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ÌÜèçìá 14

ÏÑÉÓÌÅÍÏ ÏËÏÊËÇÑÙÌÁ

- ÌÅÑÏÓ II

Åßíáé ãíùóôü áðü ôï ÌÜèçìá 13 üôé, üôáí ç f | [á; â] åßíáé ìéá óõíÜñôçóç

óõíå÷Þò ãéá êÜèå x ∈ [á; â], ôüôå ôï ïñéóìÝíï ïëïêëÞñùìá
∫ â
á f(x) dx Ý÷åé

Ýííïéá êáé ïñßæåé ìïíïóÞìáíôá Ýíá ðñáãìáôéêü áñéèìü, ðïõ õðïëïãßæåôáé áðü

ôïí ôýðï

â∫
á

f(x) dx = F (x)

∣∣∣∣∣∣∣
â

á

= F (â)− F (á);

üôáí F (x) ôï áüñéóôï ïëïêëÞñùìá ôçò f(x), äçëáäÞ

∫
f(x) dx = F (x):

¼ìùò óôéò äéÜöïñåò åöáñìïãÝò õðÜñ÷ïõí ðåñéðôþóåéò üðïõ ôï Ýíá Þ êáé

ôá äýï Üêñá ïëïêëÞñùóçò äåí áíÞêïõí óôï ðåäßï ïñéóìïý ôçò ïëïêëçñùôÝáò

óõíÜñôçóçò, äéáöïñåôéêÜ ôï äéÜóôçìá ïëïêëÞñùóçò åßíáé áíïéêôü Þ óôï Ýíá Þ

êáé óôá äýï Üêñá. Áõôïý ôïõ åßäïõò ôá ïëïêëçñþìáôá ëÝãïíôáé ãåíéêåõìÝíá.

Ïé êõñéüôåñåò ðåñéðôþóåéò ðïõ ðåñéóóüôåñï åìöáíßæïíôáé óôéò äéÜöïñåò åöáñìï-

ãÝò ðñüêåéôáé íá ìåëåôçèïýí óôç óõíÝ÷åéá áõôïý ôïõ ìáèÞìáôïò.
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2 ÃåíéêåõìÝíá ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

14.1 ÃåíéêåõìÝíá ïëïêëçñþìáôá

ÁíÜëïãá ìå ôç ìïñöÞ ôïõ äéáóôÞìáôïò ïëïêëÞñùóçò äéáêñßíïíôáé ïé ðáñáêÜôù

ðåñéðôþóåéò.

14.1.1 ÃåíéêåõìÝíá ïëïêëçñþìáôá ôïõ á' åßäïõò

¸óôù f ìßá óõíÜñôçóç ìå ðåäßï ïñéóìïý [a; +∞), ôÝôïéá þóôå ç f íá

åßíáé ïëïêëçñþóéìç óôï [a; x] ãéá êÜèå x ∈ [a; +∞). Ôüôå Ý÷åé Ýííïéá ç

óõíÜñôçóç1

I(x) =

x∫
a

f(t) d t ãéá êÜèå x ∈ [a; +∞): (14.1.1 - 1)

Ïñéóìüò 14.1.1 - 1. Ïñßæåôáé óáí Ã.Ï. ôïõ á' åßäïõò ôçò f óôï [a; +∞)

ôï ïëïêëÞñùìá
+∞∫
a

f(x) dx: (14.1.1 - 2)

Ïñéóìüò 14.1.1 - 2. Ôï Ã.Ï. (14:1:1−2) ëÝãåôáé üôé õðÜñ÷åé Þ äéáöïñåôéêÜ

üôé óõãêëßíåé ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ôï limx→+∞ I(x).

Óôçí ðåñßðôùóç áõôÞ ãñÜöåôáé

+∞∫
a

f(x) dx = I;

åíþ, üôáí äåí õðÜñ÷åé ôï limx→+∞ I(x), ëÝãåôáé üôé ôï Ã.Ï. (14:1:1− 2) äåí

õðÜñ÷åé Þ üôé áðïêëßíåé.

