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Mabnua 4

YXYNAPTHXEIY. TIOAAQN
METABAHTQON

Yto udbnua autd Ha yiver pia yevixevon g #dn YvwoThc 6TOV avayvootn
€VVOLOC TNG TRAYUATIXHC oUVAETNONS ULag Tparyuatixhc UetafAntrhc oe dlo,

avtioToya TpeLg uetaPhntéc.!

4.1 Ewcayoywxéc évvoleg

4.1.1 Ogropotl

Optopés 4.1.1 - 1 (cuvdptnong moAGY petafintdy) ‘Eotw D C R%
avtiotoye D C R xar T C R 8o tuyévra un xevd ovvola. Tére ula
ouvvdptnon 8Uo, avtiotolya totdy uetafAntdy ue medio opiouod to D sau
medlo tudy 1o T elvar uia ROVOGHRAVIN anetxovion, éotw f, Tou ouvéAou

D oto T, téroia dore:

D> (z,y) —  f(z,y) =weT,
avtiotolya (4.1.1-1)

'To pdbnua Siddoxetoan ané tov Kabnynth M. Dhopneddxnn.
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2 Yuvapthoelg TOAGY RETABANTOY

To z,y, avilotoya z, y, 2 elvar 6Ny neplntwon auth ol aveldptnteg uetafintéc
i anhd uetaPintéc 7 enlong xat ta otouyela (arguments) tne f, evéd w
eCaptnuévn uetafAnt. ‘Ouola, 6TeS xat 6NV TERITTWOT TNS Uiag UETABANTACS,
7 f opilel tov T0mo g ouvdpTnong, dnhadh tepLypdpeL ToV TpoTO UE TOV OTtolo
yivetal n nopandve anetxdvion.

O mpoadiopLoude Tou mediou oplouol D yivetal 6nwg xat oTny nepintwon
e ouvdptnong e Wlo uetaPBintd, ue T Swagopd 6T mpoadiopilovial o
Tée Yo Tic onoleg oplletat 1 f yio xdfe yetafAnth x, y, avilotowya z, y, z
YWELoTA xaL 6T oLVEYEL To D cav 1 évewon Twv ent uépoug medlwy oplouoy.
M ouvdptnon f ue nedlo opiouol D Oa ouuPoliletor oto e€hc ue f|D 4
avohutxd f(z,y)|D, aviiotowya f(z,y,2)|D. Ta nedla opiouol xot TLuov
elvat ULor XUmOAY) EMLPAVELA 1) YEVIXOTEQA UL TELODBLAGTATY] TEQLOYY TOU
Y OEOU.

'Eotw w = f(z,y)|D, avtictowya w = f(z,y,2)|D. Tbéte n ypapuxt,

napdotaocy e f Oa elvat To oUvoho TV onuelny
{((z,y),w) € DxT, avilotoya ((z,y,2),w) € D xT.}
IHapdderypa 4.1.1 - 1
No uroloyiotel To nedlo oplouol TwV cuvapThoEwY
file,y) = vVETy, folw,y) = VaryE . fyloy) =In (4% — 47)

Abom. Enewd and tov tino tng fi mpénel va npoxintel mporyUotixdg apliude,

To nedilo oplouol Dy Ba elvan
Dy ={(z,y) eR?: z+y>0}

Ipagud to Dy opiletar and To 6Uvoho Twv onueiwy Tou emnédou nou Bploxovtal
670 dve uépog tne eubelag x +y =0 (Xy. 4.1.1 - 1a).?

"Ouota to nedlo oplouot Dy tng fo Ha elvan

Dy ={(z,y) e R?: >0, y>0},

*Yrevhupileton 6t 1 avieétnta Az + By + T > 0 Aovetar ypagxd, étav yapayBel 1
eubela € : Az + By + T = 0 xat fewproouue 10 oivoro tev onuelwy (z,y) € R? tou

elvar 010 dve uépog g €.



Elcayowyuxéc évvoleg
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YyAue 4.1.1 - 1: Hopdderyua 4.1.1 - 1: (a) to nedlo opioyol Dy = {(z,y) €
R2: z+y >0} e owdptnone fi(z,y) = /& +y. H unke eubela éye
eZlowon r+y = 0. (b) To nedio opiouot Dy = {(z,y) € R?: 2>0, y>
0} e falz,y) = Vo + /Y

dnhadh to lo tetaptnuépto tou Xy. 4.1.1 - 1b.

Téhog, ened) n hoyopbuwe) cuvdptnon oplletar uovo yio Betinée TLuée
tne uetaPhntic TS, Yia o medio opiouol D3 tng f3 mpéner 4 — a2 — 4y? > 0
hl> % + 92, onéte
2

Dy={(y) e R*: 5

+4% < 1},

dnhadr to medlo oplopoy elval 10 ecwtepd TNg EMAeLNS ue ellowon %—Fyz =
1 (Xy. 41.1 - 2a). Y10 Xy. 4.1.1 - 2b Siveton n ypaguh napdotaon e fa.

u
Hopddetypa 4.1.1 - 2

Nao vnohoyiotel o nedlo oplopol tng cuVdETHOTC

fle,y) =sin" 'z + /zy.

Abom. Eivaw yveot6? 61 n cuvdptnon sin~! x opiletar yia x40e & € [—1,1].

Enouévwc o npdtog épog tne f oplletat étav —1 <z < 1.

¥ Orav 1 ouvdptnon sinz Bewpndel 6L éxel nedlo optouol to [—/2, /2], Té1e opiletan
n aviloteoeth e ouvdetnon T6Zo nuLTévou z, Tou cuuBoliletar e sin” 'z A arcsinz xou
éyel medlo oplouol To [—1, 1], dnhadf to tedlo Tudy e sinz.

‘Ouota, 6tav 1 ouvdptnon tanz Bewpnbel 6t éxel nedlo oplopol to (—7/2,m/2), téte
oplletar 1 aviiotpowy, tng cuvdptnon t6Eo egantouévng T, tou cuuBoliletal ue tan" 'z ¥
arctan z o €yet tedlo oprouol to R, dSnhady to medlo tudv g tanz.

