x2 + : : :+ ann−1 xn−1] +
bnann ;ü�áí a11 · · · ann 6= 0.Áðü �çí ðáñáðÜíù ìïñöÞ �ïõ óõó�Þìá�ïò, ç åðáíáëçð�éêÞ ó÷Ýóçx(i+1)k = gk (x(i)k )

; i = 0; 1; : : : ; k = 1; 2; : : : ; nðñïêýð�åé �ü�å ùò åîÞò:4x(i+1)
1 = −

1a11 [a12 x(i)2 + a13 x(i)3 + : : :+ a1n x(i)n ]

+
b1a11x(i+1)

2 = −
1a22 [a21 x(i)1 + a23 x(i)3 + : : :+ a2n x(i)n ]

+
b2a22... (2.3.2 - 2)x(i+1)n = −

1ann [an1 x(i)1 + an2 x(i)2 + : : :+ ann−1 x(i)n−1

]

+
bnann :Ç (2:3:2− 2) ïñßæåé �ü�å �çí åðáíáëçð�éêÞ ó÷Ýóç �çò ìåèüäïõ �ïõ Ja
obi.Ç ìÝèïäïò ðåñéãñÜöå�áé ó�ïí Áëãüñéèìï 2.3.2 - 1.4Ó�á óõó�Þìá�á ÷ñçóéìïðïéåß�áé óõíÞèùò ï óõìâïëéóìüò (i + 1), äçëáäÞ �ï i + 1 óåðáñÝíèåóç ãéá íá äéáöÝñåé áðü �ï äåßê�ç k, ðïõ ÷ñçóéìïðïéåß�áé ãéá �ïõò áãíþó�ïõò. Ó�éòåîéóþóåéò, ðïõ äåí áðáé�åß�áé áíÜëïãç äéÜêñéóç, ÷ñçóéìïðïéåß�áé �ï i+ 1.
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Áëãüñéèìïò 2.3.2 - 1 (ìåèüäïõ �ïõ Ja
obi)
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

ÄåäïìÝíá: Ax = b ìå A ∈ ℜn×n;áñ÷éêÞ �éìÞ x(0) = [x(0)1 ; x(0)2 ; : : : ; x(0)n ]T ;áêñßâåéá " êáé ìÝãéó�ïò áñéèìüò åðáíáëÞøåùí N�éá k = 1; 2; : : : ; N�éá i = 1; 2; : : : ; nx(k+1)i =



bi − i−1∑j=1

aij x(k)j −
n∑j=i+1

aij x(k)j 

 =aii�Ýëïò iáí ∥
∥
∥x− x(0)∥∥∥ < ";�ýðùóå x = [x1; x2; : : : ; xn]T STOPx(0) = x�Ýëïò kÔýðùóå \ÌÅÈÏÄÏÓ ÌÇ ÁÊÑÉÂÇÓ"



12 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïòÓçìåßùóç 2.3.2 - 1Ó�á óõó�Þìá�á, óå áí�ßèåóç ìå �éò åîéóþóåéò üðïõ ç áñ÷éêÞ �éìÞ x0 �ùíåðáíáëÞøåùí åßíáé äõíá�üí íá ðñïóäéïñéó�åß ãñáöéêÜ Þ ìå �ç ìÝèïäï �ïõìÝóïõ óçìåßïõ ê.ëð., äåí åßíáé åýêïëïò ï ðñïóäéïñéóìüò �ùí áñ÷éêþí �éìþíx(0)1 ; x(0)2 ; : : : ; x(0)n . �éá �ï ëüãï áõ�ü óõíÞèùò èÝ�ïõìå x(0)1 = 0; x(0)2 =

0; : : : ; x(0)n = 0, åê�üò áí äéáöïñå�éêÜ äßíå�áé.�áñÜäåéãìá 2.3.2 - 1¸ó�ù �ï óýó�çìá
5x1 − 2x2 + 3x3 = −1

−3x1 + 9x2 + x3 = −5x1 − x2 − 7x3 = 15

(2.3.2 - 3)ìå ñßæåò x∗1 = 1, x∗2 = 0 êáé x∗3 = −2.Óýìöùíá ìå �çí (2:3:2 − 1) �ï óýó�çìá ãñÜöå�áéx1 =
1