¼ìïéá åßíáé äõíáôüí íá ïñéóôåß ôï Ã.Ï. á' åßäïõò ôçò óõíÜñôçóçò f ìå

ðåäßï ïñéóìïý (−∞; â ], õðïèÝôïíôáò üôé f åßíáé ïëïêëçñþóéìç óôï [x; â ] ãéá

êÜèå x ∈ (−∞; â ] ìå ôç âïÞèåéá ôçò óõíÜñôçóçò

J(x) =

â∫
x

f(t) d t ãéá êÜèå x ∈ (−∞; â ]: (14.1.1 - 3)

1ÂëÝðå ÌÜèçìá 13 ÐáñáôçñÞóåéò 13:1:1− 1 ôýðïò (13:1:1− 6).
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Ôüôå èá ëÝãåôáé üôé ôï Ã.Ï. (14:1:1−3) õðÜñ÷åé Þ äéáöïñåôéêÜ üôé óõãêëßíåé,

üôáí êáé ìüíïí, üôáí õðÜñ÷åé ôï limx→−∞ J(x), ïðüôå óôçí ðåñßðôùóç áõôÞ

ãñÜöåôáé

J =

â∫
−∞

f(x) dx;

åíþ, üôáí äåí õðÜñ÷åé ôï limx→−∞ J(x), èá ëÝãåôáé üôé ôï Ã.Ï. (14:1:1− 3)

äåí õðÜñ÷åé Þ üôé áðïêëßíåé.

¸óôù ôþñá ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý (−∞; +∞), ôÝôïéá þóôå ç

f íá åßíáé ïëïêëçñþóéìç óôï [x; y] ãéá êÜèå x; y ∈ (−∞; +∞).

Ïñéóìüò 14.1.1 - 3. Ïñßæåôáé óáí Ã.Ï. ôïõ á' åßäïõò ôçò f óôï ℜ ôï

ïëïêëÞñùìá
+∞∫

−∞

f(x) dx: (14.1.1 - 4)

Ïñéóìüò 14.1.1 - 4. Ôï Ã.Ï. (14:1:1−4) ëÝãåôáé üôé õðÜñ÷åé Þ äéáöïñåôéêÜ

üôé óõãêëßíåé üôáí êáé ìüíïí, üôáí õðÜñ÷ïõí ôá Ã.Ï.

a∫
−∞

f(x) dx êáé

+∞∫
a

f(x) dx ìå a ∈ ℜ; (14.1.1 - 5)

åíþ ïñßæåôáé óáí ç ôéìÞ ôïõ ï ðñáãìáôéêüò áñéèìüò

a∫
−∞

f(x) dx +

+∞∫
a

f(x) dx: (14.1.1 - 6)

Ïñéóìüò 14.1.1 - 5. Ôï Ã.Ï. (14:1:1− 4) èá ëÝãåôáé üôé äåí õðÜñ÷åé Þ üôé

áðïêëßíåé, üôáí ôïõëÜ÷éóôïí Ýíá áðü ôá Ã.Ï. (14:1:1− 5) äåí õðÜñ÷åé.

Áðïäåéêíýåôáé üôé ç ýðáñîç Þ ìç ôïõ Ã.Ï. (14:1:1− 4) åßíáé áíåîÜñôçôç

áðü ôçí åêëïãÞ ôïõ óçìåßïõ a óôçí (14:1:1− 5).
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Ó÷Þìá 14.1.1 - 1: Ôï ïëïêëÞñùìá
+∞∫
0

e−2xdx. Ç ìðëå êáìðýëç ïñßæåé ôï

äéÜãñáììá ôçò e−2x üðïõ ðñïöáíþò limx→+∞ e−2x = 0

ÐáñÜäåéãìá 14.1.1 - 1

Íá õðïëïãéóôåß ôï Ã.Ï. (Ó÷. 14.1.1 - 1)

+∞∫
0

e−2xdx:

Ëýóç. Áñ÷éêÜ åßíáé

∫
e−2x dx =

∫
(−2x)′

−2
e−2xdx = −1

2

∫ f ′(x)ef(x)︷ ︸︸ ︷
(−2x)′ e−2x dx

= −1

2
e−2x + c:

¢ñá óýìöùíá ìå ôïí Ïñéóìü 14.1.1 - 2 Ý÷ïõìå

+∞∫
0

e−2x dx = lim
x→+∞

x∫
0

e−2t d t

= −1

2
lim

x→+∞
e−2t

∣∣∣x
0



ÃåíéêåõìÝíá ïëïêëçñþìáôá ôïõ á' åßäïõò 5

= −1

2


0︷ ︸︸ ︷

lim
x→+∞

e−2x−1

 =
1

2
:

