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Mdbnua 7

AIITAA OAOKAHPOQOMATA

7.1 Ewoayoyh xol oplopnodg

7.1.1 Ewoayoyn

[ tnv xakdtepn xatavonoy 10U 0pLEUEVOU OROXATEGUATOS UL GUVARTNOTNS
000 ueTaPAnT@dv, dnhadrh tou dLthol ohoxAnpouatog, xplvetal anapaltnTo
apyd va yivel tepthnmTied! o avagopd 610y aviioTolyo opLoub Tou opLoué-

vou oloxhnpduatog e ouvdptnore, éotw f(z)|[a, b], Snhadf tou

b
() = /f(x) de. (7.1.1- 1)

2 Yty neplntwon avth unobétovtac 6t 1 ouvdptnon f(z) elvar ouveyhc
xau v geuxohlo 6L f(z) > 0 vy x8be = € [a,b], 6nwc elvar #dn yYvwotd,
veouetpxd o apliude I(f) wwoltor ue to eufaddy E tou xaunuhdypauou
tpaneliov, mou opiletal and tov z-G€ova, TO didypauua TG CUVERTNOTC ¥ =
f(z) xou tic evfelec z = a xoav v = b (Zy. 7.1.1 - 1).

T v mpooéyyion tou E 1o [a, b] urnodapeitar oe diaothuata nhdtoug

o) avayveetne v hiat TAHen avdntuln napanéunetar ot BBhioypagpla xal oto Bilo
A. Mrpdtooc [2] Keg. 8.

*Bhéne https : [/eclass.teiath.gr/courses/MDP102/ 'Eyypago — Hopadboeig
Mafnudtwyv (Méfnua 13).
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Yyhua 7.1.1 - 1: YEoUeTp(dC UTOAOYLOUOC TOU OPLOUEVOU OAOXATEGUATOC
(7.1.1 —1)

Az wc einc:

a=x9g<r <w2<...<Tp 1 <THp =0

xaL 6Ty oLvEyeL Bewpeltal To Tapaxdte dfpoloua TV eUPaddV TV oy nUaTLLOUEVLY

opoywviny
[ @) A+ f (@3) Aat ..+ f (25) A,

btayv z} U enthoyy evdldueony onuelwy xa f (zF); i =1,2, ..., n to Gdn.

Téte to euPaddy E, dnhadh to opouévo ohoxhfipwua (7.1.1 — 1), oot ue

NV opLaxy

I(f) = /f(x)dx (7.1.1 - 2)

a

= lim [f(z]) Az + f(23) Az + ... + f(2},) Az],

n — 400

e@bGOY UTAPYEL.



OpLowég 3

Syfua 7.1.2 - 1: to nedlo oplopol D = [a,b] X [c,d] xou 1 emgdvea f(z,y)

7.1.2 Oplonodg

Tevixetovtag ta nopandve, éotw 1 ouvdptnoy f(z,y) ue nedio oplopol 1o
D =a, b] x [¢, d] € R2, mou elvon ouveyhc xat yia euxohla un apvnTed Lo
x&be (x,y) € [a,b] X [e,d] (Xy. 7.1.2 - 1). 'Onwg oL otny neplntwoy Tou

optopévou ohoxinpduatoc (7.1.1 — 1), to didotnua [a, b] urodiatpeltal oe n-

urodtaotAuata TAdtoug Az and ta onuetla ;50 =0, 1, ..., n %ot 1o didotnua
[c,d] oe m-unodiaotAuata TAdtoue Ay and ta onuela y;; @ = 0,1, ..., m
(Sy. 7.1.2 - 21i).

Téte GLUOTOLOVTAC AVILGTOL ewUETOWXY epunvela ue exelvn Tou
\ \ \

ohoxhnpduatog (7.1.1 — 1), to Sumhé ohoxhfipwua
// f(z,y)dz dy (7.12-1)
D

fa Loovtal ye tov éyxo V' tou otepend, nou éyel Bdoelc o [a,b] X [c,d] xou
v empdvela S, evéd oL axuég Tou elval tapdhhnheg npog tov z-dZova. ‘Eotw
AA = Az Ay 1o euPaddy tou atoyetddous ophoywviou naparinioyeduuou
¢ Tapandve Stauéptong tou [a, b x[c, d | xau f (x;k, y;k) 0 Uog tou ophoywviou
TopaAAnAeTLédoU Tou TpoxUnteL and T evildueoa onuela (27, ¥ ) xoL avtiotoLyel

ota enl yépouc ophoydvia (Ly. 7.1.2 - 21ii). Téte 0 yxoc V (By. 7.1.2 - 2
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(Xs"y;')
ri

(1) (ii)

Syfue 7.1.2 - 20 (o) H Swapépron tou [a,b] X [¢, d] xou ta evdidueoo onuela
(xF,yf). (b) Ta ophoydvia naparinlenineda nou npooeyyilouv tov byxo V
oy (7.1.2 — 2)

ii) mpooeyylletan v e&hc:
Viafel,y]) AA+ f(z5,y]) AA+ ...+ f(z,,y,) AA. (7.1.2-2)
Hopatvpenon 7.1.2 - 1

