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ÌÜèçìá 6

ÐÑÏÓÅÃÃÉÓÇ ÐÁÑÁÃÙÃÙÍ

Ç ðñïóÝããéóç ôçò ôéìÞò ôçò ðáñáãþãïõ ìéáò óõíÜñôçóçò ÷ñçóéìïðïéåßôáé óôéò

ðáñáêÜôù êõñßùò ðåñéðôþóåéò:

i) üôáí ëüãù ôçò ðïëýðëïêçò ìïñöÞò ôïõ ôýðïõ ìéáò óõíÜñôçóçò åßíáé

áäýíáôïò ï èåùñçôéêüò õðïëïãéóìüò ôçò,

ii) üôáí äåí åßíáé ãíùóôüò ï ôýðïò ôçò óõíÜñôçóçò, áëëÜ ìüíïí ïé ôéìÝò

ôçò óå ïñéóìÝíá óçìåßá, êáé

iii) óôçí ðñïóåããéóôéêÞ ëýóç ôùí äéáöïñéêþí åîéóþóåùí. Ç ðåñßðôùóç

áõôÞ èá åîåôáóôåß óôá ìáèÞìáôá ðïõ áêïëïõèïýí.

6.1 ÓõíáñôÞóåéò ìéáò ìåôáâëçôÞò

6.1.1 Õðïëïãéóìüò ìå ðïëõþíõìï ðáñåìâïëÞò

¸óôù f(x) ìßá óõíå÷Þò óõíÜñôçóç ìå ðåäßï ïñéóìïý ôï [a; b] êáé ðáñáãùãßóéìç

ãéá êÜèå x ∈ (a; b). Ôüôå, áí x0, x1, : : :, xn åßíáé n + 1 äéáöïñåôéêÜ óçìåßá

ôïõ [a; b], üðùò åßíáé Þäç ãíùóôü éó÷ýåé ï ðáñáêÜôù ôýðïò ðáñåìâïëÞò ôïõ

Newton

f(x) ≈ Pn(x) = f [x0] + f [x0; x1] (x− x0) + : : : (6.1.1 - 1)

+f [x0; x1; : : : ; xn] (x− x0) · · · (x− xn−1) :

1
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Äéáêñßíïíôáé ôþñá ïé ðáñáêÜôù åéäéêÝò ðåñéðôþóåéò ãéá ôïí áñéèìü ôùí

óçìåßùí ðáñåìâïëÞò.

Óçìåßá ðáñåìâïëÞò : x0, x1

¸óôù a = x0 êáé b = x1: ôüôå áðü ôïí ôýðï (6:1:1− 1) ðñïêýðôåé

f(x) ≈ P1(x) = f (x0) + f [x0; x1] (x− x0) ;

ïðüôå

f ′(�) ≈ P1(�) = f [x0; x1] (6.1.1 - 2)

ìéá Ýêöñáóç ðïõ åßíáé áíåîÜñôçôç áðü ôï óçìåßï î. Áí:

i) î = x0 êáé h = x1 − x0, áðü ôïí ôýðï (6:1:1− 2) ðñïêýðôåé

f ′(î) ≈ f [î; î + h] =
f(î + h)− f(î)

h
; (6.1.1 - 3)

ðïõ åßíáé ãíùóôüò ùò ï ðñïò ôá åìðñüò ôýðïò (forward-di�erence for-

mula) ðñïóÝããéóçò ôçò 1çò ðáñáãþãïõ ìéáò óõíÜñôçóçò.

ii) î = x1, ôüôå

f ′(î) ≈ f [î − h; î ] =
f(î)− f(î − h)

h
(6.1.1 - 4)

ãíùóôüò ùò ï áíÜäñïìïò ôýðïò (backward-di�erence formula) ðñïóÝããéóçò

ôçò 1çò ðáñáãþãïõ.

iii) î = (x0 + x1) =2, ïðüôå ôá óçìåßá x0 êáé x1 âñßóêïíôáé óõììåôñéêÜ

åêáôÝñùèåí ôïõ óçìåßïõ î, ìå x0 = î − h, x1 = î + h êáé h =

(x1 − x0) =2. Ôüôå

f ′(î) ≈ f [î − h; î + h]

=
f(î + h)− f(î − h)

2h
(6.1.1 - 5)

ãíùóôüò ùò ï ìå êåíôñéêÝò äéáöïñÝò ôýðïò (central-di�erence for-

mula) ðñïóÝããéóçò ôçò ðñþôçò ðáñáãþãïõ.
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Áðü ôïõò ôýðïõò (6:1:1−3) - (6:1:1−5) ðñïêýðôåé üôé, üôáí ôá óçìåßá x0 êáé

x1 åßíáé áñêåôÜ êïíôÜ, ôüôå ç f [x0; x1] äßíåé ìßá ðïëý êáëýôåñç ðñïóÝããéóç

ôçò ðáñáãþãïõ f ′(î) óôï ìÝóïí î = (x0 + x1) =2 ðáñÜ óôá Üêñá óçìåßá x0

êáé x1, Ýíá óõìðÝñáóìá ðïõ Üëëùóôå óõìöùíåß êáé ìå ôï Èåþñçìá ôçò ÌÝóçò

ÔéìÞò.