¼ìïéá áðïäåéêíýåôáé üôé

+∞∫
0

e−s xdx =
1

s
; üôáí s > 0: (14.1.1 - 7)

ÐáñáôÞñçóç 14.1.1 - 1

Ôï Ã.Ï. ïëïêëÞñùìá (Ó÷. 14.1.1 - 2)

+∞∫
0

e2xdx:

äåí õðÜñ÷åé, åðåéäÞ

+∞∫
0

e2x dx = lim
x→+∞

x∫
0

e2t d t

=
1

2
lim

x→+∞
e2t
∣∣∣x
0
=

1

2


+∞︷ ︸︸ ︷

lim
x→+∞

e2x−1

 = +∞:

¼ìïéá áðïäåéêíýåôáé üôé ôï Ã.Ï.

+∞∫
0

esxdx ; üôáí s > 0 (14.1.1 - 8)

äåí õðÜñ÷åé.

ÐáñÜäåéãìá 14.1.1 - 2

Íá õðïëïãéóôåß ôï Ã.Ï. (Ó÷. 14.1.1 - 3)

+∞∫
0

dx

1 + x2
:
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Ó÷Þìá 14.1.1 - 2: Ôï ïëïêëÞñùìá
+∞∫
0

e2xdx. Ç ìðëå êáìðýëç ïñßæåé ôï

äéÜãñáììá ôçò e2x üðïõ ðñïöáíþò limx→+∞ e2x = +∞
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Ó÷Þìá 14.1.1 - 3: Ôï ïëïêëÞñùìá
+∞∫
0

dx
1+x2 . Ç ìðëå êáìðýëç ïñßæåé ôï

äéÜãñáììá ôçò f(x) = 1
1+x2 üðïõ ðñïöáíþò limx→+∞ f(x) = 0
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Ëýóç. Áñ÷éêÜ åßíáé∫
dx

1 + x2
=

(
ìïñöÞ

f ′(x)

1 + f2(x)

)
tan−1 x+ c:

ÅðïìÝíùò óýìöùíá ìå ôïí Ïñéóìü 14.1.1 - 2 Ý÷ïõìå

+∞∫
0

dx

1 + x2
= lim

x→+∞

x∫
0

d t

1 + t2

= lim
x→+∞

tan−1 t
∣∣∣x
0

=

�
2︷ ︸︸ ︷

lim
x→+∞

tan−1 x−

0︷ ︸︸ ︷
tan−1 0 =

�

2
:

¢ñá
+∞∫
0

dx

1 + x2
=

�

2
: (14.1.1 - 9)

ÐáñáôÞñçóç 14.1.1 - 2

Óýìöùíá ìå ôïõò ïñéóìïýò ôùí ôñéãùíïìåôñéêþí óõíáñôÞóåùí ôïõ ÌáèÞìáôïò

3

• ç óõíÜñôçóç tanx Ý÷åé ðåäßï ïñéóìïý ôï D = ℜ−
{
± �

2 ; · · ·
}
êáé ãåíéêÜ

ôï D = ℜ −
{
k� + �

2

}
, üôáí k = 0; ±1; : : : (Ó÷. 14.1.1 - 4a), åíþ ôï

ðåäßï ôéìþí ôçò åßíáé ôï T = ℜ.

Ãåíéêüôåñá ç óõíÜñôçóç

tan!x; üôáí ! > 0; Ý÷åé ðåäßï ïñéóìïý ôï

D = ℜ−
{
± �

2!
; · · ·

}
êáé ôéìþí ôï T = ℜ: (14.1.1 - 10)

• Ç áíôßóôñïöç óõíÜñôçóç tan−1 x = arctanx ïñßæåôáé ãéá êÜèå x ∈ ℜ
êáé Ý÷åé ðåäßï ôéìþí ôï T =

(
−�

2 ;
�
2

)
(Ó÷. 14.1.1 - 4b). Ôüôå éó÷ýåé üôé

lim
x→−∞

tan−1 x = − �

2
êáé lim

x→+∞
tan−1 x =

�

2
: (14.1.1 - 11)
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Ãåíéêüôåñá ç óõíÜñôçóç

tan−1 !x = arctan−1 !x; üôáí ! > 0; Ý÷åé

ðåäßï ïñéóìïý ôï D = ℜ−
{
± �

2!
; · · ·

}
êáé ôéìþí ôï T = ℜ: (14.1.1 - 12)