5
[2x2 − 3x3]− 1

5x2 =
1

9
[3x1 − x3]− 5

9x3 = −
1

7
[− x1 + x2]− 15

7
;ïðü�å áðü �çí (2:3:2 − 2) ðñïêýð�åé ç ðáñáêÜ�ù åðáíáëçð�éêÞ ó÷Ýóç:x(i+1)

1 =
1

5

[

2x(i)2 − 3x(i)3

]

−
1

5x(i+1)
2 =

1

9

[

3x(i)1 − x(i)3

]

−
5

9
(2.3.2 - 4)x(i+1)

3 = −
1

7

[

− x(i)1 + x(i)2

]

−
15

7
; i = 0; 1; : : : :ÈÝ�ïí�áò ó�çí (2:3:2 − 4) óýìöùíá ìå �ç Óçìåßùóç 2.3.2 - 1 óáí áñ÷éêÝò�éìÝò x(0)1 = 0; x(0)2 = 0; x(0)3 = 0 äéáäï÷éêÜ Ý÷ïõìå:
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1 = x(1)1 =

1

5

[

2x(0)2 − 3x(0)3

]

−
1

5
= −

1

5
= 0:2x(0+1)

2 = x(1)2 =
1

9

[

3x(0)1 − x(0)3

]

−
5

9
= −

5

9
= −0:555 556x(0+1)

3 = x(1)3 = −
1

7

[

− x(0)1 + x(0)2

]

−
15

7
= −

15

7
= −2:142 857 :ãéá i = 1x(1+1)

1 = x(2)1 =
1

5

[

2x(1)2 − 3x(1)3

]

−
1

5

=
1

5
[2 ∗ (−0:555) − 3 ∗ (−2:142)] − 0:2 = 0:863 492x(1+1)

2 = x(2)2 =
1

9

[

3x(1)1 − x(1)3

]

−
5

9

=
1

9
[3 ∗ 0:2− (−2:142)] − 0:555 = −0:384 127x(1+1)

3 = x(2)3 = −
1

7

[

− x(1)1 + x(1)2

]

−
15

7

= −
1

7
[−0:2 + (−0:555)] − 2:142 857 = −2:034 921 :¼ìïéá ãéá i = 2; 3; : : : : Ôá áðï�åëÝóìá�á �çò ðáñáðÜíù äéáäéêáóßáò ìÝ÷ñéêáé �çí 12ç åðáíÜëçøç äßíïí�áé ó�ïí �ßíáêá 2.3.2 - 1. Óõãêñßíïí�áò ìå �éòñßæåò ðñïêýð�åé �ü�å ü�é ó�ç 12ç åðáíÜëçøç õðÜñ÷åé áêñßâåéá 5 äåêáäéêþíøçößùí ãéá �çí 1ç êáé �ç 2ç ñßæá êáé 6 ãéá �çí 3ç.Ç ëýóç ìå �ï MATHEMATICA äßíå�áé ó�ï �ñüãñáììá 2.3.2 - 1.�ñüãñáììá 2.3.2 - 1 (ìåèüäïõ �ïõ Ja
obi)n = 12; x = 0; y = 0; z = 0;f1[y_, z_℄ := (2 y - 3 z)/5 - 1/5;f2[x_, z_℄ := (3 x - z)/9 - 5/9;



14 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïò�ßíáêáò 2.3.2 - 1: �áñÜäåéãìá 2.3.2 - 1: áðï�åëÝóìá�á ìåèüäïõ �ïõ Ja
obii x(i)1 x(i)2 x(i)31 -0.200 000 -0.555 556 -2.142 8572 0.863 492 -0.384 127 -2.092 0633 0.901 587 -0.035 273 -1.964 626... ... ... ...10 0.999 939 -0.000 061 -2.000 00311 0.999 977 -0.000 020 -2.000 00012 0.999 992 -7.536 012×10−6 -2.000 000f3[x_, y_℄ := -(-x + y)/7 - 15/7;Do[x1 = f1[y, z℄; y1 = f2[x, z℄; z1 = f3[x, y℄;Print[i, " , ", N[x1, 7℄, " , ", N[y1, 7℄, " , ",N[z1, 7℄℄; x = x1; y = y1; z = z1, {i, 1, n}℄2.3.3 ÌÝèïäïò �ùí Gauss-SeidelÇ ìÝèïäïò �ùí Gauss-Seidel ÷ñçóéìïðïéåß �çí ßäéá äéáäéêáóßá ãéá �ç äçìéïõñãßá�çò åðáíáëçð�éêÞò ó÷Ýóçò (2:3:2 − 2), äçëáäÞ �çòx(i+1)
1 = −