Arnodewvietal oty Avdhuon 4T, dTav 7 SlaydvLog TV napandve ophoywvleny
telvel 6710 Undév xabdc ta n, m — +oo, 1o dfpotoua (7.1.2 — 2) ouyxhivel
mpog évay apliud, éotw I, mou elval aveZdptntog and tny enthoyy TV oNUEl®Y

(xh yj)'
SOUPOVE THROL XAL UE TNY TUPATAENOT AUTH £YOUUE TOV ToPAXAT® 0pLoWs. >

Optowég 7.1.2 - 1 (dunhol ohoxhnedpatog). Opiletar oay SimAd oAoxA -
pwua ¢ f(z,y) oto D = [a,b] X [c,d] n opraxij Tus

1= //D f(z,y)dedy = nmlliglﬁ_@ ; Z f (xf,y?) AA, (7.1.2 - 3)

epéooy undpyeL.

O nopandvw oploude yevixeletal yia xdfe gpayuévo nedlo optopol D tneg

*BMéne enlone http : //en.wikipedia.org/wiki] Double_integral



IdL6TnTeES
7.2 IduoTtnteg xou pébodol unohoyiopon
7.2.1 Iduétmteg
ArnoSewviovtal 6TL Loy Uouy oL TapaxdTe WLOTNTES:
I. Tpoppxn

//D[kf(x,y)—i-)\g(x,y)]dxdy = k//Df(x,y)dxdy

+A// g(z,y) dz dy.
D

6tav k, A € R. H Budtnta yevixeldetol.

I1. Méong Tiwnig
[ [ sy dedy = £ o,0) 4

6mou A to eufadby tou t6mou xau (xg,yo) € D.

ITI. Av 7 mepoyf) D onotelelton and tic ywpiotéc neployée D xou Do,
dnhadh) D = Dy U Do, t61€

//Df(aC,y)da:dyZ//le(a:,y)dacdy+//D2f(a:,y)dxdy_

Egopuoyt tng Wiétntag Oa yiver oto Iopdderyua 7.2.2 - 11.

7.2.2 YTnolhoYLOpOGS GE XOPTECLAVES CUVIETAYWUEVES

O vnoloytoude tou ohoxhnpduatog (7.1.2 — 1) eCaptdtal and tn LopYH TOU
nedlov oplouoy D. LuyxexplUéva EYOVUE TS ToPAXATH TEQLRTMOOELS:

I. D={(z,y)eR?: a<ax<bh c<y<d}

dnhadh xat ou Vo yetaPintéc uetaPdhhovtal oe Swaothuata ue otabepd dxpoa.
O umoloyioude oty mepintwon auty yivetal olugwva Ue T0 TopaxdTw

Bedenua:
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Ocedpnpa 7.2.2 - 1 (Fubini). Av 5 ouvdptnon f(z,y)| D ue D = [a, b] X
[e, d] € R? eivar odoxdnpdowun oto D, téte

| [y dedy — /b
D

f(z,y) dy| do

S ~— s " T—a

f(z,y) dx| dy. (72.2-1)

Hopatnproelg 7.2.2 - 1

i) Yougova ye 1o Oedpnua (7.2.2 — 1) n ] tou Sithold ohoxAneduatoc
7.1.2—1) elvar aveCdotntn and tn oeled ohoxhhowonc otny (7.2.2—1).
et T OELP npwaoTe ot

ii) Ytov tino (7.2.2—1), étav yivetor ohoxAipwon g tpog uta LeTaBAnTy,

€otw TNV Y, 161€ 1 7 Bewpeltal otabepd.
Hapdderypa 7.2.2 - 1

Na vrnokoyiotel to oloxhipwua

1= // (m2y+y3) dr dy, o6tav D =][0,1] x [0,2].
D

Ador. Eilugova pe tov tino (7.2.2 — 1) éyouue

2

1 1
y=2
I://ry—l—y dy| dr = /{ry—l— y] dz
0 0 y=0

0
1 1 1 1
_ /(5.122%124—0) dm:/(2m2—|—4) da
0 0
3 1
. 14
0
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Evalhaxtixd o napandve vrohoyiouds elvat Suvatdy va yiver ahhdlovtag

oelpd ohoxhpworne g eEhg:

c [ Esa|a [feie] e

0 LO
2

- g a-
0

Y10 eZhc Oa egapudletar 0 euxoldtepog xatd tepintwor tinog oty (7.2.2—
1).

Hopdderypa 7.2.2 - 2

‘Ouota To ohoxhfipwua

I://a:emyda:dy, é6tav D =[-1,2] x [0, 1].
D

Adom. 'Eyouue

211 2 [ 12=(@y)y
—N =
= /{/meiydy] dsc:/ /(ry)y e™dy| dx
—1 LO -1 (0

eneldn n ohoxhiowaon YIVETAL WS TROC Y TEENEL VAL
Snuwovpynbel n mapdywyos (zy), ng e
——

:/[

-1

o—
o
5
<
=
<
—_
S
8]

Il
—
o
5
<
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Av 1 ohoxAfipwor Yivel Tp®Ta k¢ TEOC T, TOTE AMALTELTAL YLX TOV UTOAOYLOUS
TOU 0AOXANEGUATOC TARAYOVTIXT, ONOXApwoT). =
Hopddetypa 7.2.2 - 3

‘Ouota 10 ohoxhipwua

I—// de dy 6tav D =[0,1] x [1,2].
(22 + 3y)?

