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Mdabnua 10

ITPOXEITIXH YYNHOON
ATAPOPIKON EZIXQXYEQN -
MEPOX 11

Y10 pdbnua autod Slvetal ua tpoceyyLlon tng Abong Tou eofARUaTog apytehs

Twhc Ing tééne
Y =f(t,y); telab] pe yo=yla)

drapopeTintic exelvng mou d60nxe oto Mdbnua 9.
Yuyxexpuéva oVupova Ye To Tponyoluevo udbnua, av utotebel étu to
dudotnua [a,b] éxel unodapebel oe N to thhfog loa uodiaothuata TAGTOUS

£, t67e n uéhodog:

i) Touv Euler

Yir1 =i +Lf (ti, ys)
ii) xow tou Taylor téine n

(2 ’ £ (1) ;
yi+1=y¢+£f¢+§fi+...+mfi ;o i=0,1,...,,

unohoyllel Tnv mpooeyYLoTX Abon yiy1 and Ty y; npocbétoviag Tov bpo
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2 Hpooeyyiotixy Aion ODE’s Kaf. A. Mrpdtoog

Cf (ti,yi) yw v (i), aviiotolya Tov

¢ el
£<fi+2,f{+...+|fi(” ”)

n

yioe T (i2) péBodo. Kou oL 8o uéhodot avixouy atny xatnyopla twv novoprnuo-
TGy Uebodwy B Twv uehédwy Tou anhol PAratog, dnhadh ey uehddwy ol
OTOLEC YL TOV UNONOYLOUS TNG TEOGEYYLONG Yit1 YPNOLLOTOL0UY Uévo TNy
auéong meonyoluevy Twh v Kiplo yopaxtneiotind tev uebédwv autdy

elvatl:

e 7 duoxola Tou UToLoYLOUOY TV TapaydYwy a1y (i), o

o 1 Ut axpiPela Tov anoteheoudtoy.!

10.1 MEéBodoL Twyv Runge-Kutta

10.1.1 Ewaywy
"'Eotw o npdfinua apywric T Ing tédng
y =fty); te€la,b] pe yo=y(a) (10.1.1 - 1)

Yougova ye to Mébnua 9 xoau v nopandve eoaynyy dheg ol uéhodol

Tou EEETAGTNUAY TEAXA YRAPOVTIL GTY) Lop®n
Yis1 = yi + OF (ti,yl-(n),ﬁ) (10.1.1 - 2)

6mou F elvan ula yvootd cuvdptnen xaw n 1 &N Tng TopaydYou, 6Tav § =
0,1,...,N—1(¥y. 10.1.1-1).

O Runge xo. apyétepa o Kutta anéderlav étu elval duvath n Aden tou
rpoPMjuatog apyxhic Twhc (10.1.1 — 1) e apfuntinéc uebbdoug tng poppric
(10.1.1-2), ywplc vo anatteltal 0 UTOAOYLOUOS TV TUPAYOY WV TNS GUVAETNONC
k& ue v B axplfeta tne Adong. Ou uébodou autée, mou elval YvwoTég

ocav wébodol Twv Runge-Kutta, ypdpoviow atn yevixr| toug yoppr o:¢

Yit1 = yi + Lo (ti, i, £) ywxdbe i=0,1,...,N—1,  (10.1.1- 3)

'O avayvéotng Y pio extevéotepn uehétn mopoméunetor ot BuBAloypagla oL oTo
BBrio A. Mrpdtoog [2] Keg. 10.



M:é6odoL Twv Runge-Kutta

a_ _ __ b
h 4 i i Inog v
Yy v | B | Y

Yo M Yi Yis YN-1 N

Syfua 10.1.1 - 1: 7 drapéprom § Tou daotAuatos [a,b] ané to onuela t; =
a+il, 6tav £ = tj1 — t; xou oL avtloTolyec TPosEYYLoTES TUWES Ui © =
0,1,..., N

otav vy MY n-tdln g uebodou, n ouvdptnor ¢ divetal and tn oyéon

o(t,y,0) = c1k1 + caka + ... + cukn (10.1.1 - 4)
6mou
ko= flty) xx
vio xdbe =23, ...,n
j—1 (10.1.1 - 5)
k; = f<t+£aj,y+€ ijmk‘m),
m=1

j—1

Qg = Z bjm-

=1

3

Elva tpogavéc étL dhec ou uéhodor (10.1.1 — 3) exppdlovton pe avohutixd
(explicit) popen, érou v va unohoyiotel 1 Aon tou tpofAAuatos apyixhic
e (10.1.1-1) pe egapuoyh wag uebddou n tédlne, anatteital o utohoyioubde
n 1o tAhfoc cuvapTHoELVY.