1a11 [a12 x(i)2 + a13 x(i)3 + : : :+ a1n x(i)n ]

+
b1a11x(i+1)

2 = −
1a22 [a21 x(i)1 + a23 x(i)3 + : : :+ a2n x(i)n ]

+
b2a22...x(i+1)n = −

1ann [an1 x(i)1 + an2 x(i)2 + : : :+ ann−1 x(i)n−1

]

+
bnann :ìå �ç äéáöïñÜ ü�é ç üðïéá �éìÞ õðïëïãßæå�áé, ÷ñçóéìïðïéåß�áé ó�ç óõíÝ÷åéá�çò äéáäéêáóßáò ãéá �ïí õðïëïãéóìü �ùí õðüëïéðùí �éìþí.



Åðáíáëçð�éêÝò ÌÝèïäïé 15ÅðïìÝíùò ç åðáíáëçð�éêÞ ó÷Ýóç �çò ìåèüäïõ Ý÷åé ùò åîÞò:x1(i+1) = −
1a11 [a12 x(i)2 + a13 x(i)3 + : : :+ a1n x(i)n ]

+
b1a11x2(i+1) = −

1a22 [a21 x1(i+1) + a23 x(i)3 + : : :+ a2n x(i)n ]

+
b2a22x(i+1)

3 = −
1a33 [a21 x1(i+1) + a22 x2(i+1) + : : :+ a2n x(i)n ]

+
b2a22... (2.3.3 - 1)xn−1

(i+1) = −
1an−1; n−1

[an−1;1 x1(i+1) + an−1;2 x2(i+1) + : : :
+ann−2 xn−2

(i+1) + ann x(i)n ]

+
bnannx(i+1)n = −

1ann [an1 x1(i+1) + an2 x2(i+1) + : : :+ ann−1 xn−1
(i+1)

]

+
bnann :Ç ìÝèïäïò ðåñéãñÜöå�áé áðü �ïí Áëãüñéèìï 2.3.3 - 1.

�áñÜäåéãìá 2.3.3 - 1¸ó�ù �ï óýó�çìá (2:3:2 − 3) �ïõ �áñáäåßãìá�ïò 2.3.2 - 1, äçëáäÞ �ï
5x1 − 2x2 + 3x3 = −1

−3x1 + 9x2 + x3 = −5x1 − x2 − 7x3 = 15

(2.3.3 - 2)ìå ñßæåò x∗1 = 1; x∗2 = 0 êáé x∗3 = −2:



16 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïòÁëãüñéèìïò 2.3.3 - 1 (ìåèüäïõ �ùí Gauss-Seidel)
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

ÄåäïìÝíá: Ax = b ìå A ∈ ℜn×n;áñ÷éêÞ �éìÞ x(0) = [x(0)1 ; x(0)2 ; : : : ; x(0)n ]T ;áêñßâåéá " êáé ìÝãéó�ïò áñéèìüò åðáíáëÞøåùí N�éá k = 1; 2; : : : ; N�éá i = 1; 2; : : : ; nx(k+1)i =



−
i−1∑j=1

aij x(k+1)j −
n∑j=1

aij x(k)j + bi =aii�Ýëïò iáí ∥
∥
∥x− x(0)∥∥∥ < "; �ýðùóå x = [x1; x2; : : : ; xn]T STOPx(0) = x�Ýëïò kÔýðùóå \ÌÅÈÏÄÏÓ ÌÇ ÁÊÑÉÂÇÓ"Óýìöùíá ìå �çí (2:3:2 − 4) êáé �çí (2:3:3 − 1) Ý÷ïõìå �çí ðáñáêÜ�ùåðáíáëçð�éêÞ ìÝèïäï �ùí Gauss-Seidel ãéá �ï óýó�çìá (2:3:3 − 2)x1(i+1) =