Abom. 'Eyouvue

I = /2 _/1(233 + 3y)_2dx] dy
1

LO
M1

2
_ / / % (22 + 3y)4 (22 + 3y) > dw] dy
1

LO

ouota eTeldt| 1 ohoxhfipwaon yivetal WS TEOC T TEETEL Vol

dnuovpynlel  napdywyos (22 +3y), e (22 + 39)_2=

wl
&‘}
<

1
= —6(1n8—ln2—ln5).
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‘Aoxnon

Na unoloylotoldv o nopaxdte Suthd ohoxhnpduata’

i)
//Dmy(a:? +y2) dedy, o6tav (r,y) €D xa D =10,1] x [0,1],
if)
//Dcos(m +y)drdy, 6tav D =[0,7] x [0, 7],
iii)
//DsinQ.rcosydmdy, é6tav D =[0,7/2] x [0, 7],

iv)

// xdxdy) 6tav D =[-1,1] x [-1,1],
D

r+y
v)
dx d
//Dllj—y%’ é6tav D =[-1,1] x [0, 7],
vi)
// y e dedy, 6oy D =10,1] x [1,2],
D
vii)

// Ty e T dy dy, 6tav D =[0,1] x [0, 1].
D

, i) —4, di) 0, dv) 1, w) tan"'(3), wi) —1—\e+e,
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Yyfua 7.2.2 - 1: 1o nedlo opopot D = {a <z <b, gi(z)<y<gaz)}
e ouvdptnong f(z.y)

I D={(z,y) eR?: a<z<bh g(@)<y<gp())}

Téte (Ny. 7.2.2- 1)

//f(m,y) dmdy:/b gz/(m)f(:v,y) dy | dx, (722 -2)
D a | gi(x)

dnhadh ylvetow mp@dTa 1 ohoxhipwor we Teog TN UeTaANTY ¥, tou ueTta3diheTat

OUVOPTACEL TNS .
Hapddetypa 7.2.2 - 4

No uroloyiotel To ohoxhfpwua

1 = //(4xy—y3) dedy, 6tav
D

D = {(m,y)6%2:0§m§1, :v?’gygﬁ} (Xy. 7.2.2 —2).

Ador. Eilugova pe tov tino (7.2.2 — 2) éyouue
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02 0.4 D& 0& 1.

Yydua 7.2.2 - 2: Tlopdderyua 7.2.2 - 6 pe medlo opiouold D =
{0<z<1, 2°<y<z}

1 Va ! 4 Y=V
1 = / / (4:cy —y3) dy | dx = / [2:(;3/2 — —] dz
4 —r3
0 3 0 y=z

Hopddetypa 7.2.2 - 5

‘Ouota To ohoxhfipwua

I = //\/1+m4da:dy, 6Ty
D

D = {(@myeR: 0<z<2, 0<y<a) (5 722-3).

Adom. 'Eyouvue

2 a3 2 a3
I = / /\/1—|—m4dy da::/\/1+a:4 /dy dx
0 0 0 0



12 ALTAd oNoXANpGOUATA Kaf. A. Mrpdtoog

Yyduwa 7.2.2 - 3: Tlopdderyua 7.2.2 - 5 ue medlo opouold D =
{0<z<2, 0<y<a®}

II. D={(z,y) eR?: c<y<d, hy)<z<h(y)}

Téte (Ey. 7.2.2 - 4)

//f(x,y) dx dy =/d h7(y)f(x,y) dz | dy, (7.2.2 - 3)
D ¢ hi(y)

dnhadh ylvetow mpdTa 1 ohoxAipwor we Teog TN UETABANTA =, Tou ueTaBdAAeTol

GUVARTAHOEL TN Y.
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Yy 7.2.2 - 4: to nedlo oplopot D = {c <z <d, hi(zr) <y < ho(x)}
g ouvdptnone f(z,y)
Mopddetypa 7.2.2 - 6

No uroloyiotel To oloxhipwua
I = //e%dxdy, bTav D:{(m,y)eﬁ‘%2 1<y <2 ygmgyg}.
D

Avor. Ylugova ue tov tino (7.2.2 — 3) éyouue

3 2 3

2 Y Y
1 =/ /eidw dyz/ /y<z> evdr | dy
Y/
1 y

Y

—_

npénel va dnutovpynbel n napdywyog (g) e ev
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IV. Tevuxi nepintwon: geaypévy neproyh tou R2

'Eotw D 1o nedlo opiopot. Téte yivetar xatdhinin dwauépiorn tou D, €tol

Oote vo npoxtfel tehwd ua and tig Hepuntdoeg 1T 7 I
HMopddetypa 7.2.2 - 7

Na vrnokoyiotel To oloxhipwua
I= //(16xy + 200) dz dy,
D

2 2

6tav D 7 meproyy| mou neploplletar and tig xaunlieg y =
(Xy. 7.2.2-5).

xoLy =8 —x

Yyfua 7.2.2 - 5: Toapdderyua 7.2.2 - 7.