¢ñá üìïéá óýìöùíá ìå ôçí (14:1:1 − 11) êáé óôçí ðåñßðôùóç áõôÞ èá

éó÷ýåé üôé

lim
x→−∞

tan−1 !x = − �

2
êáé lim

x→+∞
tan−1 !x =

�

2
: (14.1.1 - 13)

æ æ
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Ó÷Þìá 14.1.1 - 4: (a) Ôï äéÜãñáììá (ìðëå êáìðýëç) ôçò tanx, üôáí

x ∈
(
−�

2 ;
�
2

)
. Ïé êáôáêüñõöåò åõèåßåò åßíáé ïé áóýìðôùôåò x = ± �

2 .

Ðñïöáíþò åßíáé limx→+�=2 tanx = +∞ êáé limx→−�=2 tanx = −∞, åíþ

tan 0 = 0. (b) Ôï äéÜãñáììá (ìðëå êáìðýëç) ôçò tan−1 x = arctanx, üôáí

x ∈ [−5�; 5�]. Ïé ïñéæüíôéåò åõèåßåò åßíáé ïé áóýìðôùôåò x = ± �
2 . Ôüôå åßíáé

limx→+∞ tan−1 x = + �
2 êáé limx→−∞ tanx = −�

2 , åíþ tan−1 0 = 0

¼ìïéá ôüôå áðïäåéêíýåôáé üôé

0∫
−∞

dx

1 + x2
= lim

x→−∞

0∫
x

d t

1 + t2

= lim
x→−∞

tan−1 t
∣∣∣ 0
x

=

0︷ ︸︸ ︷
tan−1 0−

−�
2︷ ︸︸ ︷

lim
x→−∞

tan−1 x = −
(
−�

2

)
=

�

2
:
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Ó÷Þìá 14.1.1 - 5: Ôï ïëïêëÞñùìá
+∞∫
0

dx
1+4x2 . Ç ìðëå êáìðýëç ïñßæåé ôï

äéÜãñáììá ôçò f(x) = 1
1+4x2 üðïõ ðñïöáíþò limx→+∞ f(x) = 0

¢ñá
0∫

−∞

dx

1 + x2
=

�

2
: (14.1.1 - 14)

ÓõíäõÜæïíôáò ôéò (14:1:1− 9) êáé (14:1:1− 14) êáé ëáìâÜíïíôáò õð' üøéí

ôçí (14:1:1− 6) ðñïêýðôåé üôé

+∞∫
−∞

dx

1 + x2
=

0∫
−∞

dx

1 + x2
+

+∞∫
0

dx

1 + x2
=

�

2
+

�

2
= �: (14.1.1 - 15)

ÐáñÜäåéãìá 14.1.1 - 3

¼ìïéá íá õðïëïãéóôåß ôï Ã.Ï. (Ó÷. 14.1.1 - 5)

+∞∫
0

dx

1 + 4x2
:

Ëýóç. Áñ÷éêÜ åßíáé∫
dx

1 + 4x2
=

∫
dx

1 + (2x)2
=

1

2

∫
(2x)′

1 + (2x)2
dx
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(
ìïñöÞ

f ′(x)

1 + f2(x)

)

=
1

2
tan−1(2x) + c:

¢ñá óýìöùíá ìå ôïí Ïñéóìü 14.1.1 - 2 Ý÷ïõìå

+∞∫
0

dx

1 + 4x2
= lim

x→+∞

x∫
0

d t

1 + 4t2

=
1

2
lim

x→+∞
tan−1(2t)

∣∣∣x
0

=
1

2

�
2︷ ︸︸ ︷

lim
x→+∞

tan−1(2x)−1

2

0︷ ︸︸ ︷
tan−1 0

=
�

4
:

ÐáñáôÞñçóç 14.1.1 - 3

Óýìöùíá ìå ôçí ÐáñáôÞñçóç 14.1.1 - 3 êáé ôéò (14:1:1 − 10), áíôßóôïé÷á

(14:1:1− 12)