1

5

[

2x(i)2 − 3x(i)3

]

−
1

5x2(i+1) =
1

9

[

3x1(i+1) − x(i)3

]

−
5

9
(2.3.3 - 3)x(i+1)

3 = −
1

7

[

− x1(i+1) + x2(i+1)
]

−
15

7
; i = 0; 1; : : : :¸÷ïí�áò õð' üøéí �ç Óçìåßùóç 2.3.2 - 1 êáé èÝ�ïí�áò ó�çí (2:3:3 − 3) óáíáñ÷éêÝò �éìÝò x(0)1 = 0; x(0)2 = 0; x(0)3 = 0 äéáäï÷éêÜ Ý÷ïõìå:ãéá i = 0x1(0+1) = x(1)1 =

1

5

[

2x(0)2 − 3x(0)3

]

−
1

5
= −

1

5
= 0:2x2(0+1) = x(1)2 =

1

9

[

3x1(1) − x(0)3

]

−
5

9
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=

1

9
[3 ∗ 0:2 − 0]−

5

9
= −0:622 222x(0+1)

3 = x(1)3 = −
1

7

[

− x1(1) + x2(1)]− 15

7

= −
1

7
[− 0:2 + (−0:622)]− 15

7
= −2:082 540 :ãéá i = 1x1(1+1) = x(2)1 =

1

5

[

2x(1)2 − 3x(1)3

]

−
1

5

=
1

5
[2 ∗ (−0:622) − 3 ∗ (−2:082)] − 0:2 = 0:800 635x2(1+1) = x(2)2 =

1

9

[

3x1(2) − x(1)3

]

−
5

9

=
1

9
[3 ∗ 0:800 − (−2:082)] − 0:555 = −0:057 284x(1+1)

3 = x(2)3 = −
1

7

[

− x1(2) + x2(2)]− 15

7

= −
1

7
[−0:800 + (−0:557)]− 2:142 857 = −2:020 297 :¼ìïéá ãéá i = 2; 3; : : : :Ôá áðï�åëÝóìá�á �çò ðáñáðÜíù äéáäéêáóßáò ìÝ÷ñéêáé �çí 7ç åðáíÜëçøç äßíïí�áé ó�ïí �ßíáêá 2.3.3 - 1. Óõãêñßíïí�áò ìå �éòñßæåò x∗1 = 1, x∗2 = 0 êáé x∗3 = −2 ðñïêýð�åé ü�é ó�çí 7ç åðáíÜëçøçÝ÷ïõìå áêñßâåéá 6 äåêáäéêþí øçößùí, åíþ ìå �ç ìÝèïäï �ïõ Ja
obi, üðùòÝ÷åé ðñïêýøåé áðü �ïí �ßíáêá 2.3.2 - 1, ó�ç 12ç åðáíÜëçøç õðÞñ÷å áêñßâåéá

5 äåêáäéêþí øçößùí ãéá �çí 1ç êáé �ç 2ç ñßæá êáé 6 äåêáäéêþí ãéá �çí 3ç.Ç ëýóç ìå �ï MATHEMATICA äßíå�áé ó�ï �ñüãñáììá 2.3.3 - 1.�ñüãñáììá 2.3.3 - 1 (ìåèüäïõ �ùí Gauss-Seidel)n = 7; x = 0; y = 0; z = 0;f1[y_, z_℄ := (2 y - 3 z)/5 - 1/5;f2[x_, z_℄ := (3 x - z)/9 - 5/9;