Óçìåßá ðáñåìâïëÞò : x0, x1 x2

¸óôù a = x0 êáé b = x2. Ôüôå

P2(x) = f (x0) + f [x0; x1] (x− x0)

+f [x0; x1; x2] (x− x0) (x− x1) ; (6.1.1 - 6)

ïðüôå

f ′(�) ≈ P ′
2(�) = f [x0; x1] + f [x0; x1; x2] (2� − x0 − x1) : (6.1.1 - 7)

1 Äéáêñßíïíôáé ôþñá ïé ðáñáêÜôù ðåñéðôþóåéò ãéá ôï î. Áí

i) î = x0, x1 = î+ h êáé x2 = î+ 2h, ôüôå áðü ôçí (6:1:1− 7) ðñïêýðôåé

f ′(î) ≈ −3f(î) + 4f(î + h)− f(î + 2h)

2h
: (6.1.1 - 8)

ii) î = x1, x0 = î − h êáé x2 = î + h, ôüôå

f ′(î) ≈ −f(î − h) + f(î + h)

2h
: (6.1.1 - 9)

ÔåëéêÜ, áí

iii) î = x2, x0 = î − 2h êáé x1 = î − h, ôüôå

f ′(î) ≈ f(î − 2h)− 4f(î − h) + 3f(î)

2h
(6.1.1 - 10)

üðïõ ðñïöáíþò üôé ï ôýðïò (6:1:1 − 10) ðñïêýðôåé áðü ôïí (6:1:1 −
8) èÝôïíôáò üðïõ h ôï −h. ÅðïìÝíùò ôåëéêÜ ïé äéáöïñåôéêïß ôýðïé

õðïëïãéóìïý ôçò 1çò ðáñáãþãïõ óôçí ðåñßðôùóç áõôÞ åßíáé ïé (6:1:1−8)

êáé (6:1:1− 9), ðïõ åßíáé ãíùóôïß êáé óáí ïé ôýðïé ôùí 3 óçìåßùí.

1Ïé ôýðïé (6:1:1− 8) - (6:1:1− 10) íá ðáñáëåéöèïýí óå ðñþôç áíÜãíùóç.
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Ðáñáãùãßæïíôáò ôþñá ôçí (6:1:1− 6), Ý÷ïõìå

f ′′(�) ≈ P ′′
2 (�) = 2f [x0; x1; x2] : (6.1.1 - 11)

Áí î = x1, x0 = î − h êáé x2 = î + h, ôüôå áðü ôçí (6:1:1 − 11)

ðñïêýðôåé

f ′′(î) ≈ f(î − h)− 2f(î) + f(î + h)

h2
(6.1.1 - 12)

ðïõ åßíáé ãíùóôüò ùò ï ìå êåíôñéêÝò äéáöïñÝò ôýðïò (central-di�erence

formula) ðñïóÝããéóçò ôçò 2çò ðáñáãþãïõ ìéáò óõíÜñôçóçò.

Ðñïóåããßóåéò ðáñáãþãùí áíþôåñçò ôÜîçò ðñïêýðôïõí áíÜëïãá èåùñþíôáò

ìåãáëýôåñïõ âáèìïý ðïëõþíõìá ðáñåìâïëÞò.

6.1.2 Õðïëïãéóìüò ìå ôïí ôýðï ôïõ Taylor

Åßíáé Þäç ãíùóôü üôé, áí f | (a; b) åßíáé ìéá óõíÜñôçóç ðáñáãùãßóéìç ìÝ÷ñé

êáé � - ôÜîç óôï (a; b), ôüôå, áí � ∈ (a; b), éó÷ýåé ï ðáñáêÜôù ôýðïò ôïõ

Taylor 2

f(x) ≈ f(�) +
f ′(�)

1 !
(x− �) +

f ′′(�)

2 !
(x− �)2

+ : : :+
f (�)(�)

� !
(x− �)� ; (6.1.2 - 1)

üôáí ïé áñéèìïß f(�), f ′(�), : : :, f (�)(�) åßíáé ïé óõíôåëåóôÝò ôïõ ðïëõùíýìïõ

óôï �.

¸óôù ôþñá üôé óôïí ôýðï (6:1:2− 1) ôá x êáé î áíôéêáèßóôáíôáé áðü ôá

x+ h êáé x áíôßóôïé÷á ìå h > 0. Ôüôå

f(x+ h) ≈ f(x) +
h

1 !
f ′(x) +

h2

2 !
f ′′(x) +

h3

3 !
f ′′′(x)

+ : : :+
h�

� !
f (�)(x): (6.1.2 - 2)

2¼ôáí � = 0, ï ôýðïò (6:1:2− 1) ãñÜöåôáé óôçí ðáñáêÜôù ìïñöÞ

f(x) ≈ f(0) +
f ′(0)

1 !
x+

f ′′(0)

2 !
x
2 + : : :+

f (�)(0)

� !
x
�

ðïõ åßíáé ãíùóôüò óáí ôýðïò ôïõ Maclaurin, åíþ ïé áñéèìïß f(0), f ′(0), : : :, f (�)(0) åßíáé