Abov. Ané tic efiodoeig Ty xaunuhGy tpoxdntel 22 = 8 — 22, onéte z =
+2. Eredy to z npénel va avixel oe @payuévo didotnua, mpoxUntel 6Tl

—2< <2 Térex?2<8— scz, ondte 10 nedlo oplouol D yedgetal wg e€hc:
D:{(m,y) eR?: —2<2<2 2P §y§8—m2} (3y. 7.2.2 — 5b),
dnhadh elvan i Hepintwon I1. 'Apa

2 8—z? 2
9 y:8—x2
I = / /(163:y+200) dy dx:/[&cy +200y} de
y=u
—2 —2

2

2
— / (—128 23 — 40022 + 5122 + 1600) dz
22
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y=9

Yyfdua 7.2.2 - 6: Tapdderypa 7.2.2 - 8

2 12800

4
= |—32.4 400 % + 256 2% + 1600 =
3 _9 3

IMopddetypa 7.2.2 - 8

‘Ouota To ohoxhipwua
I://mdea:dy,
D

6tav D 1 meployh mou meplopiletal and Tig xaunllec y = 9 xau y = 22 ue
x> 0.

Abov. Ané tic efodoec TV xaUTUAGY TpoxUntel

7 /7
= 9, ondte, eneldy|

x >0, elvar 2 = 3. "Apa 10 nedlo oplopol D yedpetal:
D= {(a:,y) eER?:0<2<3, 22 §y§9} (Sy. 7.2.2 - 6),
Onhady| elva duowa 1 Iepintwon I1. Téte €youue

9 3
2,2
/xzydy] dx:/%y

z2 0

3

-]

0

y=9
dx

2

y=x
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3
/ 8122 26 2723 a7
— — | do = - —
2 2 2 14

0

51458

7

0

Hopddetypa 7.2.2 - 9
‘Ouota t0

I://(x2+y3) dr dy, 6Tav D:{(m, y) e R? - y2§9m,x§3}.

AGow. Enedr y? < 9z, mpérer ¢ > 0. Eivow éueg Yvooté 6T, av 22 < a
ue a > 0, 161 —v/a < x < /a, onéte =3z <y < 3/x. "Apa o téroc D
YedpeTal

DZ{@JQEWZ 0<z<3, —mﬁgy§3¢ﬂ,

dnhadn n Iepintwon II. Téte

3 3\ 3 y=3V1T
I = / / (x2+y3) dy dx:/ x2y+y— dz
4
0 |-3v& 0 y=—3V=

Hopddetypa 7.2.2 - 10

‘Ouota t0

I://(x4+y2) drdy, 6tav D:{(x, y)€§R2 : y2x2,x2y2}.
D

Adom. Apywxd, eneldy

e 2> y? mpéneLx > 0, xou 6uoLy and TV
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e y > 22 npoxtntel 6Ly > 0.

Y1 ouvéyela exgpdlovTal Ta 6pLol TOU T GUVORTHGEL TOU ¥ w¢ e€Ng: and

v 2% <y npoxintel 61t w < /Y, eved elvan z > y?. Apa

Y <z <.

[oa 1o Sudotnua yetaBordv Tou ¥ and TNy Topdmdve AVIGOTNTA €YOUUE
y? < VY, onote yt—y <0, dnhady| y (y3 — 1) <0.

Emed? y > 0, npéner y < 1, . Enouéveg o ténog D ypdgetat

D:{(x,y)E?Rzz 0<y<I, y2§x§\/§},

dnhadh n Heplntwon III. Téte obupwva ye tov tino (7.2.2 — 3) éyouue

1 VY 1 6 1 48
J = ot +y?) da | d :/(— B2 gyt = 10)(1 =—.
//(T“’)T Y 59 TV TRV )T 55
0 |42 0

Hopddetypa 7.2.2 - 11

No uroloyiotel To oloxhipwua

I = //(612 —40y) dz dy,
D

6tav D o tplywvo ue xopugés (0,3), (1,1) xou (5,3) (Uy. 7.2.2- 7).
Abom. H rmeployt, ohoxhipwone D, elvar Suvatév va npoxier tig e€¥ic dbo
neployée:®

Dy = {(z,y): 0<z<1, —-22+43<y<3}

1 1
Dy = {(%y)r 1<z <5, §x—|—§§y§3}

*Yrevhuuiletor 6t 1 eflowon tne eubelag mou Siépyeton and T onuela (T1,y1) xou

(z2,y2) dlvetar and Tov tino
-z y-—uy

2 —T1 Y2 — Y1

17
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Yyfua 7.2.2 - T Topdderyua 7.2.2 - 11

Téte olugova ue v Isidtnta 111 g Hoapaypdgou 7.2.1 éyovue

I = // (6m2 —40y) dmdy+// (6.@2 —40y) dx dy
Dy Dsy

Il Il Il
o _ O\H o _

3

5
(6’1" —40y da / / 6’1" —40y dy | dz
L2243 1 |lgtl
6 2042] " d 6 202" 4
:ch y} y=—2x+3 x+/ :ch y} y=1a+1 v

