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ÌÜèçìá 5ÓÕÍÁÑÔÇÓÅÉÓ �ÏËËÙÍÌÅÔÁÂËÇÔÙÍ - ÌÅÑÏÓ II
5.1 Áêñü�á�á5.1.1 ÔïðéêÜ áêñü�á�áÏñéóìüò 5.1.1 - 1 (�ïðéêü áêñü�á�ï). ¸ó�ù ç óõíÜñ�çóç f (x; y) |S ⊆
ℜ 2, áí�ßó�ïé÷á f (x; y; z) |S ⊆ ℜ 3 üðïõ S áíïéê�ü óýíïëï êáé óçìåßï P0 =

(x0; y0), áí�ßó�ïé÷á P0 = (x0; y0; z0) ∈ S. Ôü�å èá ëÝãå�áé ü�é �ï P0,áí�ßó�ïé÷á �ï P̃0 åßíáé èÝóç �ïðéêïý ìåãßó�ïõ, áí�ßó�ïé÷á �ïðéêïý åëá÷ßó�ïõ�çò f �ü�å êáé ìüíïí, ü�áí õðÜñ÷åé ðåñéï÷Þ $ (x0; y0) �ïõ P0, áí�ßó�ïé÷á$ (x0; y0; z0) �ïõ P̃0, Ý�óé þó�åI. ìÝãéó�ï: f (x; y) ≤ f (x0; y0), áí�ßó�ïé÷á f (x; y; z) ≤ f (x0; y0; z0),II. åëÜ÷éó�ï: f (x; y) ≥ f (x0; y0), áí�ßó�ïé÷á f (x; y; z) ≥ f (x0; y0; z0)ãéá êÜèå (x; y) ∈ $ (x0; y0) ∩ S, áí�ßó�ïé÷á (x; y; z) ∈ $ (x0; y0; z0) ∩ S.Óå êÜèå ðåñßð�ùóç �ï óçìåßï áõ�ü ëÝãå�áé èÝóç �ïðéêïý áêñü�á�ïõ (rela-tive extremum) �çò f ìå �éìÞ f (x0; y0), áí�ßó�ïé÷á f (x0; y0; z0).Ïñéóìüò 5.1.1 - 2 (ïëéêü áêñü�á�ï). ¸ó�ù ç óõíÜñ�çóç f (x; y) |S ⊆
ℜ 2, áí�ßó�ïé÷á f (x; y; z) |S ⊆ ℜ 3 üðïõ S áíïéê�ü óýíïëï êáé óçìåßï P0 =1
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(x0; y0), áí�ßó�ïé÷á P̃0 = (x0; y0; z0) ∈ S. Ôü�å èá ëÝãå�áé ü�é �ï P0,áí�ßó�ïé÷á �ï P̃0 åßíáé èÝóç ïëéêïý ìåãßó�ïõ, áí�ßó�ïé÷á ïëéêïý åëá÷ßó�ïõ(extremum) �çò f �ü�å êáé ìüíïí, ü�áíI. ìÝãéó�ï: f (x; y) ≤ f (x0; y0), áí�ßó�ïé÷á f (x; y; z) ≤ f (x0; y0; z0),II. åëÜ÷éó�ï: f (x; y) ≥ f (x0; y0), áí�ßó�ïé÷á f (x; y; z) ≥ f (x0; y0; z0)ãéá êÜèå (x; y) ∈ S, áí�ßó�ïé÷á (x; y; z) ∈ S.Óå êÜèå ðåñßð�ùóç �ï óçìåßï áõ�ü ëÝãå�áé èÝóç ïëéêïý áêñü�á�ïõ �çò fìå �éìÞ f (x0; y0), áí�ßó�ïé÷á f (x0; y0; z0).Äßíïí�áé ó�ç óõíÝ÷åéá ïé óõíèÞêåò ðïõ ðñÝðåé íá ðëçñïýí�áé, Ý�óé þó�åìßá óõíÜñ�çóç íá Ý÷åé áêñü�á�á.Èåþñçìá 5.1.1 - 1 (áíáãêáßá óõíèÞêç áêñü�á�ïõ). ¸ó�ù ç óõíÜñ�çóçf (x; y) |S ⊆ ℜ 2, áí�ßó�ïé÷á f (x; y; z) |S ⊆ ℜ 3 üðïõ S áíïéê�ü óýíïëï.Áí �ï óçìåßï P0 = (x0; y0), áí�ßó�ïé÷á P0 = (x0; y0; z0) ∈ S åßíáé Ýíááêñü�á�ï (stationary point) �çò f êáé õðÜñ÷ïõí üëåò ïé ðñþ�çò �Üîçò ìåñéêÝòðáñÜãùãïé �çò f ó�ï óçìåßï áõ�ü, �ü�å áõ�Ýò ðñÝðåé íá åßíáé ßóåò ìå �ïìçäÝí.Áêñü�á�ï óõíÜñ�çóçò äýï ìå�áâëç�þíÓ�ï ðáñáêÜ�ù èåþñçìá ãßíå�áé ÷ñÞóç �ùí åîÞò óõìâïëéóìþí:Á =

�2f (x0; y0)�x2 ; B =
�2f (x0; y0)�x�y ; C =

�2f (x0; y0)�y2
∆ = AC −B2 =

∣
∣
∣
∣
∣
∣
∣

fxx fxyfxy fyy ∣∣∣∣∣∣∣
(x0;y0) : (5.1.1 - 1)Èåþñçìá 5.1.1 - 2 (éêáíÞ óõíèÞêç áêñü�á�ïõ). ¸ó�ù ç óõíÜñ�çóç f (x; y)

|S ⊆ ℜ 2, üðïõ S áíïéê�ü óýíïëï, �çò ïðïßáò õðÜñ÷ïõí ó�ï S êáé åßíáéóõíå÷åßò óõíáñ�Þóåéò üëåò ïé ðñþ�çò êáé äåý�åñçò �Üîçò ìåñéêÝò ðáñÜãùãïé.Áí �ï óçìåßï (x0; y0) ∈ S åßíáé �Ý�ïéï þó�å�f (x0; y0)�x =
�f (x0; y0)�y = 0; (5.1.1 - 2)



Áêñü�á�á 3�ü�å, áíI. ∆ > 0 êáéa. A < 0 (Þ C < 0), �ï (x0; y0) åßíáé èÝóç ìåãßó�ïõ �çò f ,b. A > 0 (Þ C > 0), �ï (x0; y0) åßíáé èÝóç åëá÷ßó�ïõ �çò f .II. ∆ < 0, �ü�å äåí õðÜñ÷åé áêñü�á�ï. Ó�çí ðåñßð�ùóç áõ�Þ �ï (x0; y0)åßíáé óçìåßï êáìðÞò �ïõ äéáãñÜììá�ïò �çò f .III. ∆ = 0, �ï èåþñçìá äåí åöáñìüæå�áé, äçëáäÞ åíäÝ÷å�áé íá õðÜñ÷åé Þü÷é áêñü�á�ï.Óçìåéþóåéò 5.1.1 - 1i) Ôá óçìåßá ðïõ åðáëçèåýïõí �ç óõíèÞêç (5:1:1 − 2) ëÝãïí�áé êñßóéìáóçìåßá (ritial Þ stationary points) êáé åßíáé èÝóåéò ðéèáíþí áêñü�á�ùí�çò f(x; y).ii) Ôï óçìåßï (x0; y0) ðïõ åðáëçèåýåé �çí (5:1:1− 1) ðñÝðåé íá áíÞêåé ó�ïðåäßï ïñéóìïý �çò f , äéáöïñå�éêÜ äåí åßíáé óçìåßï ðéèáíïý áêñü�á�ïõ.�áñÜäåéãìá 5.1.1 - 1¸ó�ù ç óõíÜñ�çóçf(x; y) = ln
(x2 + y2) ìå ðåäßï ïñéóìïý D = ℜ2 − (0; 0):Ôü�å áðü �ïí �ýðï (5:1:1 − 2) ðñïêýð�åéfx =

(x2 + y2)xx2 + y2 =
2xx2 + y2 = 0 êáé fy =

(x2 + y2)yx2 + y2 =
2yx2 + y2 = 0;ïðü�å x = y = 0, äçëáäÞ �ï óçìåßï P (0; 0) 6∈ D (Ó÷. 5.1.1 - 1) êáéåðïìÝíùò �ï óçìåßï P äåí åßíáé ðéèáíü áêñü�á�ï.
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Ó÷Þìá 5.1.1 - 1: �áñÜäåéãìá 5.1.1 - 1�áñÜäåéãìá 5.1.1 - 2Íá ìåëå�çèåß ùò �çí ýðáñîç áêñü�á�ùí ç óõíÜñ�çóçf(x; y) = xy ìå ðåäßï ïñéóìïý D = ℜ2:Ëýóç. Óýìöùíá ìå �ïí �ýðï (5:1:1 − 2) åßíáé fx = x = 0 êáé fy = y = 0,ïðü�å Ý÷ïõìå ðéèáíü áêñü�á�ï ó�ï óçìåßï P (0; 0). Áðü �éò ó÷Ýóåéò (5:1:1−1)ðñïêýð�ïõíA = fxx = 0; B = fxy = 1; C = fyy = 0; ∆ = −1 < 0:¢ñá óýìöùíá ìå �ç óõíèÞêç (II) �ïõ ÈåùñÞìá�ïò 5.1.1 - 2 �ï P åßíáé óçìåßïêáìðÞò �ïõ äéáãñÜììá�ïò �çò f (Ó÷. 5.1.1 - 2).�áñÜäåéãìá 5.1.1 - 3¼ìïéá ç óõíÜñ�çóçf(x; y) = x3 + y3 − 3xy + 4 ìå D = ℜ2:Ëýóç. Áðü �ïí �ýðï (5:1:1 − 2) Ý÷ïõìå �ï óýó�çìáfx = 3x2 − 3y = 0fy = 3y2 − 3x = 0:



