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Mabnua 9

EITTKAMITY ATA
OAOKAHPOQOMATA

9.1 Oplowég xou THTOG LTOAOYLGUOU

9.1.1 Opiouoég

Yto udbnua autd yivetor ula Yevixeuon tng Uéypl Tpa YVWOTAS £VVOLIS TOU
0pLOUEVOU OROXATNPOUATOC / f(z)dz, obugwva ue v onola To didoTnua
ohoxhipwong [o, ] aviabiotaton and uLa xounOdy, éotw C (Zy. 9.1.1 - 1a),
UE TETEPAGUEVO UAXOC, TOU TEpLYpdeTal and Th dtavuouatixs cuvdptnon!
r(t), evéd n ohoxhnpwtéa ouvdptnon f(x) and éva diavuouatixd nedlo, Tou
nepLypdgetal entong and wlo dravuopatind ouvdptnon?, éotw F (Iy. 9.1.1
- 1b), mov oplletar enl tng C' (Zy. 9.1.1 - 2¢), dnhadh ta onuela (z,y),
avtlotoya (z,vy, z) ota onola oplletar n F, elvan enlone onuela tng C' (y.
9.1.1-2d). To ohoxhnpduata autd Aéyovtol TOTE ERLXAUTOALAL oL 1) XUUTOAN
C dpbpog ohoxMjpworng.

Alvetal 611 GUVEYELXL 0 TUEAXAT® OPLOUGS TOU ETULXAUTUALOU OMOXATEGUATOS.

'Bréne: Avdtepa Mabnuatind I https : [/ /eclass.teiath.gr [courses/M DP102/
Mdébnua 11:  Awvuopatixh ouvdptnoy, Ilapdypogoc 11.1.2: rnapayetpxh nopdotoaon
HOAUTUAGD V.

2Bhéne: Mdbnua 6: Awavuopatixdc Awgopixdc Aoyioude, Iapdypapoc 6.1.2: Babuwtd

xou Stavuouoatixd tedla.
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KaptioAn C

Syfua 9.1.1 - 1: (a) n xoundhn C xat (b) to davucuatixé nedio F

Optopés 9.1.1 - 1 (emuxapniiio ohoxhpowpa). Eotw C ula xaurnidy ue
TENEEAOUEVO UIx0C Tov meptypdpetal and Ty dtavuouatixy ouvdptnon r(t)
via xdbe t € [a, ] xau éva Siavuouatixd nedio, éotw F, nov elvar oprouévo
enl tne C (Xy. 9.1.1 - 2). Tére 1o emxaunviio oroxAfpwua tnc ¥ enl ¢

C, ovupforiletar ue | F -dr xar opiletar and tov tino
c

o
/F-dr _ /F[r(t)]-r’(t) dt, (9.1.1- 1)
C o

otav T0 TeAeutaio odoxAfpwua undpyet.

Av 1 xaunihn C elvar xAetoty, té61e 10 emxauniAlo oloxhfipwuo xatd

%F-dr
C

6mou 670 aVuBolo g ohoxhipwong tlhetar ToAAES Qopéc xat BéNog yia va

uixoc e C ouufohiletol ue

xafopiotel n gopd Swaypagphc e C.
Ta emuxauntio ohoxhnpduata €xouv TohEg eQapuoYEc oTic etinée ento-

THUES, OTWC



Oplopég

Kaprohn C

Yyhpa 9.1.1 - 20 (a) to dwavuouatixd nedlo F ue v xaunddn C xou (d)
10 nedlo F ent te C, dnhady|, btav ta onuela (z,y,z) ota onolo opiletar n

dravuopatixt ouvdptnon F, elvat entong onuela e C

® 670 £pY0 dUVAUE®Y,

o 11 duvaulxnt| evépyeLla,

o 11 poY) OepudtnTac,

e TNV eviponia,

e 11 pof| pevoTAY xAT3

30 avayvdomg yla pla extevéotepn uehétn mapaméunetol otn BiBhioypapia xoL oth
pabnuatixy Bdorn dedouévov
hitp : [ [en.wikipedia.org/wiki/Line_integral