120% — 180 + 20 (3 — 20)°| do

5
+/ [—3x3 + 1522 — 180 + 5 (x + 1)2} dz
1

955
3
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‘Evac dhhog tpémog elvar va exgpactel 10 = oTig neployéc Dy xou Do

oLVAPTAOEL TOU Y WS eENC:

1 3
= =2 3, ¢ = —= —
Y r+3, ométe = 2y+2
1 1
‘Apa
D:{(x,y): syt <e<2y—1, 1§y§3},
onoTe
31 2y-1
I = / (6m2—40y) dz | dy
U olsvts

3
1 3\?
— / llOOy — 100y +2(2y — 1)3 -2 (—5 y + 5) dy
1
100 1 1 3\4°?
2 3 4
_ Z(2u —1 - z
[501/ 3y+4(y )+< 2y+2) 1
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7.2.3 AM\ayY) CUGTAUATOS CUVTETAYUEV®Y
Kagnuhéypolkeg CUVTETAYTEVES

[Tohhéc gopéc yia TV euxohia UTOAOYLGUOU TOU OAOXANEOUATOC

[ [ ) dody
D

amoLtelTol var Yivel UETAO Y NUATLOUOC ATO XARTECLAVES € AAANC LORPTC GUVTETAYUEVES.
Arnodewvietal 6Tt 6Ty TeplnTWoT TV SLTAGY 0AOXANPOUATOY, OL YEVIXOTERES

Z ’ 7 12 : 6 ’
duvatéc elvar oL xaunuléypauues (curvilinear coordinates)®, mou opilovtat

OTY) GUVEYELAL.

Oplowég 7.2.3 - 1 (%aunUAOYPAUUES GUVTETAYREVES). O ueTaoynuUaTIoNsS
O€ XQUTUAGYPQUUES OUVTETAYUEVES ExEL T1) LOpPl)

r=zx(u,v), y=y(u,v), dav (z,y) €D C R (7.2.3-1)

Av oL ouvapthoeg © = z(u,v), y = y(u,v) opllovtar yio %&b (u,v) €
D C R2 xa undeyouvv ov Inc 88N pepiés TapdYOYOL TOV T, Y S TEOS
u xaL v xat elvatl cuveyelc ouvapthioelg, evéd Y v opilouca Jacobi tou

uetaoynuatiopoy (7.2.3 — 1)

me:m%w:xu% (7.2.3 - 2)

Ty Yo

elvar J(u,v) > 0 A J(u,v) <0, 161 0 yeTaoyNUaTionds Tou 610U D Yéow
TV oyéoewyv (7.2.3—1) otov téno D elvar auguovoohuavtos xoL epbooy 1o

ohoxhfpwpa [ f(z,y) dz dy uvrdpyet, Bo Loydel

/AJWW“@=/@meumwmmn (7.2.3 - 3)

SBMéne: http : //en.wikipedia.org/wiki/Curvilinear_coordinates
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Ynuelwon 7.2.3 - 1

Eival 4871 yvwot otov avayvootn n uébodog tng avixatdotaong yia Tov
urohoytoud tou adplotou ohoxhnpduatoc [ f(z)dr. Téte, av u = g(z),
TEEMEL VAl YIVEL aVTIXATAOTOOT TNS U 0TV f APeEVOS XUl APETEPOU AVTIXATICTACT
tou dz e 1o du, 6Tws auTd e€nyeltol TapuxdTe 6TOY UTOAOYLGUG TOU OAOXATPK-

uatog [ e¥dr. Téte, éotw
u /
3z =u A T=73, onéte  dx = (—) du = —du=J(u)du. (1)
‘Apa

/egidm:/f(:c)dsc:/e“%du:/F(u)J(u)du:... :%e?’w—l—c. (2)

Tére n (7.2.3 — 2) elvaw n avtiotoryn e J(u) oty (1) xau v (7.2.3 — 3) e
[ F(u)J(u)du oty (2).
O xupLdtepol xaunuldyYpauuoL UeTaoy nuaTIouot, Tou cuvhing yenoluonoL-

oUvTaL OTIC EQUPUOYES, SlVovTaL 6T CUVEYELA.

Ipappixol petacynuatiopotl

Oplowbs 7.2.3 - 2 (Ypapwixdg ReTaoynUaTiowds). Evac yoauuixdc uetaoynua-
ttoudc (linear transformation) éyet yevixd tn uopyr

Lr: z=au+bv xa y=cu+dv, (7.2.3 - 4)
otav a, b, ¢, d € R.
Yougova ue Ty (7.2.3 — 2) t61e elvon
Tu  Yu a ¢
J(u,v) = = = ad — bc. (7.2.3-5)
LTy Yo b d

Av ad — be # 0, téte 1 (7.2.3 — 4) avuotpégetal, onbte

//f(?:, y) dx dy = |ad — be| //F(u,v)du dv. (7.2.3 - 6)
D D
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O uetaoynuatioude (7.2.3 — 4) avixelr oty xatnyopia TV AeyOuevoy
opoYpAPLXAY petacynratiowdy (endomorphism ¥ homomorphism), Snhadn
€yer Ty WidtnTa va Stotnpel Ta oyfiuata, dnhadn uetaoynuatilel evbelec oe

gubelec, ».Am.
HHapdderypa 7.2.3 - 1

No uroloyiotel To ohoxhfpwua

I://eﬁdmdy,
D

6tav D 1o tplywvo ue mAeupéc touc GE0VEC GUVTETAYUEVODY Xot TNy eubela
r+y—2=0.
Abom. 'Eotw

U=y—r XU UV=Y-+x

Advovtag g tpoc & xo Y TpoxUTTEL GTL 0 YpauUx6S ueTa oy nuatioude (7.2.3—
4) yw v Teplntwon auth elvol
v —Uu v+u

2 xouy:2.