Alvovtar 611 cuvéyela oL Tapaxdte dbo yeroweol oplouol.



4 Hpooeyyiotixy Aion ODE’s Kaf. A. Mrpdtoog

Optowés 10.1.1 - 1. ‘Eotw y(t) n fewenruxi Adon tou neofAfuaroc apyixiic
nwure (10.1.1 — 1). Tére n uébodoc twv Runge-Kutta, nov opiletar and 1y
oyéon (10.1.1 — 3), Aéyetar drt elvar T8&ng n, drav n elvar o ueyalitepoc

axEPAIOC Yio TOY 0molo LoYUEl

y(t+0) = y(t) = Colt y(t), 0) = O (1), (10.1.1 - 6)

Yreviuuiletor 6L pe 10 O (711) ouuBodiletan o dfpolopa and tou 6pou
L o petd, dnhadh ar Mt + a4

Optowés 10.1.1 - 2. H uéhodoc (10.1.1 — 3) Aéyetar o1t elvar oupPoty
(consistent) ue to mpdfAnua apyixic tufc (10.1.1 — 1), dray

o(t,y,0) = f(t,y). (10.1.1 - 7)

ITapatrenon 10.1.1 - 1

Ouovvieheotéc ¢, kiji =1, ..., notny (10.1.1-5) uvnoroyilovtoL avarticso-
vTag 6houg Toug 6poug xatd Taylor we mpog ¢ xaw 61N cuvéyew epapuélovtag
T ouvlirxes twv Oploudy 10.1.1 - 1 xan 10.1.1 - 2. EwWwdtepa olupova Ue
tov Optoué 10.1.1 - 1 6hot oL ouvteheotés Twv duvdpewy £ i = 1,...,n
TpéneL oTNY mepinTwor auty va elvan 0.

Alvovtol 611 ouVEYELN oL ToPAXdTw SV0 TEPLEGHTERO YPTOLLOTOLOUUEVES

ot egapuoyés uehodol Twv Runge-Kutta (RK).

10.1.2 MéBodog 3ng tdEnc

'Eotw 611 1 t6&n e uebodou elvar n = 3. Téte odugwva ye ) oyéon
(10.1.1 — 5) elvon

Yir1 = Yi + £ (c1k1 + c2ko + c3k3)

émou 1o ¢, kiy i =1, 2, 3 vnohoyllovtow and and v (10.1.1 — 6) wg ehc:



MEé0Oodot Twv Runge-Kutta )

ki = f (tay)

HOL YL

Jj=2

1
ko = f<t+€a2,y+£Zbglkm>:f(t+€a2,y+€b21k1),

m=1

1
as = Z bgm = b21, onoTE
m=1

kz = f(t+€a2,y—|—€a2k1).

2
k‘g = f<t+€a3,y+€ Z bglkm>

m=1

= flt+laz,y+ L (b1k1 + b32ko)],

1
az = Z boy, = b31 + b32, onéte b3 = az — baa.
m=1

ks = f [t +las, y+ £ (a3 — bgz) ki1 + gbggkg] .

Y1 mopandvew oy€oeElg oL TUPAUETEOL €1, €2, €3, G2, a3 Xol b3 mpémeL vo
exheyoly, €10l Hote olugova pe Ty Hapatipnorn 10.1.1 - 1 n uébodog va elvor
w4&nc n = 3. Taupakelnovtag 670 onueio autd Touc eVBLdUEGOUS UTOAOYLEUOUC,
TUEATEUTOVTAS TOV UVAYVOOTN Tpog ToUTo oTn PBAloyeapla, TeAd TpoxinTeL
70 TapaxdTw cboTnua Ue 4 eglonaelg xa 6 ayvhoToug
1
c1+ca+c3=1 coag+ c3az = 3

1

) (10.1.2 - 1)
Cga% + c;;a% = g c3a2b3s = 6 .