Áêñü�á�á 5

Ó÷Þìá 5.1.1 - 2: �áñÜäåéãìá 5.1.1 - 2Ôü�å áðü �çí 1ç åîßóùóç ðñïêýð�åé y = x2, ïðü�å áí�éêáèéó�þí�áò ó�ç 2çÝ÷ïõìå
3
(x2)2 − 3x = 3x (x3 − 1

)

= 0; äçëáäÞ x = 0 Þ x = 1:¢ñá �á ðéèáíÜ áêñü�á�á åßíáé ó�á óçìåßá:P1(0; 0) êáé P2(1; 1):Áðü �éò ó÷Ýóåéò (5:1:1 − 1) ãéá �ï óçìåßï (x; y) ∈ D Ý÷ïõìåA = fxx = 6x; B = fxy = −3; C = fyy = 6y êáé
∆ = AC −B2 =

∣
∣
∣
∣
∣
∣
∣

fxx fxyfxy fyy ∣∣∣∣∣∣∣ = ∣
∣
∣
∣
∣
∣
∣

6x −3

−3 6y ∣∣∣∣∣∣∣ = 36xy − 9:Ôü�å áðü �éò óõíèÞêåò (I-III) �ïõ ÈåùñÞìá�ïò 5.1.1 - 2 ãéá �á ðáñáðÜíùóçìåßá ðñïêýð�ïõí (Ó÷. 5.1.1 - 3):P1: ∆|P1(0;0) = −9 < 0, äçëáäÞ åßíáé óçìåßï êáìðÞò,P2: ∆|P2(1;1) = 27 > 0 êáé A|P2(1;1) = 6 > 0, äçëáäÞ õðÜñ÷åé åëÜ÷éó�ï ìå�éìÞ f(1; 1) = 3.
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Ó÷Þìá 5.1.1 - 3: �áñÜäåéãìá 5.1.1 - 3. Äýï äéáöïñå�éêÝò üøåéò �ïõäéáãñÜììá�ïò �çò f(x; y) = x3 + y3 − 3xy + 4�áñÜäåéãìá 5.1.1 - 4¼ìïéá ç óõíÜñ�çóçf(x; y) = 3x2y + y3 − 3x2 − 3y2 + 2 ìå D = ℜ2:Ëýóç. Áðü �ïí �ýðï (5:1:1 − 2) Ý÷ïõìå �ï óýó�çìáfx = 6xy − 6x = 0fy = 3x2 + 3y2 − 6y = 0:Ôü�å áðü �çí 1ç åîßóùóç ðñïêýð�åé 6x(y − 1) = 0, äçëáäÞ Þ x = 0 Þ y = 1.Ôü�å áðü �ç 2ç åîßóùóç Ý÷ïõìåx = 0 :

3y2 − 6y = 3y(y − 2) = 0; äçëáäÞ y = 0 Þ y = 2;y = 1 :

3x2 − 3 = 3
(x2 − 1

)

= 0; äçëáäÞ x = −1 Þ x = 1:



Áêñü�á�á 7¢ñá �á êñßóéìá óçìåßá åßíáé:P1(0; 0); P2(0; 2); P3(1; 1) êáé P4(−1; 1):Ïé ó÷Ýóåéò (5:1:1 − 1), ü�áí åöáñìïó�ïýí ãåíéêÜ ãéá �ï óçìåßï (x; y) ∈ D,äßíïõíA = fxx = 6y − 6; B = fxy = 6x; C = fyy = 6y − 6 êáé
∆ = AC −B2 =

∣
∣
∣
∣
∣
∣
∣

fxx fxyfxy fyy ∣∣∣∣∣∣∣ = ∣
∣
∣
∣
∣
∣
∣

6y − 6 6x
6x 6y − 6

∣
∣
∣
∣
∣
∣
∣

= 36(y − 1)2 − 36x2:Ôü�å áðü �éò óõíèÞêåò (I-III) �ïõ ÈåùñÞìá�ïò 5.1.1 - 2 ãéá �á ðáñáðÜíùóçìåßá ðñïêýð�ïõí (Ó÷. 5.1.1 - 4):P1: ∆|P1(0;0) = 36 < 0 êáé A|P1(0;0) = −6 > 0, äçëáäÞ õðÜñ÷åé ìÝãéó�ï(ïëéêü) ìå �éìÞ f(0; 0) = 2,P2: ∆|P2(0;2) = 36 > 0 êáé A|P2(0;2) = 6 > 0, äçëáäÞ åëÜ÷éó�ï (ïëéêü) ìå�éìÞ f(0; 2) = −2,P3: ∆|P3(1;1) = −36 < 0 óçìåßï êáìðÞò êáéP4: ∆|P4(−1;1) = −36 < 0 üìïéá óçìåßï êáìðÞò.
¢óêçóçÍá ìåëå�çèïýí ãéá �çí ýðáñîç áêñü�á�ùí ïé ðáñáêÜ�ù óõíáñ�Þóåéò f(x; y):i) x2 + xy + y2 + 5x− 5y + 3 ii) x3 − 6xy + y3iii) x3 − 3x+ xy2 iv) e−x2−y2 .Áêñü�á�á óõíÜñ�çóçò �ñéþí ìå�áâëç�þíÈåþñçìá 5.1.1 - 3 (éêáíÞ óõíèÞêç áêñü�á�ïõ). ¸ó�ù ç óõíÜñ�çóç f(x; y; z)
|S ⊆ ℜ 3, üðïõ S áíïéê�ü óýíïëï, �çò ïðïßáò õðÜñ÷ïõí ó�ï S êáé åßíáé
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Ó÷Þìá 5.1.1 - 4: �áñÜäåéãìá 5.1.1 - 4. Äýï äéáöïñå�éêÝò üøåéò �ïõäéáãñÜììá�ïò �çò 3x2y + y3 − 3x2 − 3y2 + 2óõíå÷åßò óõíáñ�Þóåéò üëåò ïé ðñþ�çò êáé äåõ�Ýñáò �Üîçò ìåñéêÝò ðáñÜãùãïé.¸ó�ù óçìåßï P0 = P0 (x0; y0; z0) ∈ S, �Ý�ïéï þó�å�f (x0; y0; z0)�x =
�f (x0; y0; z0)�y =

�f (x0; y0; z0)�z = 0: (5.1.1 - 3)Áí A = fxx (x0; y0; z0) ; B =

∣
∣
∣
∣
∣
∣

fxx fxyfyx fyy ∣∣∣∣∣∣P0

êáé
C =

∣
∣
∣
∣
∣
∣
∣
∣
∣

fxx fxy fxzfyx fyy fyzfzx fzy fzz ∣∣∣∣∣∣∣∣∣P0

; (5.1.1 - 4)�ü�å ç f (x; y; z) |S ⊆ ℜ 3 Ý÷åé:I. ìÝãéó�ï, ü�áí A < 0, B > 0 êáé C < 0,II. åëÜ÷éó�ï, ü�áí A > 0, B > 0 êáé C > 0.



Áêñü�á�á 9¼ìïéá ìå �éò Óçìåéþóåéò 5.1.1 - 1 (I) �á óçìåßá ðïõ åðáëçèåýïõí �ç óõíèÞêç
(5:1:1−3) ëÝãïí�áé åðßóçò êñßóéìá óçìåßá êáé åßíáé èÝóåéò ðéèáíþí áêñü�á�ùí�çò f(x; y; z).�áñÜäåéãìá 5.1.1 - 5¸ó�ù ç óõíÜñ�çóç f(x; y; z) = x2 + y2 + z2 − 2x− 5. Ôü�å óýìöùíá ìå �ïí�ýðï (5:1:1 − 3) Ý÷ïõìå �ï óýó�çìáfx = 2x− 2 = 0fy = 2y = 0fz = 2z = 0áðü �ç ëýóç �ïõ ïðïßïõ ðñïêýð�åé óáí ðéèáíü óçìåßï áêñü�á�ïõ �ï (x0; y0; z0) =
(1; 0; 0). Óýìöùíá ìå �éò ó÷Ýóåéò (5:1:1 − 4) åßíáéA = fxx (1; 0; 0) = 2 > 0; B =

∣
∣
∣
∣
∣
∣

fxx fxyfyx fyy ∣∣∣∣∣∣
(1;0;0) = 4 > 0 êáé

C =

∣
∣
∣
∣
∣
∣
∣
∣
∣

fxx fxy fxzfyx fyy fyzfzx fzy fzz ∣∣∣∣∣∣∣∣∣
(1;0;0) = 8 > 0;äçëáäÞ åðáëçèåýå�áé ç óõíèÞêç (II) �ïõ ÈåùñÞìá�ïò 5.1.1 - 3, ïðü�å ó�ïóçìåßï P (1; 0; 0) ç f Ý÷åé åëÜ÷éó�ï ìå �éìÞ f(1; 0; 0) = −4.¢óêçóçÍá ðñïóäéïñéó�ïýí �á áêñü�á�á �ùí ðáñáêÜ�ù óõíáñ�Þóåùí f(x; y; z)i) x2 + y2 + z2 − 2x+ 4y − 6z − 11ii) x2 + y2 + z2 + 3z + 1.



