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ÌÜèçìá 13

ÏÑÉÓÌÅÍÏ ÏËÏÊËÇÑÙÌÁ

- ÌÅÑÏÓ I

Óôï ìÜèçìá áõôü, ðïõ üðùò Ý÷åé Þäç ãñáöåß ðñÝðåé óå ìéá áõóôçñÜ ìáèçìáôéêÞ

óåéñÜ íá ðñïçãçèåß ôïõ ÌáèÞìáôïò 12, èá äïèïýí ðåñéëçðôéêÜ ïé óçìáíôéêüôå-

ñåò Ýííïéåò, ðïõ áíáöÝñïíôáé óôï ïñéóìÝíï ïëïêëÞñùìá.1

Ç áñ÷éêÞ ìïñöÞ ôçò Ýííïéáò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò óáí ðñïóÝããéóç

ôïõ åìâáäïý åíüò ãåùìåôñéêïý ó÷Þìáôïò óõíáíôÜôáé ôï ðñþôïí óôçí áñ÷áéüôç-

ôá êáôÜ ôïí 3ïí ð.÷. áéþíá ìå ôïí Áñ÷éìÞäç, ï ïðïßïò ÷ñçóéìïðïßçóå ðñïóåããé-

óôéêÝò ìåèüäïõò ãéá íá õðïëïãßóåé ôï åìâáäüí ôïõ êýêëïõ, ôçò Ýëéêáò, ê.ëð.

Óôá ìÝóá ôïõ 18ïõ áéþíá ãßíåôáé áðü ôïí Riemann ìéá ðñïóðÜèåéá ïñéóìïý

ôçò Ýííïéáò ìå êáèáñÜ ìáèçìáôéêïýò üñïõò. Ï ïñéóìüò áõôüò ãåíéêåýôçêå óôç

óõíÝ÷åéá áðü ìßá óåéñÜ Üëëùí åðéóôçìüíùí, ç óçìáíôéêüôåñç üìùò ãåíßêåõóç

ôçò Ýííïéáò Ýãéíå áðü ôïí Lebesgue óôéò áñ÷Ýò ôïõ 19ïõ áéþíá.

Ôï ïñéóìÝíï ïëïêëÞñùìá åêôüò áðü ôïí õðïëïãéóìü åìâáäþí ÷ñçóéìïðïéåß-

ôáé êáé óå ìßá óåéñÜ Üëëùí åöáñìïãþí ðïõ êáëýðôåé ôï óýíïëï ôùí èåôéêþí

åðéóôçìþí, ìÝñïò ôùí ïðïßùí èá äïèïýí óôï ìÜèçìá ðïõ áêïëïõèåß.

1Ï áíáãíþóôçò ãéá ìéá åêôåíÝóôåñç ìåëÝôç ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï

âéâëßï Á. ÌðñÜôóïò [2] Êåö. 8.
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13.1 ÅéóáãùãéêÝò Ýííïéåò

13.1.1 Ïñéóìüò ïñéóìÝíïõ ïëïêëçñþìáôïò

¸óôù f(x) ìéá óõíÜñôçóç ìå ðåäßï ïñéóìïý ôï [á; â ], ðïõ õðïôßèåôáé üôé åßíáé

óõíå÷Þò ãéá êÜèå x ∈ [á; â ] êáé ÷ùñßò íá âëÜðôåôáé ç ãåíéêüôçôá üôé éó÷ýåé

f(x) > 0. Áí ôï [á; â ] õðïäéáéñåèåß óå � ôï ðëÞèïò õðïäéáóôÞìáôá áðü ôá

óçìåßá

� = {á = x0 < x1 < x2 < : : : < x� = â} ; (13.1.1 - 1)

ôüôå ç õðïäéáßñåóç áõôÞ èá ëÝãåôáé óôï åîÞò äéáìÝñéóç êáé èá óõìâïëßæåôáé

ìå �, åíþ ôá x0, x1, : : :, x� óçìåßá ôçò äéáìÝñéóçò. Ôï ðëÜôïò ∆xi ôùí

õðïäéáóôçìÜôùí åßíáé ôüôå ∆xi = xi−xi−1, üôáí i = 1; 2; : : : ; � (Ó÷. 13.1.1

- 1a).

æ æ æ æ æ æ æ æ

x0 x
Ν

x1
x2 x3 x

Ν-1

x

fHxL

(a)
æ æ æ æ æ æ æ æ

æ

æ

æ

æ

æ

æ

æ

æ

x0 x
Ν

x1
x2 x3 x

Ν-1

x

fHxL

(b)

Ó÷Þìá 13.1.1 - 1: (a) Ôï äéÜãñáììá ôçò f(x) êáé ç äéáìÝñéóç � ôïõ [á; â ].

