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ÌÜèçìá 5SPLINES
5.1 ÓõíÜñ�çóç spline5.1.1 Ïñéóìïß êáé ó÷å�éêÜ èåùñÞìá�áÓ�ïÌÜèçìá 3 åîå�Üó�çêå �ï ðñüâëçìá �çò åýñåóçò �ùí ðïëõùíýìùí ðáñåìâï-ëÞò, äçëáäÞ ðïëõùíýìùí ðïõ óõíÝðéð�áí Þ äéáöïñå�éêÜ äéÝñ÷ïí�áí áðü Ýíáóýíïëï óçìåßùí �çò ìïñöÞò (xi; f (xi)) ; i = 0; 1; : : : ; n üðïõ f(x) ìéá óõíÜñ�ç-óç ìå Üãíùó�ï ó�éò ðåñéóóü�åñåò ðåñéð�þóåéò �ýðï. Ó�ï ìÜèçìá áõ�ü èáäïèåß áðÜí�çóç ó�ï ðáñáðÜíù ðñüâëçìá ìå �ìçìá�éêÜ ðïëõþíõìá (pie
ewisepolynomials), äçëáäÞ ðïëõþíõìá ðïõ åßíáé äéáöïñå�éêïý ãåíéêÜ âáèìïý êáéïñßæïí�áé óå äéáó�Þìá�á �çò ìïñöÞò [xi; xi+1], ü�áí xi; i = 0; 1; : : : ; n åßíáéÝíá óýíïëï äéá�å�áãìÝíùí êá�Ü áýîïõóá óåéñÜ äåßê�ç óçìåßùí.Ôá ðïëõþíõìá áõ�Ü ïñßæïí�áé ùò åîÞò:Ïñéóìüò 5.1.1 - 1 (spline). ¸ó�ù x0; x1; : : : ; xn Ýíá óýíïëï óçìåßùí ðïõåßíáé äéá�å�áãìÝíá ùò åîÞò (Ó÷. 5.1.1 - 1):x0 < x1 < : : : < xn: (5.1.1 - 1)Ôü�å ìéá óõíÜñ�çóç spline Þ áðëÜ ó�ï åîÞò spline, Ýó�ù s, âáèìïý m ìåêüìâïõò (knots Þ breakpoints) ó�á óçìåßá (5:1:1− 1), åßíáé ç óõíÜñ�çóç ðïõðëçñïß �éò ðáñáêÜ�ù äýï éäéü�ç�åò: 1
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Ó÷Þìá 5.1.1 - 1: Óçìåßá: x0 = −1:0; x1 = 0; x2 = 1; x3 = 2:5; x4 = 4; x5 =
5 i) óå êÜèå Ýíá áðü �á äéáó�Þìá�á

(−∞; x0) ; [x0; x1) ; : : : ; [xn−1; xn) ; [xn;+∞) (5.1.1 - 2)ç spline s åßíáé Ýíá ðïëõþíõìï âáèìïý ìéêñü�åñïõ Þ ßóïõ �ïõ m,ii) ç spline s êáé ïé ðáñÜãùãïß �çò �Üîçò 1; 2; : : : ; m − 1 åßíáé óõíå÷åßòóõíáñ�Þóåéò ó�ï ℜ.Óýìöùíá ìå �ïí ðáñáðÜíù ïñéóìü Ý÷ïõìå:�áñá�çñÞóåéò 5.1.1 - 1Ç spline åßíáé:i) Ýíá �ìçìá�éêü ðïëõþíõìï (pie
ewise polynomial), ðïõ áðï�åëåß�áé áðüÝíá óýíïëï åðß ìÝñïõò ðïëõùíýìùí, ðïõ ðëçñïýí �éò ðáñáðÜíù äýïéäéü�ç�åò.ii) Óå êÜèå Ýíá áðü �á õðïäéáó�Þìá�á (5:1:1−2) åßíáé ãåíéêÜ Ýíá äéáöïñå�éêïýâáèìïý ðïëõþíõìï.



Ïñéóìïß êáé ó÷å�éêÜ èåùñÞìá�á 3iii) Ï ìÝãéó�ïò üëùí �ùí âáèìþí �ùí åðß ìÝñïõò ðïëõùíýìùí ðïõ ïñßæïõíìéá spline, ïñßæåé êáé �ï âáèìü �çò. ÅéäéêÜ, ü�áí m = 3, ç spline èáëÝãå�áé êõâéêÞ (
ubi
 spline).iv) Ç êáìðõëü�ç�á (
urvature) ìéá êáìðýëçò C ìå åîßóùóç y = f(x)äßíå�áé áðü �ïí �ýðï k =
y′′

(1 + y′ 2)3=2 : (5.1.1 - 3)ÅðåéäÞ ïé êáìðýëåò �ùí åðß ìÝñïõò ðïëõùíýìùí èá ðñÝðåé íá äéÝñ÷ïí�áéáðü �á óçìåßá (xi; s (xi)); i = 0; 1; : : : ; n êá�Ü �ñüðï �Ý�ïéï ðïõ íáåëá÷éó�ïðïéåß�áé ç êÜìøç �ùí, óýìöùíá êáé ìå �çí (5:1:1−3) èá ðñÝðåéó�ïõò êüìâïõò xi; i = 0; 1; : : : ; n ç spline s íá åðáëçèåýåé, åê�üò �çòóõíèÞêçò s (xi − 0) = s (xi + 0) ðïõ åîáóöáëßæåé �ç äéÝëåõóç áðü �ïóçìåßï, �ïõëÜ÷éó�ïí åðßóçò êáé �éò ðáñáêÜ�ù äýï óõíèÞêåò:s(1) (xi − 0) = s(1) (xi + 0) êáé s(2) (xi − 0) = s(2) (xi + 0) :Áõ�ü üìùò ãéá íá óõìâáßíåé èá ðñÝðåé ï âáèìüò �çò s íá åßíáé �ïõëÜ÷éó�ïí
3, äçëáäÞ ç s íá åßíáé êõâéêÞ.v) Ç óõíÝ÷åéá ó�ï ℜ ðñïûðïèÝ�åé êáé �ç ìÝãéó�ç äõíá�Þ óõíÝ÷åéá ó�á åðßìÝñïõò ðïëõþíõìá.vi) Áí üëá �á äéáó�Þìá�á (5:1:1− 2) Ý÷ïõí �ï ßäéï ìÞêïò, �ü�å Ý÷ïõìå ìéáïìïéüìïñöç (uniform) spline, äéáöïñå�éêÜ ìéá ìç ïìïéüìïñöç (nonuniform) spline.�áñÜäåéãìá 5.1.1 - 1¸ó�ù ç óõíÜñ�çóç (Ó÷. 5.1.1 - 2):s(x) = 