ïé áíôßóôïé÷ïé óõíôåëåóôÝò ôïõ ðïëõùíýìïõ.
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Ï ôýðïò (6:1:2− 2), üôáí ôï h áíôéêáôáóôáèåß ìå ôï −h, ãñÜöåôáé

f(x− h) ≈ f(x)− h

1 !
f ′(x) +

h2

2 !
f ′′(x)− h3

3 !
f ′′′(x)

+ : : :+ (−1)�
h�

� !
f (�)(x): (6.1.2 - 3)

Ðñïóåããßóåéò 1çò ðáñáãþãïõ

¸óôù ï ôýðïò (6:1:2− 2) óôç ìïñöÞ

f(x+ h) = f(x) +
h

1 !
f ′(x) +O

(
h2
)
: (6.1.2 - 4)

ÐáñáôÞñçóç 6.1.2 - 1

Óôçí (6:1:2 − 4) ï üñïò O
(
h2
)
èá óõìâïëßæåé óôï åîÞò êÜèå ðáñÜóôáóç ìå

üñïõò h âáèìïý ìåãáëýôåñïõ Þ ßóïõ ôïõ h2. ÅðåéäÞ ôüôå ï óõìâïëéóìüò

óõìðåñéëáìâÜíåé êáé ôçí ðåñßðôùóç ôïõ áèñïßóìáôïò ôùí Üðåéñùí üñùí äçëáäÞ

ôçò óåéñÜò, ç (6:1:2−4) êáé êÜèå áíÜëïãç áõôÞò Ýêöñáóç èá ãñÜöåôáé ìå ßóïí,

äéáöïñåôéêÜ èá ÷ñçóéìïðïéåßôáé ôï óýìâïëï ôïõ êáôÜ ðñïóÝããéóç ßóïí (≈).

Ëýíïíôáò ôçí (6:1:2− 4) ùò ðñïò f ′(x) Ý÷ïõìå

f ′(x) =
f(x+ h)− f(x)

h
+O (h) ; (6.1.2 - 5)

ðïõ óõìðßðôåé ìå ôçí (6:1:1− 3), üôáí x = �. Óôçí (6:1:2− 5) ï üñïò O (h)

äçëþíåé üôé ç ðñïóÝããéóç åßíáé 1ïõ âáèìïý, äçëáäÞ éóïýôáé ìå ôï âáèìü ôïõ

üñïõ h.

¼ìïéá áðü ôïí ôýðï (6:1:2− 3) ðñïêýðôåé üôé

f(x− h) = f(x)− h

1 !
f ′(x) +O

(
h2
)
;

ïðüôå ëýíïíôáò ùò ðñïò f ′(x) Ý÷ïõìå

f ′(x) =
f(x)− f(x− h)

h
+O (h) ; (6.1.2 - 6)

äçëáäÞ ç (6:1:1− 4) ìå x = � êáé ðñïóÝããéóç åðßóçò 1ïõ âáèìïý.

Áí ç (6:1:2− 2) ãñáöåß ùò åîÞò:

f(x+ h) = f(x) +
h

1 !
f ′(x) +

h2

2 !
f ′′(x) +

h3

3 !
f ′′′(x) +O

(
h4
)

(6.1.2 - 7)
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êáé (6:1:2− 3) ùò:

f(x− h) = f(x)− h

1 !
f ′(x) +

h2

2 !
f ′′(x)− h3

3 !
f ′′′(x) +O

(
h4
)
; (6.1.2 - 8)

ôüôå áöáéñþíôáò êáôÜ ìÝëç ôéò (6:1:2− 7) êáé (6:1:2− 8) ðñïêýðôåé üôé

f(x+ h)− f(x− h) = 2h f ′(x) +O
(
h3
)
;

ïðüôå

f ′(x) =
f(x+ h)− f(x− h)

2h
+O

(
h2
)
; (6.1.2 - 9)

äçëáäÞ ç (6:1:1− 5) ìå x = � êáé ðñïóÝããéóç 2ïõ âáèìïý.

ÐñïóÝããéóç 2çò ðáñáãþãïõ

ÐñïóèÝôïíôáò êáôÜ ìÝëç ôéò (6:1:2− 7) êáé (6:1:2− 8) ðñïêýðôåé

f(x+ h) + f(x− h) = 2f(x) + h2 f ′′(x) +O
(
h4
)
;

ïðüôå äéáéñþíôáò êáôÜ ìÝëç ìå h2 ôåëéêÜ Ý÷ïõìå

f ′′(x) =
f(x+ h)− 2 f(x) + f(x− h)

h2
+O

(
h2
)
; (6.1.2 - 10)

äçëáäÞ ç (6:1:1− 12) ìå x = � êáé ðñïóÝããéóç 2ïõ âáèìïý.

ÓõíäõÜæïíôáò êáôÜëëçëá ôéò (6:1:2−2) êáé (6:1:2−3) ðñïêýðôïõí ðñïóåããß-

óåéò ãéá êÜèå ðáñÜãùãï ôçò f .