(b) ¢èñïéóìá Ê(�; f)

ÅðåéäÞ ç óõíÜñôçóç f Ý÷åé õðïôåèåß óõíå÷Þò óôï êëåéóôü äéÜóôçìá [á; â ],

èá ðñÝðåé íá åßíáé óõíå÷Þò êáé óå êÜèå õðïäéÜóôçìá ôçò ðáñáðÜíù äéáìÝñéóçò.

Óýìöùíá ìå ôï èåþñçìá ìÝãéóôçò êáé åëÜ÷éóôçò ôéìÞò óõíå÷þí óõíáñôÞóåùí2

èá ðñÝðåé íá õðÜñ÷åé Ýíá óçìåßï ói, áíôßóôïé÷á si, ðïõ ç f(x) | [xi−1; xi] ãéá

êÜèå i = 1; 2; : : : ; � íá ëáìâÜíåé ìéá åëÜ÷éóôç, áíôßóôïé÷á ìéá ìÝãéóôç ôéìÞ

óå áõôü. Ôüôå óýìöùíá ìå ôá ðáñáðÜíù åßíáé äõíáôüí íá ïñéóôïýí:

i) ôï êÜôù Üèñïéóìá (Ó÷. 13.1.1 - 1b)

Ê(�; f) = ó1∆x1 + ó2∆x2 + : : :+ ó�∆x� ; (13.1.1 - 2)

2ÂëÝðå ÌÜèçìá 8 Èåþñçìá 8:1:3− 6.
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ii) ôï Üíù Üèñïéóìá (Ó÷. 13.1.1 - 2a)

A(�; f) = s1∆x1 + s2∆x2 + : : :+ s�∆x� ; (13.1.1 - 3)

iii) ôï åíäéÜìåóï Üèñïéóìá (Ó÷. 13.1.1 - 2b)

Å(�; f; î) = f (î1)∆x1 + f (î2)∆x2

+ : : :+ f (îí)∆xí ; (13.1.1 - 4)

üôáí îi; i = 1; 2; : : : ; � åßíáé ìßá åðéëïãÞ åíäéÜìåóùí óçìåßùí, äçëáäÞ

xi−1 ≤ îi ≤ xi; i = 1; 2; : : : ; �.
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Ó÷Þìá 13.1.1 - 2: (a) ¢èñïéóìá A(�; f) êáé (b) E(�; f; �)

Åßíáé ðñïöáíÝò üôé óå êÜèå äéáìÝñéóç ôïõ [á; â ] áíôéóôïé÷ïýí êáé äéáöïñå-

ôéêÜ áèñïßóìáôá ôùí ìïñöþí (13:1:1 − 3) - (13:1:1 − 4). Óôçí ðåñßðôùóç

üìùò ðïõ ôï ðëÜôïò ôçò äéáìÝñéóçò ôåßíåé óôï ìçäÝí, ïé ôéìÝò ôùí ðáñáðÜíù

áèñïéóìÜôùí ôåëéêÜ óõãêëßíïõí. ÓõãêåêñéìÝíá óôçí ðåñßðôùóç áõôÞ áðïäåé-

êíýåôáé üôé éó÷ýåé ôï ðáñáêÜôù èåìåëéþäåò èåþñçìá.

Èåþñçìá 13.1.1 - 1 (ïñéóìÝíïõ ïëïêëçñþìáôïò). ¸óôù f | [á; â ] ìßá
óõíÜñôçóç óõíå÷Þò ãéá êÜèå x ∈ [á; â ]. Ôüôå, üôáí ôï ðëÜôïò ∆xi = xi −
xi−1 üðïõ i = 1; 2; : : : ; �, ôçò äéáìÝñéóçò � ôïõ [á; â ] ôåßíåé óôï ìçäÝí,

ôá ðáñáðÜíù áèñïßóìáôá (13:1:1 − 3) - (13:1:1 − 4) óõãêëßíïõí ðñïò Ýíá

ìïíïóÞìáíôá ïñéóìÝíï ðñáãìáôéêü áñéèìü, Ýóôù I(f), ðïõ åßíáé áíåîÜñôçôïò

áðü ôçí äéáìÝñéóç � êáé ôçí åðéëïãÞ ôùí åíäéÜìåóùí óçìåßùí �.

Ïñéóìüò 13.1.1 - 1 (ïñéóìÝíïõ ïëïêëçñþìáôïò). Ï ðñáãìáôéêüò áñéèìüò

I(f), óôïí ïðïßï óýìöùíá ìå ôï Èåþñçìá 13.1.1 - 1 óõãêëßíïõí ôá áèñïßóìáôá
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(13:1:1−3) - (13:1:1−4), ïñßæåôáé óáí ôï ïñéóìÝíï ïëïêëÞñùìá Þ ïëïêëÞñùìá

ôïõ Riemann ôçò f óôï [á; â ] êáé óõìâïëßæåôáé ìå

â∫
á

f(x) dx = I(f): (13.1.1 - 5)

Ôá óçìåßá á êáé â ëÝãïíôáé ôüôå êÜôù êáé Üíù áíôßóôïé÷á Üêñá ïëïêëÞñùóçò

Þ ãåíéêÜ Üêñá ïëïêëÞñùóçò, åíþ ôï [á; â ] äéÜóôçìá ïëïêëÞñùóçò.