18 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïò�ßíáêáò 2.3.3 - 1: �áñÜäåéãìá 2.3.2 - 1: áðï�åëÝóìá�á ìåèüäïõ �ùí Gauss-Seideli x(i)1 x(i)2 x(i)31 -0.200 000 -0.622 222 -2.082 5402 0.800 635 -0.057 384 -2.020 2973 0.989 265 -0.001 323 -2.001 3454 1.000 277 0.000 242 -1.999 9955 1.000 094 0.000 031 -1.999 9916 1.000 007 1.287 801×10−6 -1.999 9997 1.000 000 -7.717 425×10−8 -2.000 000f3[x_, y_℄ := -(-x + y)/7 - 15/7;Do[x1 = f1[y, z℄; y1 = f2[x1, z℄; z1 = f3[x1, y1℄;Print[i, " , ", N[x1, 7℄, " , ", N[y1, 7℄," , ",N[z1, 7℄℄; x = x1; y = y1; z = z1,{i, 1, n}℄2.3.4 Óýãêëéóç �ùí ìåèüäùíÏé åðáíáëçð�éêÝò ó÷Ýóåéò (2:3:2 − 2) êáé (2:3:3 − 1) �ùí ìåèüäùí �ïõ Ja-
obi êáé �ùí Gauss-Seidel áí�ßó�ïé÷á äåí óõãêëßíïõí ðÜí�ï�å ó�éò ñßæåò�ïõ óõó�Þìá�ïò (2:3:2 − 1). Áõ�ü óçìáßíåé ü�é õðÜñ÷ïõí ðåñéð�þóåéò ðïõç åöáñìïãÞ �ïõò óå ïñéóìÝíá óõó�Þìá�á äßíåé åðáíáëçð�éêÝò ó÷Ýóåéò, ðïõáðïêëßíïõí.�áñÜäåéãìá 2.3.4 - 1¸ó�ù �ï óýó�çìáx1 − 5x2 = −4

7x1 − x2 = 6
ìå ñßæåò x∗1 = x∗2 = 1: (2.3.4 - 1)



Åðáíáëçð�éêÝò ÌÝèïäïé 19�ßíáêáò 2.3.4 - 1: �áñÜäåéãìá 2.3.4 - 1 åðáíáëçð�éêÞ ó÷Ýóç (2:3:4 − 2):áðï�åëÝóìá�á ìåèüäùí �ùí Ja
obi êáé Gauss-SeidelJa
obi Gauss-Seideli x(i)1 x(i)2 x(i)1 x(i)21 -4.000 -6.000 -4.000 -34.0002 -34.000 -34.000 -174.000 -1224.0003 -174.000 -244.000 -6124.000 -42.8744 -1244.000 -1244.000 -214.374 -1500.6245 -6124.000 -8574.000 -7503.124 -52521.8746 -42.874 -42.8747 -214.374 -300.124Ôü�å ðñïêýð�ïõí áí�ßó�ïé÷á óýìöùíá ìå �á ðáñáðÜíù ïé ðáñáêÜ�ù ìÝèïäïé�ùí Ja
obi êáé Gauss-Seidelx(i+1)
1 = 5x(i)2 −4x(i+1)
2 = 7x(i)1 −6

êáé x(i+1)
1 = 5x(i)2 −4x(i+1)
2 = 7x(i+1)

1 −6; (2.3.4 - 2)ü�áí i = 0; 1; : : : : ÈÝ�ïí�áò üìïéá ó�çí (2:3:4− 2) óáí áñ÷éêÝò �éìÝò x(0)1 =