10 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïò5.1.2 Áðüëõ�á áêñü�á�á1Åðåê�åßíïí�áò �çí Ýííïéá �ùí áêñü�á�ùí �çò �áñáãñÜöïõ 4.3.1 æç�åß�áé çâåë�éó�ïðïßçóç (mathematial optimization) �ùí �éìþí ìéáò óõíÜñ�çóçò,Ýó�ù f(x; y), óå ìéá êëåéó�Þ ðåñéï÷Þ2 �ïõ ðåäßïõ ïñéóìïý �çò D, ü�áí D ⊆
ℜ2. Ôï ðñüâëçìá áõ�ü éóïäõíáìåß �ü�å ìå �çí åýñåóç �ùí áðüëõ�ùí áêñü�á-�ùí, äçëáäÞ �ùí áðüëõ�ùí åëÜ÷éó�ùí êáé ìÝãéó�ùí �çò f ó�ï D.Ç ìåëÝ�ç �ùí áêñü�á�ùí �çò êá�çãïñßáò áõ�Þò âáóßæå�áé ó�ï ðáñáêÜ�ùèåþñçìá (extreme value theorem):Èåþñçìá 5.1.2 - 1 Áí ç óõíÜñ�çóç f(x; y) åßíáé ïñéóìÝíç êáé óõíå÷Þò óåìéá ðåñéï÷Þ D ⊆ ℜ2, �ü�å õðÜñ÷ïõí óçìåßá (x1; y1), (x2; y2) ∈ D, Ý�óé þó�åç f (x1; y1) íá åßíáé ç ìÝãéó�ç êáé ç f (x1; y1) ç åëÜ÷éó�ç �éìÞ �çò f ó�ï D.Óçìåßùóç 5.1.2 - 1Ç äéáäéêáóßá ðñïóäéïñéóìïý �ùí áðüëõ�ùí áêñü�á�ùí ãßíå�áé ìå �á ðáñáêÜ�ùâÞìá�á:É. õðïëïãéóìüò �ùí êñßóéìùí óçìåßùí �çò f ó�ï D,3II. åýñåóç �çò ìÝãéó�çò, áí�ßó�ïé÷á åëÜ÷éó�çò �éìÞò �çò f ó�ï óýíïñï �ïõD.III. Ç ìÝãéó�ç êáé ç åëÜ÷éó�ç �éìÞ �ùí ðåñéð�þóåùí (I) êáé (II) ïñßæïõí�ü�å �á áðüëõ�á áêñü�á�á �çò f ó�ï D.1Ç ðáñÜãñáöïò áõ�Þ äåí áíÞêåé ó�çí åîå�áó�Ýá ýëç.2Õðåíèõìßæå�áé ü�é:Ïñéóìüò 5.1.2 - 1 Ìéá ðåñéï÷Þ ó�ï ℜ2 èá ëÝãå�áé êëåéó�Þ, ü�áí ðåñéÝ÷åé êáé �ï óýíïñü�çò, åíþ èá ëÝãå�áé áíïéê�Þ, ü�áí äåí �ï ðåñéÝ÷åé.ÅðïìÝíùò ç ðåñéï÷Þ D = [−1; 1]× [0; 2] åßíáé êëåéó�Þ, åíþ ç D = [−1; 1]× [0; 2] áíïéê�Þ.Ïñéóìüò 5.1.2 - 2 Ìéá ðåñéï÷Þ ó�ï ℜ2 èá ëÝãå�áé öñáãìÝíç, ü�áí åßíáé äõíá�üí íáèåùñçèåß ü�é áíÞêåé óå Ýíá ðåðåñáóìÝíï äßóêï.3Äåí áðáé�åß�áé ç åöáñìïãÞ �ïõ ÈåùñÞìá�ïò 5.1.1 - 3 ó�çí ðåñßð�ùóç áõ�Þ.



Áêñü�á�á 11�áñÜäåéãìá 5.1.2 - 1Íá õðïëïãéó�ïýí �á áðüëõ�á áêñü�á�á �çò óõíÜñ�çóçòf(x; y) = x2 + 4y2 − 2x2y + 4ó�ï �å�ñÜãùíï (Ó÷. 5.1.2 - 1a)D = {(x; y) ∈ ℜ2 : −1 ≤ x ≤ 1 êáé − 1 ≤ y ≤ 1}:Ëýóç. Óýìöùíá ìå �ç Óçìåßùóç 5.1.2 - 1 Ý÷ïõìå:

Ó÷Þìá 5.1.2 - 1: �áñÜäåéãìá 5.1.2 - 1: (a) �ï �å�ñÜãùíï D = {(x; y) ∈
ℜ2 : −1 ≤ x ≤ 1 êáé − 1 ≤ y ≤ 1} êáé (b) �ï äéÜãñáììá �çò f(x; y) =x2 + 4y2 − 2x2y + 4, ü�áí (x; y) ∈ D.âÞìá I: Áðü �ïí �ýðï (5:1:1 − 2) ðñïêýð�åé �ï óýó�çìáfx = 2x− 4xy = 0fy = 8y − 2x2 = 0:Ôü�å áðü �çí 2ç åîßóùóç ðñïêýð�åé y = x2

4 , ïðü�å áí�éêáèéó�þí�áò ó�çí 1çÝ÷ïõìåx− 4x x2
4

= 2x− x3 = x (2− x2) = 0; äçëáäÞ x = 0; ±√
2:



12 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòÅðåéäÞ üìùò ðñÝðåé ïé �éìÝò íá áíÞêïõí ó�ï D, äåê�Þ ãßíå�áé ìüíïí ç �éìÞx = 0. Áí�éêáèéó�þí�áò �çí �éìÞ x = 0 ó�ç 2ç åîßóùóç �ïõ óõó�Þìá�ïòðñïêýð�åé ü�é y = 0. ¢ñá �ï êñßóéìï óçìåßï �çò f åßíáé �ïP (0; 0) ìå áí�ßó�ïé÷ç �éìÞ f(0; 0) = 4: (1)âÞìá II: Ç åýñåóç �çò ìÝãéó�çò, áí�ßó�ïé÷á åëÜ÷éó�çò �éìÞò �çò f ó�ïóýíïñï �ïõ D ãßíå�áé ùò åîÞò:i) x = 1; −1 ≤ y ≤ 1, ïðü�å f(1; y) = g1(y) = 4y2 − 2y + 5. Ôü�åg′1(y) = 8y − 2, ïðü�å �ï êñßóéìï óçìåßï �çò g1 õðïëïãßæå�áé áðü �çíåîßóùóç g′1(y) = 0, äçëáäÞ åßíáé �ï y = 1
4 ∈ D. ¢ñá ãéá �çí ðåñßð�ùóçáõ�Þ Ý÷ïõìå P1

(

1; 1
4

) ; f (1; 1
4

)

= g1 (1
4

)

= 4:75: (2)ii) x = −1; −1 ≤ y ≤ 1, ïðü�å f(−1; y) = g2(y) = 4y2 − 2y+5 = g1(y),äçëáäÞ åßíáé ç ðåñßð�ùóç (i).iii) y = 1; −1 ≤ x ≤ 1, ïðü�å f(x; 1) = f1(x) = 8 − x2. Ôü�å f ′1(x) =
−2x, ïðü�å �ï êñßóéìï óçìåßï �çò f1 õðïëïãßæå�áé áðü �çí åîßóùóçf ′1(x) = 0, äçëáäÞ åßíáé �ï x = 0 ∈ D. ¢ñá Ý÷ïõìåP2 (0; 1) ; f (0; 1) = f1(0) = 8: (3)iv) y = −1; −1 ≤ x ≤ 1, ïðü�å f(x;−1) = f2(x) = 8 + 3x2. Ôü�åf ′2(x) = 6x, ïðü�å �ï êñßóéìï óçìåßï �çò f2 üìïéá õðïëïãßæå�áé ü�éåßíáé �ï x = 0 ∈ D. ¢ñá Ý÷ïõìåP3 (0;−1) ; f (0;−1) = f2(0) = 8: (4)v) Ó�á ðáñáðÜíù ðéèáíÜ óçìåßá �ùí áðüëõ�ùí áêñü�á�ùí ðñÝðåé íá óõíõðïëïãéó�ïýíêáé ïé êïñõöÝò �ïõ �å�ñáãþíïõ D, äçëáäÞ:óçìåßï: A1 (−1;−1) ìå �éìÞ f (−1;−1) = 11A2 (1;−1) f (−1; 1) = 11A3 (1; 1) f (1; 1) = 7A4 (−1; 1) f (−1; 1) = 7: (5)



Áêñü�á�á 13âÞìá III: Áðü �éò (1)-(5) ðñïêýð�ïõí �á åîÞò:
• �ï óçìåßï P (0; 0) ïñßæåé �ï áðüëõ�ï åëÜ÷éó�ï, åðåéäÞ ç f Ý÷åé �ç ìéêñü�åñç�éìÞ 4 áðü üëåò �éò Üëëåò óå áõ�ü,
• �á óçìåßá B1 (−1;−1) êáé B2 (1;−1) ïñßæïõí �éò áðüëõ�á ìÝãéó�åò�éìÝò, åðåéäÞ ç f Ý÷åé �ç ìåãáëý�åñç �éìÞ 11 óå áõ�Ü (Ó÷. 5.1.2 -1b).�áñÜäåéãìá 5.1.2 - 2¼ìïéá �á áðüëõ�á áêñü�á�á �çò óõíÜñ�çóçòf(x; y) = 2x2 − y2 + 6yó�ïí êõêëéêü äßóêïD = {(x; y) ∈ ℜ2 : x2 + y2 ≤ 16}:Ëýóç. Äéáäï÷éêÜ óýìöùíá êáé ìå �ç Óçìåßùóç 5.1.2 - 1 Ý÷ïõìå:âÞìá I: Áðü �ïí �ýðï (5:1:1 − 2) ðñïêýð�åé �ï óýó�çìáfx = 4x = 0fy = −2y + 6 = 0:¢ñá �ï êñßóéìï óçìåßï �çò f åßíáé �ïP (0; 3)∈ D ìå áí�ßó�ïé÷ç �éìÞ f(0; 3) = 9: (1)âÞìá II: Ç åýñåóç �çò ìÝãéó�çò, áí�ßó�ïé÷á åëÜ÷éó�çò �éìÞò �çò f ó�ïóýíïñï �ïõ D, äçëáäÞ ó�çí ðåñéöÝñåéá �ïõ êýêëïõ x2 + y2 ≤ 16 ãßíå�áé ùòåîÞò:i) áðü �çí åîßóùóç x2+y2 = 16 ðñïêýð�åé x2 = 16−y2, ïðü�å áí�éêáèéó�þí�áòó�çí f Ý÷ïõìåg(y) = 2