4 Enuxcapndioe OhoxAnpoduata Kab. A. Mrpdtoog

9.1.2 TdYnog urtohoyLouol

'Eotw 61u 1 Stavuouoatiny cuvdptnon nou neptypdgel to tedlo F, exgpdletol

GUVIRTHOEL TOV GUVTETAYUEVWY TOU GTO YKEo TV 3-8lactdoewy wg eEhc:

F(z,y,2) = Plz,y,2)i+Q(z,y,2)j + R(z,y,2)k

= (P, 2).Qy.2) Ry 2),) (912 1)

eved 1 Stavuouated cuvdptnon® T g
r=zi+yj+zk (9.1.2 - 2)
Tougova ue tic (9.1.2 — 1) xou (9.1.2 — 2), hauBdvovtoac un’ 6Ly o Yvootd

100 UTOAOYLGUOY TOU £6wTERLXOU YIvouévou®, to ohoxdfpeua (9.1.1 — 1)

YedpeTon
j{F(t).dr _ ?{(PiJerJrRk) (dei+ dyj+ dzk)
C C
= Pdr+Qdy+ Rdz. (9.1.2 - 3)
H avtiotouyn éxgpaon e (9.1.2—3), nou ba yenowwonowmbel otny Hopdypagpo

9.2.3 610 Ybpo TV 2-dlacTdoeny, elval
j{F(t)-dr _ j{(Pi+Qj) (dzi+ dyj)
c C
= Pdz+Qdy. (9.1.2 - 4)
'Eoto tdpa 1L 1 Stavuouatixnd, ouvdptnot r(t), Tou neplypdgeL ToapaUeToLxd
v xourohn C, elvar tne popprc’
r(t) = z(@)i+yt)j+z(Hk
= (z(t),y(t),=(t)), o6tav tea,pf]. (9.1.2 - 5)

“Bréne: Avédtepa Mobnuatxd I hitps : //eclass.teiath.gr/courses/M DP102/
Mdébnuo 11: Awevuouatixd cuvdpetnon, Hoapdypagoc 11.1.2: tinoc (11.1.2 — 3).

PAv a = (a1, a2,a3) xa. b = (b1, b2, b3), 161€ 10 ecLTEPLUS YLVEUEVO a - b LoolTaL UE

a-b=uaybi +azbs + aszbs.

®B)éne épowa Yroonuelwon 4: tinog (11.1.2 — 4).



Tdrog vnoloyLopol

Avtuabiotdvroag olugova pe y (9.1.2 —5) oty (9.1.2 — 1) 1o z, y, 2

ue TLg avtlotolyes topauetpxés wopgéc touc x(t), y(t) xau z(t) éyouue

= R(z(t),y(t),2(1))) . (9.1.2 - 6)

Yrobétovtag 6t ou ouvaptioels x(t), y(t) xou z(t) elvo nopaywylowee yio

x&be t € [a,B], and vy (9.1.2 — 5) éyouue

r'(t) = 2(t)i+y )+ 2tk

= (2'(t),y'(t),2'(t)), obtav te€[o,B]. (9.1.2-7)

Yougwva ue tic (9.1.2—6) o (9.1.2—7), haupdvovrac v’ 6L xat 1o yvwoté
1070 LTOMOYLOUOY TOU E0WTEPLXOY YLvouévou', 1 ohoxhnpwtéd cuvdpTnom
oty (9.1.1 — 1) ypdpeton
F(t)-r'(t) = Plat)y(t), z(t) 2'(t) + Qz(t), y(t), 2(2)) ' (1),
+R(x(t),y(t), z(t)) 2/ (). (9.1.2 - 8)

Téte and v (9.1.2 — 8) npoxintel 0 mapaxdtew TOnOS UTOAOYLOUOU TOU

emxaunUAou ohoxinpduatos (9.1.1 — 1) yia 0 ¥dpo Ty 3-dlaoTdoeny

a

£
/F cdr = / [P2'(t) + Qy'(t) + RZ'(t)] dt, (9.1.2 - 9)
C

EV® 0 avTloToLY0g TUTOC YL TO YOO TOV 2-SLUoTICEMY ELVAL

£
/F ~dr = / [P2'(t) + Qy ()] dt. (9.1.2 - 10)
C

a

Keivetar avayxaio oto onuelo autd va yiver urevbiuion tov mopaxdto

XENOLUOY VLo TO ETOUEVI TALUUETRLXMY TALACTIGEWY.