x3 + 2x+ 1 áí x ∈ (−∞;−1) âáèìüò 3

−3x2 − x x ∈ [−1; 1) 2

2x3 − 9x2 + 5x− 2 x ∈ [1; 2) 3x3 − 3x2 − 7x+ 6 x ∈ [2;+∞) 3:Äåßî�å ü�é ïñßæåé ìéá êõâéêÞ spline.Ëýóç. �áñá�çñïýìå ü�é:
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Ó÷Þìá 5.1.1 - 2: �áñÜäåéãìá 5.1.1 - 1i) Ïé êüìâïé åßíáé ó�á óçìåßá: −1; 1 êáé 2.ii) Óå êÜèå Ýíá áðü �á äéáó�Þìá�á ïñéóìïý �çò ç s(x) åßíáé Ýíá ðïëõþíõìï�ï ðïëý 3ïõ âáèìïý. ¢ñá ï âáèìüò �çò s(x) åßíáé m = 3. Ôü�åóýìöùíá ìå �ïí Ïñéóìü 5.1.1 - 1 (ii) ãéá íá ïñßæåé ç s(x) ìéá splineðñÝðåé ç s(x) êáé ïé ðáñÜãùãïé �Üîçò 1, m − 1 = 2 íá åßíáé óõíå÷åßòóõíáñ�Þóåéò ó�ï ℜ. ¸÷ïõìå ü�é:x ∈ (−∞;−1) s(x) = x3 + 2x+ 1; s(1)(x) = 3x2 + 2;s(2)(x) = 6x:x ∈ [−1; 1) s(x) = −3x2 − x; s(1)(x) = −6x− 1;s(2)(x) = −6:¢ñá s(−1− 0) = −2 = s(−1 + 0);s(1)(−1− 0) = 5 = s(1)(−1 + 0) êáés(2)(−1− 0) = −6 = s(2)(−1 + 0);



Ïñéóìïß êáé ó÷å�éêÜ èåùñÞìá�á 5ïðü�å éó÷ýåé ï Ïñéóìüò 5.1.1 - 1 (ii) ãéá �ï óçìåßï x = −1. ¼ìïéááðïäåéêíýå�áé ü�é ï Ïñéóìüò 5.1.1 - 1 éó÷ýåé êáé ãéá �á óçìåßá x = 1; 2.ÅðïìÝíùò ç s åßíáé ìéá êõâéêÞ spline (�áñá�çñÞóåéò 5.1.1 - 1 iii).ii) Ç s åßíáé ìéá ìç ïìïéüìïñöç spline (�áñá�çñÞóåéò 5.1.1 - 1 v).ÅéóÜãå�áé ó�ç óõíÝ÷åéá ç Ýííïéá �çò óõíÜñ�çóçò, ðïõ ïñßæå�áé áðü ìéááðïêïììÝíç äýíáìç (trun
ated power fun
tion) ùò åîÞò:Ïñéóìüò 5.1.1 - 2 Ç áðïêïììÝíç äýíáìç �çò óõíÜñ�çóçò xm, óõìâïëßæå�áéìå xm+ êáé ïñßæå�áé áðü �ç ó÷Ýóç (Ó÷. 5.1.1 - 3a):xm+ =







xm áí x ≥ 0

0 áí x < 0: (5.1.1 - 4)Ïñéóìüò 5.1.1 - 3 Ç áðïêïììÝíç äýíáìç �çò óõíÜñ�çóçò (x− xi)m, óõìâïëßæå�áéìå (x− xi)m+ êáé ïñßæå�áé ùò (Ó÷. 5.1.1 - 3b):
(x− xi)m+ =







(x− xi)m áí x ≥ xi
0 áí x < xi: (5.1.1 - 5)

-2 -1 1 2
x
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(b)Ó÷Þìá 5.1.1 - 3: (a) Ç áðïêïììÝíç äýíáìç x+ âáèìïý m = 1 êáé (b) ç
(x− 1)2+ âáèìïý m = 2Ç åí�ïëÞ ïñéóìïý �çò óõíÜñ�çóçò (5:1:1− 4), áí�ßó�ïé÷á �çò (5:1:1− 5)ìå �ï MATHEMATICA åßíáé:



6 Splines Êáè. Á. ÌðñÜ�óïòf[x_℄:=If[x<0,0,x^m℄g[x_℄:=If[x<x_i,0,(x-x_i)^m℄�áñá�Þñçóç 5.1.1 - 1Ç s(x) = (x− xi)m+ åßíáé ìéá spline âáèìïý m ìå êüìâï ó�ï óçìåßï x = xi,ãéá �çí ïðïßá éó÷ýåé ü�é:s(m)(x) =
dm (x− xi)m+d xm = m ! (x− xi)0+

=







m ! áí x ≥ xi
0 áí x < xi: (5.1.1 - 6)¢ñá ç s(m)(x) åßíáé áóõíå÷Þò ó�ï xi ìå ðëÜ�ïò áóõíÝ÷åéáò (jump dis
onti-nuity) d = m !.Áðïäåéêíýå�áé ü�é éó÷ýåé �ï ðáñáêÜ�ù èåþñçìá.Èåþñçìá 5.1.1 - 1 ÊÜèå spline âáèìïý m ìå êüìâïõò ó�á óçìåßáx0 < x1 < : : : < xnãñÜöå�áé ùò åîÞò:s(x) = a0 + a1 x+ : : :+ am xm

+
0 (x− x0)m+ + 
1 (x− x1)m+ + : : :+ 
n (x− xn)m+
=

m∑i=0

ai xi + n∑j=0


j (x− xj)m+ ; (5.1.1 - 7)ü�áí 
j = s(m) (xj + 0)− s(m) (xj − 0)m !
(5.1.1 - 8)ãéá êÜèå j = 0; 1; : : : ; n.�üñéóìá 5.1.1 - 1 ¼�áí x ∈ [x0; xn] ç spline s Ý÷åé �ç ìïñöÞs(x) = b0 + b1 x+ : : :+ bm xm
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+
1 (x− x1)m+ + : : :+ 
n−1 (x− xn−1)

m
+

=
m∑i=0

ai xi + n−1∑j=0


j (x− xj)m+ ; (5.1.1 - 9)ü�áí ïé óõí�åëåó�Ýò 
j; j = 0; 1; : : : ; n äßíïí�áé áðü �çí (5:1:1 − 8).Áðüäåéîç. ÅðåéäÞ x ∈ [x0; xn], áðü �ïí �ýðï (5:1:1 − 7) ðñïêýð�åé ü�é:
• x ≥ x0, ïðü�å óýìöùíá ìå �ïí Ïñéóìü 5.1.1 - 3 åßíáé (x− x0)m+ =

(x− x0)m, êáé
• x ≤ xn, ïðü�å (x− xn)m+ = 0.¢ñá ï �ýðïò (5:1:1 − 7) ó�çí ðåñßð�ùóç áõ�Þ ãñÜöå�áés(x) =