(

16− y2)− y2 + 6y = 32− 3y2 + 6y:



14 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòÅðïìÝíùò �ï ðñüâëçìá ó�çí ðåñßð�ùóç áõ�Þ áíÜãå�áé ó�çí åýñåóç �ùíáêñü�á�ùí �çò g, ü�áí �ï y áíÞêåé ó�ïí ðáñáðÜíù êõêëéêü äßóêï,äçëáäÞ, ü�áí −4 ≤ y ≤ 4. Ôü�å g′(y) = −6y + 6, ïðü�å y = 1 êáéåðåéäÞ x2 = 16 − y2, �åëéêÜ �á êñßóéìá óçìåßá ãéá �çí ðåñßð�ùóç áõ�Þåßíáé:óçìåßï: P1

(

−
√
15; 1)∈ D ìå �éìÞ f (−√

15; 1) = 35P2

(√
15; 1)∈ D f (√15; 1) = 35: (2)ii) Ó�á ðáñáðÜíù ðéèáíÜ óçìåßá �ùí áðüëõ�ùí áêñü�á�ùí ðñÝðåé íá óõíõðï-ëïãéó�ïýí êáé åêåßíá ðïõ ðñïêýð�ïõí áðü �éò �éìÝò ó�á Üêñá �ïõ äéáó�Þìá-�ïò [−4; 4] ãéá �ç ìå�áâëç�Þ y, äçëáäÞ ïé �éìÝò y = ± 4 üðïõ ðñïöáíþòx = 0. ¢ñá Ý÷ïõìåóçìåßï: A1 (0;−4) ìå �éìÞ f (0;−4) = −40A2 (0; 4) f (0; 4) = 8: (3)âÞìá III: Áðü �éò (1)-(3) ðñïêýð�ïõí �á åîÞò:

• �ï óçìåßï A1 (0;−4) ïñßæåé �ï áðüëõ�ï åëÜ÷éó�ï, åðåéäÞ ç f Ý÷åé �çìéêñü�åñç �éìÞ −40 áðü üëåò �éò Üëëåò óå áõ�ü,
• �á óçìåßá P1

(

−
√
15; 1) êáé P2

(√
15; 1) ïñßæïõí �éò áðüëõ�á ìÝãéó�åò�éìÝò, åðåéäÞ ç f Ý÷åé �ç ìåãáëý�åñç �éìÞ 35 óå áõ�Ü (Ó÷. 5.1.2 - 2).5.1.3 Áêñü�á�á ìå óõíèÞêåò - ÌÝèïäïò �ïõ LagrangeÓ�çí ðñïçãïýìåíç ðáñÜãñáöï ìåëå�Þèçêå �ï ðñüâëçìá �çò âåë�éó�ïðïßçóçò�ùí �éìþí ìéáò óõíÜñ�çóçò, Ýó�ù f(x; y), óå ìéá êëåéó�Þ ðåñéï÷Þ �ïõ ðåäßïõïñéóìïý �çò f . �åíéêåýïí�áò �ï ðáñáðÜíù ðñüâëçìá ó�çí ðáñÜãñáöï áõ�Þèá ìåëå�çèåß ç âåë�éó�ïðïßçóç ìéáò óõíÜñ�çóçò f(x; y), áí�ßó�ïé÷á f(x; y; z),ü�áí �á (x; y), áí�ßó�ïé÷á �á (x; y; z) åðáëçèåýïõí ïñéóìÝíåò óõíèÞêåò (on-straints) �çò ìïñöÞò �(x; y) = 0, áí�ßó�ïé÷á �(x; y; z) = 0 (oupling equa-tion Þ equality onstraint). Ôá áêñü�á�á �ïõ åßäïõò áõ�ïý åßíáé ãíùó�Ü óáí
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Ó÷Þìá 5.1.2 - 2: �áñÜäåéãìá 5.1.2 - 2: Äýï äéáöïñå�éêÝò üøåéò �ïõäéáãñÜììá�ïò �çò f(x; y) = 2x2 − y2 + 6y, ü�áí (x; y) ∈ D.áêñü�á�á ìå óõíèÞêç (onditional extremum) êáé åßíáé åðßóçò ìéá ìïñöÞ�çò ìå óõíèÞêç ìáèçìá�éêÞò âåë�éó�ïðïßçóçò ìéáò óõíÜñ�çóçò. Ç ìÝèïäïòëýóçò ðïõ èá ÷ñçóéìïðïéçèåß åßíáé ãíùó�Þ óáí ìÝèïäïò ðïëëáðëáóéáó�þí�ïõ Lagrange (Lagrange multipliers).�åñßð�ùóç ìéáò óõíèÞêçòÆç�åß�áé ï ðñïóäéïñéóìüò �ùí áêñü�á�ùí ìéáò óõíÜñ�çóçò, Ýó�ù f(x; y),áí�ßó�ïé÷á f(x; y; z), ü�áí éó÷ýåé ç ðáñáêÜ�ù óõíèÞêç�(x; y) = 0; áí�ßó�ïé÷á �(x; y; z) = 0: (5.1.3 - 1)Óýìöùíá ìå �ç ìÝèïäï �ïõ Lagrange ïñßæå�áé áñ÷éêÜ ìßá âïçèç�éêÞ óõíÜñ�çóç(auxiliary funtion) Ë(x; y) = f(x; y) + ��(x; y); (5.1.3 - 2)áí�ßó�ïé÷áË(x; y; z) = f(x; y; z) + ��(x; y; z) (5.1.3 - 3)ðïõ ëÝãå�áé êáé óõíÜñ�çóç �ïõ Lagrange, ó�çí ïðïßá ç ðáñÜìå�ñïò � åßíáéÝíáò ðñïóäéïñéó�Ýïò ðïëëáðëáóéáó�Þò. ÅðïìÝíùò �ï ðñüâëçìá áíÜãå�áé ðëÝïíó�ïí ðñïóäéïñéóìü �ùí áêñü�á�ùí �çò Ë. ¸÷ïí�áò õð' üøéí �éò (5:1:1 − 1)



16 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòðñïêýð�åé ü�é ïé áíáãêáßåò óõíèÞêåò åßíáéËx = fx + ��x = 0Ëy = fy + ��y = 0; (5.1.3 - 4)áí�ßó�ïé÷á Ëx = fx + ��x = 0Ëy = fy + ��y = 0Ëz = fz + ��z = 0: (5.1.3 - 5)Áðü �ç ëýóç �ùí ðáñáðÜíù óõó�çìÜ�ùí èá ðñïêýøïõí ïé Üãíùó�ïé óõíáñ�Þ-óåé �ïõ �, äçëáäÞ x = x(�), y = y(�) êáé z = z(�). Áí�éêáèéó�þí�áò ó�çí
(5:1:3 − 1) ðñïóäéïñßæå�áé �ü�å �ï � êáé ó�ç óõíÝ÷åéá ïé �éìÝò x0 êáé y0,áí�ßó�ïé÷á x0, y0 êáé z0 ðïõ åðáëçèåýïõí �ï óýó�çìá (5:1:3− 4), áí�ßó�ïé÷á
(5:1:3 − 5).Óçìåßùóç 5.1.3 - 1¼ìïéá, üðùò êáé ó�çí ðñïçãïýìåíç ðáñÜãñáöï, åðåéäÞ ëüãù �çò óõíèÞêçò
(5:1:3 − 1) �ï ðåäßï ïñéóìïý �çò f èá åßíáé ìéá öñáãìÝíç ðåñéï÷Þ �ïõ ℜ 2,áí�ßó�ïé÷á �ïõ ℜ 3, ïðü�å èá åöáñìüæå�áé êáé ó�çí ðåñßð�ùóç áõ�Þ �ï Èåþñçìá5.1.2 - 1. Ôü�å �ï óçìåßï P (x0; y0), ðïõ ðñïóäéïñßæå�áé ìå �çí ðáñáðÜíùäéáäéêáóßá, èá åßíáé áêñü�á�ï �çò f(x; y) ìå óõíèÞêç �ç �(x; y) = 0, áí�ßó�ïé÷á�ï P (x0; y0; z0) èá åßíáé áêñü�á�ï �çò f(x; y; z) ìå óõíèÞêç �ç �(x; y; z) = 0.Ôï åßäïò �ïõ áêñü�á�ïõ (ìÝãéó�ï Þ åëÜ÷éó�ï) õðïëïãßæå�áé áðü �éò �éìÝò �éòf (x0; y0) ; áí�ßó�ïé÷á f (x0; y0; z0) ó�ï óçìåßï P:�áñÜäåéãìá 5.1.3 - 1Íá ðñïóäéïñéó�ïýí áêñü�á�á �çò óõíÜñ�çóçòf(x; y) = xy ìå óõíèÞêç �(x; y) = x+ y − 1 = 0:Ëýóç. Óýìöùíá ìå �çí (5:1:3 − 2) ç óõíÜñ�çóç �ïõ Lagrange ãñÜöå�áéË(x; y) = xy + � (x+ y − 1) :