ÐáñáôÞñçóåéò 13.1.1 - 1

I. ÅéäéêÜ ïñßæåôáé üôé
a∫

a

f(x) dx = 0;

åíþ ðñïöáíþò éó÷ýåé

â∫
a

f(x) dx = −
a∫

â

f(x) dx:

II. Óôçí ðåñßðôùóç ðïõ ôï Ýíá Üêñï ïëïêëÞñùóçò, Ýóôù ôï â, ìåôáâÜëëåôáé,

äçëáäÞ â = x, ôüôå ìå ôïí ôýðï (13:1:1− 5) ïñßæåôáé ç óõíÜñôçóç

F (x) =

x∫
a

f(t) d t (13.1.1 - 6)

ìå ðåäßï ïñéóìïý, Ýóôù D, üðïõ D ⊆ [á; â ].

Óçìåßùóç 13.1.1 - 1

Ç ìåôáâëçôÞ ôçò ïëïêëÞñùóçò êáé ç ìåôáâëçôÞ ôïõ Üêñïõ ïëïêëÞñùóçò

äåí èá ðñÝðåé íá óõìâïëßæïíôáé ìå ôï ßäéï ãñÜììá.

III. ÃåùìåôñéêÞ åñìçíåßá: ï áñéèìüò I(f), üôáí f(x) > 0 ãéá êÜèå x ∈
[á; â ], ðáñéóôÜíåé ôï åìâáäüí ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ (Ó÷. 13.1.1

- 3), ðïõ ïñßæåôáé áðü ôïí Üîïíá ôùí x, ôï äéÜãñáììá ôçò óõíÜñôçóçò

y = f(x) êáé ôéò åõèåßåò x = á êáé x = â.
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æ æ

a b
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Ó÷Þìá 13.1.1 - 3: ãåùìåôñéêÞ åñìçíåßá ïñéóìÝíïõ ïëïêëçñþìáôïò

13.1.2 Éäéüôçôåò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò

Äßíïíôáé óôç óõíÝ÷åéá ìå ôç ìïñöÞ èåùñçìÜôùí ÷ùñßò áðüäåéîç ïé êõñéüôåñåò

éäéüôçôåò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò.

Èåþñçìá 13.1.2 - 1. Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï [á; â ] êáé

ë ∈ ℜ, ôüôå
â∫

á

ëf(x) dx = ë

â∫
á

f(x) dx:

Èåþñçìá 13.1.2 - 2. Áí ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþóéìåò óôï

[á; â ], ôüôå

â∫
á

[f(x) + g(x)] dx =

â∫
á

f(x) dx +

â∫
á

g(x) dx:

Áðü ôá ÈåùñÞìáôá 13.1.2 - 1 - 13.1.2 - 2 ðñïêýðôåé üôé:
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Ðüñéóìá 13.1.2 - 1 (ãñáììéêÞ éäéüôçôá). Áí ïé óõíáñôÞóåéò f; g åßíáé

ïëïêëçñþóéìåò óôï [á; â ] êáé k; ë ∈ ℜ, ôüôå
â∫

á

[kf(x) + ëg(x)] dx = k

â∫
á

f(x) dx + ë

â∫
á

g(x) dx:

Ç ãñáììéêÞ éäéüôçôá ãåíéêåýåôáé ãéá � ôï ðëÞèïò óõíáñôÞóåéò.

Èåþñçìá 13.1.2 - 3. ¸óôù üôé ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï

[á; â ]. Ôüôå, áí ã (Ó÷. 13.1.2 - 1) åßíáé Ýíá óçìåßï ìå á < ã < â, éó÷ýåé

üôé
â∫

á

f(x) dx =

ã∫
á

f(x) dx +

â∫
ã

f(x) dx:

æ æ

a b

x

fHxL

(a)
æ æ æ

a Γ b

x

fHxL

(b)

Ó÷Þìá 13.1.2 - 1: ç ãåùìåôñéêÞ åñìçíåßá ôïõ ÈåùñÞìáôïò 13.1.2 - 3

Èåþñçìá 13.1.2 - 4. Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï [á; â ] êáé

f(x) ≥ 0 ãéá êÜèå x ∈ [á; â ], ôüôå

â∫
á

f(x) dx ≥ 0:

Áí åðß ðëÝïí ãéá Ýíá óçìåßï î ∈ [á; â ] éó÷ýåé f(î) > 0, åßíáé3

â∫
á

f(x) dx > 0:

3Ìéá ðñïöáíÞò ãåùìåôñéêÞ åñìçíåßá ôïõ èåùñÞìáôïò ðñïêýðôåé áðü ôï (Ó÷. 13.1.2 -

1a).
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13.1.3 ÈåùñÞìáôá ôïõ Ïëïêëçñùôéêïý Ëïãéóìïý

4Äßíïíôáé óôç óõíÝ÷åéá ÷ùñßò áðüäåéîç ôá ðáñáêÜôù äýï âáóéêÜ èåùñÞìáôá

ôïõ Ïëïêëçñùôéêïý Ëïãéóìïý.