0 êáé x(0)2 = 0 Ý÷ïõìå �á áðï�åëÝóìá�á �ïõ �ßíáêá 2.3.4 - 1. ¢ìåóáðñïêýð�åé �ü�å ü�é êáé ïé äýï ìÝèïäïé áðïêëßíïõí ìå �á÷ý�åñá áðïêëßíïõóá�ç ìÝèïäï �ùí Gauss-Seidel. ÁíÜëïãï áðïêëßíïí áðï�Ýëåóìá èá ðñïêýøåéêáé ìå Üëëç áñ÷éêÞ �éìÞ.Ïé óõíèÞêåò ðïõ åîáóöáëßæïõí �ç óýãêëéóç �ùí ðáñáðÜíù ìåèüäùí åßíáéáí�éêåßìåíï ìåëÝ�çò �çò �ñáììéêÞò ¢ëãåâñáò.5 Ó�ç óõíÝ÷åéá �ïõ ìáèÞìá�ïòäßíå�áé ìéá áðü áõ�Ýò �éò óõíèÞêåò ìå �ç ìïñöÞ �ïõ ðáñáêÜ�ù èåùñÞìá�ïò.Èåþñçìá 2.3.4 - 1. Áí ï ðßíáêáò A ∈ ℜn×n åßíáé áõó�çñÜ äéáãþíéá ïñéóìÝíïò,�ü�å �ï ãñáììéêü óýó�çìá Ax = b Ý÷åé áêñéâþò ìéá ëýóç ó�çí ïðïßá5ÂëÝðå âéâëéïãñáößá.
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obi êáé Gauss-Seidel ãéá êÜèå áñ÷éêÞ �éìÞ.Õðåíèõìßæå�áé ü�é:Ïñéóìüò 2.3.4 - 1 ¸ó�ù A = (aij) �å�ñáãùíéêüò ðßíáêáò �Üîçò n. Ôü�åï A ëÝãå�áé áõó�çñÜ äéáãþíéá ïñéóìÝíïò (stri
tly diagonally dominant),ü�áí
|aii| > ∑j 6=i |aij| ãéá êÜèå i; j = 1; 2; : : : ; n:Óýìöùíá ìå �ïí ïñéóìü ó�ïí ðßíáêáA =








−4 2 1

1 6 2

1 −2 5







=








a11 a12 a13a21 a22 a23a31 a32 a33 






éó÷ýåé
|a11| = | − 4| > |a12|+ |a13| = 2 + 1 = 3

|a22| = 6 > |a21|+ |a23| = 1 + 2 = 3

|a33| = 5 > |a31|+ |a32| = 1 + | − 2| = 3

;äçëáäÞ ï A åßíáé áõó�çñÜ äéáãþíéá ïñéóìÝíïò.Ó�ï óýó�çìá (2:3:4 − 1) ï ðßíáêáò A =




1 −5

7 −1



 ðñïöáíþò äåí åßíáéáõó�çñÜ äéáãþíéïò. ¼�áí üìùò �ï óýó�çìá ãñáöåß ó�ç ìïñöÞ
7x1 − x2 = 6x1 − 5x2 = −4; (2.3.4 - 3)�ü�å ïé ðñïêýð�ïõóåò ìÝèïäïé �ùí Ja
obi êáé Gauss-Seidelx(i+1)

1 = 1
7 x(i)2 +6

7x(i+1)
2 = 1

5 x(i)1 +4
5

êáé x(i+1)
1 = 1

7 x(i)2 +6
7x(i+1)

2 = 1
5 x(i+1)

1 +4
5 ; (2.3.4 - 4)ü�áí i = 0; 1; : : : ; óõãêëßíïõí èÝ�ïí�áò üìïéá óáí áñ÷éêÝò �éìÝò x(0)1 =

0 êáé x(0)2 = 0. Ôá áðï�åëÝóìá�á äßíïí�áé ó�ïí �ßíáêá 2.3.4 - 2.