Áêñü�á�á 17Ôü�å áðü �ï óýó�çìá (5:1:3 − 4) ðñïêýð�åéËx = y + � = 0Ëy = x+ � = 0; ïðü�å y = −�x = −�:Áí�éêáèéó�þí�áò ó�ç óõíèÞêç �(x; y) = x + y − 1 = 0 ðñïêýð�åé −2� = 1,äçëáäÞ � = − 1
2 . ¢ñáx = y =
1

2
; äçëáäÞ �ï êñßóéìï óçìåßï åßíáé �ï P (1

2
; 1
2

) :Óýìöùíá ìå �çí �áñá�Þñçóç 5.1.3 - 1 ï ðñïóäéïñéóìüò �ïõ åßäïõò �ïõáêñü�á�ïõ ãßíå�áé áí�éêáèéó�þí�áò ó�çí f �çí �éìÞ (1
2 ; 12), ïðü�åf (1

2
; 1
2

)

=
1

4
> 0; äçëáäÞ ìÝãéó�ï:�áñÜäåéãìá 5.1.3 - 2¼ìïéá �çò óõíÜñ�çóçòf(x; y) = 5x− 3y ìå óõíèÞêç �(x; y) = x2 + y2 − 136 = 0:Ëýóç. �åùìå�ñéêÜ æç�åß�áé ï ðñïóäéïñéóìüò �ùí ìÝãéó�ùí êáé �ùí åëÜ÷éó�ùí�éìþí �ùí óõí�å�áãìÝíùí �ïìÞò �ïõ åðéðÝäïõ z = f(x; y) ìå �ïí êýëéíäñï�(x; y) ìå âÜóç êõêëéêü äßóêï áê�ßíáò √136. Óýìöùíá ìå �çí (5:1:3 − 2) çóõíÜñ�çóç �ïõ Lagrange ãéá �çí ðåñßð�ùóç áõ�Þ ãñÜöå�áéË(x; y) = 5x− 3y + � (x2 + y2 − 136

) :Ôü�å áðü �ï óýó�çìá (5:1:3 − 4) ðñïêýð�åéËx = 2�x+ 5 = 0Ëy = 2�y − 3 = 0; ïðü�å x = − 5

2�y =
3

2�:Áí�éêáèéó�þí�áò ó�ç óõíèÞêç �(x; y) = x2 + y2 − 136 = 0 ðñïêýð�åé
25

4�2 +
9

4�2 = 136 Þ �2 = 1

16
; äçëáäÞ � = ± 1

4
:



18 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòÅðïìÝíùò, ü�áí� =
1

4
åßíáé x = −10 êáé y = 6 óçìåßï P1(−10; 6);� = − 1

4
x = 10 êáé y = −6 óçìåßï P2(10;−6):�éá íá ðñïóäéïñßóïõìå �ï åßäïò �ïõ áêñü�á�ïõ, üìïéá óýìöùíá ìå �çí�áñá�Þñçóç 5.1.3 - 1, áí�éêáèéó�ïýìå �éò ðáñáðÜíù �éìÝò ó�çí f , äçëáäÞóçìåßï P1(−10; 6) : f(−10; 6) = −68< 0 åëÜ÷éó�ï;P2(10;−6) : f(10;−6) = 68> 0 ìÝãéó�ï:�áñÜäåéãìá 5.1.3 - 3¼ìïéá �çò óõíÜñ�çóçòf(x; y; z) = xyz ìå óõíèÞêç �çí �(x; y; z) = x+ y + z − 1 = 0;ü�áí x; y; z ≥ 0.Ëýóç. Óýìöùíá ìå �çí (5:1:3 − 3) ç óõíÜñ�çóç �ïõ Lagrange ãñÜöå�áéË(x; y; z) = xyz + � (x+ y + z − 1) :Ôü�å áðü �ï óýó�çìá (5:1:3 − 5) ðñïêýð�åéËx = yz + � = 0Ëy = zx+ � = 0Ëz = xy + � = 0;ðïõ ãñÜöå�áé yz = −� (1)zx = −� (2)xy = −�: (3)



Áêñü�á�á 19Áðü �éò (1) êáé (2) ðñïêýð�åé ü�é yz = zx Þ z(y− x) = 0, ïðü�å äéáêñßíïí�áéïé ðáñáêÜ�ù ðåñéð�þóåéò z = 0 Þ (4)y = x (5)
• Áí éó÷ýåé ç (4), �ü�å áðü �çí (1) Þ �çí (2) ðñïêýð�åé ü�é � = 0, ïðü�åáðü �çí (3) Ý÷ïõìå xy = 0, äçëáäÞ x = 0 Þ y = 0. ÓõíäõÜæïí�áò �áðáñáðÜíù ìå �ç óõíèÞêç �(x; y; z) = x+ y + z − 1 = 0 Ý÷ïõìåz = 0; x = 0; y = 1 óçìåßï P1(0; 1; 0) (6)z = 0; y = 0; x = 1 óçìåßï P2(1; 0; 0) (7)
• Áí éó÷ýåé ç (5), �ü�å Ý÷ïõìå �éò ðáñáêÜ�ù äýï ðåñéð�þóåéò:i) x = y = 0. ÓõíäõÜæïí�áò ìå �ç óõíèÞêç �(x; y; z) = x+y+z−1 =

0, ðñïêýð�åé z = 1, äçëáäÞ �ï óçìåßïP3(0; 0; 1): (8)ii) x = y 6= 0. Ôü�å áðü �éò (2) êáé (3) ðñïêýð�åé ü�éxz = xy Þ x(z − y) = 0; äçëáäÞ x = 0 Þ y = zêáé åðåéäÞ x 6= 0, ðñÝðåé y = z. ¢ñá �åëéêÜ x = y = z. Ôü�å áðü�ç óõíèÞêç �(x; y; z) = x+ y + z − 1 = 0 Ý÷ïõìå
3x = 1; äçëáäÞ x =

1

3
óçìåßï P4

(
1

3
; 1
3
; 1
3

) (9)�éá íá ðñïóäéïñßóïõìå �ï åßäïò �ïõ áêñü�á�ïõ ó�éò ðåñéð�þóåéò (6)-(9),üìïéá óýìöùíá ìå �çí �áñá�Þñçóç 5.1.3 - 1, áí�éêáèéó�ïýìå �éò �éìÝò ó�çíf , ïðü�å f(0; 0; 1) = 0; f(0; 1; 0) = 0; f(1; 0; 0) = 0 åëÜ÷éó�á;f (1
3
; 1
3
; 1
3

)

=
1

27
ìÝãéó�ï:Óçìåßùóç: ó�ï ðáñÜäåéãìá áõ�ü åîå�Üó�çêå êáé ç �éìÞ � = 0.



20 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 5.1.3 - 4Íá ðñïóäéïñéó�ïýí ïé äéáó�Üóåéò �ïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ ìå �ïìÝãéó�ï äõíá�ü üãêï, ü�áí �ï åìâáäüí �çò åðéöÜíåéÜò �ïõ åßíáé 64 m2.Ëýóç. ¸ó�ù x �ï ìÞêïò, y �ï ðëÜ�ïò êáé z �ï ýøïò üðïõ x; y; z > 0.Ôü�å åßíáé ãíùó�ü ü�é ï üãêïò äßíå�áé áðü �ï �ýðï xyz, åíþ �ï åìâáäü åßíáé
2(xy + yz + zx). ÅðïìÝíùò �ï ðñüâëçìá áíÜãå�áé ó�ïí ðñïóäéïñéóìü �ùíáêñü�á�ùí �çò óõíÜñ�çóçòf(x; y; z) = xyz ìå óõíèÞêç �(x; y; z) = xy + yz + zx− 32 = 0:Óýìöùíá ìå �çí (5:1:3 − 3) ç óõíÜñ�çóç �ïõ Lagrange ãñÜöå�áéË(x; y; z) = xyz + � (xy + yz + zx− 32) :Ôü�å áðü �ï óýó�çìá (5:1:3 − 5) ðñïêýð�åéËx = yz + �(y + z) = 0Ëy = zx+ �(z + x) = 0Ëz = xy + �(x+ y) = 0ðïõ ãñÜöå�áé yz = −�(y + z) (1)zx = −�(z + x) (2)xy = −�(x+ y): (3)�ïëëáðëáóéÜæïí�áò �çí (1) ìå x, �çí (2) ìå y êáé �çí (3) ìå z ðñïêýð�åéyz = −�(y + z) (4)zx = −�(z + x) (5)xy = −�(x+ y) (6)Áðü �éò (5) êáé (6) Ý÷ïõìå

−�(y + z) = −�(z + x); äçëáäÞ �(xz − yz) = 0;ïðü�å
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• Þ � = 0 ðïõ áðïññßð�å�áé åðåéäÞ �ü�å yz = 0, ïðü�å Þ y = 0 Þ z = 0Ü�ïðï,
• Þ xz − yz = 0 ðïõ, åðåéäÞ z 6= 0, äßíåéx = y: (7)¼ìïéá áðü �éò (6) êáé (7) ðñïêýð�åé ü�éy = z: (8)¢ñá x = y = z êáé áí�éêáèéó�þí�áò ó�çí (4), äçëáäÞ ó�ç óõíèÞêç�(x; y; z) = xy + yz + zx− 32 = 3x2 − 32 = 0, åðåéäÞ x; y; z > 0, ðñïêýð�åéü�é ç ëýóç åßíáé x0 = y0 = z0 = √