�åëéêÜ ìå�Ü �éò ðñÜîåéò: b0+b1 x+:::+bm xm
︷ ︸︸ ︷a0 + a1 x+ : : :+ am xm + 
0 (x− x0)m+

+
1 (x− x1)m+ + : : :+ 
n−1 (x− xn−1)
m
+ ;äçëáäÞ ç áðïäåéê�Ýá.ÅöáñìïãÝò �ïõ ðïñßóìá�ïò èá äïèïýí ó�çí �áñÜãñáöï 5.1.3.�áñÜäåéãìá 5.1.1 - 2¸ó�ù ç spline �ïõ �áñáäåßãìá�ïò 5.1.1 - 1s(x) = 





x3 + 2x+ 1 áí x ∈ (−∞;−1)

−3x2 − x x ∈ [−1; 1)
2x3 − 9x2 + 5x− 2 x ∈ [1; 2)x3 − 3x2 − 7x+ 6 x ∈ [2;+∞):üðïõ ïé êüìâïé åßíáé ó�á óçìåßá x0 = −1, x1 = 1 êáé x2 = 2, åíþ ï âáèìüò�çò s åßíáé m = 3. Ôü�å óýìöùíá ìå �çí (5:1:1 − 7) åßíáés(x) = x3 + 2x+ 1 + 
0 (x− x0)3+ + 
1 (x− x1)3+ + 
2 (x− x2)3+

= x3 + 2x+ 1 + 
0 (x+ 1)3+ + 
1 (x− 1)3+ + 
2 (x− 2)3+



8 Splines Êáè. Á. ÌðñÜ�óïòüðïõ áðü �çí (5:1:1 − 8) ðñïêýð�åé ü�é:
0 =
s(3) (x0 + 0)− s(3) (x0 − 0)

3 !
=

0− 6

6
= −1
1 =

s(3) (x1 + 0)− s(3) (x1 − 0)

3 !
=

12− 0

6
= 2
2 =

s(3) (x2 + 0)− s(3) (x2 − 0)

3 !
=

6− 12

6
= −1:¢ñá s(x) = x3 + 2x+ 1− (x+ 1)3+ + 2 (x− 1)3+ − (x− 2)3+ :ÅðáëÞèåõóç óýìöùíá ìå �ïí Ïñéóìü 5.1.1 - 3:x ∈ (−∞;−1)s(x) = x3 + 2x+ 1−

0
︷ ︸︸ ︷

(x+ 1)3+ + 2 (x− 1)3+ − (x− 2)3+

= x3 + 2x+ 1;x ∈ [−1; 1)s(x) = x3 + 2x+ 1− (x+ 1)3 +

0
︷ ︸︸ ︷

2 (x− 1)3+ − (x− 2)3+

= x3 + 2x+ 1−
(x3 + 3x2 + 3x+ 1

)

= −3x2 − x;x ∈ [1; 2)s(x) = x3 + 2x+ 1− (x+ 1)3 + 2 (x− 1)3 −

0
︷ ︸︸ ︷

(x− 2)3+

= x3 + 2x+ 1−
(x3 + 3x2 + 3x + 1

)

+2
(x3 − 3x2 + 3x− 1

)

= 2x3 − 9x2 + 5x− 2;x ∈ [2;+∞)s(x) = x3 + 2x+ 1− (x+ 1)3 + 2 (x− 1)3 − (x− 2)3
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= x3 + 2x+ 1−

(x3 + 3x2 + 3x+ 1
)

+2
(x3 − 3x2 + 3x− 1

)

−
(x3 − 6x2 + 12x− 8

)

= x3 − 3x2 − 7x+ 6:Ç åí�ïëÞ ïñéóìïý �çò spline s(x) �ïõ �áñáäåßãìá�ïò 5.1.1 - 3 ìå �ïMATHEMATICA åßíáé:s[x_℄:=x^3+2x+1-If[x<-1,0,(x+1)^3℄+2 If[x<1,0,(x-1)^3℄-If[x<2,0,(x-2)^3℄�áñá�Þñçóç 5.1.1 - 2Óå ðïëëÝò åöáñìïãÝò �ï ðåäßï ïñéóìïý ìéáò spline ðåñéïñßæå�áé ó�ï äéÜó�çìá
[x0; xn]. Ó�éò ðåñéð�þóåéò áõ�Ýò ï Ïñéóìüò 5.1.1 - 1 �ñïðïðïéåß�áé êá�Üëëçëá,Ý�óé þó�å íá ðåñéëáìâÜíåé �á Üêñá óçìåßá x0 êáé xn. ÅðïìÝíùò ï Ïñéóìüò5.1.1 - 1 ó�çí ðåñßð�ùóç áõ�Þ ãñÜöå�áé:Ïñéóìüò 5.1.1 - 4. ¸ó�ù x0; x1; : : : ; xn Ýíá óýíïëï óçìåßùí åíüò äéáó�Þìá�ïò
[a; b], ðïõ åßíáé äéá�å�áãìÝíá ùò åîÞò:a = x0 < x1 < : : : < xn = b: (5.1.1 - 10)Ôü�å ìéá spline, Ýó�ù s, ó�ï [a;b] âáèìïý m ìå åîù�åñéêïýò êüìâïõò ó�áóçìåßá a = x0, b = xn êáé åóù�åñéêïýò ó�á x1; x2; : : : ; xn−1, åßíáé çóõíÜñ�çóç ðïõ ðëçñïß �éò ðáñáêÜ�ù äýï éäéü�ç�åò:i) óå êÜèå Ýíá áðü �á äéáó�Þìá�á

[x0; x1) ; [x1; x2) ; : : : ; [xn−1; xn] (5.1.1 - 11)ç óõíÜñ�çóç s åßíáé Ýíá ðïëõþíõìï âáèìïý ìéêñü�åñïõ Þ ßóïõ �ïõ m,ii) ç óõíÜñ�çóç s êáé ïé ðáñÜãùãïß �çò �Üîçò 1; 2; : : : ; m−1 åßíáé óõíå÷åßòóõíáñ�Þóåéò ó�ïõò åóù�åñéêïýò êüìâïõò.
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Ó÷Þìá 5.1.1 - 4: �áñÜäåéãìá 5.1.1 - 3Åöüóïí ç s(x) åßíáé ìéá spline, �ü�å ëüãù êáé �çò éäéü�ç�áò (ii) �ïõÏñéóìïý 5.1.1 - 4, ç (5:1:1 − 11) ðïëëÝò öïñÝò ãñÜöå�áé êáé
[x0; x1] ; [x1; x2] ; : : : ; [xn−1; xn] : (5.1.1 - 12)Ìéá åöáñìïãÞ �ïõ Ïñéóìïý 5.1.1 - 4 êáé �çò (5:1:1 − 11) äßíå�áé ó�ïðáñÜäåéãìá, ðïõ áêïëïõèåß.�áñÜäåéãìá 5.1.1 - 3¸ó�ù ç óõíÜñ�çóç (Ó÷. 5.1.1 - 4):s(x) = 





1
4(x+ 2)3 áí x ∈ [−2;−1] âáèìüò 3

1
4

(
3|x|3 − 6x2 + 4

) x ∈ [−1; 1] 3

1
4(2− x)3 x ∈ [1; 2] 3:Äåßî�å ü�é ïñßæåé üìïéá ìéá êõâéêÞ spline. Ç êáìðýëç �çò s(x) ðåñéãñÜöåéó�éò �éèáíü�ç�åò êáé �çí Ó�á�éó�éêÞ �çí êá�áíïìÞ (distribution) Irwin-Hall.