BXéne enlong Buhoypagplo.
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Syfua 4.1.1 - 2: Tapdderypa 4.1.1 - 1: (a) o nedio opiopot D3 = {(z,y) €
R2 % +y? < 1} ¢ ouvdptnone f3(z,y) = In (42— z? —4y?). H
Sraxexouuévn x&xoavt) xaumohy etvon n ékkewdn ue eZlowon 4-+y? = 1. (b) H
Yoo napdotaon e f3(z,y). H xéxxivn xaunihn dev ovunepihaufdvetol

670 SLdypauua

O deltepog b6pog /7y opiletal étav xy > 0, dnhady étav ta z, y elvon

oudbonua. Apa 1o 1edlo opiouol e f ba elvar D = Dy U Dy, énou

Dy = {(z,y) eR’: —-1<2<0, y<0} xu
Dy = {(z,y) eR*:0<2<1, y>0}

Hopddetypa 4.1.1 - 3

Na vnohoyiotel to nedlo oplouoy TV cuvapTHoE®Y

1
VRN

f(@,y,2) =In(z —y+42) xu g(z,y,2)

Abom. Enewdt n hoyoplfuwr ouvdptnon oplletat uévo yua Oetixéc Tuués tng
uetaBAnTrc e, to nedlo oplopol Dy tng f elvon

Dy ={(z,y,2) eR3: z—y+4z>0},



Elcayowyuxéc évvoleg

dnAadr medxeLtaL Yo To dve Uépog Tou eminédou ue ellowon i r—y+4z =
0.1
‘Ouoia 1o nedio oplopot Dy tng g, Aoy tng tetpaywvixfc pllag xat Tou

napovouaott, Oo elvol
D!}:{(x:yaz)eg%gz $2+y2+22>9},

dnhadh 1o elwtepxd tng ogalpac ue xévtpo to onuelo (0,0,0) xou axtiva
R =3. .

Ané to [Mopdderyua 4.1.1 - 3 tpoxUNTEL 6TL OTLC TEQLITMGELS GUVAPTAGEWY
TELOY UeTABANTAOV To TEedlo oplopoy elval B o emigpdvela - teplintworn nediou
optouol Dy - 1 évag 6yxog - medlo opiouol Dy. H ypaguer mapdotao
utag ouvdptnong, éotw f, oty nepintwon auth elvat Suvatdy va yivel and
T0 Sudypapua tou medlou TwdV T tov onueloy, dnhadh tou cuvérouv T =
{f(z,y,z) ve (z,y,2) € D}, 6tav D 1o nedlo optouol tne f xau elvon

YEVIXE Ulal ETLQAVELX 1) XAl EVOC 6YXOC TOU YMEOU T®V TELGV SLUoTICEMY.

“Yrevhuuiletor 6L 1 yevinh popyh e eélowonc Tou emmédou elvat
ax + by +cz =d, (41.1-2)
nou, étav 1) (4.1.1 — 2) hubel wg npog z, Loodlvaua Ypdgeto xoL
z = f(z,y) = Az + By + D. (4.1.1 - 3)

H ypagu nopdotaon evég emmédou yevixd yivetal Uue tov mpoadloploud twv onuelny
tounc tou emmédou ue toug dEoveg ouvietayuévwy. Téte evdvovtag ta tpla Topandve
onuelo Touhc to dnuioupyoluevo telywvo Selyver xau ) wopyyR tou emnédou. I
napdderyua, éotw 6t {nteltal 1 ypapux napdotaoy tou emnédou 3z + 4y + 2z = 12, mou

elva e woperhic (4.1.1 — 2) xau oVugwva ue ty (4.1.1 — 3) woodbvaya ypdgetoL
z=12 -3z — 4y, dnhadh f(z,y) =12 — 3z — 4y. (41.1 - 4)

Téte Bétovtac ot (4.1.1 —4) 2 = y = 0 npoodiopiletar 61 T0 onuelo toufc tou entnédou
ue tov z-d€ova elvan to (0,0,12). 'Ouoia to onueio tourc ue tov z-d&ova elvor to (4, 0,0)
xoL ue tov y-d&ova to (0, 3, 0).
H aviedtnta az + by + cz > 0 Aovetow ypagud, dtav apyxd yivel 1 ypapun nopdotacy
T0U eTLTESOU
n: ar+by+cz=0

xaL 611 cuvéyela Pewpdvtac To olvolo Ty onueloy (z,y,z) € R3 1ou elvar 670 dvw uépog

TOL T.
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‘Aoxnon

Twv tapaxdte cuvapticeny va tpocdiopiotel To medio optouoy xol va yivel

1 Ypapux, tapdotaoT

i) (A—22—y2)" v) 1/In(z+y+2),
i) In(z —y) vi) tan~ly+ /7Y,
i) (9—22)"? + (4—y2)'/? vii)  In(zyz),
iv) sin”! <%) viii) In (22 4+ y? — 22).

4.1.2 X07xAor CLVAETACELY 3V0 %ol TELOV UETABANTAV
Optopés 4.1.2 - 1 (8%o petafintdv). Eotw n ovvdetnon f(x,y) ue nedlo

optouos D C R2. Tére Oa elva

lim flz,y) =1, (4.12-1)
(z,y) = (z0,y0)

Tdte xar udvov drav yia xdfe € > 0 undpyer 6 = d(e) > 0, érot dote

2+(y—y0)2<5.

If(z,y) =1 <& yia xdbe (z,y) € D xau \/(1: — zg)

Oplowég 4.1.2 - 2 (tpudv petaPAntdyv). Eotw n ovvdetnon f(x,y,z) ue
redio optouos D C R3. Tére Ga elva

lim fz,y,2) =1, (4.12-2)

(Izyaz) - (IO,yO,ZO)

T6TE XU udvoy dtav yia xdbe € > 0 undpyer 6 = 6(e) > 0, éror dote

£ (2,y,2) — 1| < & yra xdbe (2,9,2) € D xae\/ (@ —20)? + (y — o) (= — 20)° <
0.

Yyetxd ue ) dadixacia utoloylouol TV enl UEEOUC OPLAXMY TLUGY 6TNV

replntwon tou Oplopol 4.1.2 - 1 woylel 1 tapaxdto npbTaon’.

5Avc§()\oY7] npétaocy Loylel xau ywr v rnepintworn tou Optouol 4.1.2 - 2 (Bhéne
BBhoypaplar).