32
3 , äçëáäÞ õðÜñ÷åé áêñü�á�ï ó�ï óçìåßïP (x0; y0; z0) ìå �éìÞ f (x0; y0; z0) ≈ 10:67 > 0;ïðü�å óýìöùíá êáé ìå �çí �áñá�Þñçóç 5.1.3 - 1 Ý÷ïõìå ìÝãéó�ï.�áñÜäåéãìá 5.1.3 - 5¼ìïéá íá ðñïóäéïñéó�ïýí ïé äéáó�Üóåéò �ïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõìå �ï ìÝãéó�ï äõíá�ü üãêï, ðïõ ðåñéêëåßå�áé áðü �ï åëëåéøïåéäÝòx2a2 +
y2b2 +

z22 = 1:Ëýóç. ¼ðùò ðñïêýð�åé áðü �çí åîßóùóç �ïõ åëëåéøïåéäïýò, �ï êÝí�ñï �ïõåßíáé �ï óçìåßï (0; 0; 0). ÅðïìÝíùò �ï ßäéï óçìåßï èá ðñÝðåé íá êáé �ï êÝí�ñï�ïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ, ïðü�å ïé êïñõöÝò �ïõ èá åßíáé ó�á óçìåßá
(±x;±y;±z) üðïõ x; y; z > 0, ïðü�å ï üãêïò �ïõ ó�çí ðåñßð�ùóç áõ�Þ èáäßíå�áé áðü �ï �ýðï V = 2x 2y 2z = 8xyz. ¢ñá �ï ðñüâëçìá áíÜãå�áé ó�ïíðñïóäéïñéóìü �ùí áêñü�á�ùí �çò óõíÜñ�çóçòf(x; y; z) = 8xyz ìå óõíèÞêç �çí �(x; y; z) = x2a2 +

y2b2 +
z22 − 1 = 0:Óýìöùíá ìå �çí (5:1:3 − 3) ç óõíÜñ�çóç �ïõ Lagrange ãñÜöå�áéË(x; y; z) = 8xyz + �(x2a2 +

y2b2 +
z22 − 1

) ;



22 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòïðü�å áðü �ï óýó�çìá (5:1:3 − 5) ðñïêýð�åéËx = 8yz + 2� xa2 = 0Ëy = 8zx+ � yb2 = 0Ëz = 8xy + � z2 = 0:Ëýíïí�áò ùò ðñïò � �éò ðáñáðÜíù åîéóþóåéò Ý÷ïõìå� = −4a2 yzx = −4b2 zxy = −42 xyz ;ïðü�å y2a2 = x2b2 êáé z2b2 = y22; äçëáäÞ x2a2 =
y2b2 =

z22 : (1)Ôü�å áí�éêáèéó�þí�áò ó�ç óõíèÞêç �(x; y; z) = x2a2 + y2b2 + z22 −1 = 0 ðñïêýð�åé
1 =

x2a2 +
y2b2 +

z22 = 3
x2a2 ; ïðü�å x = ± a√

3
:ÅðåéäÞ x > 0, ðñïêýð�åé ü�é x = ± a√

3
, ïðü�å �åëéêÜ áðü �çí (1) Ý÷ïõìåáêñü�á�ï ó�ï óçìåßïP ( a√

3
; b√

3
; √

3

) ìå ìÝãéó�ï üãêï V (P ) =
8ab
3
√
3
:Óçìåßùóç: ó�ï ðáñÜäåéãìá áõ�ü äåí áðáé�Þèçêå ï õðïëïãéóìüò �ïõ �.¢óêçóçÍá ðñïóäéïñéó�ïýí �á áêñü�á�á ìå óõíèÞêç �ùí ðáñáêÜ�ù óõíáñ�Þóåùíi) x2 + y2, ü�áí x

2
+
y
3
= 1 iii) x2 + y2 + z2, ü�áí x2

4
+
y2
9

+
z2
16

= 1ii) x+ 2y, ü�áí x2 + y2 = 5 iv) cos2 x+ cos2 y, ü�áí x− y = −�
4
:



Áêñü�á�á 23�åñßð�ùóç äýï óõíèçêþí4Æç�åß�áé ï ðñïóäéïñéóìüò �ùí ðéèáíþí áêñü�á�ùí ìéáò óõíÜñ�çóçò f(x; y; z),ü�áí éó÷ýïõí ïé ðáñáêÜ�ù óõíèÞêåòg(x; y; z) = 0; áí�ßó�ïé÷á h(x; y; z) = 0: (5.1.3 - 24)¼ìïéá, üðùò êáé ó�çí ðåñßð�ùóç �çò ìéáò óõíèÞêçò, ìå �ç ìÝèïäï �ïõ La-grange ïñßæå�áé ç óõíÜñ�çóçË(x; y; z) = f(x; y; z) + � g(x; y; z) + �h(x; y; z) (5.1.3 - 25)ó�çí ïðïßá ïé ðáñÜìå�ñïé �; � åßíáé ðñïóäéïñéó�Ýïé ðïëëáðëáóéáó�Ýò, ïðü�å�ï ðñüâëçìá áíÜãå�áé ó�ïí ðñïóäéïñéóìü �ùí áêñü�á�ùí �çò Ë. ¸÷ïí�áòõð' üøéí �éò (5:1:1 − 1) ðñïêýð�åé ü�é ïé áíáãêáßåò óõíèÞêåò åßíáéËx = fx + � gx + �hx = 0Ëy = fy + � gy + �hy = 0Ëz = fz + � gz + �hz = 0: (5.1.3 - 26)Áðü �ç ëýóç �ïõ ðáñáðÜíù óõó�Þìá�ïò èá ðñïêýøïõí ïé Üãíùó�ïé óõíáñ�Þóåé�ùí �; �, äçëáäÞ x = x(�; �), y = y(�; �) êáé z = z(�; �). Áí�éêáèéó�þí�áòó�çí (5:1:3−24) ðñïóäéïñßæïí�áé �á �, � êáé ó�ç óõíÝ÷åéá ïé �éìÝò x0, y0 êáéz0 ðïõ åðáëçèåýïõí �ï óýó�çìá (5:1:3 − 26).5.1.4 ÌÝèïäïò �ùí åëÜ÷éó�ùí �å�ñáãþíùíÏ áíáãíþó�çò èá Ý÷åé Þäç äéáðéó�þóåé ü�é ç ïëïêëÞñùóç óõíáñ�Þóåùí �çòìïñöÞò e−x2 ; sinxx ; exx , ê.ëð., äåí ãßíå�áé, åðåéäÞ ìå êáíÝíá ìå�áó÷çìá�éóìü çïëïêëçñù�Ýá óõíÜñ�çóç äåí áíÜãå�áé óå êÜðïéá õðïëïãßóéìç ìïñöÞ. ÁíÜëïãá�éò ðåñéóóü�åñåò öïñÝò ç ëýóç ìéáò äéáöïñéêÞò åîßóùóçò åßíáé áäýíá�ç ìå�éò õðÜñ÷ïõóåò êëáóéêÝò ìåèüäïõò, ê.ëð. Ôü�å ìéá ëýóç èá ìðïñïýóå íáäïèåß áí ç óõíÜñ�çóç ðïõ äçìéïõñãåß �ï ðñüâëçìá áí�éêá�áó�áèåß ìå ìéáåõêïëü�åñçò ìïñöÞò óõíÜñ�çóç, üðùò åßíáé ç ðïëõùíõìéêÞ. Ç áí�éêá�Üó�áóç4Ç ðáñÜãñáöïò áõ�Þ äåí óõìðåñéëáìâÜíå�áé ó�çí åîå�áó�Ýá ýëç. �éá ãåíßêåõóç �ïõðñïâëÞìá�ïò âëÝðå âéâëéïãñáößá.



24 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòó�çí ðåñßð�ùóç áõ�Þ óçìáßíåé ðñïóÝããéóç �çò óõíÜñ�çóçò ìå �çí ðïëõùíõìéêÞ,ïðü�å ãéá �çí áêñßâåéá �çò ëýóçò, ðñÝðåé êÜèå öïñÜ íá åëÝã÷å�áé êáé �ïóöÜëìá ðïõ ðñïêýð�åé ìå�Ü áðü áõ�Þ.Åíäåéê�éêÜ ãñÜöå�áé5 ü�é ó�á ìáèçìá�éêÜ èåùñç�éêÜ, äçëáäÞ äçëáäÞ äßíå�áéï �ýðïò �ïõ ðïëõùíýìïõ, åßíáé äõíá�Þ ðÜí�ï�å ç ðñïóÝããéóç ìéáò óõíå÷ïýòóõíÜñ�çóçò, Ýó�ù f(x), ìå Ýíá ðïëõþíõìï Pn(x) âáèìïý n �çò ìïñöÞò6Pn(x) = anxn + an−1xn−1 + : : :+ a0; (5.1.4 - 1)ü�áí ai ∈ ℜ; i = 0; 1; : : : ; n,åíþ ìéá ðñïóÝããéóç, ðïõ äßíåé êáé �ïí �ýðï �ïõðïëõùíýìïõ P , ãßíå�áé áðü �ï ðáñáêÜ�ù ðïëõþíõìï �ïõ Taylorf(x) ≈ Pn(x) = f (x0) + f ′ (x0)
1!