Ïñéóìïß êáé ó÷å�éêÜ èåùñÞìá�á 11Ëýóç. Ç s(x) ëüãù �ïõ |x|3 ãñÜöå�áé ùò åîÞò:s(x) = 





1
4(x+ 2)3 áí x ∈ [−2;−1] âáèìüò 3

1
4

(

−3x3 − 6x2 + 4
) x ∈ [−1; 0] 3

1
4

(
3x3 − 6x2 + 4

) x ∈ [0; 1] 3

1
4(2− x)3 x ∈ [1; 2] 3:i) Ïé åîù�åñéêïß êüìâïé åßíáé ó�á óçìåßá: −2 êáé 2, åíþ ïé åóù�åñéêïßó�á −1; 0 êáé 1.ii) Óå êÜèå Ýíá áðü �á äéáó�Þìá�á ïñéóìïý �çò ç óõíÜñ�çóç s(x) åßíáé Ýíáðïëõþíõìï 3ïõ âáèìïý. ¢ñá ï âáèìüò �çò s(x) åßíáé m = 3. Ôü�åóýìöùíá ìå �ïí Ïñéóìü 5.1.1 - 4 (ii) ãéá íá ïñßæåé ç s(x) ìéá spline,ðñÝðåé ç s(x) êáé ïé ðáñÜãùãïé �Üîçò 1, m − 1 = 2 íá åßíáé óõíå÷åßòó�ïõò åóù�åñéêïýò êüìâïõò. ¸÷ïõìå ü�é:x ∈ [−2;−1] s(x) = 1

4(x+ 2)3;s(1)(x) = 3
4 (x+ 2)2;s(2)(x) = 6
4 (x+ 2):x ∈ [−1; 0] s(x) = 1

4

(
−3x3 − 6x2 + 4

) ;s(1)(x) = 1
4

(

−9x2 − 12x) ;s(2)(x) = 1
4 (−18x− 12) :¢ñá s(−1− 0) = 1

4 = s(−1 + 0);s(1)(−1− 0) = 3
4 = s(1)(−1 + 0) êáés(2)(−1− 0) = 3
2 = s(2)(−1 + 0);ïðü�å éó÷ýåé ï Ïñéóìüò 5.1.1 - 1 (ii) ãéá �ï óçìåßï x = −1. ¼ìïéááðïäåéêíýå�áé ü�é éó÷ýåé êáé ãéá �á óçìåßá x = 0; 1, ïðü�å ç s åßíáé ìéáêõâéêÞ spline (�áñá�çñÞóåéò 5.1.1 - 1 iii).



12 Splines Êáè. Á. ÌðñÜ�óïòii) Ç s åßíáé ìéá ïìïéüìïñöç spline (�áñá�çñÞóåéò 5.1.1 - 1 v).
5.1.2 ÖõóéêÞ splineÏñéóìüò 5.1.2 - 1 Ìéá spline âáèìïým èá ëÝãå�áé öõóéêÞ (natural), ü�áí:i) åßíáé ðåñé��ïý âáèìïý, äçëáäÞ 2m− 1 üðïõ m = 1; 2; : : : ;ii) ó�á Üêñá äéáó�Þìá�á

(−∞; x0) êáé [xn;+∞)ç s åßíáé Ýíá ðïëõþíõìï âáèìïý ≤ m− 1.�áñá�çñÞóåéò 5.1.2 - 1i) ÅðåéäÞ óýìöùíá ìå �ïí Ïñéóìü 5.1.1 - 1 (ii) ç spline êáé ïé ðáñÜãùãïß�çò �Üîçò
1; 2; : : : ; 2(m−1)

︷ ︸︸ ︷

(2m− 1)− 1ðñÝðåé íá åßíáé óõíå÷åßò óõíáñ�Þóåéò, ðñïêýð�åé �ü�å ü�é ó�ïõò áêñáßïõòêüìâïõò x0 êáé xn, üðïõ ëüãù �ïõ Ïñéóìïý 5.1.2 - 1 (ii) ç s åßíáéâáèìïý m− 1, èá ðñÝðåé íá éó÷ýåés(j) (x0) = s(j) (xn) = 0 (5.1.2 - 1)ãéá êÜèå j = m; m+ 1; : : : ; 2(m− 1).ii) Ó�çí åéäéêÞ ðåñßð�ùóç ðïõ ç spline åßíáé êõâéêÞ, äçëáäÞ âáèìïý 3 =

2 · 2− 1, ïðü�å m = 2, �ü�å, áí åßíáé êáé öõóéêÞ, ó�á Üêñá äéáó�Þìá�áðñÝðåé íá åßíáé âáèìïý m− 1 = 2 − 1 = 1. ¢ñá ç óõíèÞêç (5:1:2 − 1)ó�çí ðåñßð�ùóç áõ�Þ, åðåéäÞ 2(m− 1) = 2(2− 1) = 2, ãñÜöå�áés(2) (x0) = s(2) (xn) = 0: (5.1.2 - 2)



ÖõóéêÞ spline 13Áðïäåéêíýå�áé ü�é êáé ó�çí ðåñßð�ùóç �çò öõóéêÞò spline éó÷ýåé áíÜëïãïèåþñçìá �ïõ 5.1.1 - 1. ÓõãêåêñéìÝíá éó÷ýåé ü�é:Èåþñçìá 5.1.2 - 1 ÊÜèå öõóéêÞ spline âáèìïý 2m − 1 ìå êüìâïõò ó�áóçìåßá x0 < x1 < : : : < xnãñÜöå�áé ùò åîÞò:s(x) = a0 + a1 x+ : : :+ am−1 xm−1

+
0 (x− x0)2m−1
+ + 
1 (x− x1)2m−1

+ + : : :+ 
n (x− xn)2m−1
+

=
m−1∑i=0

ai xi + n∑j=0


j (x− xj)2m−1
+ ; (5.1.2 - 3)ü�áí 
j = s(2m−1) (xj + 0)− s(2m−1) (xj − 0)