EuBczia

Yyfue 9.1.2

Eubeia

Enuxcapndioe OhoxAnpoduata

Kab. A. Mrpdtoog

=0y

- 1: nopauetpuxt| tapdotaoy eubetog

OL nopayetpieéc woppéc Twv (1), y(t), avtiotowya z(t), y(t), z(t) tne napoue-
Tewric e€lowong tou eubBlypappmou Twimatog MMy yia tnyv nepintwon tou

YOPOU TV

o 2-dwotdoewy, 6tav My (z1,y1) 0 apyh xou Ms (x2,y2) to téhog, elvor

e 3-dlaoTdoEwyY, OTAY
(Xy. 9.1.2 - 1), elvon

twg + (1 —t)zy,

= typ+(1—t)yn ve te[0,1]. (9.1.2-11)

My (w1,91,21) - apyh xow Ma (22,2, 22) - Téhog

tro + (1 — t).’L‘l,

ty2 + (1 - t)yl:

tzo+ (1 —t)zy ue t€][0,1]. (9.1.2-12)

"BMéne Yroonuelwon 5.
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ITepupépeia xUxhou

‘Eoto apyuxd 611 10 %€vipo Tou x0xAou GUUTITTEL UE TNV apy T TV aZovwy.

Téte, av R n axtiva, 1 e€lowon tov onueloy g nepupépelac yedpeTat
2 +y% = R?,
OTmOTE TOPAUETELXES Uopgéc Twv x(t) ot y(t) elvan
z(t) = R cost xo
y(t) = Rsint pe te€]0,2n). (9.1.2 - 13)

Av 10 %évipo Tou xUxhou elvon 1o onuelo (a,f), t6te 1 ellowon Ty

onuelwy NG TEQLPERELAS YRApETAL
(z—a)®+(y —p)* = R,
onote
z(t) = (a+ R cost) xo
y(t) = (B+ Rsint) ue te][0,2m). (9.1.2 - 14)
Ynueiwon 9.1.2 - 1

Ye xdbe g SLagopeTind TV Tapandve TERITTWOT 1 TUPAUETELXT LORGT TNS

C Ba divetal.

Mopddetypa 9.1.2 - 1

Na vrnohoyiotel to entxauniiio ohoxhipwua /C F.dr, é6tav
F=zi—yj+ (zz+y)k

xau C 1o evbiypauuo tufua AB e apyh to A(1, —1,2) xou téhoc 10 B(3,1, —1).
Abor. 'Eotw

A: xm=1, yy=-1, z1=2. B: 20=3, yo=1, 20=—1,
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Téte to eubdypauuo tufiua AB olugwva ue tov tono (9.1.2—12) exgpdletor

TAPAUETELXA WC EENC:

z(t) = t-3+(1—-t)-1=2t+1 (1)
y(t) = t-1+01—-t)-(-1)=2t—-1 (2)
z(t) = t-(-1)+(1—t)-2=-3t+2, 6tav te]0,1]. (3)
‘Apa
2'(t) = 2 (4)
y(t) = 2 (5)
Jt) = -3 (6)

Ané to dwavuouatind tedlo npoxintel 6Tu
F=uzi— yj + (ﬂ?Z + y)k = P(il?,y, Z)i + Q(ﬂj,y; Z)j + R(ﬂ?,y, Z)k
‘Apa oVugova ue T (1)-(3) éyouue

P = x=2t+1,

Q = —y=-2t+1,

R = zz4+y=2t+1)(=3t+2)+2t—1
= —6t2+3t+1.