Èåþñçìá 13.1.3 - 1. Áí ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþóéìåò óôï

[á; â ] êáé f(x) ≥ g(x) ãéá êÜèå x ∈ [á; â ], ôüôå

â∫
á

f(x) dx ≥
â∫

á

g(x) dx

Èåþñçìá 13.1.3 - 2 (ìÝóçò ôéìÞò). Áí ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþ-

óéìåò óôï [á; â ] êáé g(x) ≥ 0 ãéá êÜèå x ∈ [á; â ], ôüôå

m

â∫
á

g(x) dx ≤
â∫

á

f(x)g(x) dx ≤ M

â∫
á

g(x) dx (13.1.3 - 1)

üðïõ m = minx∈[á;â ] f(x) êáé M = maxx∈[á;â ] f(x). ÅéäéêÜ, üôáí g(x) = 1,

åßíáé

m (â − á) ≤
â∫

á

f(x) dx ≤ M (â − á): (13.1.3 - 2)

Ïé áíéóüôçôåò (13:1:3−1) êáé (13:1:3−2) åßíáé äõíáôüí íá áíôéêáôáóôáèïýí

áðü ôéò ðáñáêÜôù éóïäýíáìåò éóüôçôåò

â∫
á

f(x)g(x) dx = f(î)

â∫
á

g(x) dx; (13.1.3 - 3)

áíôßóôïé÷á
â∫

á

f(x) dx = f(î)(â − á); (13.1.3 - 4)

üôáí î ∈ (á; â).

4Ç ðáñÜãñáöïò áõôÞ íá ðáñáëåéöèåß óå ðñþôç áíÜãíùóç.
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13.2 Õðïëïãéóìüò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò

13.2.1 Èåþñçìá õðïëïãéóìïý

¸÷ïíôáò õð' üøéí êáé ôç ó÷Ýóç (13:1:1 − 6) áðïäåéêíýåôáé ôï ðáñáêÜôù

èåþñçìá.

Èåþñçìá 13.2.1 - 1 (èåìåëéþäåò Áðåéñïóôéêïý Ëïãéóìïý). Áí f | [á; â ]
åßíáé ìéá óõíÜñôçóç óõíå÷Þò ãéá êÜèå x ∈ [á; â ], ôüôå ç

x∫
a

f(t) d t = F (x)

åßíáé ìéá ðáñáãùãßóéìç óõíÜñôçóç ãéá ôçí ïðïßá éó÷ýåé

F ′(x) = f(x) ãéá êÜèå x ∈ [á; â ]: (13.2.1 - 1)

Ôï èåþñçìá áõôü óõíäÝåé ôçí Ýííïéá ôçò ðáñáãþãïõ êáé ôïõ ïñéóìÝíïõ ïëïêëç-

ñþìáôïò ôçò f(x).

13.2.2 Ôýðïò õðïëïãéóìïý ïñéóìÝíïõ ïëïêëçñþìáôïò

Ìå ôï Èåþñçìá 13.2.1 - 1 áðïäåéêíýåôáé üôé:

Èåþñçìá 13.2.2 - 1. Áí f | [á; â ] åßíáé ìéá óõíÜñôçóç óõíå÷Þò ãéá êÜèå

x ∈ [á; â ] êáé F (x) Ýíá áüñéóôï ïëïêëÞñùìÜ ôçò, ôüôå

â∫
á

f(x) dx = F (x)

∣∣∣∣∣∣∣
â

á

= F (â)− F (á): (13.2.2 - 1)

Ôï èåþñçìá áõôü èá ÷ñçóéìïðïéåßôáé óôï åîÞò ãéá ôïí õðïëïãéóìü ôùí ïñéóìÝíùí

ïëïêëçñùìÜôùí.



Ôýðïò õðïëïãéóìïý ïñéóìÝíïõ ïëïêëçñþìáôïò 9

ÐáñÜäåéãìá 13.2.2 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá (Ó÷. 13.2.2 - 1a)

�=4∫
0

tan x dx:

Ëýóç. Åßíáé∫
tan x dx =

∫
sin x

cos x
dx =

∫
(− cosx)′

cos x
dx = − ln | cos x|+ c;

ïðüôå áðü ôïí ôýðï (13:2:2− 1) Ý÷ïõìå

�=4∫
0

tan x dx = − ln | cos x|
∣∣∣�=40 = −

[
ln | cos �

4
| − ln | cos 0|

]

= −
[
ln

√
2

2
− ln 1

]
= −

(
ln 2−1=2 − 0

)
= −

(
−1

2
ln 2

)