Elcayowyuxéc évvoleg

Mpétaoy 4.1.2 - 1. ‘Eotw n ouvdptnon f(x,y) ue (z,y) € D C R? avouxtd
ovvolo xar onueio (vo,yo) € D. Av im (4 ) (2o,y0) f(T,y) = | xar undpyouy
oto R ot opraxée twwéc im0 f(z,y) xaw limy, 0 f(z,y), td1e

lim f(z,y) = lim {lim f(:cy)}

(7.y) = (z0,y0) =T Y=Y’

~  lim [nm f(z,y)} —l (412-3)

Yy—yYo |T—T0"

To avtiotpogo dev Loyvel ndvToTe, 6TWS AUTO TPOXUTTEL AT TO TALAXATE

napddeLyud.
Hopddetypa 4.1.2 - 1
'Eotw n ouvdptnon

fla.y) =~ ue 7edio opoudt D = {(z.y) € R* pe (2,y) # (0.0)}.
Y

x
Tore
0—
Y av y#0
T — 0+y
Y
lim f(z,y) = lim =
z—0 r—=0x +y r—0 !
im =lim —=1 av y=0,
z—=0x+0 2z—=02/
EVO
x—0
’ =1 av z#0
T —y r+0
lim f(z,y) = lim =
y—0 y—=0x +y O—y _y/
im —= = lim — =-1 av =0,
y=>00+y y—0 g
Apa
li li : =1 { li li : = -1,
Jim [ygno (%,y)] , ovtlotouya limy Lgmo (%,y)] :

ondte oOugova e TNy Hpbtaon 4.1.2 - 1 to lim(, ) _, (0,0) f (2, y) Sev undpyet.
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Ynueldoelg 4.1.2 - 1

Avdhoyo ye Tig WLOTNTES TV 0plwV TV CUVETACERY ULaS UETABANTHC Loy el
ot
® 10 6pL0 epdoOV UTdpyEL, elval uovadixd,
e 10 6pLo tou afipolouatog, NG dLagopdc xaL Tou YLVOUEVOU LGoUTAL UE
T0 dbgoloua Twv opley, Tng dagopds xat Tou yivouévou. ‘Ouola Tou

mnAixou, 6tav 10 6pLo TOu TapovouaoTr elval Sudgopo Tou undevég,

tooUtaL Ue To TNAlxo Ty oplwv.

‘Aoxrnon

No uroloyiotolv oL oglaxéc TUWEC TV TopaxdTe CUVIPTACE®Y 6To oTNuElo

(0,0)

=1 . T — 2y
i) — iv)
Tr+y T+
o eyl 2® — xy?
W V) e
Ty T4 +y
jit) Y ) (14 )sinzx
111 vl
22 + y? Y

4.1.3 Xuvéyela cUVIPTHOELY 3V0 %ol TELOV UETABANTAV

Avéhoya pe v Hapdypago 4.1.2 divetar xar otny nepintworn auth o oploudeg

NG GLUVEYELIS UG GUVARTNOETC dV0, aviioTolya TeLdy UETABANTGY.

Oplowég 4.1.3 - 1 (ouvéyeiag). Mia ovvdptnon f(x,y), avtiotoya f(x,y, 2)
ue medio opiouot, éotw D C R2, avtiotoiya D CR3, Ga elvar ovveyifc oto
onuelo (xo,yo0) € D, avtiotorya (zo, Yo, 20) € D tdre xar udvov, dray

(o) oy T ) = T L0 30)
avtiotolya

lim f(z.y,2) = f (20, v0, 20) -

('ltyy’z) - (onyo,zo)
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O naparndve opaxée twwéc urtoroyilovtar olugonva ue toug Oplouotc 4.1.2

- 1, avtiotoiyo 4.1.2 - 2.
Hopddetypa 4.1.3 - 1

H ouvdptnon
& xy (Tay) 75 (0/0)

0 av (z,9)=(0,0)
elvat ouveyhc oo (0,0), enedn ye avdhoyouc unoloytopols Ue exelvoug Tou

[Mupadeiyuatog 4.1.2 - 1 npoxintel 6TL

i | lim f(z.9)] =0, aviiovoiga  Jim |t f(a,y)| =0,

ondte olugeva pe Ty Tlpdtaon 4.1.2 - 1 lim, ) 0,0y f(2,y) = 0, Snhadn
UTAEYEL 7] oplaxy) TLUY ol LooUTal UE TNV T TS cuvApTnone 6To onuelo

auTo.
Hopddetypa 4.1.3 - 2

H ouvdptnon
av (z,y) #(0,0)

0 av (2, =(0,0)
dev elvar ouveyfic oto (0,0). H Mor, tou npoxinteL ue utohoylouolc avdhoyous
tov Hopaderypdtoy 4.1.2 - 1 xow 4.1.3 - 1, aghvetal cav doxnon.
I3L6tnteg ocuveY®Y cuvapTHoE®Y

Ot mopaxdtw TpoTdeeLS TOU AVIQEROVTAL OTLE LBLOTNTES TV GUVEY MY GUVIPTRGEWY
300 ueTafBANTdY amoTeholy Ula YEVIXEUGT TV avTioToly®V YL Lo ueTaBAnTHS.

Avdhoyec npoTdoeLs Loy ¥oUY XL 6TV TERITTWOT, GUVAPTAGEWY TELGOY UETABANTGY.

SBéne BBAoypaplia.
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IMpéraom 4.1.3 - 1. Av f, g|D ovveyeic ouvaptijoeic oto onuelo (xo,yo) €
D, téte xat ot ouvaptioeic fE£g xar fg elvar ovveyeic oto onueio (xo,yo) €
D.

Ilpéraom 4.1.3 - 2. Av f, g|D ovveyeic ouvaptijoeic oto onuelo (xo,yo) €
D xau f (zo,y0) # 0, t61€ undpyer neptoy? w (xo,yo), tétota dote f (xo,Yo)
# 0 v xdbe v € w(xo,yo), ondre 5 ovvdptnon 1/f éxer évvora yia xdbe

z € DNw(xo,yo) xat elvar ovveyijc oto anueio (xg,yo) € D.
Ynueiwon 4.1.3 - 1

Ou mohvwvuuxée xal ol pntéc ouvapthoelg elval ouveyelc ouvapThoelg ota
nedla oplopol tov. ‘Ouoia ol exlBetixéc, TprywvoueTpxés, utepBolxéc xaL o

avTloTRPOYESC AUTHY GUVAPTHOELS.