(x− x0) + : : :+ f (n) (x0)n ! (x− x0)n ;ü�áí x0 �ï êÝí�ñï �ïõ ðáñáðÜíù áíáð�ýãìá�ïò. Ç ðñïóÝããéóç üìùò áõ�ÞðáñïõóéÜæåé ïñéóìÝíá ìåéïíåê�Þìá�á, üðùò:- ç áêñßâåéá äåí áõîÜíå�áé ðÜí�ï�å áíÜëïãá ìå �ïí âáèìü n �ïõ ðïëõùíý-ìïõ,- áðáé�åß�áé ç ãíþóç �ïõ êÝí�ñïõ x0,- ç ðñïóÝããéóç åßíáé áêñéâÞò ìüíïí ãéá �éìÝò �ïõ x ðëçóßïí �ïõ x0,- áðáé�åß�áé ï õðïëïãéóìüò �ùí ðáñáãþãùí �çò f , ðïõ üìùò �éò ðåñéóóü�å-ñåò öïñÝò åßíáé äýóêïëïò Þ êáé áäýíá�ïò, ê.ëð.Ó�ï ðáñáðÜíù ðñüâëçìá �çò áí�éêá�Üó�áóçò �çò f(x) ìå Ýíá ðïëõþíõìï,èá ðñÝðåé íá ðñïó�åèåß åðßóçò êáé �ï ðñüâëçìá, ðïõ êõñßùò åìöáíßæå�áé5Ï áíáãíþó�çò ðáñáðÝìðå�áé ó�ç âéâëéïãñáößá êáé ó�ï âéâëßï Á. ÌðñÜ�óïò [1℄ ãéáðåñáé�Ýñù ìåëÝ�ç �ùí äéáöüñùí ìïñöþí ðñïóÝããéóçò ìéáò óõíÜñ�çóçò.6Èåþñçìá 5.1.4 - 1 (Weierstrass). Áí f åßíáé ìßá óõíÜñ�çóç ïñéóìÝíç êáé óõíå÷Þòó�ï [a; b], �ü�å ãéá êÜèå " > 0 õðÜñ÷åé Ýíá ðïëõþíõìï P , Ý�óé þó�å
|f(x)− P (x)| < " ãéá êÜèå x ∈ [a; b]:



Áêñü�á�á 25ó�éò äéÜöïñåò åöáñìïãÝò êáé åßíáé áõ�ü �çò ðñïóÝããéóçò ìå ðïëõþíõìï åíüòóõíüëïõ äåäïìÝíùí (data) �çò ìïñöÞòS = {(xi; yi) ìå i = 1; 2; : : : ; n} : (5.1.4 - 2)Ç áðÜí�çóç ó�á ðáñáðÜíù äýï ðñïâëÞìá�á äßíå�áé ùò åîÞò: Ýó�ù ü�é x0,x1, : : :, xn åßíáé n+1 äéáöïñå�éêÜ ìå�áîý �ïõò óçìåßá åíüò äéáó�Þìá�ïò [a; b]êáé f(x) ìßá ðñáãìá�éêÞ óõíÜñ�çóç ìå ðåäßï ïñéóìïý åðßóçò �ï [a; b] êáé �çòïðïßáò åßíáé ãíùó�Ýò ïé �éìÝò f (xi) ãéá êÜèå i = 0; 1; : : : ; n. Ôü�å æç�åß�áéíá ðñïóäéïñéó�åß Ýíá ðïëõþíõìï, Ýó�ù Pn âáèìïý ≤ n �çò ìïñöÞò (5:1:4−1),Ý�óé þó�å (Ó÷. 5.1.4 - 1):I. Pn (xi) = f (xi) ãéá êÜèå i = 0; 1; : : : ; n, ðïõ åßíáé ãíùó�ü óáí ðñüâëçìá�çò ðïëõùíõìéêÞò ðáñåìâïëÞò (polynomial interpolation), êáéII. �ï ðïëõþíõìï íá ðñïóåããßæåé ìå �ïí êáëý�åñï äõíá�ü �ñüðï Þ äéáöïñå�é-êÜ Üñéó�ï �ñüðï (best approximation Þ best �tting) �á óçìåßá Só�çí (5:1:4− 2). Ôü�å �ï ðïëõþíõìï áõ�ü ãéá �ï óõãêåêñéìÝíï âáèìüèá äßíåé êáé �ï åëÜ÷éó�ï äõíá�ü óöÜëìá. Ôï ðñüâëçìá åßíáé ãíùó�üóáí ðñüâëçìá �çò äéáêñé�Þò ðñïóÝããéóçò (disrete approximation).Ó�ç óõíÝ÷åéá áðü �éò ðáñáðÜíù äýï ðåñéð�þóåéò èá åîå�áó�åß ìüíïí ç II, ðïõüðùò èá äéáðéó�ùèåß, åßíáé ìéá åöáñìïãÞ �ùí áêñü�á�ùí ìéáò óõíÜñ�çóçòðïëëþí ìå�áâëç�þí.�åñßð�ùóç I ðïëõþíõìï 1ïõ âáèìïý¸ó�ù ü�é �ï óýíïëï �ùí óçìåßùí S ó�çí (5:1:4 − 2) ðñïóåããßæå�áé áðü Ýíáðïëõþíõìï 1ïõ âáèìïý �çò ìïñöÞòP1(x) = P (x) = ax+ b; (5.1.4 - 3)äçëáäÞ ç ðñïóÝããéóç �ùí äåäïìÝíùí ãßíå�áé ìå ìéá åõèåßá. Áí èåùñçèåß �ïóçìåßï (xi; yi) ∈ S, �ü�å ç �éìÞ yi ðñïóåããßæå�áé áðü �çí �éìÞ ỹi = P (xi) =axi+b, ïðü�å �ï áí�ßó�ïé÷ï áðüëõ�ï óöÜëìá �çò ðñïóÝããéóçò ó�çí ðåñßð�ùóçáõ�Þ èá åßíáé ei = |yi − ỹi| = |yi − (axi + b)|. ÅðïìÝíùò ãéá �ï ïëéêü óöÜëìá,Ýó�ù Ẽ, èá Ý÷ïõìåẼ = ẽ1 + : : :+ ẽn = |y1 − (ax1 + b)|+ : : :+ |yn − (axn + b)| : (5.1.4 - 4)
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Ó÷Þìá 5.1.4 - 1: ÄåäïìÝíá: S = {(0; 1); (1; 0); (3; 2); (5;−1)}. �ñïóÝããéóçìå: ðáñåìâïëÞ (ðñÜóéíç êáìðýëç) êáé ìå äéáêñé�Þ ðñïóÝããéóç: 1ïõ âáèìïý -åõèåßá (ìðëå) êáé 2ïõ âáèìïý - ðáñáâïëÞ (êüêêéíç) êáìðýëç�ñïöáíþò Ẽ = Ẽ(a; b), äçëáäÞ ìéá óõíÜñ�çóç �ùí a; b. ¢ñá �ï ðñüâëçìááíÜãå�áé ó�ïí õðïëïãéóìü �ùí a êáé b, Ý�óé þó�å �ï óöÜëìá Ẽ ó�çí (5:1:4−4)íá åßíáé åëÜ÷éó�ï. Ôü�å óýìöùíá ìå �ïí �ýðï (5:1:1−2) ç áíáãêáßá óõíèÞêçãéá íá óõìâáßíåé áõ�ü åßíáé:�Ẽ�a = 0 êáé �Ẽ�b = 0: (5.1.4 - 5)Åýêïëá üìùò äéáðéó�þíå�áé ü�é ç (5:1:4 − 5) ëüãù êáé �ïõ áðïëý�ïõ äåíðáñáãùãßæå�áé7, ïðü�å �ï ðñüâëçìá ó�ç ìïñöÞ áõ�Þ äå ëýíå�áé.Ó�ç äéáêñé�Þ ìÝèïäï �ùí åëÜ÷éó�ùí �å�ñáãþíùí (disrete least squaresmethod), óå áí�ßèåóç ìå �çí (5:1:4 − 4), ðñïóäéïñßæïí�áé ïé ó�áèåñÝò a êáéb, Ý�óé þó�å �ï ïëéêü �å�ñáãùíéêü óöÜëìá E, äçëáäÞ �ïE = e21 + : : :+ e2n = [y1 − (ax1 + b)]2 + : : :+ [yn − (axn + b)]2 (5.1.4 - 6)7¸ó�ù ãéá åõêïëßá ü�é áðáëåßöïí�áé �á áðüëõ�á. Ôü�å�Ẽ�a = −x1 − : : :− xn = 0 êáé �Ẽ�b = −1− : : : − 1 = −n = 0Ü�ïðï.



Áêñü�á�á 27íá åßíáé åëÜ÷éó�ï. Ôü�å áðü �çí (5:1:4 − 6) ðñïêýð�åé �ï óýó�çìá�E�a = −2
n∑i=1

(yi − axi − b)xi = 0 êáé�E�b = −2
n∑i=1

(yi − axi − b) = 0ðïõ �åëéêÜ ãñÜöå�áé ìå�Ü �éò ðñÜîåéò ùò åîÞò:a n∑i=1

x2i + b n∑i=1

xi =
n∑i=1

xiyia n∑i=1

xi + b n
︷ ︸︸ ︷n∑i=1

x0i =
n∑i=1

yi: (5.1.4 - 7)Ôï ãñáììéêü óýó�çìá (5:1:4 − 7) ëÝãå�áé �ü�å êáé óýó�çìá êáíïíéêþíåîéóþóåùí (normal equations) êáé áðü �ç ëýóç �ïõ ðñïêýð�åé ü�é:a =

n( n∑i=1

xi yi)−
( n∑i=1

xi)( n∑i=1

yi)n( n∑i=1

x2i)−
( n∑i=1

xi)2 ; (5.1.4 - 8)
b =

( n∑i=1

x2i)( n∑i=1

yi)−
( n∑i=1

xi yi)( n∑i=1

xi)n( n∑i=1

x2i)−
( n∑i=1

xi)2 : (5.1.4 - 9)�áñÜäåéãìá 5.1.4 - 1Íá ðñïóäéïñéó�åß ìå �çí ìÝèïäï �ùí åëÜ÷éó�ùí �å�ñáãþíùí �ï ðïëõþíõìïðñþ�ïõ âáèìïý ðïõ ðñïóåããßæåé �á äåäïìÝíá:xi -0.5 0.3 0.7 1.5yi 1.2 2.0 1.0 -1.0