Téte and Tov 1m0 (9.1.2 — 9) npoxintel

1
/F-dr _ /[Pm’(t)+Qy’(t)+Rz’(t)] dt,
AB 0

(4) ®) (6)

1
~~ —~~ —~—
- / 2+ 1) 2 (-2 +1) -2 4 (62 + 30 +1) - T3)

0

1
9t2 5
— - e =2
2 T T2

dt
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Hopddetypa 9.1.2 - 2
‘Ouota T0 ETMXOUTUALO OhOXATIRLU / F.-dr, 6tav
c
F=(z-yit+(rty)]

xat C' 1 nepLpépela Tou wovadiaiou xixhou ue xévtgo (0,0), dtav 1 nepipépela
draypdpetal deZldotpoga, dnhadh avtibetn tne xlvnong Ty Sextdy Tou pohoyLo.
Adom. Xlugpova ue tov tino (9.1.2 — 13) n neppépera Exer TNV TapaxdT

nopaueTpxh napdotaon (R = 1)

z(t) = cost xo (1)
y(t) = sint ue t€0,2n), (2)
'(t) = —sint xo (3)
y'(t) = cost. (4)

To davuouatixd nedio ypdpetal
F=@-yi+(xz+y)j=Plzyi+Qx,y)j
‘Apa obugova ye te (1) xau (2) tpoxinte bt

P = x—y=cost—sint,
Q = x+y=cost+sint.

Téte and Tov om0 (9.1.2 — 10) éyouvue

%F-dr =

27

/ (P2 (t) + QY (1)] di

0

27 (3) 4)
/

0

27

/

. . . A
(cost —sint) - (—sint) 4 (cost + sint) - cost| dt
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9.2 Iduétnteg xou Oewpuata emtxapmiALOL OAOXATR®-
HaLTog
9.2.1 Iduétmteg

To emuxaunvia ohoxineduata €youv WLOTNTES avahoye Ue exelveg Twv BB

YVOoTOY ohoxAnpwudtwy. Ou Bacixdtepeg and autég elval:

i) /(xF—FAG) dr—x/F dr—i—)\/G dr; x, A € R (Ypopuixn),

/F dr_/F dr+/F dr

mou elval choo'm ooV 7] npochetixy Lot e O, émou C xau Cy
’ s 7 z A 4 Ve ’
elvat 8Vo t6&a tne O, tétola Gote 10 dfpoloud toug va elval n C xat

va dtaypdgovial and to (8o didvuoua r(t) mou Swaypdgetol xar 1 C,

iii) /F'dr:—/F-dr,
—C C

Onhad?| To emxauniALo ohoxAhpwud TapaUEVEL AUETIBANTO ot Ulo ahhary T
e napauéteou, mou datneel Tov npocavatoloud g C xon adrdlet
npbonuo, 6tayv 1 oahhayh auth aviioteédel tov npocavatohioud. H
WLotnto auth expedlet Ty aveloptnola ToU ETLXAUTUALOU OROXANEGUATOS

and TNV eXAOYY| TNC TURAUETEOL.

9.2.2 XYyéom emuxouniALou ONOXANE®OUATOS xaL xAlong

To emuxoauntio ohoxAfipwua fo F - dr dev elva yevuxd aveldptnto and 1o
dpbuo tne ohoxhipwaone C, Snhadr, av vrotebel 1L n C Eyel apyy| to onuelo
A xau éhog To B, 1t6T€ 1 TWh Tou, 6tav o Bpduog elval to evblypauuo
Tuiua AB, elvol SwapopeTixt| exelvng mou o dpduoc elval pia onowadrnrote
Ghhn xoumihn ue apyr To A xou téhoc 10 B.

Ta nopandvew dev Loytouy xaL To emxauniito ohoxhfpwua €yel tnv (Sl
T aveldptnta Tou Tpémou daypagrc tng C and to A oto B, ubvov 6tay

8

To Swavuopoatixd medlo F elvar ouvinpoluevo®. Myetud amodewxvietol to

¥Bréne Mdbnua 6 Tlapdypagoc 6.3.3.
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nopaxdte Bedpnua.’

Oedpnpa 9.2.2 - 1 (aveZaptnoiog emtxapwnliiiov ohoxAnedpatos). Fotw
F = Vo, énov ¢ Pabfuwti ouvdptnon tnc onolac undpyovy Touddytotov ot
medtne tdénc ueptxéc mapdywyor xat elvar ouveyelc ovvaptioeis. Téte to

emxauniAio oAoxAnpwua
/F dr, (9.22- 1)
C

éray C' n xaundAn and to onuelo A(x1,y1,21) oto B (x2,y2,22) Tou nedlov,
elvar aveldptnto and to Spduo NS oloxAfpwons xar avtiotpopa, av To
emuxaunilo oloxAfipwua (9.2.2 — 1) elvar aveldptnro and to Spduo e
oAoxAf-pwonc, t0TE Umdpyer ula Pabuwty ouvdptnon, éoTw @, £Tol HoTe
F =Vg.