Ly: z=

Téte odugova ye v (7.2.3 — 2) elvon

Ty Yu _% % 1
J(u,v) = = =——.
1 1 2
LTy Yo 5 5

Y11 ouvéyeta utoroyilovtat ol eELEGOELS TV TAEUPAV TOU TpLY®YOU and

TLC GUVTETAYUEVES T, Y OTLC U, U ©¢ EENC:

=Y

gubela r=0 Lyp: onéte u=wv eubela v—u=0
vo= y
u = —x

y=20 U= —v v+u=0
v o= x

r+y=2 v=2 v—2=0.
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‘Apa and tov tino (7.2.3 — 6) €youue

v v

I = ’—%’j{/e%du] dvz%j[/v(%)ue%duJ dv

—v

Hopddetypa 7.2.3 - 2

‘Ouota To ohoxhfipwua

I:/(m—i—y)dwdy,
D

6tav D 1o tplywvo tou Ny. 7.2.3 - 1. Nua ypnowwonowmnlel o yetaoynuoatioude
Lr: z=2u+3v xu y=2u—3v.

Abom. Apywd obugwva ue ty (7.2.3 — 2) elvar
Ty Yu 2 3
J(u,v) = = = —12.
Ty Yo 2 -3

Y1n ouvéyela unoroyilovtat oL e€LlodoELS TV TAEURAY TOU TELYGVOU and
TLC GUVTETAYUEVES T, Y OTIC U, ¥ S eENC:

2
evfela =0 Lr: 2u+3v=0 evfelas v = —gu
Y= 2u — 3v = 2u + 3v v=>0
5
y=—-x+5 2u—3v=—2u+3v)+5 u=7.

‘Apa and tov tino (7.2.3 — 6) éyouue

5/4 0 1 2 v
I = !—12\/ / 48w du du:i/[/v(ﬁ) e%du} dv
V/u
0 [-2u/3 0 L-w
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Yyfdua 7.2.3 - 1: Topdderypa 7.2.3 - 2

ITohxég cuvteTayUEVeg
'Onog elvat yvooté ot tohwxég (Uy. 7.2.3 - 2b) ouvtetayuéveg (1, 0) cuvdéovtal

ue Tic xapteotavés (Xy. 7.2.3 - 2a) ouvietayuévec (x,y) UE TIC OYEOELS

x=rcosf) xoa y=rsind, 6tav r >0 xaw 0 <6 <2m. (7.23-7)
O yetaoynuatioude (7.2.3 — 7) elvar au@uuovosHiuaytog UE TV évvola GTu
oe %x40e onuelo (z, y) € R2—{(0, 0)} avtiotoiyel axpiBoc éva onueto (r, ) €

[0, +00) %[0, 27) xat aviiotpoga, eve yia Ty opllovoa Jacobi tou uetaoynua-

TLouoY elval

=r>0.

J(r, 0) = =

Lr o Yr ‘ cosf  sinf
Ty Yo

—rsinfl rcosf

Yougwva ue tn oyéon (7.2.3 — 3) 10 ohoxhipwua [ [ f(z,y) dz dy otnv
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x (x.) x (r.8)
b z b
8
. |

(a) (b)

Syfua 7.2.3 - 2: (o) Kapteowavée xat (b) noluxéc ouvtetayuéveg

neplntwon autr yedgetol

//f(x, y) dz dy = //F(r, 6)rdrdf. (7.2.3-8)
D D

Hopddetypa 7.2.3 - 3

No unoloyiotel To ohoxhipwua
I://\/l—xZ—ydedy,
D

6tav o t6moc D elval 10 dve nuxdxAo ue x€vtpo TNy apyn Twv aldvwy oL
axtiva r = 1.

Adom. Metaoynuatilovtag oe TOAXEC GUVTETAYUEVES GUUPOVA UE TLS OYECELS
(7.2.3 —7) éyovue

Fa,y) = J1—22 —y2 = V1= 12 = F(r, 0),

eved elvae 7 € [0, 1] xon enewdh mpdxettol Yo to dve nuuxdxio 6 € [0, 7). Apa

olugwva ve y (7.2.3 — 8) elvaw

IZO]T lo/lrm(jr] dgz_éj(l_r2)3/2

r=1

r=0
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Hopddetypa 7.2.3 - 4
‘Ouota To oAoxhfpwua

I://Qxydxdy,
D

6tav o témog D elval o xuxhixde touéag tou lou tetaptnuopiov uetall tov
xUxhwv xévipou (0,0) o axtlivev 2 xau 5 aviiotouyo.