Åðáíáëçð�éêÝò ÌÝèïäïé 21�ßíáêáò 2.3.4 - 2: �áñÜäåéãìá 2.3.4 - 1 åðáíáëçð�éêÞ ó÷Ýóç (2:3:4 − 4):áðï�åëÝóìá�á ìåèüäùí �ùí Ja
obi êáé Gauss-SeidelJa
obi Gauss-Seideli x(i)1 x(i)2 x(i)1 x(i)21 0.857 0.800 0.857 0.9712 0.971 0.971 0.996 0.9993 0.996 0.994 1.000 1.0004 0.999 0.999 1.000 1.0005 1.000 1.0006 1.000 1.000Óçìåßùóç 2.3.4 - 1Ç óõíèÞêç ï ðßíáêáò A ó�ï Èåþñçìá 2.3.4 - 1 íá åßíáé áõó�çñÜ äéáãþíéáïñéóìÝíïò åßíáé ìüíïí áíáãêáßá. �éá ðáñÜäåéãìá, Ýó�ù �ï óýó�çìá
−4x1 + 5x2 = 1x1 + 2x2 = 3;üðïõ ï ðßíáêáò A äåí åßíáé áõó�çñÜ äéáãþíéá ïñéóìÝíïò, åíþ êáé ïé äýïìÝèïäïé ìå áñ÷éêÞ �éìÞ x(0)1 = x(0)2 = 0 óõãêëßíïõí ó�ç ëýóç x∗1 = x∗2 = 1�ïõ óõó�Þìá�ïò.Óýãêñéóç �ùí ìåèüäùí�åíéêü�åñá áðü �çí ðåéñáìá�éêÞ åöáñìïãÞ �ùí ìåèüäùí �ïõ Ja
obi êáé �ùíGauss-Seidel Ý÷ïõí ðñïêýøåé �á ðáñáêÜ�ù áðï�åëÝóìá�á:i) ç ìÝèïäïò �ùí Gauss-Seidel óõãêëßíåé, ü�áí êáé ç ìÝèïäïò �ïõ Ja
obióõãêëßíåé,ii) ç ìÝèïäïò �ùí Gauss-Seidel åßíáé äõíá�üí íá óõãêëßíåé, ü�áí ç ìÝèïäïò�ïõ Ja
obi áðïêëßíåé, êáé



22 �ñïóåããéó�éêÞ Ëýóç Óõó�çìÜ�ùí Êáè. Á. ÌðñÜ�óïòiii) ü�áí ïé ìÝèïäïé óõãêëßíïõí, �ü�å ç ìÝèïäïò �ùí Gauss-Seidel óõãêëßíåé�á÷ý�åñá áðü �ç ìÝèïäï �ïõ Ja
obi.
ÁóêÞóåéò1. Íá ëõèïýí ìå �ç ìÝèïäï �ïõ Ja
obi êáé �ùí Gauss-Seidel �á ðáñáêÜ�ùóõó�Þìá�ái) 3x1 − x2 = 2x1 + 4x2 = 5;ii) −4x1 + 2x2 = −6

3x1 − 5x2 = 1;iii) 2x1 − x2 = 2x1 − 3x2 + x3 = −2

−x1 + x2 − 3x3 = −6;iv) 4x1 + x2 + x3 = 5x1 − 7x2 + 2x3 = −2

3x1 + 4x3 = 11:Ç äéáäéêáóßá íá ó�áìá�Þóåé, ü�áí ãéá �ï óöÜëìá éó÷ýåé ∣
∣
∣x(i+1) − x(i)∣∣∣ <

10−3.2. ¼ìïéá �á óõó�Þìá�á åöáñìüæïí�áò êá�Üëëçëç åíáëëáãÞ �ùí åîéóþóåùí�ï Èåþñçìá 2.3.4 - 1:i) x1 − 2x2 = −1

2x1 + x2 = 3;ii) −x1 + 4x2 = 1

3x1 − 2x2 = 2;



Åðáíáëçð�éêÝò ÌÝèïäïé 23iii) 2x1 − 3x2 = −7x1 + 3x2 − 10x3 = 9

3x1 + x3 = 13;iv) x1 + 3x2 − x3 = 5

3x1 − x2 = 5x2 + 2x3 = 1:3. Äåßî�å ü�é ó�á ðáñáêÜ�ù óõó�Þìá�ái) −4x1 + 5x2 = 1x1 + 2x2 = 3;ii) 4x1 + 2x2 − 2x3 = 0x1 − 3x2 − x3 = 7

3x1 − x2 + 4x3 = 5;áí êáé äåí åöáñìüæå�áé �ï Èåþñçìá 2.3.4 - 1, õðÜñ÷åé ëýóç ìå �éò ìåèüäïõò�ùí Ja
obi êáé Gauss-Seidel, �çí ïðïßá êáé ðñïóäéïñßó�å.4. Íá ãñáöåß ðñüãñáììá ìå �ï MATLAB áí�ßó�ïé÷ï �ùí �ñïãñáììÜ�ùí2.3.2 - 1 êáé 2.3.3 - 1.6
6Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.E-mail: bratsos�teiath.gr URL: http://users.teiath.gr/bratsos/
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