28 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïò�ßíáêáò 5.1.4 - 1: �áñÜäåéãìá 5.1.4 - 1xi yi xi yi x2i-0.5 1.2 -0.6 0.250.3 2.0 0.6 0.090.7 1.0 0.7 0.491.5 -1.0 -1.5 2.252.0 3.2 -0.8 3.08Ëýóç. Óýìöùíá ìå �á ðáñáðÜíù äåäïìÝíá äçìéïõñãåß�áé ï �ßíáêáò 5.1.4- 1. Ôü�å áðü �ïõò �ýðïõò (5:1:4 − 9) êáé (5:1:4 − 9) ðñïêýð�åéa =
4 · (−0:8)− 2 · (3:2)

4 · (3:08) − 22
≈ −1:1539 êáéb =

(3:08) · (3:2) − (−0:8) · 2
4 · (3:08) − 22

≈ 1:3769;äçëáäÞ P (x) = −1:1539x + 1:3769 (Ó÷. 5.1.4 - 2).�åñßð�ùóç II ðïëõþíõìï m-âáèìïýÓ�çí ðåñßð�ùóç áõ�Þ æç�åß�áé ç ðñïóÝããéóç �ïõ óõíüëïõ S ó�çí (5:1:4 − 2)ìå Ýíá ðïëõþíõìï m-âáèìïý �çò ìïñöÞò (5:1:4 − 1), äçëáäÞPm(x) = a0 + a1x+ : : :+ amxm;ü�áí m < n - 1: (5.1.4 - 10)Ôü�å, üìïéá ìå �çí �åñßð�ùóç I, åêëÝãïí�áé ïé ó�áèåñÝò a0, a1, : : :, am, Ý�óéþó�å �ï óöÜëìá8E = e21 + : : :+ e2n = [y1 − Pm (x1)]2 + : : :+ [yn − Pm (xn)]2íá åßíáé åëÜ÷éó�ï.8ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [1℄ Êåö. 7.
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Ó÷Þìá 5.1.4 - 2: �áñÜäåéãìá 5.1.4 - 1. Ç åîßóùóç �çò åõèåßáò åßíáé y =

−1:1539x + 1:3769¼ðùò êáé ó�çí ðåñßð�ùóç �ïõ ðïëõùíýìïõ 1ïõ âáèìïý ìßá áíáãêáßáóõíèÞêç ðñïêýð�åé áðü �ïí �ýðï (5:1:1 − 2) ùò åîÞò:�E�aj = 0 ãéá êÜèå j = 0; 1; : : : ; m: (5.1.4 - 11)Áðü �çí (5:1:4−11) �åëéêÜ9 Ý÷ïõìå �ï ðáñáêÜ�ù ãñáììéêü óýó�çìá êáíïíéêþíåîéóþóåùí ìå m + 1 åîéóþóåéò êáé m + 1 áãíþó�ïõò �ïõò óõí�åëåó�Ýò aj�ïõ ðïëõùíýìïõa0 n∑i=1

x0i + a1 n∑i=1

x1i + : : :+ am n∑i=1

xmi =
n∑i=1

yi x0ia0 n∑i=1

x1i + a1 n∑i=1

x2i + : : :+ am n∑i=1

xm+1i =
n∑i=1

yi x1i... (5.1.4 - 12)9Ôï óýó�çìá (5:1:4 − 11) ãñÜöå�áé �E�aj = −2
∑ni=1

yixji + 2
∑mk=0

ak∑ni=1
xj+ki = 0,ïðü�å ∑nk=0

∑mi=1
xj+ki =

∑mi=1
yixji ãéá êÜèå j = 0; 1; : : : ; n. Íá ðáñáëåéöèåß óåðñþ�ç áíÜãíùóç.
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xmi + a1 n∑i=1

xm+1i + : : :+ am n∑i=1

x2mi =
n∑i=1

yi xmi :ó�ï ïðïßï ï ðßíáêáò �ùí óõí�åëåó�þí �ùí áãíþó�ùí åßíáé óõììå�ñéêüò.Áðïäåéêíýå�áé ü�é �ï óýó�çìá (5:1:4 − 12) Ý÷åé áêñéâþò ìßá ëýóç, ü�áí�á óçìåßá xi; i = 1; 2; : : : ; n åßíáé äéáöïñå�éêÜ ìå�áîý �ïõò.Óçìåßùóç 5.1.4 - 1Êñßíå�áé óêüðéìï ó�ï óçìåßï áõ�ü íá äéåõêñéíéó�åß ü�é ìéá ãåíßêåõóç �ïõðáñáðÜíù ðñïâëÞìá�ïò, äçëáäÞ ç ðñïóÝããéóç �ùí óçìåßùí S ìå Ýíá ðïëõþíõìïPm(x) ìå �çí áðáß�çóç �ï Üèñïéóìá �ùí óöáëìÜ�ùí E =
∑ni=1 eki ìå k ≥ 3,íá åßíáé åëÜ÷éó�ï, êá�áëÞãåé ìå�Ü êáé �çí åöáñìïãÞ �çò óõíèÞêçò (5:1:4−11)óå ìç ãñáììéêü óýó�çìá. ÅðïìÝíùò ç ìÝèïäïò ìå �çí áðáß�çóç áõ�Þ äåí åßíáéåöáñìüóéìç.�áñÜäåéãìá 5.1.4 - 2Íá ðñïóäéïñéó�åß ìå �ç äéáêñé�Þ ìÝèïäï �ùí åëÜ÷éó�ùí �å�ñáãþíùí �ï ðïëõþ-íõìï 2ïõ âáèìïý ðïõ ðñïóåããßæåé �á äåäïìÝíá �ïõ �áñáäåßãìá�ïò 5.1.4 - 1.Ëýóç. ÅðåéäÞ ï áñéèìüò �ùí óçìåßùí åßíáé n = 4, óýìöùíá ìå �ç óõíèÞêç

(5:1:4− 10) ï ìåãáëý�åñïò äõíá�üò âáèìüò m �ïõ ðïëõùíýìïõ èá åßíáé m <
4−1, äçëáäÞm = 2. ¸ó�ù P2(x) = a0+a1x+a2x2 �ï æç�ïýìåíï ðïëõþíõìï.Ôü�å �ï óýó�çìá (5:1:4 − 12) ãñÜöå�áéa0 4∑i=1

x0i + a1 4∑i=1

x1i + a2 4∑i=1

x2i =
4∑i=1

yi x0ia0 4∑i=1

x1i + a1 4∑i=1

x2i + a2 4∑i=1

x3i =
4∑i=1

yi x1ia0 4∑i=1

x2i + a1 4∑i=1

x3i + a2 4∑i=1

x4i =
4∑i=1

yi x2i ; ;ïðü�å óýìöùíá ìå �ïí �ßíáêá 5.1.4 - 2 Ý÷ïõìå
4a0 + 2:0a1 + 3:08a2 = 3:2

2:0a0 + 3:08a1 + 3:62a2 = −0:8
3:08a0 + 3:62a1 + 5:3732a2 = −1:28



Áêñü�á�á 31�ßíáêáò 5.1.4 - 2: �áñÜäåéãìá 5.1.4 - 2xi yi xi yi x2i x3i x4i x2i yi-0.5 1.2 -0.6 0.25 -0.125 0.0625 0.300.3 2.0 0.6 0.09 0.027 0.0081 0.180.7 1.0 0.7 0.49 0.343 0.2401 0.491.5 -1.0 -1.5 2.25 3.375 5.0625 -2.252.0 3.2 -0.8 3.08 3.62 5.3732 -1.28áðü �ç ëýóç10 �ïõ ïðïßïõ ðñïêýð�åé ü�é �ï ðïëõþíõìï åßíáé (Ó÷. 5.1.4 - 3)P2(x) = −1:4583x2 + 0:3045x + 1:7707:
11

10Ç ëýóç �ïõ óõó�Þìá�ïò äåí åßíáé ó�çí åîå�áó�Ýá ýëç.11Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.E-mail: bratsos�teiath.gr URL: http://users.teiath.gr/bratsos/
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Ó÷Þìá 5.1.4 - 3: �áñÜäåéãìá 5.1.4 - 2. Ç êáìðýëç ïñßæå�áé áðü �ï ðïëõþíõìïP2(x) = −1:4583x2 +0:3045x+1:7707, åíþ ç åõèåßá (�áñÜäåéãìá 5.1.4 - 1)Ý÷åé åîßóùóç y = −1:1539x + 1:3769



Âéâëéïãñáößá[1℄ ÌðñÜ�óïò, Á. (2011), ÅöáñìïóìÝíá Ìáèçìá�éêÜ, Åêäüóåéò Á.Ó�áìïýëç, ÁèÞíá, ISBN 978{960{351{874{7.[2℄ ÌðñÜ�óïò, Á. (2002), Áíþ�åñá Ìáèçìá�éêÜ, Åêäüóåéò Á. Ó�áìïýëç,ÁèÞíá, ISBN 960{351{453{5/978{960{351{453{4.[3℄ Finney R. L., Giordano F. R. (2004), Áðåéñïó�éêüò Ëïãéóìüò ÉÉ,�áíåðéó�çìéáêÝò Åêäüóåéò ÊñÞ�çò, ISBN 978{960{524{184{1 .[4℄ Don, E., Shaum's Outlines { Mathematia (2006), ÅêäüóåéòÊëåéäÜñéèìïò, ISBN 978{960{461{000{6.[5℄ Spiegel M., Wrede R. (2006), Áíþ�åñá Ìáèçìá�éêÜ, Åêäüóåéò Ôæéüëá,ISBN 960{418{087{8.Ìáèçìá�éêÝò âÜóåéò äåäïìÝíùí
• http://en.wikipedia.org/wiki/Main Page
• http://eqworld.ipmnet.ru/index.htm
• http://mathworld.wolfram.om/
• http://eom.springer.de/
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