ÐáñÜäåéãìá 6.1.2 - 1

¸óôù ç óõíÜñôçóç

f(x) = e−x
2

êáé � = 1:

Ôüôå ïé ôýðïé (6:1:1− 3) êáé (6:1:1− 12), üôáí

h = 0:1; 0:01 êáé 0:001;

äßíïõí ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 6.1.2 - 1. Ïé èåùñçôéêÝò ôéìÝò åßíáé

f ′(1) ≈ −0:7357589 êáé f ′′(1) ≈ 0:7357589.
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Ðßíáêáò 6.1.2 - 1: ÐáñÜäåéãìá 6.1.2 - 1: ðñïóÝããéóç 1çò êáé 2çò ðáñáãþãïõ

h f ′(1) áðüëõôï óöÜëìá f ′′(1) áðüëõôï óöÜëìá

0.100 -0.6968216 0.03893726 0.7296463 0.6112551E-02

0.010 -0.7320559 0.370301Å-02 0.7356976 0.6131136E-04

0.001 -0.7353908 0.368124Å-04 0.7357583 0.6131437E-06

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ìå áêñßâåéá 6 äåêáäéêþí øçößùí ç 1çò êáé ç 2çò ôÜîçò

ðáñÜãùãïò ôùí ðáñáêÜôù óõíáñôÞóåùí

i) ln
(
e2x − 2

)
iii) x− (lnx)x

ii) x lnx iv) ex=3 + x2.

óôï óçìåßï � = 1:5, üôáí h = 0:1, 0:01 êáé 0:0025.

2. ¼ìïéá ôùí óõíáñôÞóåùí

i) x cosx− x2 sinx ii) tanx

óôï óçìåßï î = ð=4.

3. Ìå ôïí ôýðï ôïõ Taylor íá õðïëïãéóôïýí ðñïóåããßóåéò ôùí ðáñáãþãùí

f (3)(�) êáé f (4)(�).

6.2 ÓõíáñôÞóåéò ðïëëþí ìåôáâëçôþí

6.2.1 Õðïëïãéóìüò ìå ôïí ôýðï ôïõ Taylor

¸óôù u = u(x; t) ìéá óõíÜñôçóç äýï ìåôáâëçôþí üðïõ ôï x óõìâïëßæåé

óõíÞèùò ôç ìåôáâëçôÞ ôïõ äéáóôÞìáôïò êáé ôï t ôïõ ÷ñüíïõ. Ôüôå ï ôýðïò

(6:1:2− 1) ãñÜöåôáé

u(x+ h; t) ≈ u(x; t) +
h

1 !

@u

@x
+

h2

2 !

@2u

@x2

+ : : :+
h�

� !

@�u

@x�
; (6.2.1 - 1)
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üôáí h > 0 ç áýîçóç ôçò ìåôáâëçôÞò x, áíôßóôïé÷á

u(x; t+ `) ≈ u(x; t) +
`

1 !

@u

@t
+

`2

2 !

@2u

@t2

+ : : :+
`�

� !

@�u

@t�
; (6.2.1 - 2)

üôáí ` > 0 ç áýîçóç ôçò t. ÈÝôïíôáò üðïõ h ôï −h, áíôßóôïé÷á üðïõ ` ôï

−`, ðñïêýðôïõí áíÜëïãïé ôýðïé ôçò (6:1:2− 3).

¼ìïéá ôüôå ìå ôçí ÐáñÜãñáöï 6.1.2 áðïäåéêíýåôáé üôé éó÷ýïõí ãéá ôçí

1ç ìåñéêÞ ðáñÜãùãï ùò ðñïò x ïé ðñïóåããßóåéò

@u

@x
=

u(x+ h; t)− u(x; t)

h
+O(h) (6.2.1 - 3)

=
u(x; t)− u(x− h; t)

h
+O(h) (6.2.1 - 4)

=
u(x+ h; t)− u(x− h; t)

2h
+O

(
h2
)

(6.2.1 - 5)

ìå áíÜëïãåò åêöñÜóåéò ãéá ôçí @u=@t, åíþ ãéá ôç 2ç ìåñéêÞ ðáñÜãùãï ùò

ðñïò x ç ðñïóÝããéóç

@2u

@x2
=

u(x+ h; t)− 2u(x; t) + u(x− h; t)

h2
+O

(
h2
)
; (6.2.1 - 6)

áíôßóôïé÷á

@2u

@t2
=

u(x; t+ `)− 2u(x; t) + u(x; t− `)

`2
+O

(
`2
)
: (6.2.1 - 7)

ÓõíäõÜæïíôáò êáôÜëëçëá ôçí (6:2:1 − 1), áíôßóôïé÷á (6:2:1 − 2) åßíáé

äõíáôüí íá ðñïêýøïõí êáé Üëëåò ðñïóåããßóåéò3 ãéá ôéò ìåñéêÝò ðáñáãþãïõò

ôçò u.

Äßíåôáé óôç óõíÝ÷åéá ìéá óçìáíôéêÞ åöáñìïãÞ ôïõ ôýðïõ (6:2:1−5) óôçí

ðñïóåããéóôéêÞ ëýóç ôùí äéáöïñéêþí åîéóþóåùí.