• ç óõíÜñôçóç tan(2x) èá Ý÷åé ðåäßï ïñéóìïý D = ℜ −
{
k� + �

4

}
êáé

ôéìþí üìïéá ôï T = ℜ (Ó÷. 14.1.1 - 6a), áíôßóôïé÷á

• ç áíôßóôñïöç óõíÜñôçóç tan−1 2x = arctan 2x èá ïñßæåôáé ãéá êÜèå

x ∈ ℜ êáé èá Ý÷åé ðåäßï ôéìþí ôï
(
−�

2 ;
�
2

)
(Ó÷. 14.1.1 - 6b), åíþ

óýìöùíá ìå ôçí (14:1:1− 13) èá éó÷ýåé üôé

lim
x→−∞

tan−1 2x = − �

2
êáé lim

x→+∞
tan−1 2x =

�

2
:

ÐáñÜäåéãìá 14.1.1 - 4

Íá õðïëïãéóôåß ôï Ã.Ï. (Ó÷. 14.1.1 - 7)

+∞∫
0

x e−2xdx:
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-6

-4

-2

2

4

6

tan 2x

(a)

y=Π �2

y=-Π �2

-10 -5 5 10
x

-1.5

-1.0

-0.5

0.5

1.0

1.5

arctan 2x

(b)

Ó÷Þìá 14.1.1 - 6: (a) Ôï äéÜãñáììá (ìðëå êáìðýëç) ôçò tan 2x, üôáí

x ∈
[
−�

4 ;
�
4

]
. Ïé êáôáêüñõöåò åõèåßåò åßíáé ïé áóýìðôùôåò x = ± �

4 üðïõ

limx→+�=4 tan 2x = +∞ êáé limx→−�=4 tan 2x = −∞. (b) Ôï äéÜãñáììá

(ìðëå êáìðýëç) ôçò tan−1 2x = arctan 2x, üôáí x ∈ [−4�; 4�]. Ïé ïñéæüíôéåò

åõèåßåò åßíáé ïé áóýìðôùôåò x = ± �
2 . Ðñïöáíþò ëüãù ôçò (14:1:1− 13) åßíáé

limx→+∞ tan−1 2x = + �
2 êáé limx→−∞ tan 2x = −�

2

Ëýóç. Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç Ý÷ïõìå∫
x e−2x dx =

∫
x

(
e−2x

−2

)′

dx = − 1

2
x e−2x +

1

2

∫
x′ e−2xdx

= − 1

2
x e−2x +

1

2

∫
e−2xdx

= − 1

2
x e−2x − 1

4
e−2x + c:

¢ñá óýìöùíá ìå ôïí Ïñéóìü 14.1.1 - 2 êáé ôïí êáíüíá ôïõ de L'Hôspital

Ý÷ïõìå2

+∞∫
0

x e−2x dx = lim
x→+∞

x∫
0

t e−2t d t

2Éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 14.1.1 - 1. Áí lim x→ x0 f(x) = +∞ êáé lim x→ x0 g(x) = +∞, üôáí x0 ∈ ℜ
Þ x0 = ±∞, ôüôå, áí ïñßæåôáé ôï lim x→ x0

f ′(x)
g′(x) ; éó÷ýåé üôé

lim
x→ x0

f(x)

g(x)
= lim

x→ x0

f ′(x)

g′(x)
:
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ææ

a
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x
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0.10

0.15

fHxL

Ó÷Þìá 14.1.1 - 7: Ôï ïëïêëÞñùìá
+∞∫
0

x e−2xdx. Ç ìðëå êáìðýëç ïñßæåé

ôï äéÜãñáììá ôçò x e−2x üðïõ åöáñìüæïíôáò ôïí êáíüíá ôïõ de L'Hôspital

ðñïêýðôåé üôé limx→+∞ x e−2x = 0

= −1

2
lim

x→+∞
t e−2t

∣∣∣x
0
− 1

4
lim

x→+∞
e−2t

∣∣∣x
0

= −1

2


de L'Hôspital︷ ︸︸ ︷
lim

x→+∞
x e−2x −0

− 1

4


0︷ ︸︸ ︷

lim
x→+∞

e−2x−1



= −1

2
lim

x→+∞

e−2x

x
+

1

4

= −1

2
lim

x→+∞

(
e−2x

)′
x′

+
1

4

= −1

2
(−2)