‘Aoxrnon
Na eetaotolv ¢ Tpog T GUVEYELX Ol TUEAXITL GUVAPTHOELS
i) sin(z +y) iv) PR
g Tty
i) In (22 +y? + 22 —_—
) (2% +y* + 2°) v) T coss
L Tty _ 1
i41) vi) .
Tr—y Tr+vy

4.2 Mepuxr] Topdy®YoS CUVARTHACELY V0 XL TELOY
weTafANTOY
4.2.1 Opiopog xat WLétnTEg

O yvwotéc oploudc e tapaydyou cuvdpTnong ulag uetaBintic’ enextelvetal

xaL oty Teplntwon ulag ouvdetnong 8o, aviloTolya Teldy UETABANTOV YL

7

Oplopés 4.2.1 - 1 (napaydyou cuvdetnong wa petafintis). Fotw 5 ouvvdptypoy

fID, émov D C R avowxtd Sidotnua xar ogueio xo € D. Téte yia xdfe x € D — {xo} ue

f(@)—f(zo)
T—xz(

T0v TUno oplletar ula ovvdptyoy, nov Aéyetar npAixo diagopdv i xAioy tyc f
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%xd0e petafAnTy yweLotd Dewpdvtoag 6Aec tic dhhec uetaPintéc oav otabepéc
xoL MyeTat uepun Tapdywyog Tng cuvdpTnong K¢ npog 1 Dewpoluevn ueTaBin-
TH. Luyxexpuuéva €YouUE:

Opiowbs 4.2.1 - 2 (pepuxn napdywyos). ‘Eotw wa ovvdptnon f|S dnou
S avouxté unootvolo tou N2, avtiotoya tou N2 xar onueio (zo,y0) € S,
avtiotoya (xo, Yo, 20) € S. Tote opilerar oav 1nc tdénc uepwx napdywyoc
(partial derivative) tnc [ w¢ npoc Ty uetafAntix oto onueio (xg,yo), avriotor-
x (o, Y0, 20), n Tapaxdtw optaxy T

df (wo,y0)

e = fa(0,90) = Daf (20,%0) (42.1-1)
_ i @0+ Az,y0) — £ (20,0) 7
Az —0 Az
avtiotolya
af (.7:08,;40,20) = f! (0,90, 20) = Duf (0, Y0, 20) (4.2.1 - 2)

BT [ (zo + Az, 90, 20) — f (w0, Y0, 20)
= m ,
Ax—0 Ax

epéooy undpyeL.

H oproet, Tius| (4.2.1—1), avtiotowya (4.2.1—2) elvat, 6neg xaw otny teplntoon
e wac vetaPintic, npayuatixde aplfudc. To oduPolo (teheotic) 0/0r =
0y = Dy dnhdver Inc t8Zng vepwxet| (partial) nopdywyo we npoc tn wetainth
f GUVLOTGOA T, 6e dLdxpLon UE T0 YV©o1d cuuPohioué D = D! = d/dz yw

oto onuelo xo. Oa Aéyetar 6t g f napaywyiletar oto onueio xo € D xat Ha ovuforilera

autd ue f' (o) téte XU USVOY, STay ) oprax) TiuR

T — o xr —XTo

(1)

vrdpyet. H (1) toodivvaua yedypetal

f(zo+Ax) — f(zo) _ flwot+h)—f(zo)

Az 0 Az B0 h
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uat wetafAntr. ‘Ouota optlovtat oL uepxéc TapdymYoL ¢ TpoC TS GAAES
uetafhnTéc.

Av 7 Inc téd&ne yepwr) mapdywyoc undpyet yia xdfe xg € S, té1e opileTar
1 2nc tdéne vepwer mopdywyog e f 6To = we e

9%f 0 <8f>

fow = fon = (4.2.1 - 3)

022 Oz \ Oz
émou épola 10 6UuPoho 9%/92% = dyx = Oy = Dy dNAGVEL 21¢ TEENC UepLXH
TopdY®YO KOS L.

‘Ouota opilovtar ou 3ng, 4ng xow Yevixd 1 v-tdéng uepuxr) napdywyog g

adf o (9%
fa:mm - f3m—ﬁ—%<m )

f ot0 x we

rrrr 4o — ax_4 = _8117 —8;133 AOL YEVIUA
B auf - 0 8u—lf
for = 5 = (axu—1> | ey

O nopdywyor (4.2.1 — 5) xau (4.2.1 — 4), oe avtifeon ue ¢ napaydyouc
(4.21—-1) % (4.2.1 —2) nou elvon nparypatixol apluol, elvat ouvaptioeic ddo,
aviioTolya TpLdV xaTd TeplnTwoT UETABANTA VY.

Enlong opllovtol oL topdywyol 1oV Topaxdte Uop@oy

ey

Y 9 dy Ox \ oy )’
oy = L0 (01
RS 9220y 022 \ Oy )’

d3f o (9%f
= = | = AT 421-5
Jeyy Oz 0y?2  Ox (6y2 AT ( )
Ou mapdywyor autég Aéyovtal TOMEC QOREC AVAUELXTES 1 Xl ERAAANAES.
Ot yvwoTol xavoveg Tapay GYLoNS TV GUVARTACE®Y ULAS UETABANTAS Loy Uouy

ot 6TV neplnTon TNe pepefic mapaydyoud. Enlone toylet yio x80e yetafSinto

$Ymevbupilovion Ue T Uopeh TEOTAGE®Y OL TapUXIT® XAVOVEC TOPAYGYLONS TWY

GLVIETACEWY ULag LETABANTAC.
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xal 0 xavévoag Tapay®ylone oUvhetne ouvdptnonc’. Me tov timo 4.2.1 - 6

Ipétaom 4.2.1 - 1 (napdywyos otabepds cuvdptnons). ‘FEotw 5 ovvdptpon f|R
érov f(z) = ¢ otabepd yia xdfe z € R. Tére

f()=0 7yia xibe xR

Ipétaom 4.2.1 - 2 (napdywyos afpoicuatog). ‘Eotw o1 ovvaptijoerc f, g|D
napaywyiowwes ato D. Téte toyvet

(f(z) +9(x)) = f'(&) +g'(z) yia xdbe z€D.
H Wbt yevixelbetol.

Ilpétaom 4.2.1 - 3 (napdywyos yLvouévou). Eotw ot ouvaptioeic  f, g| D
napaywyiowwes ato D. Téte toyvet

(F@)9(@)) = ' (@)g(x) + f(@)g(v) yia xdbe = € D.

‘Ouota 7 Buétra yevixeleta.  Enedd mpogavae woyder (Af(x)) = Af/(z) pe A €
R otobepd and g Hpotdoeig 4.2.1 - 1 - 4.2.1 - 3 npoxVntel TEAMXA 1 TUPOXATW YEUUULXT
WuétnTa

(kf(z) +2g(z))" = kf'(z) + 2g'(2)
vy xédfe x € D xau k, A € R.

Ipétaon 4.2.1 - 4. Av 5 ovvdptpoy f|D napaywyiletar oto D xar eni nAéov vndpyet
zo € D, étou dote f' (x0) #0, tdte

(L) _ _f'(=o)
@), = P
Ilpétaom 4.2.1 - 5 (napdywyog wnhixov). ‘Eotw ot ovvaptijoerc  f, g|D

napaywylowes oto D xat eni ndéov g'(x) #0 yia xdfe x € D. Tére 1oyvel

[@ ] _ P @)g() — f(@)g' (@)
9(@) (@)

yia xdfe x € D.