3Åêôüò áðü ôéò ìéêôÝò ðáñáãþãïõò ðïõ õðïëïãßæïíôáé óôçí ÐáñÜãñáöï 6.2.2.
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x0 x1 x2 xN-1 xNxN

æ æ æ. . .æ æ

Ó÷Þìá 6.2.1 - 1: äéáìÝñéóç ôïõ [a; b]. Ôá x0 êáé xN åßíáé ôá óõíïñéáêÜ, åíþ

ôá x1; : : : ; xN−1 ôá åóùôåñéêÜ óçìåßá

x0 x1x
-1 xN-1 xN xN+1

æ æ æ. . .æ æo o

Ó÷Þìá 6.2.1 - 2: äéáìÝñéóç ôïõ [a; b]. Ôá óçìåßá x−1 êáé xN+1 åßíáé åêôüò

ôïõ äéáóôÞìáôïò [a; b]

ÓõíïñéáêÝò óõíèÞêåò

Óôïí ðñïóåããéóôéêü õðïëïãéóìü ôçò ëýóçò ìéáò äéáöïñéêÞò åîßóùóçò ç ðáñÜ-

ãùãïò ùò ðñïò ôç ìåôáâëçôÞ x áíÜëïãá ìå ôçí ôÜîç ôçò áíôéêáèßóôáôáé ìå ôéò

ðñïóåããßóåéò (6:2:1−3) - (6:2:1−6) ê.ëð. Áõôü óçìáßíåé ôüôå üôé ôï äéÜóôçìá

[a; b] ðñÝðåé íá õðïäéáéñåèåß óå åðß ìÝñïõò éóïáðÝ÷ïíôá õðïäéáóôÞìáôá áðü ôá

óçìåßá (Ó÷. 6.2.1 - 1)

a = x0 < x1 < x2 < : : : < xN−1 < xN = b (6.2.1 - 8)

êáé óôç óõíÝ÷åéá óå êÜèå Ýíá áðü áõôÜ íá åöáñìïóôåß ï áíÜëïãïò ðñïóåããéóôéêüò

ôýðïò.

Ôï ðñüâëçìá ôüôå ìå ôéò ôéìÝò ôçò óõíÜñôçóçò äçìéïõñãåßôáé, üôáí ç

áíôéêáôÜóôáóç ôùí ðáñáãþãùí ãßíåôáé óôá Üêñá óçìåßá x0 êáé xN Þ óå

ãåéôïíéêÜ ôùí. Ãéá ðáñÜäåéãìá, Ýóôù üôé áðáéôåßôáé ç ðñïóÝããéóç ôçò uxx

óôï óçìåßï x0. Ôüôå óýìöùíá ìå ôïí ôýðï (6:2:1− 6) Ý÷ïõìå

uxx|x=x0 =
u (x0 − h; t)− 2u (x0; t) + u (x0 + h; t)

h2

üðïõ üìùò ôï óçìåßï x0 − h åßíáé åêôüò ôïõ ðåäßïõ ïñéóìïý [a; b] (Ó÷. 6.2.1

- 2). ÁíÜëïãï ðñüâëçìá õðÜñ÷åé êáé óôï óçìåßï xN .

Ãéá ôçí áíôéìåôþðéóç áõôþí ôùí ðñïâëçìÜôùí ðñÝðåé íá åßíáé ãíùóôÞ

ç óõìðåñéöïñÜ ôçò óõíÜñôçóçò u óôá óõíïñéáêÜ óçìåßá x0 êáé xN . Áõôü

ãßíåôáé ìå ôéò ëåãüìåíåò óõíïñéáêÝò óõíèÞêåò (boundary conditions) ôïõ

ðñïâëÞìáôïò ðïõ áíáöÝñåôáé ç äéáöïñéêÞ åîßóùóç.
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Ïé êõñéüôåñåò áðü áõôÝò åßíáé:

• Neumann óõíïñéáêÝò óõíèÞêåò

ux|x=x0 = 0 êáé ux|x=xN = 0:

Ôüôå áðü ôçí (6:2:1− 5) ðñïêýðôïõí ôá åîÞò (Ó÷. 6.2.1 - 2):

ux|x=x0 =
u (x0 + h; t)− u (x0 − h; t)

2h
= 0; ïðüôå

u (x0 − h; t) = u (x0 + h; t) ; êáé

(6.2.1 - 9)

ux|x=xÍ =
u (xÍ + h; t)− u (xÍ − h; t)

2h
= 0; ïðüôå

u (xN + h; t) = u (xN − h; t) :

• Dirichlet óõíïñéáêÝò óõíèÞêåò

u (x0) = v0 êáé u (xN ) = v1;

üôáí v0 êáé v1 ãíùóôÝò ôéìÝò. Óôçí ðåñßðôùóç áõôÞ, åöüóïí äåí åßíáé

ãíùóôÝò Üëëåò óõíèÞêåò, ç ðñïóÝããéóç ôùí äéáöïñéêþí åîéóþóåùí ãßíå-

ôáé ìüíï óôá åóùôåñéêÜ óçìåßá (Ó÷. 6.2.1 - 1).

ÐáñÜäåéãìá 6.2.1 - 1

Ç åîßóùóç äéÜäïóçò èåñìüôçôáò óå ìßá äéÜóôáóç ãñÜöåôáé

@u(x; t)

@t
= a

@2u(x; t)

@x2
üðïõ a < x < b; t > 0; (6.2.1 - 10)

üôáí a èåôéêÞ óôáèåñÜ êáé u(x; t) ìéá åðáñêþò äéáöïñßóéìç óõíÜñôçóç üðïõ ç

t óõìâïëßæåé ôç ìåôáâëçôÞ ôïõ ÷ñüíïõ êáé ç x ôïõ äéáóôÞìáôïò. Óôç öõóéêÞ

ç óõíÜñôçóç u ïñßæåé ôç ìåôáâïëÞ ôçò èåñìïêñáóßáò, åíþ ç óôáèåñÜ a ôï

óõíôåëåóôÞ èåñìéêÞò äéÜ÷õóçò.