Hopddetypa 9.2.2 - 1
"Eoto to Stavuouatind nedlo (Xy. 9.2.2 - 1a)
F=2zyi+ (.7:2 —|—2y2) j.
Aeléte 6T
i) 7o nedlo F elvar ouvinpoluevo.

ii) Na unoloylotel to emxaunihio ohoxhfipwua [ F-dr, 6tav C o dpbuog

ohoxhpwone and to onuelo A(0, —1) oto B(1,2).
Adbon.
i) Apxel va deyfel!'’ 61t Vx F =0. Av
F = 2zyit (x2+2y2) j+0k
(umoypewTXE 1 ouVleTGoa Tou Aelnel (o ue Undév)

= P(z,y,2)i+Q(7r,y,2)j + R(z,y,2)k,

“Bréne Bhoypapla xou BiBhio A. Mrpdtoog [1] Kep. 4.
1"B)éne Mdbnua 6, Ocdpnua 6.5.2 — 1: ‘Bva Stavvouatixd nedio elvar aotpdfido, Stay

elvat ouvtppoluevo xat avtiotpopa.
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167E
P=2zy, Q=a>+2y> xuu R=0. (1)
Enouévug
i i k i j k
VxF = 9 9 9 = 9 9 9
Jr Oy 0z or dy 0z
P @ R 2xy 22 +2y%> 0

= (0-Q.)i+(P,—0)j+(Qs—P)k=0.

Téte ané 10 Oedpnua 6.5.2— 1" npoxintel 67t to nedlo F elvar suvinpoluevo,

dnradh F = Vg, 6mou ¢ to duvauxd.
ii) Ydugwva ye my (i), av
F=Pi+Qj=Vo=0i+9,j+¢.k,
t6te and v (1) npoxdntel 6L
=P =2zxy <py:Q::cQ+3y2 xar @, =R =0.

I va tpoodiopiotel to Suvauxd ¢, npénel va ohoxhnewBoly oL tapandve
oyéoelc. Auto yivetow pe tn Porfela Tou ohxol Slagopixol e ¢ g
e&nic:

dp = @pdz+ @,dy
= 2xydx+(x2+3y2) dy
= d, (a%) +dy (%y + o)

dy (y3)=0

— d 2 /3\ d 2 3
= dy(z"y+ y° )+dy(z7y+y

= d(sc2y—|—y3) .

""B)\éne Yroonuetwon 10.
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‘Apa To SuvauLxd tou Tediou elval
plr.y) =2y +y° +c,

6tav ¢ otabepd (Ly. 9.2.2 - 1b), ondte olugwva ye 10 Oedenua 9.2.2

- 1 éyouue
B(1,2)
/F-dr: / do=0(1,2) — ¢(0,~1) = 11.
C A(0,-1)
3 \ * \I I; Py /
B
2F w > . - ]
1F » ~ / 4
Tedio F
=~ Of ¢ ' t
-1} 4 & N ¥
-2t 4 o # ~ w, A
-3 /( o o \ » \
' 3

Sy 9.2.2 - 10 (a) 1o dravuouatixé nedlo F =2z yi+ (22 +2¢?) j w1
onueta A(0,—1), B(1,2) xou (b) to duvauxé ¢(z,y) = x2y + 3.

Y

Hopddetypa 9.2.2 - 2
'Opoa to emxapndiio ohoxhjpwpa [ F-dr, dtav
F=32%2i+22j+ (:c3 —|—2yz) k.

xat C' o dpbduoc ohoxhfipwone and to onuelo A(—1,1,2) oto B(1,2,4).
Aborm. Av

F = 3x2zi+z2j+(x3+2yz> k
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T01€
P=32%2, Q=2 xao. R=x3+42yz. (2)
Enouévug
i j k i j k
UxF - |2 9 9y | 9 9 0
oxr 0Oy 0z oxr Oy 0z
P @Q R 3222 22 234 2yz