0︷ ︸︸ ︷
lim

x→+∞

e−2x

1
+
1

4
=

1

4
:

¼ìïéá áðïäåéêíýåôáé üôé

+∞∫
0

x e−sxdx =
1

s2
; üôáí s > 0: (14.1.1 - 16)
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ÁóêÞóåéò

1. Äåßîôå üôé

i)

+∞∫
1

1

x2
dx = 1:

ii)

+∞∫
0

x e−s x dx =
1

s2
; üôáí s > 0:

iii)

+∞∫
−∞

dx

x2 + k2
=

�

k
; üôáí k ̸= 0:

Õðüäåéîç: íá ÷ñçóéìïðïéçèïýí ïé ó÷Ýóéò (14:1:1− 13).

2. Íá õðïëïãéóôïýí ôá ðáñáêÜôù ãåíéêåõìÝíá ïëïêëçñþìáôá

i)

+∞∫
0

e−5x dx iii)

+∞∫
1

dx

x4

ii)

+∞∫
−∞

dx

x2 + 2x+ 2
iv)

+∞∫
e

dx

x ln2 x
:

14.1.2 ÃåíéêåõìÝíá ïëïêëçñþìáôá ôïõ â' åßäïõò

ÁíÜëïãá ìå ôçí ÐáñÜãñáöï 14.1.2 Ýóôù üôé ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý

ôï (a; â ] åßíáé ïëïêëçñþóéìç óôï [x; â ] ãéá êÜèå x ∈ (a; â ], ïðüôå èá Ý÷åé

Ýííïéá óôçí ðåñßðôùóç áõôÞ ç óõíÜñôçóç

I(x) =

â∫
x

f(t) d t ãéá êÜèå x ∈ (a; â ]: (14.1.2 - 1)



14 ÃåíéêåõìÝíá ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

Ïñéóìüò 14.1.2 - 1. Ïñßæåôáé óáí Ã.Ï. ôïõ â' åßäïõò ôçò f óôï (a; â ] ôï

ïëïêëÞñùìá
â∫

a+

f(x) dx: (14.1.2 - 2)

Ïñéóìüò 14.1.2 - 2. Ôï Ã.Ï. (14:1:2−2) ëÝãåôáé üôé õðÜñ÷åé Þ äéáöïñåôéêÜ

üôé óõãêëßíåé ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ôï limx→ a+ I(x). Óôçí ðåñßðôùóç

áõôÞ ãñÜöåôáé
â∫

a+

f(x) dx = I;

åíþ, üôáí äåí õðÜñ÷åé ôï limx→ a+ I(x), ëÝãåôáé üôé ôï Ã.Ï. (14:1:2−2) äåí

õðÜñ÷åé Þ üôé áðïêëßíåé.

¼ìïéá ìå ôç âïÞèåéá ôçò óõíÜñôçóçò

J(x) =

x∫
a

f(t) d t ãéá êÜèå x ∈ [a; â): (14.1.2 - 3)

åßíáé äõíáôüí íá ïñéóôåß ôï Ã.Ï. â' åßäïõò ôçò óõíÜñôçóçò f ìå ðåäßï ïñéóìïý

[a; â).

¸óôù ôþñá ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý (a; â) ôÝôïéá, þóôå ç f íá

åßíáé ïëïêëçñþóéìç óôï [x; y] ãéá êÜèå x; y ∈ (a; â).

Ïñéóìüò 14.1.2 - 3. Ïñßæåôáé óáí Ã.Ï. ôïõ â' åßäïõò ôçò f óôï (a; â) ôï

ïëïêëÞñùìá
â−∫

a+

f(x) dx: (14.1.2 - 4)

Ïñéóìüò 14.1.2 - 4. Ôï Ã.Ï. (14:1:2−4) ëÝãåôáé üôé õðÜñ÷åé Þ äéáöïñåôéêÜ

üôé óõãêëßíåé üôáí êáé ìüíïí, üôáí õðÜñ÷ïõí ôá Ã.Ï.