6 Hpooeyyiotixy Aion ODE’s Kaf. A. Mrpdtoog

"Apa Bo undpyet éva dnerpo to Thhfoc pefbédoug Twv Runge-Kutta 3nc td8nc.?

Ané 1o 6Uvoho TV uehddnv autdy egetdletal ubvo 1 uéhodog

14
Yi+1 = Y;+ 6 (kl + 4ko + k‘g) (10.1.2 - 2)
kvo= f(tiy)

ko = f <ti + gayi + 5161)

ks = f(ti+¥, y; — lhki+ 20ko)
Tou elval Yvwoth xat oav xavévag 3ng tdins touv Kutta (RK3).
IMopdderypa 10.1.2 - 1
Na Aufel ue ™ uébodo RK3 1o npdBinua apyixrc tuuhc

Y =—y+t>4+1, étav t€[0,05], £=01,
ev® 1 Oewentier Aom tou elvol
y(t) = 2e7t + 1% — 2t + 3.

Abor. Eivau
fty) =—y+*+1

Erewd?| elvat yvooti n Bewpentnd Mor y(t), 1 apywd 1w yo, Tou aviietouyel
oty i t = 0, urtohoyiletar and v y(t) e e&hc

yo=y(0)=2e"+0+3 =05

Téte vy i =0,1,2,3, 4 (Ey. 10.1.2 - 1) éyouye:
Lo Bwa (to =0, yo=1>5)

ki = f(to,yo)=—yo+tg+1=-5+0+1=—4,

*H napandve eloayoyh va napakelpbel oe mpdtn avdyvwon



M:é6odoL Twv Runge-Kutta

0 0.1 02 ¢ 0.3 0.4 0.5
[ 4 \ 4 \ 4 \ 4 \ 4 ®
fo ti b 4] t 5

Yo 14 )2 Y3 Ya Y5

Yyfua 10.1.2 - 1t 7 dwapépror tou Hapadelypatog 10.1.2 - 1, 6tav £ = 0.1
xan oL avtiotouyeg Tweég y;; ¢ = 0,1, ..., 5 ue t; = 2. H apyud Tuur elvon
yo=y(to) =y(0)=[2e"+12 -2t +3] =5

2 2
= —( —|—E*k>—|—(t +£>2+
= Yo+ 5 ¥k U
0.1
2

= —[54—0;*(—4)]4-(0—# )

= —3.7975,

14 ¢
ko = f(t()‘i‘,yo—i-/ﬁ)

1
2
+1

ks = f(to+¢€,yo — lky + 2Cks)
= —(yo—Lxki+2%Lxky)+ (to+0)* +1
= —[65—0.1%(—4)—2%0.1%3.7975] + (0+0.1)* +1

= —3.6305,

onoTE

/
y1 = yo+6(k1+4k2+k3)
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0.1
= 5+ 5[4+ 4% (-3.7975) - 3.6305] = 4.61966.

20 PAua  (t1 = 0.1, y = 4.61966)
ki o= [(tiy)=—-y+t+1

= —4.61966 + 0.1 + 1 = —3.6097,

V4 V4
ky = f<t1+272/1+2/€1>

¢ 0\ 2
frd f— — — 1
(y1+2*k1)+<t1+2) +

Nl 1 2
= - [yl + 07 * (—3.6097)] + (0.1 + 02) 41

= —3.4167,

ks = f (tl +0,y1 — bk + 2£/€2)
= —(y1—6*/{;1—1—2*6*14:2)—1—(7514—6)2—1—1
= — [4.61966 —0.1 % (—3.6097) +2x%0.1% (—3.4167)]

+(0.140.1)% +1 = —3.2573,
onoTE

14
o= ntg (k1 + 4ko + k3) = 4.27743.