=
1

2
ln 2:

æ æ

a

b

0.2 0.4 0.6 0.8
x

-0.2

0.2

0.4

0.6

0.8

1.0

fHxL

(a)
æ æ

a b0.5 1.0 1.5
x

0.2

0.4

0.6

0.8

1.0

fHxL

(b)

Ó÷Þìá 13.2.2 - 1: (a) ÏëïêëÞñùìá
�=4∫
0

tan x dx êáé (b)
�=2∫
0

sin2 x dx

ÐáñÜäåéãìá 13.2.2 - 2

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 13.2.2 - 1b)

�=2∫
0

sin2 x dx:
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Ëýóç. Éó÷ýåé üôé

sin2 x =
1− cos 2x

2
;

ïðüôå ∫
sin2 x dx =

1

2

∫
dx − 1

2

∫
cos 2x dx

=
1

2

∫
dx − 1

2
· 1
2

∫
(2x)′ cos 2x dx

=
x

2
− 1

4
sin 2x+ c:

¢ñá

�=2∫
0

sin2 x dx =
x

2

∣∣∣∣�=2
0

− 1

4
sin 2x

∣∣∣∣�=2
0

=
1

2

(
�

2
− 0

)
− 1

4


0︷ ︸︸ ︷

sin 2
�

2
−

0︷ ︸︸ ︷
sin 0

 =
�

4
:

ÐáñÜäåéãìá 13.2.2 - 3

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 13.2.2 - 2a)

1∫
−1

e−3x dx:

Ëýóç. Åßíáé ∫
e−3x dx = −1

3
e−3x + c;

ïðüôå5

1∫
−1

e−3x dx = −1

3
e−3x

∣∣∣∣ 1
−1

= −1

3

(
e−3 − e−(−3)

)

=
1

3

(
e3 − e−3

)
=

2

3
sinh 3:

5Éó÷ýåé üôé : sinhx = e
x−e−x

2
:
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æ æ

a b

-1.0 -0.5 0.5 1.0
x

5

10

15

20

fHxL

(a)

æ æ

a b

-1.0 -0.5 0.5 1.0
x

-0.4

-0.2

0.2

0.4

fHxL

(b)

Ó÷Þìá 13.2.2 - 2: (a) ÏëïêëÞñùìá
1∫

−1
e−3x dx êáé (b) ç ãñáöéêÞ ðáñÜóôáóç

ôçò óõíÜñôçóçò x e−x2 , üôáí x ∈ [−1; 1]

ÐáñÜäåéãìá 13.2.2 - 4

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 13.2.2 - 2b)

1∫
−1

x e−x2 dx:

Ëýóç. Åßíáé ∫
x e−x2

dx =

∫ (
−x2

)′
−2

e−x2
dx = −1

2
e−x2

+ c;

ïðüôå
1∫

−1

x e−x2
dx = − 1

2
e−x2

∣∣∣∣ 1
−1

= −1

2

(
e−12 − e−(−1)2

)
= −1

2

(
e−1 − e−12

)
= 0:

ÐáñáôÞñçóç 13.2.2 - 1

Óôï ÐáñÜäåéãìá 13.2.2 - 4 ç ïëïêëçñùôÝá óõíÜñôçóç x e−x2
åßíáé ðåñéôôÞ.

Ãåíéêüôåñá áðïäåéêíýåôáé óôéò ðåñéðôþóåéò áõôÝò üôé:

Ðñüôáóç 13.2.2 - 1. Áí ç ðåñéôôÞ óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï

[−a; a ], ôüôå
a∫

−a

f(x) dx = 0: (13.2.2 - 2)
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ÐáñÜäåéãìá 13.2.2 - 5

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 13.2.2 - 3a)

1∫
−1

dx

1 + 4x2
:

Ëýóç. Åßíáé∫
dx

1 + 4x2
=

1

2

∫
(2x)′

1 + (2x)2
dx =

1

2
tan−1 (2x) + c:

¢ñá

1∫
−1

dx

1 + 4x2
=

1

2
tan−1 (2x)

∣∣∣∣ 1
−1

=
1

2
tan−1 2− 1

2

− tan−1 2︷ ︸︸ ︷
tan−1︸ ︷︷ ︸

óõíÜñôçóç ðåñéôôÞ

(−2)

= tan−1 2:

ÐáñáôÞñçóç 13.2.2 - 2

Óôï ÐáñÜäåéãìá 13.2.2 - 6 ç ïëïêëçñùôÝá óõíÜñôçóç

1

1 + 4x2

åßíáé Üñôéá. Ãåíéêüôåñá áðïäåéêíýåôáé üôé:

Ðñüôáóç 13.2.2 - 2. Áí ç Üñôéá óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï

[−a; a ], ôüôå
a∫

−a

f(x) dx = 2

a∫
0

f(x) dx: (13.2.2 - 3)
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æ æ
a b