= (By—Q:)i+ (P, — Ry)j+ (Qs — P))k=0.
Apa buola olugova Ue 10 yvwotd Osdenua 6.5.2 — 1 1o nedlo F elvan
OUVTNPOVUEVO, OTOTE, AV
F=Pi+Qj+Rk=Vo=q9,i+9yj+ ¢k,

Té1E oVUQva ue T (2) elvan

Yo = 3222, Oy = 22 xat Y, = 342y 2.
I va mpoadlopiotel to Suvauxd ¢, mpénel vo ohoxhnpwbholy oL tapandve
oyéoec. Tote amd 1o ok dlagopixd Tne @ €youue

dp = @pdr+ @ydy+ ¢, dz

= 32%zdr+22dy + (.7:3—1—23;2) dz

= d, (x3z> +d, (y 22> +d, (x?’z + yzz)

dz(sz)ZO dy(m3z):0
= ($3Z—|— ’-/2\ d 2 /3\ d 3 2
= d, vz ) +dy(yz+ 2°z ) +d, (2Pz+yz

= d (:c3z + y2z> .
‘Apa to Suvauwxd tou medlou elvar ¢(z,y,2) = 232 + y?z + ¢, btav ¢
otabepd, ondte oUugwva ue o Oedpnua 9.2.2 - 1 €youye
B(1,2,4)

/F-dr: / do=0(1,2,4) —9(~1,1,2) = 6.
C A(=1,1,2)
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Aocxfoeig

1. Agol npdta deiyfel 6Tt 1o mopaxdtw medlo elval cuvtnpolueva, 61N

oLVEYELN VO UTohOYLoTEL TO €pY0 TOU TaRAYETAUL XATY T UETATOTLOT UALXOU

onuetou, 6tav:'?

i) F=y22i+d0y?2?j+ 22yt2 k ané 1o onueio (—1,2,4) o070 (3,2,2),

) F=(yi+azj)e™ and to (1,0) ot0 (2,2),

iii) F = (dvy — 32%22) i+ 222 j — 2232k ané w0 (0,1,1) 070 (2,2,4),
)

2

F = (2zcosy + zsiny) i+ (zzcosy —z°siny) j+ zsinyk

ané 1o (1,m,3) oto (—1,0,1),

v) F=(y?23cosz —4232) i+ 2y22sinzj+ (3y?2?sine — 2) k

ané 1o (7/2,1,1) oto (7,3, 3).
2. Na npoodioplotel 10 Suvouxd Ty Tedloy:

i) E=rr i) E=r?r,
6tav r dudvuoua Oéone. Xtn cuvéyela va utohoylatel To ohoxhipwua / E -
c

dr, 6tav C 10 dve tuhue e teplpépelac 2 + y? = 4.

H rapdypagoc nou axoloubel Sev avixel otnv e€etactén UA.

9.2.3 XYyéom emuxaunOALOU %ol BLTAOU OAOXANPOUATOS

Yy napdypago auty Hu e€etaotel ) oyéon nou undpyel uetagl Tou ETLXAUTUALOU

xat Tou dhol ohoxhnpduatoc. Lyetnd toylel To mopaxdtw fedpnua:'

Oedpnua 9.2.3 - 1 (Green ovo eninedo). 'Fotw D évac xAeiotde ténoc
Tou emnédou mov meptxAeletar and ula xAetoti xat anAy xaurnvin C tou xy-

emnédou (E)(. 9.2.8 - 1). Tére, av P xat Q elva OUVEYE(C OUVAPTIOELS OTO

2To aviiotouyo Suvauxd eivac:
(i) xy?2?, (i) €™, (iii) 222y — 2%, (iv) 2% cosy + zzsiny, (v)y?2*sinx — 22
Mo extevéotepn uehétn xau omédelln tou Bewpruatoc Bhéne BBhioypagple ot A.

Mrnpdtooc [1] Keg. 4.
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Yyfua 9.2.3 - 1: Oedpnua tou Green

D, woyUe

]fpdeery://(aa—f—%—];) da dy, (9.2.3 - 1)
C D

otay n xaunvAn C dtaypdpetar xatd ) Getixij popd.