(2m − 1) !
(5.1.2 - 4)ãéá êÜèå j = 0; 1; : : : ; n;, åíþ ïé óõí�åëåó�Ýò 
j åðáëçèåýïõí �éò ó÷Ýóåéò
0 xi0 + 
1 xi1 + : : :+ 
n xin = 0 ãéá êÜèå i = 0; 1; : : : ; m− 1: (5.1.2 - 5)Ïé ó÷Ýóåéò (5:1:2 − 5) áíáëõ�éêÜ ãñÜöïí�áé
0 + 
1 + : : :+ 
n = 0
0 x0 + 
1 x1 + : : :+ 
n xn = 0
0 x20 + 
1 x21 + : : :+ 
n x2n = 0... ...
0 xm−1

0 + 
1 xm−1
1 + : : :+ 
n xm−1n = 0: (5.1.2 - 6)

�üñéóìá 5.1.2 - 1 ÊÜèå êõâéêÞ öõóéêÞ spline ìå êüìâïõò ó�á óçìåßáx0 < x1 < : : : < xn



14 Splines Êáè. Á. ÌðñÜ�óïòãñÜöå�áé ùò åîÞò:s(x) = a0 + a1 x+ 
0 (x− x0)3+ + 
1 (x− x1)3+
+ : : :+ 
n (x− xn)3+ ; (5.1.2 - 7)ü�áí 
j = s(3) (xj + 0)− s(3) (xj − 0)

3 !
(5.1.2 - 8)ãéá êÜèå j = 0; 1; : : : ; n, åíþ ïé óõí�åëåó�Ýò 
j åðáëçèåýïõí �éò ó÷Ýóåéò
0 + 
1 + : : :+ 
n = 0
0 x0 + 
1 x1 + : : :+ 
n xn = 0
(5.1.2 - 9)Ç áðüäåéîç ðñïêýð�åé Üìåóá áðü �ï Èåþñçìá 5.1.3 - 2. ¼ìïéá üðùò êáé ó�ï�üñéóìá 5.1.1 - 1 åöáñìïãÝò èá äïèïýí ó�çí �áñÜãñáöï 5.1.3.�áñÜäåéãìá 5.1.2 - 1¸ó�ù ç spline (Ó÷. 5.1.2 - 1)s(x) = 





2x+ 1 áí x ∈ (∞;−1) âáèìüò 1x3 + 3x2 + 5x+ 2 x ∈ [−1; 1) 3

−2x3 + 12x2 − 4x+ 5 x ∈ [1; 2) 3

20x − 11 x ∈ [2;+∞) 1:Åýêïëá áðïäåéêíýå�áé1 ü�é ç s åßíáé ìéá êõâéêÞ spline ìå êüìâïõò ó�á óçìåßáx0 = −1, x1 = 1 êáé x2 = 2. ÅðåéäÞ ó�ïõò Üêñïõò êüìâïõò −1 êáé 2 ç såßíáé 1ïõ âáèìïý, óýìöùíá ìå �ïí Ïñéóìü 5.1.2 - 1 ç s èá åßíáé ìéá öõóéêÞspline.Ôü�å áðü �çí (5:1:2 − 7) Ý÷ïõìå ü�é:s(x) = 2x+ 1 + 
0 (x− x0)3+ + 
1 (x− x1)3+ + 
2 (x− x2)3+
= 2x+ 1 + 
0 (x+ 1)3+ + 
1 (x− 1)3+ + 
2 (x− 2)3+ ;1Ç áðüäåéîç áöÞíå�áé óáí Üóêçóç (âëÝðå �áñÜäåéãìá 5.1.1 - 1).
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Ó÷Þìá 5.1.2 - 1: �áñÜäåéãìá 5.1.2 - 1üðïõ áðü �çí (5:1:2 − 8) ðñïêýð�åé ü�é:
0 =
s(3) (x0 + 0)− s(3) (x0 − 0)

3 !
=

6− 0

6
= 1;
1 =

s(3) (x1 + 0)− s(3) (x1 − 0)

3 !
=

−12− 6

6
= −3;
2 =

s(3) (x2 + 0)− s(3) (x2 − 0)

3 !
=

0 + 12

6
= 2:¢ñá s(x) = 2x+ 1 + (x+ 1)3+ − 3 (x− 1)3+ + 2 (x− 2)3+ :Ôü�å ðñïöáíþò éó÷ýåé ç (5:1:2 − 8), äçëáäÞs(2) (−1) = s(2) (2) = 0åíþ óýìöùíá ìå �çí (5:1:2 − 9) åßíáé
0 + 
1 + 
2 = 1− 3 + 2 = 0
0(−1) + 
2(1) + 
2(2) = −1− 3 + 4 = 0:Ç åí�ïëÞ ïñéóìïý �çò spline s(x) ìå �ï MATHEMATICA åßíáé:



16 Splines Êáè. Á. ÌðñÜ�óïòs[x_℄:=2x+1+If[x<-1,0,(x+1)^3℄-3 If[x<1,0,(x-1)^3℄+2 If[x<2,0,(x-2)^3℄5.1.3 Õðïëïãéóìüò êõâéêÞò splineÏñéóìüò 5.1.3 - 1 (spline ðáñåìâïëÞò). Ç spline s(x) èá ëÝãå�áé ü�é ïñßæåéìéá ðáñåìâïëÞ (spline interpolation) ó�á óçìåßáS = {(xi; yi) ìå i = 0; 1; : : : ; n} ;üðïõ x0 < x1 < : : : < xn, ü�áís (xi) = yi ãéá êÜèå i = 0; 1; : : : ; n: (5.1.3 - 1)Ïñéóìüò 5.1.3 - 2. Ç spline s(x) èá ëÝãå�áé ü�é ðáñåìâÜëëå�áé Þ ü�é ïñßæåéìéá ðáñåìâïëÞ ó�ç óõíÜñ�çóç f(x) ó�ïõò êüìâïõò x0 < x1 < : : : < xn, ü�áís (xi) = f (xi) ãéá êÜèå i = 0; 1; : : : ; n: (5.1.3 - 2)�áñá�Þñçóç 5.1.3 - 1Ïé (5:1:3 − 1), áí�ßó�ïé÷á (5:1:3 − 2) èá ëÝãïí�áé ó�ï åîÞò êáé óõíèÞêåòðáñåìâïëÞò.�áñÜäåéãìá 5.1.3 - 1¸ó�ù ç êõâéêÞ spline s(x) �ïõ �áñáäåßãìá�ïò 5.1.1 - 1:s(x) = 





x3 + 2x+ 1 áí x ∈ (−∞;−1)