Ç åîßóùóç èåñìüôçôáò åßíáé èåìåëéþäïõò óçìáóßáò óå äéáöüñïõò ôïìåßò

ôùí èåôéêþí åðéóôçìþí üðùò: óôá ìáèçìáôéêÜ ùò ôï ðñüôõðï ôçò ëýóçò
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0 U
1

n
U

2

n
U

N-1

n
00

æ æ æ. . .æ æ

Ó÷Þìá 6.2.1 - 3: ÐáñÜäåéãìá 6.2.1 - 1: ïé ðñïóåããéóôéêÝò ôéìÝò Un
m; m =

0; : : : ; N ôçò óõíÜñôçóçò u(x; t) óôá óçìåßá (6:2:1 − 12), üôáí ëçöèïýí õð'

üøéí ïé óõíïñéáêÝò óõíèÞêåò (6:2:1− 11), äçëáäÞ Un
0 = 0 êáé Un

N = 0

ðáñáâïëéêþí PDE's, óôç èåùñßá ðéèáíïôÞôùí, óôá ïéêïíïìéêÜ ìáèçìáôéêÜ

ê.ëð.

Ãéá ôçí ðñïóåããéóôéêÞ ëýóç ôçò (6:2:1 − 10) èåùñïýíôáé ïé ðáñáêÜôù

óõíïñéáêÝò óõíèÞêåò Dirichlet (boundary conditions)

u (a; t) = u (b; t) = 0; üôáí t > 0; (6.2.1 - 11)

Ãéá ôçí ðñïóåããéóôéêÞ ëýóç ôçò (6:2:1−10) ôï äéÜóôçìá [a; b] ôçò ìåôáâëçôÞò

x õðïäéáéñåßôáé óå N ßóá õðïäéáóôÞìáôá ðëÜôïõò h ìå h = (b − a)=N (Ó÷.

6.2.1 - 1) áðü ôá óçìåßá

a = x0 < x1 < x2 < : : : < xN−1 < xN = b: (6.2.1 - 12)

¸óôù ãéá åõêïëßá üôé ç ôéìÞ ç ðñïóåããéóôéêÞ ôéìÞ ôçò u(x; t) óôá óçìåßá

xm; m = 0; 1; : : : ; xN , äçëáäÞ ç u (xm; t) óõìâïëßæåôáé óôï åîÞò ìå

Un
m ãéá êÜèå m = 0; 1; : : : ; N:

ÅðåéäÞ óýìöùíá ìå ôçí (6:2:1− 11) äßíïíôáé ïé óõíïñéáêÝò ôéìÝò óôá óçìåßá

x0 = a êáé xN = b, ç (6:2:1 − 10) åöáñìüæåôáé óå êÜèå ÷ñïíéêÞ óôéãìÞ

ôçò ìïñöÞò t = n` üðïõ ` ôï âÞìá ôïõ ÷ñüíïõ êáé n = 1; 2; : : : óå üëá ôá

åóùôåñéêÜ óçìåßá (Ó÷. 6.2.1 - 3) ôçò äéáìÝñéóçò (6:2:1− 12).

Ôüôå óýìöùíá ìå ôçí (6:2:1−6) Ý÷ïõìå ôï ðáñáêÜôù óýóôçìáN äéáöïñéêþí
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åîéóþóåùí 1çò ôÜîçò:

x = x1 :
dUn

1

dt
=

0︷︸︸︷
Un
0 −2Un

1 + Un
2

h2

x = x2 :
dUn

2

dt
=

Un
1 − 2Un

2 + Un
3

h2

...
...

x = xN−1 :
dUn

N−1

dt
=

Un
N−2 − 2Un

N−1 + Un
N

h2

x = xN :
dUn

N

dt
=

Un
N−1 − 2Un

N +

0︷ ︸︸ ︷
Un
N+1

h2

(6.2.1 - 13)

Ôï óýóôçìá áõôü ãñÜöåôáé óå äéáíõóìáôéêÞ ìïñöÞ ùò åîÞò:

dU(t)

dt
= AU(t); (6.2.1 - 14)

üôáí

U(t) = [U1(t); : : : ; UN (t)]T

åßíáé ôï äéÜíõóìá ôùí ðñïóåããéóôéêþí ëýóåùí ôçò åîßóùóçò (6:2:1 − 10) óå

åðßðåäï ÷ñüíïõ t êáé A Ýíáò ôñéäéáãþíéïò ðßíáêáò ôçò ìïñöÞò

A = h−2



−2 1

1 −2 1

. . .
. . .

. . .