Oedpnua 4.2.1 - 1.  Foww ot ovvaptijoeic y = f(w)| D1 xaw w = g(z)| D2 dnou
g(D2) C D1 xar D1, Dy avowxtd Saotijuata xar 7 mpoxintovoa otvlety ouvdptnon

h(z) = (fog)(z)= f(g9(x)) yia xdfe x € Dy. 'Eotw enions 61t yia éva onueio xo € Do

13
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unoloyilovtal oL mapdynyol 1wV oUvBeTwy ouvapThoEmy Ulag UETAPANTAC,

€0TW T, OL XUPLOTERES TV onolwy divovtal otov [livaxa 4.2.1 - 1.

Ynueldoelg 4.2.1 - 1

i) Avédhoya ye Vv meplntwon e napaydyou uac YetoAnTthc, 1 Ueptxt
TR YWYOS WIS GUVAPTNONS WS TRog WLa UETABANTH g, €0Tw x, Oa
opllel To ouvteAeoTy LETAPOAYS e xatd Tov z-dZova. ‘Ouola yia

Tig dhheg veTafAnTéc.

ii) Ou ouvieheotéc petafolfic Twv uetafintdv otny neplntwon (i) elva
duvatdv va elvar Siagopetixol uetall toug, dnhadh va €youue Tayltepn
uetaBoly wg mpog x ot 6UyxpELoY UE TN UETABOAR S TROC Y, X.AT.

Hopddetypa 4.2.1 - 1

Na uroloyietolv ou Ing tédéng uepués UepXéC TURAY®YOL TWV TAUPAXATH

GUVARTHOEDY
f(l‘/y) = IE4+4\/§_5/ g(Ian/Z) :$2y_y223+81n(1‘y)/
9
h(s,t) = In(s241)+ - Vst

undpyouy ot mapdyeyor g' (xo) = wh xa yo = f' (wo). Tére fa undpyer xar § mapdywyos
)¢ ovletnc ouvdptnone h(x)| D2 oto opuelo o € Dy xat fa toyUel

dh(zx)
dx

_ df(w)
dw

Tz =z0 ‘w—wo

dg(z)
dx

/ /
= Yo Wo.

T =x0

To Bedpnuo elvat Yvwotd oav o xavévac e alucdwtis tapaydyiorng (chain rule).
Tougwva tdpa ue to Oedpnua 4.2.1 - 1, av yia xdbe z € D2 urdpyeL 1 napdywyos g'(z)
xau ent TAéov 6Tl Yy Ty avtlotowyn T g(xz) = w € Dy vrdpyer 1 f'(w) = f'(g9(z)), Ha
undpyeL xat 1 tapdywyos e f(g(z)) we npoc = Yo x&Be © € Do xau B dlvetow and
oyéon
dh(z) _ df(9(z)) _ df(g(x)) dg(z)

= flg.. (4.2.1 - 6)

dz dz dg(z) dx
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Iivaxag 4.2.1 - 1: nopay®dywy TV xXUpLOTEpwV 6UVOET®WY GUVARTHGEWY UE

ueTaBinth .

o/« Yuvdptnon HMapdywyog
1 f(x) af'(x)f* " (x)
2 el (@) f(x)ef @)
3 In f(x) '];, ((j))
4 sin f () f'(z) cos f(x)
5 cos f(z) —f'(z) sin f(x)
f'(x)
6 tan f(z) coszlf(x)
! cot f () _silfz(m()x)
8 tan=! f(x) T I,E‘zzr)
sin~! f(z 7]“(1)
: 1) VP
cos~! f(z —7']”('%)
0 I NS EO)
11 sinh f(x) f'(z) cosh f(z)
12 cosh f(x) f'(z)sinh f(x)
13 tanh f(z) COS";/ 5?@) = ['(x) [1 - tanh? f ()]
14 coth f(z) LG [1 - coth? f ()]

15
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Adom. Awdoywd €youue

e ) = (), T -
fy = (447 =5) =4 (yV?) + (et —5) =247

—N—  ——
s = [x2y —y?2 + sin(xy)} L (x2y)$ - (y2z3)$ + [sin(zy)],
= 2zy+ (zy), cos(zy) = 22y + y cos(zy),
2(y), ),
—N—  ——
g = [xzy —y?2? 4 sin(xy)} o ($2y)y - (9223)y + [sin(zy)],

= 22 -2yt + (zy), cos(zy) = 2% — 2y 2% + x cos(zy),

0 v?(2%), .
= =3y
hsy = {t2 In (52 + 1) +9¢73 — 54/3] s

= [P ()] o[ - ()

tOroc 3 tou Iivaxa 4.2.1 - 1

—~
S RN
2s
2
= 211(32“)5 ;l 1/3_522?1_? v

hy = {t2 In (52 + 1) +9¢3 = 54/3]t
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ln(52+1) (tz)t _3t74 0

_ [ 2 -3\ (.4/3) _ 2  om—4
[t ln(s +1)L+9(t )S (s )5 2t1n(s +1) 27174,

Mopddetypa 4.2.1 - 2
Nao unoloyietoly ol Ing xou oL 2ng Tdng uepxéc TapdywYoL Tng cUVEETNOTS
floy,z)=e® 422
Y

Abom. 'Ouoiwa Swadoywxd €youvue

T T . 1
v = —e_I+z2) :<—e_“3> +(2%) == (ze®
! (y z Y z ( )w y( ):
1 (=) e T=—e"" ( )
1 — 1—xz)e
= — |(z), e "+ e "), =
@ ) :
f _ 82f(£8,y,2) :£<6f(x,y,z)) _ (1_:0)6 ’
S 0x2 Ox Ox Yy N
1 || — ——
= —[I-2)e?], == |[I-a), e +(1—2) ("),
Yy Y
 (r—2)e®
y )
0 —y~2
£ 2 £ 2 1
fy = —e_x—l—z) :<—e_“3) +(2*) =(ze™® -
b= (Geres) = (), (), = e (),
= —we ty 7
_2y*3
——
_ o —x , —2 _ —x —2 _ -z —3
foy = (xe Y )y— Te (y )y—2xe y 7,
0
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for = (22),=2,
Lo e ) - D
== buoLa

fyz = fzy:07 naL fzz:fzxzo-

[ ]
Ané 1o napandve napddelyud TpoxUnTeL 0Tl fuy = fyaz, OMAadY) oL avdueixteg
uepwéc mopdywyol 2ng TdEng Twv Blwv avd dvo yetafAnTtdy elval loeg. Xyetind

Loy el 1o mapaxdte Bedpnuall.