Abom. Metaoynuoatiloviag 6 TOMXES GUVTETAYUEVES €Y OUUE
f(z,y) =2zy=2r’sinfcosh = r’sin20 = F(r, )

émou r € [2,5] xau eneldy) npbdxettat yua to lo tetaptnuéplo elvan 6 € [0, 7/2].

‘Apa oVugova pe Ty (7.2.3 — 8) elvon

7T/2 5 77/2 =5
1 ,17=

I = / [/r(r2sin29) dr] o = /sin29 [—rﬂ 6
0 4 r=2

0 2
w/2
w/2
= @/sin%dez—@ 1(:0829 :@
4 4 2 0
0

HHapdderypa 7.2.3 - 5

‘Ouota t0

1= //emgﬂ’2 dz dy,
D

étav o témoc D elvar o povadiaioc xdxhoc xévtpou (0,0).

Abom. Metaoynuoatiloviag 6 TOMXES GUVTETAYUEVES €Y OUUE

flay) =" =F(r, §)

émou 1 € [0,1] xou 0 € [0,27]. "Apa oVugwva ye v (7.2.3 — 8) elvan

27 1 27
I = / [/rerz dr] df = / [1 (1"2) e’ dr} db
0 0 2 '

0
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Aocxfoeig

1. Na unohoytotel To ohoxAfipwua / 2y dx dy, étav o 16mog D elval
D

1) To teTpdywvo ue xopuwéc ta onuelo O(0,0), A(1,0), B(1,1) xar C(0,1)

ii) 1o tplywvo ue xopugéc O(0,0), A(2,0) xar B(2,2),
iii) o xuxhwdg topéac pe xévipo to onuelo O(0,0) xou dxpo o onuela
A(2,2) o B(—2,2) tou xxhov 2% + % = 4.
2. Xpnowonol@dvtag xatdAANAo UETAC Y NUATIOUS Vo UTOAOYLOTEL TO OAOXAT PO
uo xy dx dy, 6tav D o témoc nou oplletat and Tov dEova TOY T Xal TO dvw
D
uépoc tou xOxhou (r —1)2 +y2 = 4.

\

3. Mia henth nhdxa opileton ané v nopaforf y = 2r — z°

oL TOV dZova
twv z. Na npoodiopotel 1 ol pdlo tng xou oL ouvtetaypévee (T,7) Tou
x€vtpou Bdpoug tng udlag, dtayv 1 tuxvétnta oe xdbe onuelo tne (z,y) elvon
(1—=y)/(1+=)

7.3 E@opuoyvéc TV SLMAGY OAOXANPOUAT®Y

7.3.1 Yroloyiopog epfBaddy enlnedwy oynUdtmy
To euPadév A evég emnédou oyfuatog D divetar and tov tino
A= // de dy. (7.3.1-1)
D
AlaxplvovTal oL TopaxdTw TEQINTMCELS:

i) To D va opiletar oe xapteotavéc ouvietayuévee and e oyéoec a <
x <bxu ¢(z) <y <P(z). Tote

b ¥(z)
A :/ l/ dy] dx. (7.3.1-2)
a | Jo(z)

ii) Xe nohuéc ouvietayuéveg and tic oyéoeic 1 < 0 < fy xau 1 (f) <71 <

ro(f). Tére

0o ra(6)

A= [/ T dr] de. (7.3.1-3)
01 r1(0)
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Hopddetypa 7.3.1 - 1

Na vnohoyiotel to euPadov tne neployic A mou Peloxetal 670 ecwtepLxd
g mepLoyric Ue eZlowon r = 3 4 2sinf xou 610 e€wTEEIXS TOU XUXAOU

xévtpou (0,9) xau axtivag r =2 (X¥y. 7.3.1 - 1a).

r=3+2s5n8

r=73+2sn8

&
T

I
I
|
==

Syua 7.3.1 - 1: THopdderyua 7.3.1 - 1: (o) n neproyf D xau (b) to xouvd

onueta.

Adom. Apywd urohoyilovtat to xoLvé onuela Towv 8o teploydy (Xy.
7.3.1 - 1b) Bérovtoac:

. , . 1 . T
34 2sinf =2, onéte sinf = — 5 =sin <_€) .

TApa = — %, %T , ontdte olugwva ve v (7.3.1 — 3) elvow
0, r2(0) Tm/6 [ 342sinf
A = / / dr d9:/ rdr| df
01 r1(0) a6 5
7m(6 1 .73+2sin0
= / [— r? df
2 1o
—7/6

"YrevBuuileton bt

sine =sina & x=2knr+a N z=2kn+m—a, bétav k€EZ
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/6 1—cos 20
5 D2,
= / §+60059+28in9 df
—7/6
/6 .
= /<§+60089—C0829) df
—7/6
1 /6
= [39—60089——0%29]
2 2 —7/6
= HT\/g+MT7T%24.187.