-1.0 -0.5 0.5 1.0
x

0.2

0.4

0.6

0.8

1.0

fHxL

(a)

æ æ

a b0.5 1.0 1.5 2.0 2.5 3.0
x

-2.5

-2.0

-1.5

-1.0

-0.5

0.5

1.0

fHxL

(b)

Ó÷Þìá 13.2.2 - 3: (a) ÏëïêëÞñùìá
1∫

−1

dx
1+4x2 êáé (b) ç ãñáöéêÞ ðáñÜóôáóç

ôçò óõíÜñôçóçò x sin 2x, üôáí x ∈ [0; �]

ÐáñÜäåéãìá 13.2.2 - 6

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 13.2.2 - 3b)

�∫
0

x sin 2x dx:

Ëýóç. Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç Ý÷ïõìå∫
x sin 2x dx =

∫
x

(− cos 2x

−2

)′
dx = · · · = −1

2
x cos 2x+

1

4
sin 2x+ c:

¢ñá

�∫
0

x sin 2x dx = −1

2
x cos 2x

∣∣∣∣�
0
+

1

4
sin 2x

∣∣∣∣�
0

= −1

2

� 1︷ ︸︸ ︷
cos 2�−0

+
1

4

 0︷ ︸︸ ︷
sin 2�−

0︷ ︸︸ ︷
sin 0

 = − �

2
:

ÐáñáôÞñçóç 13.2.2 - 3

ÃåíéêÜ éó÷ýåé

cos(n�) = (−1)n êáé sin(n�) = 0 (13.2.2 - 4)

ãéá êÜèå n = 0; ±1; ±2; : : : :
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æ æ

a b0.5 1.0 1.5 2.0 2.5 3.0
x

-1.0

-0.5

0.5

1.0

fHxL

Ó÷Þìá 13.2.2 - 4: Ç ãñáöéêÞ ðáñÜóôáóç ôçò óõíÜñôçóçò e−x sin 5x

(åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå áðüóâåóç)

ÐáñÜäåéãìá 13.2.2 - 7

¼ìïéá ôï ïëïêëÞñùìá
�∫
0

e−x sin 5x dx:

Ëýóç. Ç ãñáöéêÞ ðáñÜóôáóç ôçò ïëïêëçñùôÝáò óõíÜñôçóçò e−x sin 5x (Ó÷.

13.2.2 - 4), ðïõ ÷áñáêôçñßæåôáé óáí åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå áðüóâåóç,6

ðñïêýðôåé áðü ôéò ãñáöéêÝò ðáñáóôÜóåéò ôùí:

• sin 5x åëåýèåñç áñìïíéêÞ ôáëÜíôùóç (Ó÷. 13.2.2 - 5a), êáé

• e−x áðüóâåóç (Ó÷. 13.2.2 - 5b).

Åöáñìüæïíôáò 2 öïñÝò ôçí ðáñáãïíôéêÞ ïëïêëÞñùóç7 Ý÷ïõìå∫
e−x sin 5x dx =

∫ (
−e−x sin 5x

)′
dx = · · ·

= −e−x

26
(5 cos 5x+ sin 5x) + c:

6ÂëÝðå Á. ÌðñÜôóïò [1] Êåö. 1.
7ÂëÝðå ÌÜèçìá 12 áíÜëïãï ÐáñÜäåéãìá 12:2:3− 4.
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æ æ

a b0.5 1.0 1.5 2.0 2.5 3.0
x

-1.0

-0.5

0.5

1.0

sin x

(a)

æ æ

a b0.5 1.0 1.5 2.0 2.5 3.0
x

-1.0

-0.5

0.5

1.0

exp x

(b)

Ó÷Þìá 13.2.2 - 5: x ∈ [0; �]. (a) ç ãñáöéêÞ ðáñÜóôáóç ôçò óõíÜñôçóçò

sin 5x (åëåýèåñç áñìïíéêÞ ôáëÜíôùóç) êáé (b) ôçò e−x óõíå÷Þò êáé −e−x

äéáêåêïììÝíç êáìðýëç (áðüóâåóç)

¢ñá

�∫
0

e−x sin 5x dx = −e−x

26
(5 cos 5x+ sin 5x)

∣∣∣∣∣
�

0

= −e−�

26

5 −1︷ ︸︸ ︷
cos 5�+

0︷ ︸︸ ︷
sin 5�



−

− e0

26

5 1︷ ︸︸ ︷
cos 5 · 0+

0︷ ︸︸ ︷
sin 5 · 0


=

5

26

(
1 + e−�) :

Ï õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò ìå ôï MATLAB ãßíåôáé ìå ôçí åíôïëÝò:

>> syms x

>> int(exp(-x)*sin(5*x),x,0,pi)
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ÁóêÞóåéò

1. Äåßîôå üôé

i)

2�∫
0

x2 cos(nx) dx =
4�

n2
; n = 1; 2; : : :

ii)