Yuveyilovtag pe napduolo tpéno Eyouue Ta anotehéopata Tou Iivaxa 10.1.2

- 1, evédd 670 Ty. 10.1.2 - 2 o avtlotorya o@dhyata |e;].

‘Aoxnon

Na AuBel ue ™ uébodo RK3 to npdPinua apyixrc tuuhc

/ J—

y=—y+t+1, 6btav t€][0,05], £=0.1

xat HewpnTiend Ao
y(t) =t+e "



M:é6odoL Twv Runge-Kutta

ITivaxag 10.1.2 - 1: ITopdderypa 10.1.2 - 1: aroteréouata uebédou RK3

t; Yi y (t) lei
0.0 5.00000 5.00000 0.0
0.1 4.619658 4.619675 0.165E-04
0.2 4.277431 4.277462 0.307E-04
0.3 3.971594 3.971636 0.428E-04
0.4 3.700587 3.700640 0.530E-04
0.5 3.462999 3.463061 0.618E-04
el
0.00006 |
0.00005 |
0.00004 |
0.00003
0.00002
0.00001 |

Yyfue 10.1.2 - 2: Hapdderypa 10.1.2 - 1. H xaundin delyvel ta o@diuota

el
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10.1.3 MZéOodog 4ng Tagns

Av n = 4, 167 ye oyéoeic avaroyeg autdv g ewoaywyhc e Hapayedpou

10.1.2 tehuxd mpoxdnter éva o¥oTUA OXTH EELOOOEWY Ue SExa aYvVOaTOUG,

om6te Ha undpyer xar oTNV tepinTwon auth éva drelpo mAYfog uebédwy Runge-

Kutta 4nc 1d&ne, tov onolny o tinog Bo expedletal ue avaluted popptr. And

autég e€etdleTal U6VO 1) TopaxdTw TEELOGOTERO Yproldonololuevy uébodog,

mou elval Yvwoth xou cav RK4:

14
Yi+1 = Yi+ 6 (kl + 2ko + 2ks + k4)

kv = f(ti,y)

14 12
ky = it5vitg
2 f(t+2y+2k‘1)

ks = f (ti + gayi + gkz)
ky = f(ti+L0,y; +Llks).
IHopddetypa 10.1.3 - 1
No AuBel ue ) uébodo RK4 to npdPinua apyuxnc tuuhc
y =—y+t+1, obtav te€[0,05], ¢=0.1,
evod 1 Bewpntind) Aor elvon
y(t)=t+e "

Adorm. Eiva
flty)=—-y+t+1

(10.1.3 - 1)

‘Ouota 1 apyx Ty yo ouota utohoyiletar and T Bewpntnh Abon we eghc:

yozy(O)ZO—l—eO:l.

Téte vyt =0,1,2,3, 4 éyovpe:



M:é6odoL Twv Runge-Kutta

Lo By (to =0, yo=1)

kv = f(to,yo)=—yo+to+1=—-14+04+1=0,
1 ¢
ke = f (t0+2,y0+2/€1>

L
b = 7 (ot

1 1
- —(1+02*0.05>+(0+0 >+1—0.0475,

ky = f(to+¢€,yo+ lks)
= —(yo+lxks)+ (to+0.1)+1

= —(yo+0.1%0.0475) + (04 0.1) + 1 = 0.09525,
onoTE

14
yo= yotg (k1 + 2k + 2k3 + ky) = 1.00484.

20 Bhpa (¢ =0.1, y; = 1.00484)

ki = f(t,y)=—y1 4+t 4+1=—-1.00484 + 0.1+ 1 = 0.095162,

14 14
ky = f<t1+2,y1+2k'1)

0.1 0.1
= - <y1 + 5 0.095162> + (tl + 2> +1 = 0.1404,

11
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ITivascag 10.1.3 - 1: TTopdderypa 10.1.3 - 1: anoteréouata uebédou RK4

t; Yi y (ti) €]
0.0 1.00000 1.00000 0.0
0.1 1.004838 1.004837 8.196E-08
0.2 1.018731 1.018731 1.483E-07
0.3 1.040818 1.040818 2.013E-07
0.4 1.07032 1.07032 2.428E-07
0.5 1.106551 1.106531 2.747E-07
4 14
/{33 f (t1 + 573/1 + 2]{32)
0.1 0.1
— <y1 + > * 0.1404> + <t1 + 2) +1=0.13814,
k4 [t + 4,y + Cks)
— (y1 +0.1%0.13814) + (to 4+ 0.1) + 1 = 0.18135,
onoTE
14
p) Y1+ 6 (kl + 2ko 4+ 2k3 + k‘4) = 1.01873.