Ynuewdoelg 9.2.3 - 1

1) YrevOuulletar 6tL oav Betind gpopd draypagric X Stagopetind deibotpogn
popd Oewpeitar auty, mou elval avtifetn tng xivnong Twv dewtdy Tou

e0AOYLOU.
ii) Mia xounidn C elvar xhetoth, 6ty 1 apy) xaL 10 TEAOC TNS GUUTITTOUY.

pd 7 /7 7 ’ 7 /4 ’

iii) Me tov épo oamhfi xaunlhn evvoeltar 6t 1 Swaypaph e yivetar ue
ouveyl| Teomo xal 6Tl 1 C' xaldntel tAfewe tov téno D. To Bedpnua
yevixeUetal xal anodewxvietal otn Bihloypagia 6TL LoyeL xal yia dAAES

uop@éc tne xauniing C ot tou t6mou D.

iv) "Eyovtac tdpa v’ 6duv tov tino (9.1.2—4) o tinog (9.1.2—4) ypdgpeton

fF-dr:j{Pdm—l—Qdy://(g—g—aa—];) dr dy, (9.2.3 - 2)
c loi D
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6tav F = Pi+ Q] dwxvuouatixd nedlo, mou ol cuvietdoec touv P xat

Q) enahnbevouy tic unobéoelc Tou Oewpruatog 9.2.3 - 1.
Hopddetypa 9.2.3 - 1
Me 10 Oedpnua tou Green va utoloyiotel to ohoxhpwpa § F - dr, 6tay
F = (5—my—y2) i+ (12—2."1:3/) j

xat C 1o tetpdywvo ue xopugéc (0,0), (1,0), (1,0) xo (1,1), tou draypdgetar
deiboTpoga.

Adom. Ané tnv éxgpaon tou Siavuouatixol tedlou €youue OTL, oV
F=Pi+Qj)= (5—xy—y2) i+(m2—2xy) 7,

t6TE

P=5—zy—1y? xu Q=a?—2zy. (1)

H xaunthin C rpogavdc tinpol tic unobéoelg tou Osweruatog 9.2.3 - 1,

evd to teTpdywvo D nou opllel, meptypdgetar wg e€hc:
D:{(x,y)eé)%? L 0<z<l, ogygl}.

Enouévwg anéd toug tomoug (9.2.3 — 2) xau (1) éyoupe!?

frear = [ [ -r)doay
C D

= [ [1@r -2~ (-2~ 2p)] dwdy
D

M Bréne Mdbnua 7 Hupdypagoc 7.2.2 Hepintwon 1.
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0. 0.2 0.4 0.6 0z 1.

Yydua 9.2.3 - 2: Tlapdderypa 9.2.3 - 1

Hopddetypa 9.2.3 - 2

‘Ouota ue 10 Oedpnua Tou Green va uTohoyLoTel T0 ohoxAfipwUX

){my dz + 2%y° dy,

C
étav C 1o tplywvo ue xopugéc (0,0), (1,0) xat (1,2), mou Swaypdgetot dellbotpoga
(Zy. 9.2.3 - 2).
Ador. Tlgogavée elval

P=uxy xu Q= (2)

‘Ouota 1 xaundkn C' mingol tig unobéoelg Tou Oewpruatog 9.2.3 - 1, evéd To
telywvo D mou opilel, obugova xal e to (Xy. 9.2.3 - 2) nepiypdgetor g
elnic:

D:{(m,y)€%2 o 0<2 <1, OSySQm}.

Ernouévewe anéd toug tomoug (9.2.3 — 1) xau (2) npoxtntel 61uld

%mydm-i—mQy?’dy = //(Qz—Py) dx dy
C D

' Opota Bréne Mdbnua 7 Hapdypavoc 7.2.2 Hepintwon 1L
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— /D/(2a:y3—:c) dz dy

17T 22
= / /(2xy3 —x) dy| dx
0 LO

Bl y=2x
— oyt — xy} dx
2 y=0

I
o —__

1
4 2 1t 2
= /(8.7:5—2562) dm:[—mﬁ——xﬂ ——
: 3 3 3
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YNOYPIFEIO NAIAEIAL KAl BPHIKEYMATON

EvpwmdixiEvwon EIAIKH YNHPELIA AIAXEIPILHI
Eupanaind Konvewved Tapsio
Me tn ouyxpnuaroddrnon e EAAGSag xat tng Evpwnaixr¢ Evwong
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