−3x2 − x x ∈ [−1; 1)
2x3 − 9x2 + 5x− 2 x ∈ [1; 2)x3 − 3x2 − 7x+ 6 x ∈ [2;+∞):Ôü�å, åðåéäÞs(−1− 0) = −2 = y0; s(1− 0) = −4 = y1 êáé s(2 − 0) = −12 = y2;
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Ó÷Þìá 5.1.3 - 1: �áñÜäåéãìá 5.1.3 - 1ç s(x) ïñßæåé ìéá êõâéêÞ spline ðáñåìâïëÞò, ðïõ äéÝñ÷å�áé áðü �á óçìåßá (Ó÷.5.1.3 - 1):
(x0; y0) = (−1;−2); (x1; y1) = (1;−4) êáé (x2; y2) = (2;−12):�áñÜäåéãìá 5.1.3 - 2¼ìïéá Ýó�ù ç êõâéêÞ spline s(x) �ïõ �áñáäåßãìá�ïò 5.1.1 - 3:s(x) = 





1
4 (x+ 2)3 áí x ∈ [−2;−1]

1
4

(
3|x|3 − 6x2 + 4

) x ∈ [−1; 1]
1
4 (2− x)3 x ∈ [1; 2]:Ôü�å, åðåéäÞs(−1− 0) =

1

4
= y0; s(0−) = 1 = y1 êáé s(1 − 0) =

1

4
= y2;ç s(x) ïñßæåé ìéá êõâéêÞ spline ðáñåìâïëÞò, ðïõ äéÝñ÷å�áé áðü �á óçìåßá (Ó÷.5.1.3 - 2):

(x0; y0) = (

−1; 1
4

) ; (x1; y1) = (0; 1) êáé (x2; y2) = (

1; 1
4

) :



18 Splines Êáè. Á. ÌðñÜ�óïò
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Ó÷Þìá 5.1.3 - 2: �áñÜäåéãìá 5.1.3 - 2Ó÷å�éêÜ ìå �çí ýðáñîç �ùí spline ðáñåìâïëÞò áðïäåéêíýå�áé ü�é éó÷ýåé�ï ðáñáêÜ�ù èåþñçìá:Èåþñçìá 5.1.3 - 1 (ýðáñîçò spline ðáñåìâïëÞò). ÕðÜñ÷åé áêñéâþò ìéáspline s âáèìïý 2m− 1, ðïõ ïñßæå�áé ó�ï [a;b] ìå êüìâïõò �á óçìåßáa = x0 < x1 < : : : < xn = b;ü�áí n+ 1 ≥ m; (5.1.3 - 3)ðïõ åðáëçèåýåé �éò óõíèÞêåò ðáñåìâïëÞòs (xi) = yi ãéá êÜèå i = 0; 1; : : : ; n (5.1.3 - 4)êáé �éò óõíèÞêåò ó�á Üêñá a = x0 êáé b = xns(j) (x0) = uj êáé s(j) (xn) = wj; (5.1.3 - 5)ü�áí j = 1; 2; : : : ; m− 1 Þ j = m; m+ 1; : : : ; 2(m− 1).



Õðïëïãéóìüò êõâéêÞò spline 19�áñá�çñÞóåéò 5.1.3 - 1Ïé (5:1:3 − 5):
• èá ëÝãïí�áé ó�ï åîÞò åðßóçò êáé óõíïñéáêÝò óõíèÞêåò ðáñåìâïëÞò,
• ãéá �çí ðåñßð�ùóç ìéáò êõâéêÞò spline (m = 2) ãñÜöïí�áés(1) (x0) = uj êáé s(1) (xn) = wj: (5.1.3 - 6)�áñÜäåéãìá 5.1.3 - 3Íá õðïëïãéó�åß ç êõâéêÞ spline s ìå êüìâïõò ó�á óçìåßá x0 = −1, x1 = 1êáé x2 = 2, ðïõ åðáëçèåýåé �éò óõíèÞêåò ðáñåìâïëÞò (5:1:3 − 4):s(−1) = −2; s(1) = −4; s(2) = −12 (5.1.3 - 7)êáé �éò óõíïñéáêÝò (5:1:3 − 5):s(1)(−1) = 5; s(1)(2) = −7: (5.1.3 - 8)Ëýóç. Óýìöùíá ìå �á äåäïìÝíá ãéá �ïõò êüìâïõò Ý÷ïõìå ü�é:x0 = −1; x1 = 1 (åóù�åñéêüò êüìâïò) êáé x2 = 2:¢ñá ï áñéèìüò �ùí êüìâùí åßíáé n = 3 êáé ï âáèìüò �çò spline åðßóçò 3.ÅðåéäÞ ï âáèìüò ãñÜöå�áé

3 = 2 ·

m
︷︸︸︷

2 −1; ïðü�å m = 2ç óõíèÞêç (5:1:3− 3), üðïõ: n+ 1 = 3+ 1 = 4 ≥ 2 = m, åðáëçèåýå�áé êáé çspline õðÜñ÷åé.Áðü �ï 2�üñéóìá 5.1.1 - 1 ðñïêýð�åé ü�é åðåéäÞ ï âáèìüò �çò åßíáé 3 êáéï åóù�åñéêüò êüìâïò �ï x1, ç s(x) èá åßíáé �çò ìïñöÞòs(x) = b0 + b1 x+ b2 x2 + b3 x3 + 
 (x− 1)3+: (5.1.3 - 9)2¼�áí x ∈ [x0; xn] ç spline s åßíáé âáèìïý m, �ü�å èá Ý÷åé �ç ìïñöÞs(x) = b0 + b1 x+ : : :+ bm xm + 
1 (x− x1)
m
+

+ : : :+ 
n−1 (x− xn−1)
m
+
;ü�áí x1 < x2 < : : : < xn−1 ïé åóù�åñéêïß êüìâïé.



20 Splines Êáè. Á. ÌðñÜ�óïòÔü�å áðü �çí åöáñìïãÞ �ùí óõíèçêþí ðáñåìâïëÞò (5:1:3−8) ó�çí (5:1:3−9),åðåéäÞ óýìöùíá ìå �ïí Ïñéóìü 5.1.1 - 3 åßíáé
(x− 1)3+ =







0 áí x < 1

(x− 1)3 áí x ≥ 1;ðñïêýð�åé ü�é:s(−1) = b0 + b1(−1) + b2(−1)2 + b3(−1)3 + 
 0
︷ ︸︸ ︷

(x− 1)3+

= b0 − b1 + b2 − b3 = −2s(1) = b0 + b1 + b2 + b3 + 
 0
︷ ︸︸ ︷

(x− 1)3+

= b0 + b1 + b2 + b3 = −4;s(2) = b0 + b1 2 + b2 22 + b3 23 + 
(2− 1)3

= b0 + 2 b1 + 4 b2 + 8 b3 + 
 = −12;äçëáäÞ b0 − b1 + b2 − b3 = −2b0 + b1 + b2 + b3 = −4b0 + 2 b1 + 4 b2 + 8 b3 + 
 = −12: (5.1.3 - 10)Áðü �çí (5:1:3 − 9) ðáñáãùãßæïí�áò Ý÷ïõìås(1)(x) = b1 + 2 b2 x+ 3 b3 x2 + 3 
 (x − 1)2+;ïðü�å áðü �çí åöáñìïãÞ �ùí óõíïñéáêþí óõíèçêþí ðáñåìâïëÞò (5:1:3 − 8)ó�çí ðáñáðÜíù ó÷Ýóç ðñïêýð�åé ü�és(1)(−1) = b1 + 2 b2(−1) + 3 b3(−1)2 + 3
 0
︷ ︸︸ ︷