Oedpnua 4.2.1 - 2 (Schwarz). ‘Eoto 5 ouwvdptpon f(z,y)| € R2, érnov S
avouxtéd ovvolo, Ty onolac undpyovy ot 29 tdénc uepixéc mapdywyor xat

elvat ovveyeic oto S. Tote

Joy = fya  1i2 xdle (z,y) € S. (4.2.1-7)

Hopddetypa 4.2.1 - 3

'Eotw 1 ouvdptnon
Y
T4y

flz,y) =
No urohoyiotel n twuh fryyl (1,0)°
Abom. Apyuxd elvan

Py 0 (M) = (fn), -

— D 1
Jayy O Oy? 0x y? (1)

To fedpnua, mou elvar emlone yvwoté cav fBedpnua tov Schwarz-Clairaut xou

yvevixevetar (Bhéne BiBhoypapla).
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7 z
Téte €yovue

1 0+1
~= —
;o= ( y ) Wy @ty —yl+y),
b \edy/y (= +y)? C (w+y)?
1
= largp), == le v, <o |2 T
_ 2z
(@)

on6te avixabotdvtag oty (1) éyouue

Jayy = {_ (xiimy)iiL:_Z {ﬁ

T

1 3(z+y)a (z+y)* "
9 3
_@elryP e (@] ey
(z+y)S (z+y)*
‘Apa
o 2oy 2210,
JTYYl(1,0) (x4 y)* 1.0) (1+0)4 :

Mopddetypa 4.2.1 - 4

'Eoto 1 ouvdptnon f(z,y,2) = (22 +y? + 22)_1/2. AciZte 6!t

f’E’E + fyy + fzz =0. (4.2.1 - 8)
Adom. 'Eyouue
2x
_ 2,02, 2\ V2] _ lyo o N3 7o o o
fo = [("E +y -I-Z) m——a(m +y —I-Z) (7: +y —I—z)z

""H eflowon (4.2.1 — 8), mou elva yvwoth oav 1 eEicwon tou Laplace (Laplace equa-
tion), éyel onuavixéc epapuoyéc ota Egopuoouéva Mabnuotixd (Bhéne BiBioypapla xot
A. Mrnpdtoog [2] Keg. 4 - eiodoeic Maxwell). H ouvdptnon f, nou enoinfeder tny
(4.2.1 — 8), Myetaw téTE XL aApRoVLXT GuVdETNON.
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= —z (12 + y2 + 22) o ,

1
~ =

T

_ —(m2+y2+z2)_3/2
2x

—T —g (scz +yi+ 22)_%_1 (.7:2 +y? + 22)

€T

-3/2 3 —5/2
= —(P+2+2) 52 (P42 (1)
2
Abyw tng ovuuetplog g f duola €youue
—3/2 3 —5/2
(2,22 S af 2, 2 2
foo = = (@492 +22) T HSP (P42 @)
(22 a2 3 a9 o 9\TH/2
fow = (x +y +z) +57 (x +y +z) . (3)

Mpoohétovtag xatd wéln tic (1), (2) xau (3) mpoxtntel tehxd 1 (4.2.1—8). =

Aoxfoelg
1. Twv napaxdte cuVIRTACE®Y Vo UTOAOYLETOUY GAeg oL Ing xau 2ng td&ng
UEPWES TopdYWYOL

i) ye ™ 4z cosy iti) "% + cos (—)

Y
i1) + tanz vi) sin?z 4+ In (22 + y?)

Tr+vy

2. Aei&te 6T ouvvdptnon f(z,y) = e siny elvar appovixy.

4.2.2 Egantépevo eninedo

Etvow %871 yveoté otov avayveotn and tn yewUeTewxr epunvela Tng tagaydyou

wa ouvdptnonc'?, éote f, wog vetaPhntic oe éva onuelo Ty Tou mEdou

2B)éne BuBAoypapia.
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optopol e 6L YewueTpxd 1 mapdywyos [ (o) tooltal ye tny epantouévn
e yoviag ¥ Stagopetind ue to ouvieleoth devbuverne tng egantéduevng
eufelac € tou dwaypdupatog e f oto onuelo (zo, f (x0)). Téte 1 ellowon

e egantouevng eubelag divetal and tov timo

y — [ (z0) = f' (20) (z — x0) .

Enextelvovtac v nopamdve yeouetpur epunvela yia ouvdptnon uag
uetafAntic Bewpolue tn ouvdptnon f(z,y) |D xa éotw onuelo (zo,y0) € D
oto onolo undpyouv ou fi (xo,y0) xau fy (x0,y0). Tote, enedh) elvor Bdn
Yvooté and v nponyoluevn napdypapo 6Tl To didypauua e f(z,y) elvon
uta empdveLa, elval tpogavég 6t av Swatnenbel to y otabepd, Tdte To SLdypauua
Oa elvol wa xoundy, éotw Oy, eved av Swtnenlel to = otalepd, téte Ha
elva yior gAY xaunodn, éotw Cy. Aoufdvovtag un’ gy xal TNV Topandve
vewuetpueh epunvela, 1 fr (z0,y0) B 0pllel to ouvtekeoty| dedBuvone e
egantéuevng evbelog g, Tou diaypduuatog e Cyp xou 1 fyy (2o, Yo) T0 ouVTEAESTH
dievbuvong tng egantéuevng eubelag g, tou Slaypduuatog e Cy. Téte ol g,
gy opllouv 10 egantéuevo eninedo, éotw 7, g f 610 (%o, Yo).

Anodewxvietal 6L 1 e€loworn Tou emnédou T dtvetat and Tov TORO'?

z = [ (z0,40) + fa (x0,40) (x — 20) + fy (w0, 90) (y —yo) . (42.2-1)
Hopddetypa 4.2.2 - 1

Nao vnohoyiotel 1 e€lowon ToU EQATTOUEVOU ETLTESOU NS GLUVAETNONS

PSNE : _
f(z,y) =3+ 16 + g ot onuelo (zo,90) = (—4,3).

Abor. Awdoywxd éyouvue

2 2
fley) = 3+3+%5  f@4-3) = 5
foley) = % f(4-3) = -5,
2 2
ey = 5 fid-8) = 3.

3 0ugwva oL ye ™y unoonueiwon tou Mapadelyuatog 4.1.1 - 3 1 yevuxd| wopeih tne
eglowong touv emnédou ax + by + cz = d, btav e Tpoc z, LWodVvau YpdYETAUL XaL z =
f(z,y) = Az + By + D.
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?2

Yyfua 4.2.2 - 1: Topdderyua 4.2.2 - 1

‘Apa oOugeva Ue tov tino (4.2.2 — 1) n eloworn tou emnédou Ha elvor (Xy.