7.3.2 EpfBaddv emipdvelag

To epfadéy A tne empdvenc S, mou oplletar and ) ouvdptnon z = f(z,y)

7 /7 ’ ’ 7 7 7 4
e onolac 1 npofoly 6to enlnedo zy elval o ténoc D, dlvetat and tov tino

A:// \/1+<g—£)2+(g—£)2dxdy. (7.32-1)
D

Hopddetypa 7.3.2 - 1

Av f(z,y) =1—9y?> xoo D={-1<z<1, -05<y<0.5}, 161

1 0.5
I = /[ J1 4 42 dy

-1 -0.5

dx

y=0.5
y=—0.5

1 1
Y sinh™" 2y
= 1+ 4y —=

Yrohoyiopés Touv ohoxinpdpatos [ /1 +4y?dy

Egapuélovtag napayovtuh ohoxhfipworn €youue

I = /\/1+4y2dy=/(y)’\/1+4y2dy=y\/1+4y2—/y [(1+4y2)1/2]/dy

1
dy = /1.147794 dr = 2.295587 .
21



30 ALTAd oNoXANpGOUATA Kaf. A. Mrpdtoog

1 8y 49
= y\/1+4 2—/ - 144 2—/7d
Y Y y[2 1+ 4y? Y Y 1+ 4y? Y

49 +1—1
= i [ Virae

4y? +1 -1
— yJ1+4 2—/ 4
Y Y N N T

1o —1
5 sinh™" 2y

—_——~
1
= 1+42—/ 1+42d+/7d
yy/1+4y V1 +4y2 dy i
1
= y\/1+4y2—1—|—§sinh_12y

1 1
/\/1+4y2dy:§y\/1+4y2+1 sinh™! 2y.

7.3.3 Ynohoyioudg palog

Av p(z,y) ve p(z,y) > 0 vy x&0e (z,y) € D nopiotdver Ty TuxvéTnTR TN
udlog, mou xaTavéUeTaL Ue cuveyr Teéno ato D, 161 1 cuvohuxy) wala M

Tou D divetal and tov tUro

M = /D/p(x,y) dz dy. (733 -1)

Emnhéov 1o xévtpo Bdpous (zo,yo) dlvetar and tic oyéoelg
M,

M, f]_])’xp(x,y)dxdy y_fljj’yp(x,y)dxdy

rg = —1 — , Yo = —— =
M [ [p(zy)drdy M [ [p(z,y)dzdy
D D

OToU oL

Ma;://xp(x,y)dxdy %o My://yp(x,y)dxdy
D D

elvat ol ponég Ing ta&ng tou D.
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Yyfdua 7.3.4 - 1: Topdderypa 7.3.4 - 1

7.3.4 Yrnoloylowds 6yxwv

O 6yxog V tou otepeot mou opiletar and tny empdvela S ue ellowon z =
f(z,y), 6tav f(z,y) > 0 vy x&be (z,y) € D, to eninedo Ozy xar and tnv
xUAYSpLXT| emipdvela mou €yel odnyd to alvopo D tou D xau yevételpeg

Ié e ’ Ve A
napdAAnhes npog Tov z-d€ova dlvetal and Tov VRO

V= /D/f(:r,y) dx dy. (7.34-1)

Av f(z,y) > g(z,y) > 0 vy xdbe (z,y) € D, t61€¢ 0 6yxoc V Tou
otepeoy Tou gpdoocetal and Ty entpdvela z = g(z,y) xou w = f(z,y), and
Y xUAvdpu emupdvela tou €yel 081Y6 To alvopo 0D tou D xou yevéTelpeg

napdhAniec npoc tov z-d&ova dlvetal and tov Tino
V= //f(fff,y) —g(z.y) du dy. (7.3.4 - 2)
D

Hopdderypa 7.3.4 - 1

Na unoloyiotel 0o dyxog tou otepgeol mou mepuxheletar and 10 oTeEPEd UE

eZlowon z = 22 + y? xau 1o eninedo z = 16 (Xy. 7.3.4 - 1).

31
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Ador. Eilugova ue tov tiro (7.3.4 — 2) o Intoduevog dyxog, éotw V, Ha

npoxUPeL and 11 dLapopd Tou GYX0oU TOU ENLTESOU XoL TOU 6TERE0y, Snhady
e 1 OLQOop Y mn PEOV, ONAAOT

/D/16dxdy—/D/(x2+y2> d dy
_ /Z[m—(x%y?)} da:dy:/D/f(a:,y)d:cdy.

Ané ny popyt tne ohoxhnpwtéag ouvdptnong f(z,y) tpoxintel toTE 6TL 0

Vv

témoc elvan évag xxhoc xévtpou (0,0) xoaw axtivagr = 4. 'Apa yetaoynuatilo-

VTUC GE TOALXEC GUVTETAYUEVES €Y OUUE
f(z,y) =16 — r?sin®f — r?cos?f =16 — 12 = F(r,0)

érov r € [0,4] xau 0 € [0,27]. Apa olugwva ye tic (7.2.3 —8) xau (7.3.4—1)

€YOULUE
9 9 2w 4 9
V = 16 — + dd:/ [/ 16 — d}dﬂ
[ [ 6= ()] awdy= [ | [T (16-0%) ar
D
27 1 r—4 2w
= {[87"2 — - 1«4] df = 64 /de — 128 7.
4 r=0
0 0
8

8 Anoyopedetal 1 avadnuooicuon 7 avamapayeyY ToU TEPGYTIOE 670 GUVOAG Tou ¥
TunuUdTeY tou ywelc ™ yeanth ddewa tou Kaf. A. Mrgdtoou.
E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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