î∫
a+

f(x) dx êáé

â−∫
î

f(x) dx ìå î ∈ (a; â); (14.1.2 - 5)
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åíþ ïñßæåôáé óáí ôéìÞ ôïõ ï ðñáãìáôéêüò áñéèìüò

î∫
a+

f(x) dx +

â−∫
î

f(x) dx: (14.1.2 - 6)

Ïñéóìüò 14.1.2 - 5. Ôï Ã.Ï. (14:1:2 − 4) ëÝãåôáé üôé äåí õðÜñ÷åé Þ üôé

áðïêëßíåé, üôáí ôïõëÜ÷éóôïí Ýíá áðü ôá Ã.Ï. (14:1:2− 5) äåí õðÜñ÷åé.

¼ìïéá áðïäåéêíýåôáé üôé ç ýðáñîç Þ ìç ôïõ Ã.Ï. (14:1:2−4) åßíáé áíåîÜñôçôç

áðü ôçí åêëïãÞ ôïõ óçìåßïõ î óôçí (14:1:2− 6).

ÐáñÜäåéãìá 14.1.2 - 1

Óýìöùíá ìå ôïí Ïñéóìü 14.1.2 - 2 Ý÷ïõìå (Ó÷. 14.1.2 - 1)

1∫
0+

dx√
x

=

1∫
0+

x−1=2 dx = lim
x→ 0+

1∫
x

t−1=2 d t

= lim
x→ 0+

t−
1
2
+1

−1
2 + 1

∣∣∣∣∣
1

x

= lim
x→ 0+

2
√
t
∣∣∣ 1
x
= 2:

14.1.3 ÃåíéêåõìÝíá ïëïêëçñþìáôá ìåéêôïý åßäïõò

Óôçí êáôçãïñßá áõôÞ áíÞêïõí ôá Ã.Ï. ðïõ ç ïëïêëçñùôÝá óõíÜñôçóç äåí

ïñßæåôáé óå Ýíá óõãêåêñéìÝíï óçìåßï óôï Ýíá Üêñï ïëïêëÞñùóçò, åíþ ôï

Üëëï Üêñï åßíáé ôï ∞.

Åéäéêüôåñá Ýóôù ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý (a; +∞) êáé óçìåßï

î ∈ (a; +∞), ôÝôïéï þóôå ôá Ã.Ï.

î∫
a+

f(x) dx êáé

+∞∫
î

f(x) dx (14.1.3 - 1)

íá õðÜñ÷ïõí óôï ℜ Þ ôï Ýíá íá áðåéñßæåôáé èåôéêÜ Þ áñíçôéêÜ Þ êáé ôá äýï íá

áðåéñßæïíôáé èåôéêÜ Þ áñíçôéêÜ.
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Ó÷Þìá 14.1.2 - 1: Ôï ïëïêëÞñùìá
1∫

0+

dx√
x
üðïõ ç êáìðýëç ïñßæåé ôï äéÜãñáììá

ôçò x−1=2, üôáí x ∈ [0:05; 1]

Ïñéóìüò 14.1.3 - 1. Ïñßæåôáé óáí Ã.Ï. ìåéêôïý åßäïõò ôçò f óôï (a; +∞)

ôï ïëïêëÞñùìá
+∞∫
a+

f(x) dx: (14.1.3 - 2)

Ïñéóìüò 14.1.3 - 2. Ôï Ã.Ï. (14:1:3 − 2) èá ëÝãåôáé üôé õðÜñ÷åé Þ üôé

óõãêëßíåé üôáí êáé ìüíïí, üôáí õðÜñ÷ïõí ôá Ã.Ï.

î∫
a+

f(x) dx êáé

+∞∫
î

f(x) dx ìå î ∈ (a; +∞); (14.1.3 - 3)

åíþ ïñßæåôáé óáí ç ôéìÞ ôïõ ï ðñáãìáôéêüò áñéèìüò

î∫
a+

f(x) dx +

+∞∫
î

f(x) dx: (14.1.3 - 4)

Ïñéóìüò 14.1.3 - 3. Ôï Ã.Ï. (14:1:3− 2) èá ëÝãåôáé üôé äåí õðÜñ÷åé Þ üôé

áðïêëßíåé, üôáí ôïõëÜ÷éóôïí Ýíá áðü ôá Ã.Ï. (14:1:3− 3) äåí õðÜñ÷ïõí.
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Áðïäåéêíýåôáé üôé ç ôéìÞ ôùí Ã.Ï. (14:1:3− 3) åßíáé áíåîÜñôçôç áðü ôçí

åêëïãÞ ôïõ óçìåßïõ î óôçí (14:1:3−4). ¼ìïéá ïñßæåôáé ôï Ã.Ï. ôïõ ìåéêôïý

åßäïõò ôçò f óôï (−∞; â).