422-1)

1 2
z:5—§u+®+§@—$.

4.2.3 H évvoia tou diagoplxo)

Elvou /871 yvewoté étL 1o duapopixd plac ouvdptnone, éotw f(x)|D, ovufolileto

ue d f(z) o oplletar and Tov TR0

H évvola tou Stagopixot yevixeletal xaL ylo TNV TepInTmon cuvdptnong

0o, aviioTolya TpLdY ueTafAnTdy wg elhg:tt

Opiopég 4.2.3 - 1 ‘Eotw 61t f(x,y)|S C R2, aviioroya f(x,y,2)|S C
N3 6nov S avowxté olvolo, elva ula ovvdptnon ddo, avtiotoiya totdy

uetafAntdy, tne omolag vrotifetar ot undpyouy oto S ot fy, fy, avtiotoiya

Py vevxdtepe nepintdoels BAéne BuBAioypapla.
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f:C: fy: fZ' TO/TE:

df(x,y) = fede+ fydy, aviiotoya (423 -1)

df(x,y,z) = fede+ fydy+ f.dz (4.2.3 - 2)

ArnoSewvietar otny Avdhuon 6T 1 Unapén G0V TV UERIXOV TopAYEY®Y
ULIS GUVERTNONG XAl 1) GUVEYELN QUTKY, GUVERAYOVTAL TAVTOTE TNV Unoedn
TOL SLapopxol TNS CUVARTNOTC.

Yrobétovtag 6t undpyouv 1o S xa 6Aec oL 2n¢ xan 3ng TEENg TapdywyoL

e f anodewvietal 4Tt
d’f(z,y) = feodz®+ 2 foy dxdy + fyy dy? (4.2.3 - 3)
dPf(2,y) = foow do® + 3 fogy dr’dy
+3 fuyy dr dy® + fuyy dy®,  whno  (4.2.3 - 4)

Avédhoyol tinot Loy ouy Yia TNy TeplnTwoT 6UVALTACERY TELOY UETABANTAY,

dnhady,
dzf(.’E,y,Z) = frx dm2+fyy dy2+fzz dz? (4-2'3 - 5)
+2 (foy dxdy + fy. dydx + f.p dzdx),  xm.

Hopddetypa 4.2.3 - 1

'Eotw n ouvdptnon f(z,y) = 22y3. Téte f, = 22 y® xu f, = 322y%, onde

olugwva ye v (4.2.3 — 1) elvow
df(z,y) =2zy®de + 32%y* dy.
Eniong elvon
Jra = (2xy3>m =243, fyy = (3x2y2)y =622y o
fey = (fy), = (3$2y2)$ =6zy>.
‘Apa and v (4.2.3 — 2) npoxintel

d%f =243 da? + 62 y? do dy + 6 22y dy?.
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‘Aoxnon
Na unohoyiotody ta Stagopuxd 1ng xat 21g TdéNg TwV TopAXdT® GUVALTHOE®Y
i) @34y —ay i) In (2% + 4 + 2?)
ii) tan~! <ﬁ> iv)  z2etY.
2

4.2.4 ANuoWO®TOC ®XAVOVAS TORAYDYLONS

O %01 yvwotéc tinog (4.2.1—-6) tne aluowdwtic tapaydylong Tou Oewphuatog
4.2.1 - 1 ypdgpetor enlong Yo euxohia wg e€nic:

dy dy dx

av y=f(r) xu xz=g(t), tbte il e

O tirog autdg yevixeletal Yo Ty eplntwon cuvapthioewy dvo, avtiotolya

TpLdY UeTaBANTéV olupwva e To Tapaxdte Bedpnua.

Ocdpnua 4.2.4 - 1 ‘Eotw n ouvdptnon f (z,y) | S € R2, aviioroya f (z,y, 2)
|S CR3 xar v = 2(t), y = y(t), avilotoya z = z(t), y = y(t), z = 2(t)
via xdbet € A C R, dmov A avouxté olvoro ue tic avtioTolyes TWES TNHC
f va avijxouy oto S yia xdfe t € A xat eni Aoy ot undpyel N Tapdywyog
e f oto (x(t),y(t)), aviiotoya (x(t),y(t), z2(t)) yia xdbe t € A. Tére p

ouvdptnon f = f(t) napaywyiletar oto t xar toyUel

dfit)  Ofdr Ofdy dy
dt 8xdt+8 dt f"” LTS (424 -1)
avtiotolya
dfit) 8fd:c+8fdy+%@
dt  Ozdt O9dydt 0zdt
= fqc + fy 7 +fz e (4.24 -2)

To Oedpnua autd elvar YVvwotd cav xavévag AALCLIWTAS TAPAYAYLOTNS

(chain rule) o¥vletng ouvdptnone v d0o, avtiotolya Tpels LeTaBAnTéC.

Tty nepintwon v-getafintdy Bhéne Biioypapla.
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Iépiopa 4.2.4 - 1 'Eote n ovvdptnon f (z,y) | S C R? rov y = g(z) yia
xdbex € A CR, drav A avoixté olvoro xau enl mAéoy undpyet ) napdywyoc
e [ oto (z,y) yia xdbe x € A. Tdre 5 ovvdptnon [ napaywyiletar oto x

xat Loy UeL
df(z,y) Of  Ofdy
=2 4 27 424 -
dzx ox * Oy dx ( 3)

H anédelln npoxintel dueoo and tov tino (4.2.4 — 1) xou napadelnetal.
Hopddetypa 4.2.4 - 1
Na unohoyiotel n napdywyog df /dt, 6tav

flz,y) =22y —y? xw z=1t% y=2t

Abor. Awdoywxd éyouvue

—L
fo = (129 - yz)z = (T2y)z - (y2)qc = 2zy = 413,
x? 2y

—_—— —— 5
b= i), =T, T, - () -

dx dy
&y Yo
dt ’ dt

‘Apa obugwvo ye tov tono (4.2.4 — 1) elvon

%:4t3.2t+(t4—4t)-2:2t(5t3—4).

Hopddetypa 4.2.4 - 2
‘Ouota g ouvdptnong

f(z,y,2) =In(z +y+2), btav x =cos’t, y=sin’t xo z=1t°
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Adom. 'Ouoia Swadoyixd €youue

1

f L Gryto) ! 1 1
= - (& z = — — .
T $+y+Z Y z Qj—|—y—|—z COSt+Sin2t+t2 1+t2,
xoL GuoLa
1 1
Ty = 'fz_m+y+z_1+t2'
d d J
d—:: — (COS2t)t:—2COStSth, d—ZZ = (Sin2t)t:2COStSint7 d_'z = 9.