(x− 1)2+

= b1 − 2 b2 + 3 b3 = 5;s(1)(2) = b1 + 2 b2 2 + 3 b3 22 + 3 
(2− 1)2

= b1 + 4 b2 + 12 b3 + 3 
 = −7;
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Ó÷Þìá 5.1.3 - 3: �áñÜäåéãìá 5.1.3 - 3äçëáäÞ b1 − 2 b2 + 3 b3 = 5b1 + 4 b2 + 12 b3 + 3 
 = −7: (5.1.3 - 11)Ôü�å áðü �ç ëýóç �ïõ óõó�Þìá�ïò �ùí åîéóþóåùí (5:1:3−10) êáé (5:1:3−
11) �åëéêÜ Ý÷ïõìåb0 = 0; b1 = −1; b2 = −3; b3 = 0 êáé 
 = 2:¢ñá ç spline s åßíáé �çò ìïñöÞòs(x) = −x− 3x2 + 2(x − 1)3+; ü�áí x ∈ [−1; 2]ðïõ óõìðßð�åé ó�ï äéÜó�çìá [−1; 2] ìå �çí áí�ßó�ïé÷çs(x) = 





−3x2 − x áí x ∈ [−1; 1)
2x3 − 9x2 + 5x− 2 áí x ∈ [1; 2]:�ïõ �áñáäåßãìá�ïò 5.1.1 - 1.Ó�ï �ñüãñáììá 5.1.3 - 1 äßíå�áé ï õðïëïãéóìüò, ç ãñáöéêÞ ðáñÜó�áóç�çò spline s(x) ü�áí x ∈ [−2; 3], �ùí êüìâùí �çò êáé �ùí óçìåßùí ðáñåìâïëÞòìå �ï MATHEMATICA.



22 Splines Êáè. Á. ÌðñÜ�óïò�ñüãñáììá 5.1.3 - 1 (êõâéêÞò spline)x0 = -1;x1 = 1;x2 = 2;y0 = -2;y1 = -4;y2 = -12;s[x_℄ := b0 + b1 x + b2 x^2 + b3 x^3+ 
 If[x < x1, 0, (x - x1)^3℄y = D[s[x℄, x℄ /. x -> x0;z = D[s[x℄, x℄ /. x -> x2;sol = Solve[{s[x0℄ == y0, s[x1℄ == y1, s[x2℄ == y2,y == 5, z == -7}, {b0, b1, b2, b3, 
}℄s1[x_℄ := s[x℄ /. solPrint["Spline s(x)=", s1[x℄℄data = {{x0, 0}, {x1, 0}, {x2, 0}};fgr1 = ListPlot[data, PlotStyle -> Red, PlotMarkers -> "."℄;data1 = {{x0, y0}, {x1, y1}, {x2, y2}};fgr2 = ListPlot[data1, PlotStyle -> Brown, PlotMarkers -> "."℄;fgr3 = Show[Plot[s1[x℄, {x, x0, x1}, PlotStyle -> Blue℄,Plot[s1[x℄, {x, x1, x2}, PlotStyle -> Green℄℄;fgr = Show[fgr1, fgr2, fgr3,AxesLabel -> {"x", "s(x)"}℄Õðïëïãéóìüò êõâéêþí öõóéêþí splineÓ÷å�éêÜ ìå �ïí õðïëïãéóìü �ùí öõóéêþí spline éó÷ýåé �ï ðáñáêÜ�ù ãåíéêüèåþñçìá.Èåþñçìá 5.1.3 - 2. ÕðÜñ÷åé áêñéâþò ìéá öõóéêÞ spline s ìå ðåäßï ïñéóìïý�ï ℜ âáèìïý 2m− 1 êáé êüìâïõò ó�á óçìåßáa = x0 < x1 < : : : < xn = b;ü�áí n+ 1 ≥ m; (5.1.3 - 12)ðïõ åðáëçèåýåé �éò óõíèÞêåò ðáñåìâïëÞòs (xi) = yi ãéá êÜèå i = 0; 1; : : : ; n; (5.1.3 - 13)ü�áí yi ∈ ℜ.



Õðïëïãéóìüò êõâéêÞò spline 23�áñÜäåéãìá 5.1.3 - 4Íá õðïëïãéó�åß ç êõâéêÞ öõóéêÞ spline ìå êüìâïõò ó�á óçìåßáx0 = −1; x1 = 1; x2 = 2ðïõ åðáëçèåýåé �éò óõíèÞêåò ðáñåìâïëÞòs(−1) = −1; s(1) = 11; êáé s(2) = 29: (5.1.3 - 14)Ëýóç. Ï áñéèìüò �ùí êüìâùí åßíáé n = 3, åíþ ï âáèìüò �çò spline:
3 = 2 ·

m
︷︸︸︷

2 −1; äçëáäÞ m = 2:¢ñá n+ 1 = 3 + 1 = 4 ≥ 2 = m, ïðü�å åðáëçèåýå�áé ç óõíèÞêç (5:1:3 − 12)êáé ç spline õðÜñ÷åé.Áðü �ï 3�üñéóìá 5.1.2 - 1 ðñïêýð�åé ü�é ç spline èá Ý÷åé �ç ìïñöÞs(x) = a0 + a1 x+ 
0 (x+ 1)3+ + 
1 (x− 1)3+ + 
2 (x− 2)3+: (5.1.3 - 15)Ôü�å áðü �çí åöáñìïãÞ �ùí óõíèçêþí ðáñåìâïëÞò (5:1:3− 14) ó�çí (5:1:3−
15) ðñïêýð�åé ü�é:s(−1) = a0 + a1(−1) +

0
︷ ︸︸ ︷
0 (x+ 1)3+ + 
1 (x− 1)3+ + 
2 (x− 2)3+

= a0 − a1 = −1;3ÊÜèå êõâéêÞ öõóéêÞ spline (2m − 1 = 3 = 2 · 2 − 1, ïðü�å m = 2) ìå êüìâïõò ó�áóçìåßá x0 < x1 < : : : < xnãñÜöå�áé ùò åîÞò:s(x) = a0 + a1 x+ 
0 (x− x0)
3

+
+ 
1 (x− x1)