Ìßá åöáñìïãÞ ôùí Ã.Ï. ìåéêôïý åßäïõò äßíåôáé óôçí ðáñÜãñáöï, ðïõ

áêïëïõèåß.

14.1.4 ÓõíÜñôçóç ãÜììá

Ïñéóìüò 14.1.4 - 1 (óõíÜñôçóçò ãÜììá). Ïñßæåôáé áðü ôï ãåíéêåõìÝíï

ïëïêëÞñùìá ìåéêôïý åßäïõò

Γ(a) =

+∞∫
0+

e−xxa−1 dx; (14.1.4 - 1)

üôáí a > 0 Þ üôáí ï a åßíáé ìéãáäéêüò áñéèìüò ìå Re(a) > 0.

Ðñüêåéôáé ãéá ìéá óõíÜñôçóç ìå ðïëëÝò åöáñìïãÝò óå äéÜöïñá ðñïâëÞìáôá

ôùí åöáñìïóìÝíùí ìáèçìáôéêþí.

Ôüôå óýìöùíá ìå ôïí Ïñéóìü 14.1.3 - 2, áí î = 1, Ý÷ïõìå

Γ(a) =

+∞∫
0+

e−xxa−1 dx =

1∫
0+

e−xxa−1 dx+

+∞∫
1

e−xxa−1 dx:

Áðïäåéêíýåôáé üôé ôá ãåíéêåõìÝíá ïëïêëçñþìáôá ôïõ äåîéïý ìÝëïõò õðÜñ÷ïõí,

ïðüôå êáé ôï ïëïêëÞñùìá (14:1:4− 1) èá õðÜñ÷åé.

Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç ôåëéêÜ áðïäåéêíýåôáé üôé

Γ(a+ 1) = aΓ(a): (14.1.4 - 2)

Áðü ôçí (14:1:4− 2) ðñïêýðôïõí:

i)

Γ(n+ 1) = n ! ãéá êÜèå n = 0; 1; 2; : : : (14.1.4 - 3)

üðïõ ðñïöáíþò åßíáé Γ(1) = 1, äçëáäÞ ç óõíÜñôçóç ãÜììá åßíáé äõíáôüí

íá èåùñçèåß óáí ç ãåíßêåõóç ôçò ðáñáãïíôéêÞò óõíÜñôçóçò,
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Ó÷Þìá 14.1.4 - 1: Ç óõíÜñôçóç ãÜììá, üôáí a ∈ [−2; 5]

ii) åðåéäÞ

Γ(a) =
Γ(a+ 1)

a
=

Γ(a+ 2)

a(a+ 1)
= : : : =

Γ(a+ k + 1)

a(a+ 1) : : : (a+ k)
(14.1.4 - 4)

üðïõ a > 0 êáé k áêÝñáéïò, Ýôóé þóôå a+ k + 1 > 0, ç (14:1:4− 4) ìå

ôçí (14:1:4− 3) äßíïõí ôç äõíáôüôçôá íá ïñéóôåß ç óõíÜñôçóç Γ(a) ãéá

a ̸= 0 Þ áñíçôéêïý áêåñáßïõ áñéèìïý (Ó÷. 14.1.4 - 1).

Ìßá ðñïóÝããéóç ôçò óõíÜñôçóçò ãÜììá äßíåôáé áðü ôïí ôýðï

Γ(a+ 1) ≈
√
2�a

(
a

e

)2

(14.1.4 - 5)

ðïõ åßíáé ãíùóôüò óáí ôýðïò ôïõ Stirling, åíþ ìßá åéäéêÞ ôéìÞ ôçò åßíáé ç

Γ

(
1

2

)
=

√
�: (14.1.4 - 6)

ÐáñáôÞñçóç 14.1.4 - 1

Ïé ôéìÝò ôçò óõíÜñôçóçò ãÜììá äßíïíôáé áðü ðßíáêåò Þ áðü ôá ìáèçìáôéêÜ

ðáêÝôá.
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