1 −2 1

1 −2


:

Áðü ôç ëýóç ôïõ óõóôÞìáôïò (6:2:1−14) ðñïêýðôïõí ôüôå ïé ðñïóåããéóôéêÝò

ôéìÝò ôçò u óôá óçìåßá (6:2:1− 12). Ç ëýóç ôçò (6:2:1− 10) ãéá ôéò äéÜöïñåò

ôéìÝò ôïõ t èá äïèåß óå ìÜèçìá, ðïõ áêïëïõèåß.
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ÁóêÞóåéò

1. Ç ãñáììéêÞ ìïñöÞ ôçò åîßóùóçò äéÜ÷õóçò-ìåôáöïñÜò (di�usion-convecti-

on) óå ìßá äéÜóôáóç Ý÷åé ôç ìïñöÞ

@u

@t
=

@2u

@t2
− ì

@u

@x
üðïõ 0 < x < b êáé t > 0 (6.2.1 - 15)

üðïõ ì > 0 åßíáé ç ðáñÜìåôñïò ìåôáöïñÜò (convection parameter).

Ïé óõíïñéáêÝò óõíèÞêåò, üôáí t > 0, åßíáé

u(0; t) = v(t) êáé
@u(b; t)

@x
= 0:

Ìå õðïëïãéóìïýò áíÜëïãïõò ôïõ Ðáñáäåßãìáôïò 6.2.1 - 1 äåßîôå üôé ç

äéáíõóìáôéêÞ ìïñöÞ ôçò ëýóçò ôçò åîßóùóçò (6:2:1− 15) åßíáé

dU(t)

dt
= AU(t) + b ìå U(0) = g

üðïõ

A =



−2 1− 1

2
ìh

1 +
1

2
ìh −2 1− 1

2
ìh

. . .
. . .

. . .

1 +
1

2
ìh −2 1− 1

2
ìh

2 −2


êáé b = h−2

[(
1 + 1

2ìh
)
Ut(n`); 0; : : : ; 0

]T
.

2. Ìå ôïí ôýðï (6:1:2−1) áíôéêáèéóôþíôáò êáôÜëëçëá ôï h ìå 2h êáé ôï −h
ìå −2h äåßîôå üôé

u(x+ 2h; t)− 2u(x; t) + u(x− 2h; t)

= 4h2
@2u

@x2
+

16h4

12

@4u

@x4
+O

(
h6
)

êáé óôç óõíÝ÷åéá üôé

@4u

@x4
=

1

h4
[u(x+ 2h; t)− 4u(x+ h; t) + 6u(x; t)

−4u(x− h; t) + u(x− 2h; t)] +O
(
h2
)
:
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6.2.2 Õðïëïãéóìüò ìå ôïí ôýðï ôïõ Taylor ãéá äýï ìåôáâëçôÝò

Ï ôýðïò ôïõ Taylor ãéá ôçí ðåñßðôùóç ìéáò óõíÜñôçóçò, Ýóôù u = u(x; t),

üôáí ôï áíÜðôõãìá ãßíåôáé êáé ãéá ôéò äýï ìåôáâëçôÝò x êáé ` ãñÜöåôáé

u(x+ h; t+ `) = u(x; t) +
1

1 !

(
h
@u

@x
+ `

@u

@t

)

+
1

2 !

(
h2

@2u

@x2
+ 2h`

@2u

@x @t
+ `2

@2u

@t2

)

+
1

3 !

(
h3

@3u

@x3
+ 3h2`

@3u

@x2@t
+ 3h `2

@3u

@x @t2
+ `3

@3u

@t3

)

+ : : : : (6.2.2 - 1)

Áðü ôçí (6:2:2−1) åýêïëá áðïäåéêíýåôáé ôüôå ìå êáôÜëëçëïõò óõíäõáóìïýò

ôùí ðñïóÞìùí ôùí h êáé ` üôé4

@2u

@x@t
=

1

4h`
[u(x+ h; t+ `)− u(x+ h; t− `)

−u(x− h; t+ `) + u(x− h; t− `)]

4Óôçí (6:2:2 − 1) èÝôïíôáò êáôÜëëçëá üðïõ h ôï −h êáé üðïõ ` ôï −`, ðñïêýðôïõí ïé

ó÷Ýóåéò

u(x− h; t+ `) = u(x; t) +
1

1 !
(−hux + ` ut)

+
1

2 !

(
h
2
uxx − 2h` uxt + `

2
utt
)
+ : : : ;

u(x+ h; t− `) = u(x; t) +
1

1 !
(hux − ` ut)

+
1

2 !

(
h
2
uxx − 2h` uxt + `

2
utt
)
+ : : : ;

u(x− h; t− `) = u(x; t) +
1

1!
(−hux − ` ut)

+
1

2 !

(
h
2
uxx + 2h` uxt + `

2
utt
)
+ : : : :
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-4 -2 2 4 6 8 10
x

1

2

3

4

5

6

u

Ó÷Þìá 6.2.2 - 1: ÐáñÜäåéãìá 6.2.2 - 1: ç ìïñöÞ ôïõ êýìáôïò u(x; t) =

4 tan−1 [exp(x− t)], üôáí t = 1; 2; 3 êáé x ∈ [−5; 10]

+O
(
(h+ `)4

hl

)
: (6.2.2 - 2)

ÓõíäõÜæïíôáò êáôÜëëçëá ôçí (6:2:2− 1) åßíáé äõíáôüí íá ðñïêýøïõí êáé

Üëëåò áíþôåñçò ôÜîåéò ðñïóåããßóåéò ôùí ìåñéêþí ìéêôþí ðáñáãþãùí ôçò u.