Yuveyilovtag ue Tapduoto tpomo, tehxd €youue to anoteréopata tou Ilivaxa

10.1.3 - 1. Ané tny e&étaon Twv ogahudtwy tou Iivaxa 10.1.3 - 1 npoxintel

6T, av oL oL TWES TV elvar eAdyLloTteg, undpyel Ulo adinot TV Ye TNV

mdpodo tou ypbdvou. Tehwd oto Xy.

10.1.3 - 1 yivetar 1 odyxpion tov

oQaAUdTOY TNg AYerng Tou mapandvew mapadelyuatog ue Tic uehddoug RK3

(oxnomn Iapaypdgou 10.1.2) xow tng RK4, ané 1o onolo dueoa npoxintel 7

ueyaritepn axpifBeo tng RK4.
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lel
0.000012}

0.00001
8.x107°
6.x107°)
4.x107°
2.x107°)

Yyfua 10.1.3 - 1: Ioapdderypa 10.1.3 - 1. H xdxxwvn xoumdhn delyver ta
o@éhpata |e;| ue t uéhodo RK3 xou 1 umhe pe v RK4
‘Aoxnon

Na Aubel ye ) uébodo tou Taylor té&nc 2, avtiotowya 3, Tpv RK3 xal v
RK4 7o npdpinuo apyixnc tuuic

y =—y+t+1, 6tav t€[0.5,0.7, ¢=0.05
6mou 1 Dewentixn Aor elvat
y(t)=t+e "

oL VAL YLVEL oUYXELTIXOS TVaXag ATOTEAEGUATOY.

8 Anayopedeton 1 avadnuooieuon 1 avomapaywyR TOu TAPéVTOg 610 GUVOAG Tou
TunudTey tou ywels ™ yeanty ddewa tou Kafb. A. Mnrpdtoou.
E-mail: bratsosQteiath.gr URL: http://users.teiath.gr/bratsos/
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[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epmnopiki opiletal n xpnon:

e TOU bev mMepAaPAVEL AUEDO 1) EULECO OLKOVOULKO 0dEANOG amd Thv Xprion Tou
£pyou, yLa To SLovopEa TOU €pyou Kal adslob0xo

e 1oV Sev mepAapBavel owkovopLkn cuvallayr wg polndBeon ylo tn xprion N
npoopaocn oto £pyo

e Tt0U eV MPooToPilel GTO SLAVOUEN TOU £pYOU Kal aSEL080X0 EUUECO OLKOVOULKO
odehog (r.x. Stadpnuioelg) and tnv mpoBoAr] Tou £pyou oe SLadIKTUOKS TOTIO

O Skaouyxog punopet va mapexel otov adelob0xo EexwpLotr AdeLa va XpNOLUOTIOLEL TO €pYO
yla epmopikn xpron, edéoov auto tou IntnOel.

Awatpnon ZNUELWHATWY

e Omoladnmote avamapaywyn n dlackeun Tou UALKOU Ba mpénel va
cupnepAappBavet:

e To Znuelwpa Avadopdg

e Toinueiwpo Adslodotnong

e Tn &AAwon Alatpnong INUELWUATWY

o To Znuelwpa Xpnong Epywv Tpitwv (epooov untapyet) pall pe toug
OUVOSEUGUEVOUC UTIEPOUVEECIOUG.
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file:///C:/Users/pantelis/Downloads/[1] http:/creativecommons.org/licenses/by-nc-sa/4.0/

	16_mpros
	16_Προσέγγιση_συνήθων_διαφορικών_εξισώσεων_ΙΙ
	16_pisw