3

+
+ : : :+ 
n (x− xn)3+ ;ü�áí ïé óõí�åëåó�Ýò 
j åðáëçèåýïõí �éò ó÷Ýóåéò
0 + 
1 + : : : + 
n = 0;
0 x0 + 
1 x1 + : : : + 
n xn = 0:



24 Splines Êáè. Á. ÌðñÜ�óïòs(1) = a0 + a1 + 
0 (1 + 1)3 +

0
︷ ︸︸ ︷
1 (x− 1)3+ + 
2 (x− 2)3+

= a0 + a1 + 8 
0 = 11;s(2) = a0 + a1 2 + 
0 (1 + 2)3 + 
1 (2− 1)3 +

0
︷ ︸︸ ︷
2 (x− 2)3+

= a0 + 2 a1 + 27 
0 + 
1 = 29;äçëáäÞ a0 − a13 = −1a0 + a1 + 8 
0 = 11a0 + 2 a1 + 27 
0 + 
1 = 29: (5.1.3 - 16)Áðü �çí (5:1:2 − 6) Ý÷ïõìå
0 + 
1 + 
2 = 0
0 x0 + 
1 x1 + 
2 x2 = 0;ïðü�å 
0 + 
1 + 
2 = 0

−
0 + 
1 + 2 
2 = 0: (5.1.3 - 17)Áðü �ç ëýóç �ïõ óõó�Þìá�ïò �ùí åîéóþóåùí (5:1:3− 16) êáé (5:1:3− 17)�åëéêÜ ðñïêýð�ïõí ïé åîÞò óõí�åëåó�Ýòa0 = 1; a1 = 2; 
0 = 1; 
1 = −3 êáé 
2 = 2:¢ñá óýìöùíá ìå �çí (5:1:3 − 15) ç spline s, ü�áí x ∈ ℜ, èá åßíáé �çòìïñöÞò (Ó÷. 5.1.3 - 4)s(x) = s(x) = 1 + 2x+ (x+ 1)3+ − 3 (x− 1)3+ + 2 (x − 2)3+ðïõ óõìðßð�åé ìå �çí áí�ßó�ïé÷ç ìïñöÞ �ïõ �áñáäåßãìá�ïò 5.1.2 - 1.Ó�ï �ñüãñáììá 5.1.3 - 2 äßíå�áé ï õðïëïãéóìüò, ç ãñáöéêÞ ðáñÜó�áóç �çòs(x) ü�áí x ∈ [−2; 3] êáé �ùí óçìåßùí ðáñåìâïëÞò ìå �ï MATHEMATICA.
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Ó÷Þìá 5.1.3 - 4: �áñÜäåéãìá 5.1.3 - 4�ñüãñáììá 5.1.3 - 2 (êõâéêÞò öõóéêÞò spline)x0 = -1;x1 = 1;x2 = 2;y0 = -1;y1 =11;y2 =29;s[x_℄ := a0 + a1 x + 
0 If[x < x0, 0, (x - x0)^3℄+
1 If[x < x1, 0, (x - x1)^3℄+ 
2 If[x < x2, 0, (x - x2)^3℄y = 
0 + 
1 + 
2;z = 
0 x0 + 
1 x1 + 
2 x2;sol = Solve[{s[x0℄ == y0, s[x1℄ == y1, s[x2℄ == y2,y == 0,z == 0}, {a0, a1, 
0, 
1, 
2}℄s1[x_℄ := s[x℄ /. solPrint["Spline s(x)=", s1[x℄℄Plot[s1[x℄, {x, -2, 3}℄data = {{x0, y0}, {x1, y1}, {x2, y2}};fgr1 = ListPlot[data, PlotStyle -> Red,PlotMarkers -> "."℄;fgr2 = Show[Plot[s1[x℄, {x, x0, x1}, PlotStyle -> Blue℄,Plot[s1[x℄, {x, x1, x2}, PlotStyle -> Green℄℄;fgr = Show[fgr1, fgr2, PlotRange -> All,AxesLabel -> {"x", "s(x)"}℄



26 Splines Êáè. Á. ÌðñÜ�óïòÁóêÞóåéò1. Áí x ∈ [−1; 2], íá ãñáöåß ç spline �ïõ �áñáäåßãìá�ïò 5.1.1 - 3 ó�ç ìïñöÞ
(5:1:1 − 9).2. Äåßî�å ü�é ç s(x) = (x− xi)m+ ïñßæåé ìéá spline âáèìïý m ìå êüìâï �ïóçìåßï xi.3. Áé�éïëïãåßó�å �ïí åëÜ÷éó�ï áñéèìü êüìâùí ðïõ áðáé�ïýí�áé ãéá ìéá êõâéêÞ,áí�ßó�ïé÷á 5ïõ âáèìïý (quinti
) spline.4. Íá ãñáöåß ç ìïñöÞ �ïõ óõó�Þìá�ïò õðïëïãéóìïý ìéáò êõâéêÞò öõóéêÞòspline, ðïõ äéÝñ÷å�áé áðü �á óçìåßá ðáñåìâïëÞò

(0; 0); (1; 2); (2; 1) êáé (3; 0):5 (ðñïáéñå�éêÞ). Íá ãñáöåß �ï ðñüãñáììá ìå �ïMATHEMATICA, áí�ßó�ïé÷á�ï MATLAB, ðïõ õðïëïãßæåé �ç ëýóç �çò ¢óêçóçò 4 êáé ó�ç óõíÝ÷åéáíá ãßíåé ç ãñáöéêÞ ðáñÜó�áóç �çò spline, �ùí êüìâùí êáé �ùí óçìåßùíðáñåìâïëÞò.6 (ðñïáéñå�éêÞ). Íá ãñáöïýí �á áí�ßó�ïé÷á �ñïãñÜììá�á �ùí 5.1.3 - 1 êáé5.1.3 - 2 ìå �ï MATLAB. �ïéá ç ìïñöÞ �ùí ðñïãñáììÜ�ùí ìå �ï MATHE-MATICA, áí�ßó�ïé÷á �ï MATLAB ãéá �çí ðåñßð�ùóç ìéáò spline 5ïõ âáèìïý;7. Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI = 1∫

0

e−x2dx ìå èåùñç�éêÞ �éìÞ: I ≈ 0:746 824÷ñçóéìïðïéþí�áò ìéá êõâéêÞ spline ìå êüìâïõò 3, áí�ßó�ïé÷á 4 éóïáðÝ÷ïí�áóçìåßá, ü�áíi) ïé óõíèÞêåò (5:1:3 − 5) óõìðßð�ïõí ìå �éò �éìÝò �çò ðáñáãþãïõ �çòïëïêëçñù�Ýáò óõíÜñ�çóçò ó�á Üêñá óçìåßá,ii) ç spline åßíáé öõóéêÞ.Óå êÜèå ðåñßð�ùóç íá ãßíå�áé óýãêñéóç ìå �ç èåùñç�éêÞ �éìÞ.
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