2�∫
0

x2 sin(nx) dx = − 4�2

n
; n = 1; 2; : : :

iii)

�∫
0

ex sin(nx) dx =


n

1 + n2
(1− e�) áí n Üñôéïò

n

1 + n2
(1 + e�) áí n ðåñéôôüò :

2. Áím; n = 1; 2; : : : ÷ñçóéìïðïéþíôáò êáôÜëëçëç ôñéãùíïìåôñéêÞ ôáõôüôçôá

äåßîôå üôé

�∫
0

sin(mx) sin(nx) dx =


0 áí m ̸= n

�

2
áí m = n:

13.3 Ïëïêëçñþìáôá åéäéêÞò ìïñöÞò

Äßíïíôáé óôç óõíÝ÷åéá ôá ðáñáêÜôù ïñéóìÝíá ïëïêëçñþìáôá, ðïõ Ý÷ïõí

ìåãÜëç óçìáóßá óôá ðñïâëÞìáôá ôùí åöáñìïãþí êáé ôùí ïðïßùí ï õðïëïãé-

óìüò ãßíåôáé ìüíïí ðñïóåããéóôéêÜ.

13.3.1 ÓõíÜñôçóç óöÜëìáôïò

Ç óõíÜñôçóç óöÜëìáôïò (error function) åßíáé óçìáíôéêÞ óôç ÓôáôéóôéêÞ,

üðïõ ëÝãåôáé êáé ïëïêëÞñùìá ðéèáíüôçôáò, óôç èåùñßá äéÜäïóçò ôçò èåñìüôç-

ôáò êáé ìåôÜäïóçò óçìÜôùí óôç ÖõóéêÞ, üðùò åðßóçò êáé óå ðïëëÝò Üëëåò

åðéóôÞìåò.

Ïñéóìüò 13.3.1 - 1. Ç óõíÜñôçóç óöÜëìáôïò ïñßæåôáé áðü ôï ïëïêëÞñùìá

erf(x) =
2√
�

x∫
0

e−t2 d t: (13.3.1 - 1)
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ÅðïìÝíùò åßíáé ìéá óõíÜñôçóç - áêñéâÝóôåñá ìéá ðåñéôôÞ óõíÜñôçóç - ôïõ Üíù

Üêñïõ ïëïêëÞñùóçò (Ó÷. 13.3.1 - 1a).

-2 -1 1 2
x

-1.0

-0.5

0.5

1.0

ErfHxL

(a)
æ æ

0.5 1.0 1.5 2.0
t

0.2

0.4

0.6

0.8

1.0

fHtL

(b)

Ó÷Þìá 13.3.1 - 1: (a) Ç óõíÜñôçóç óöÜëìáôïò erf(x), üôáí x ∈ [−2; 2] êáé

(b) Ôï åìâáäüí éóïýôáé ìå ôçí ôéìÞ ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò erf(2) =

2√
�

2∫
0
e−t2 d t

Áíáðôýóóïíôáò ôïí üñï e−t2 êáôÜ Maclaurin Ý÷ïõìå

e−t2 = 1− t2 +
t4

2
− t6

6
+ · · · ;

ïðüôå áíôéêáèéóôþíôáò óôçí (13:3:1− 1) ðñïêýðôåé üôé

erf(x) =
2√
�

(
x− x3

3 · 1 !
+

x5

5 · 2 !
− x7

7 · 3 !
+ : : :

)
: (13.3.1 - 2)

Ïé ôéìÝò ôçò óõíÜñôçóçò óöÜëìáôïò äßíïíôáé Þ áðü ðßíáêåò Þ áðü ôá

ìáèçìáôéêÜ ðáêÝôá. Ãéá ðáñÜäåéãìá, áí x = 2, ôüôå åßíáé (Ó÷. 13.3.1 - 1b)

erf(x) =
2√
�

x∫
0

e−t2 d t ≈ 0:995 322:
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13.3.2 Ïëïêëçñþìáôá ôïõ Fresnel

Ôá ïëïêëçñþìáôá ôïõ Fresnel (Fresnel integrals), ðïõ åìöáíßæåôáé êõñßùò óå

ðñïâëÞìáôá ôçò ÏðôéêÞò, ïñßæïíôáé ùò åîÞò:

Ïñéóìüò 13.3.2 - 1 (çìéôïíéêü). Ïñßæåôáé áðü ôï ïëïêëÞñùìá8 (Ó÷. 13.3.2

- 1a)

S(x) =

x∫
0

sin

(
�

2
t2
)
d t: (13.3.2 - 1)

Áíáðôýóóïíôáò êáôÜ Maclaurin ôïí üñï sin t2 Ý÷ïõìå

sin

(
�

2
t2
)
=

�

2

(
t2 − t6

3 !
+
t10

5 !
+ · · ·

)
;

ïðüôå áíôéêáèéóôþíôáò óôçí (13:3:2− 1) ðñïêýðôåé üôé

S(x) =
�

2

(
x3

3 · 1 !
− x7

7 · 3 !
+

x11

11 · 5 !
− x15

15 · 7 !
+ · · ·

)
: (13.3.2 - 2)