ÐáñÜäåéãìá 6.2.2 - 1

Ç óõíÜñôçóç

u(x; t) = 4 tan−1 [exp(x− t)] (6.2.2 - 3)

ðåñéãñÜöåé Ýíá êýìá, ðïõ äéáäßäåôáé (Ó÷. 6.2.2 - 1) ÷ùñßò íá áëëÜæåé ìïñöÞ

(soliton).

Ôüôå

uxt = 4
et+x

(
−e2t + e2x

)
(e2t + e2x)2

; ïðüôå uxt|x=0; t=1 = −0:987 1087:

Åöáñìüæïíôáò ôïí ôýðï (6:2:2 − 2) ãéá h = ` = 0:01, üôáí x = 0; t = 1

Ý÷ïõìå

uxt|x=0; t=1 =
1

4h`
[u(0 + 0:01; 1 + 0:01)− u(0 + 0:01; 1− 0:01)
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−u(0− 0:01; 1 + 0:01) + u(0− 0:01; 1− 0:01)]

= −0:987 0587:

¢ñá õðÜñ÷åé óöÜëìá óôçí ðñïóÝããéóç: |e| = 5× 10−5.

ÁóêÞóåéò

1. ¼ìïéá ìå ôç óõíÜñôçóç u(x; t) ôïõ Ðáñáäåßãìáôïò 6.2.2 - 1 ç óõíÜñôçóç

v(x; t) = 4 tan−1 {exp[−(x− t)] }

ðåñéãñÜöåé Ýíá êýìá soliton. Åöáñìüæïíôáò ôïí ôýðï (6:2:2− 2) ãéá h = ` =

0:01, üôáí x = 0; t = 1 íá õðïëïãéóôåß ç uxt|x=0; t=1 êáé íá ãßíåé óýãêñéóç

ìå ôçí áíôßóôïé÷ç èåùñçôéêÞ.

Óôç óõíÝ÷åéá íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóç ôçò óõíÜñôçóçò u(x; t) +

v(x; t), üôáí x ∈ [−5; 10] êáé t = 1; 2; 5. Ôé ðáñáôçñåßôå;

2. ¸óôù ç óõíÜñôçóç

u (x; y) = 4
[
tan−1 (expx) + tan−1 (exp y)

]
: (6.2.2 - 4)

¼ìïéá ìå ôïí ôýðï (6:2:2 − 2) ãéá h = k = 0:01, üôáí x = y = 1 íá

õðïëïãéóôåß ç uxy|x=1; y=1 êáé íá ãßíåé óýãêñéóç ìå ôçí áíôßóôïé÷ç èåùñçôéêÞ.

3. ¼ìïéá ôçò

u (x; y) = 4 tan−1 exp

(
3−

√
x2 + y2

)
(6.2.2 - 5)

Óçìåßùóç 6.2.2 - 1

Ç (6:2:2− 4), áíôßóôïé÷á ç (6:2:2− 5), üôáí åßíáé ç ëýóç ôç ÷ñïíéêÞ óôéãìÞ

t = 0 ôçò äéäéÜóôáôçò çìéôïíïåéäïýò äéáöïñéêÞò åîßóùóçò ôïõ Gordon (sine-

Gordon equation)5

@2u

@t2
+ �

@u

@t
=

@2u

@x2
+

@2u

@y2
− �(x; y) sinu

óôçí ðåñßðôùóç üðïõ � = 0 êáé �(x; y) = 1 äçìéïõñãïýí ìå ôçí ðÜñïäï ôïõ

÷ñüíïõ

5ÂëÝðå äçìïóßåõóç A. G. Bratsos [5].
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• äýï åõèýãñáììá êýìáôá ðïõ áðïìáêñýíïíôáé ìåôáîý ôïõò êáôÜ ôç äéåýèõíóç

y = x (Ó÷. 6.2.2 - 2), áíôßóôïé÷á

• Ýíá êõêëéêü êýìá ðïõ áëëÜæåé ìïñöÞ (Ó÷. 6.2.2 - 3 êáé 6.2.2 - 4).

(a) (b)

Ó÷Þìá 6.2.2 - 2: Åîßóùóç êýìáôïò (6:2:2 − 4), üôáí x; y ∈ [−6; 6] ôçí (a)

÷ñïíéêÞ óôéãìÞ t = 0 êáé (b) t = 7

(a) (b)

Ó÷Þìá 6.2.2 - 3: Åîßóùóç êýìáôïò (6:2:2 − 5): ÃñáöéêÞ ðáñÜóôáóç ôçò

óõíÜñôçóçò z = sin 1
2 u(x; y), üôáí x; y ∈ [−7; 7] ôçí (a) ÷ñïíéêÞ óôéãìÞ

t = 0 êáé (b) t = 5:6
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(a) (b)

Ó÷Þìá 6.2.2 - 4: Åîßóùóç êýìáôïò (6:2:2 − 5): ÃñáöéêÞ ðáñÜóôáóç ôçò

óõíÜñôçóçò z = sin 1
2 u(x; y), üôáí x; y ∈ [−7; 7] ôçí (a) ÷ñïíéêÞ óôéãìÞ

t = 8:4 êáé (b) t = 11:2

6

6Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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