-10 -5 5 10
x

-0.6

-0.4

-0.2

0.2

0.4

0.6

SHxL

(a)

-10 -5 5 10
x

-0.5

0.5

CHxL

(b)

Ó÷Þìá 13.3.2 - 1: (a) Ôï ïëïêëÞñùìá Fresnel S(x), üôáí x ∈ [−10; 10] êáé

(b) ôï C(x)

8Óýìöùíá ìå ôïí ïñéóìü ðïõ äßíåôáé óôï âéâëßï ôùí Abramowitz and Stegun [4] êáé

÷ñçóéìïðïéåßôáé óôï MATHEMATICA. Åðßóçò ïñßæåôáé óáí S(x) =
√

2
�

x∫
0

sin t
2
d t óå Á.

ÌðñÜôóïò [2] Þ êáé S(x) =
x∫
0

sin t
2
d t.
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Ïñéóìüò 13.3.2 - 2 (óõíçìéôïíéêü). Ïñßæåôáé áðü ôï ïëïêëÞñùìá (Ó÷.

13.3.2 - 1b)

C(x) =

x∫
0

cos

(
�

2
t2
)
d t: (13.3.2 - 3)

¼ìïéá áðïäåéêíýåôáé üôé

C(x) =
�

2

(
x

1 !
− x5

5 · 2 !
+

x9

9 · 4 !
− x13

13 · 6 !
+ · · ·

)
: (13.3.2 - 4)

Ïé ôéìÝò ôùí ïëïêëçñùìÜôùí ôïõ Fresnel åðßóçò äßíïíôáé Þ áðü ðßíáêåò

Þ áðü ôá ìáèçìáôéêÜ ðáêÝôá. Áí ãéá ðáñÜäåéãìá x = �, ôüôå

S(�) =

�∫
0

sin

(
�

2
t2
)
d t ≈ 0:598 249 (Ó÷:13:3:2− 1c)

C(�) =

�∫
0

cos

(
�

2
t2
)
d t ≈ 0:523 699: (Ó÷:13:3:2− 1d)

æ æ
0.5 1.0 1.5 2.0 2.5 3.0

t

-1.0

-0.5

0.5

1.0

sinHΠt
2
L�2L

(a)

æ æ
0.5 1.0 1.5 2.0 2.5 3.0

t

-1.0

-0.5

0.5

1.0

cosHΠt
2
L�2L

(b)

Ó÷Þìá 13.3.2 - 2: (a) Ç óõíÜñôçóç sin
(�
2 t

2
)
êáé (b) ç cos

(�
2 t

2
)
, üôáí

t ∈ [0; �]

13.3.3 Çìéôïíéêü ïëïêëÞñùìá

Ôï çìéôïíéêü ïëïêëÞñùìá (sine integral) åìöáíßæåôáé óå ìßá ìåãÜëç óåéñÜ

öõóéêþí ðñïâëçìÜôùí, üðùò óôç äéÜäïóç óçìÜôùí, óå öáéíüìåíá Gibbs, ê.ëð.
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Ïñéóìüò 13.3.3 - 1 (çìéôïíéêü ïëïêëÞñùìá). Ïñßæåôáé áðü ôï ïëïêëÞñù-

ìá (Ó÷. 13.3.3 - 1)

Si(x) =

x∫
0

sin t

t
d t: (13.3.3 - 1)

Óôéò ðåñéóóüôåñåò åöáñìïãÝò ôï Ýíá Üêñï ïëïêëÞñùóçò åßíáé ôï Üðåéñï. Ôüôå

åßíáé ãíùóôü êáé óáí ïëïêëÞñùìá ôïõ Dirichlet (Dirichlet integral).

Áíáðôýóóïíôáò ôïí üñï sin t êáôÜ Maclaurin êáé ïëïêëçñþíïíôáò ôçí

(13:3:3− 1) Ý÷ïõìå

Si(x) =
x

1 · 1 !
− x3

3 · 3 !
+

x5

5 · 5 !
− x7

7 · 7 !
± : : : : (13.3.3 - 2)

-30 -20 -10 10 20 30
x

-1.5

-1.0

-0.5

0.5

1.0

1.5

SHxL

(a)
-30 -20 -10 10 20 30

t

-0.2

0.2

0.4

0.6

0.8

1.0

sin t

t

(b)

Ó÷Þìá 13.3.3 - 1: (a) Ôï çìéôïíéêü ïëïêëÞñùìá Si(x), üôáí x ∈ [−10�; 10�]

êáé (b) ç ïëïêëçñùôÝá óõíÜñôçóç sin t
t

¼ìïéá ïé ôéìÝò äßíïíôáé Þ áðü ðßíáêåò Þ áðü ôá ìáèçìáôéêÜ ðáêÝôá.
9

9Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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