‘Apa obugova ye Tov tino (4.2.4 — 2) elvan

11 11 .
C 2

dt 1+ ¢2

Hopddetypa 4.2.4 - 3
‘OuoLa tTng ouvdptnong
f(z,y) =z In(zy) +y°, 6tav y = cos (x2 + 1) .

Avom. Xlugwva ye tov tino (4.2.4 — 5) elvon

——
fo = (vmay)+9*) = (@ W(ey), + (v°)
= In(zy) + = % = In(zy) +1
392
—_——
fo = (wnGy) +9*) == MGy, + ()

xr
= _+3y27
Y

I = —2x sin(x2+1),
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onbHTE

daf

il In {r cos (12 + 1)} +1— 222 tan (.7:2 + 1)

—6x sin (x2 + 1) cos? (x2 + 1) )

Pevixetovtag to Oedpnua 4.2.4 - 1 anodewevietar 6tu:tl

Oedpnua 4.2.4 - 2 'Eotw nowvdptnon f (z,y) | S CR2 xaw v = x(s,t), y =
y(s,t) yia xdbe (s,t) € A CR2, énov A avowxté odvolo ue tic avtioToLyec
Twéc e f va avijxouy oto S yia xdbe (s,t) € A xau enl mAéov dti undpyer 1
napdywyoc e | oto (x(s,t),y(s,t)) yia xdbe (s,t) € A. Tdre 5 ouvdptnon
[ =f(s,t) napaywyiletar ovo (s,t) xa toylet

of of ox J0f 0y

= = = —+4+ == 424 -4
ds 0x Os * dy 0s o ( )
of of ox  J0f 0y

- = L4777 424 -
ot Ox Ot Oy Ot ( 2

Mopddetypa 4.2.4 - 4
'Eotw
f(z,y) =e¥sin3z énov z=+/s2+12, y=st—1t°

No unoroyLetoly oL uepnéc mapdywyol fg xal fi.

Ador. Ylugova ue toug tinouc (4.2.4 —4) xou (4.2.4 — 5) éyouye

%(sz+t2)%71 2s

3e2¥ cos 3z 2 e2¥ sin 3z t
% = (e2y sin 3?1:)95 [(52 + t2) 1/2] ) + (e2y sin 3.7:)y (st — t2)s

352 cos 3x
= 2 T 4 92te¥sinda

Vs2 +t2

1Baéne BBAoypaplia.
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2 L 42
_ o 2(st—12) <3s cos3vVs® +t . SR
= e + 2t sin3vs= 4+ t4 |,

V2 412 '

J(o2e)t
—_—— —_——
S = (rsmar) [(#4 )]+ (Prsinza) (st-17),

3te® cos3
= w—l—Q(s—Zt)ezysin&r

V82 +¢2

V2 - 12

_ o 2(st—12) <3t cos3vVs® +t . SR

= e +2(s—2t) sin3vs2 + 2 |.
Vs 412

u
Kplvetar oxémuo oto onuelo autd yia euxohia va oploTel o mopaxdte

Sagopixde tereotrhc. !

Opiopés 4.2.4 - 1 (tekeotvig Laplace) ‘Eortw dtt n ovvdptnon f (z,y) | S C
N2, aviiotoya f(w,y,2) |S C R3 éyer tovddyiotov 2n¢ tdénc uepixée
napaydyove yia xdbe (x,y) € S, avriotoya (x,y,z) € S. Téte o tedeotiic
Laplace 1§ »xar Stapopixéc tedeotiic 2n¢, avtiotoiya 3nc taéne opiletar w¢
eér:

0* 9?
V2= 922 + a7 avtiotoya (4.24 - 6)
2 2 2
ve_ & O 0 (4.2.4 - 7)

T o a2 022

Egapuoy? 4.2.4 - 1 (noluxég ouvtetayuéves (r,0))

18 No unoloyiotel n napdotaon

*f  0*f

'"T neploobepes epapuoyéc Bhéne Mdbnua: Atagopinde Alavuouatinés Aoyloués.
"8H epappoyh auth elvar extée e eZetaotéag UANg.
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r=(OM)

7 )

Yyhua 4.2.4 - 1: tohxéc ouvtetayuévec (r, 6)

oe Tohxéc ouvtetayuéveg (Xy. 4.2.4 - 1).19
Ator. Egopudlovtag toug tinoug (4.2.4 —4) xau (4.2.4 — 5) éyouue

cos@ sm@
8f 8f Bx of 8y of . Of
= - -, 1
or  Ox Or +6y or 00893x+81n98y' (1)
onéte mapaywyilovrag wg npog r v (1) npoxintel
d2f ) of of
> = o (c s@a—+81n08y)
B of of\ _ o%f o°f
= COS@E <%> 4—51109a <8y> —cosﬁaram +Sm08ray

af af .
cos f 9 <8r> +sin 0 a <—> (Oedpnua 4.2.1 —2)

0 of of . 0 of af)
~~ o 9] v 2
= cos@a <00866x+8m68y>+8m68y (c s@ax—l—smeay

“Blvat yvwoté 61t oL tohxég ouvietaypéveg (r, §) Sivovtal and tic oyéoelg

x =rcosf
we 7 >0 xou 6 € [0,2m) K 6 € (—m, 7.
y =rsinf
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82 2 2

_ 2,0°f . fo. o%f ., 0%f
= cos“0 922 +COSGSIH08$8y +Sm660866yax + sin” 6 352
0?2 0%f 02
o 2,97 . . 2,07
= cos“f 52 +2Sln0€0808$8y + sin“ 6 g7
dnhad
d°f 2, 0°f 9* 2, 0%f
— — L i i : 2
52 = o8 6 922 +2 sm@cos@axay + sin” 6 352 (2)
‘Ouowx ye v (1) mpoxintel 6Tu
—rsinf rcos
of of or  of oy of of
- 7 L 22 — _rsinh =L H =L 3
26 oz 96 oy ag P, tresty (3)
Hopaywyilovtag tnv (3) we mpoc B éyovue
% f 0 ., Of of
5 = r% (—sm0%+cosea—y)
[ % (35) % (55)
of o [0f of o [(0f
= r —COSG%—SIHG%<%) +r —&n@a—y—i—cos@%( y)

B [ of . 0 . Of Bfﬂ
= r _ cos@ax Sln@ax< rsm@ax—l—rcosﬁay

r —sin@a—f—FCOSQ3 <—r sin@g—kr cos@a—fﬂ
I dy dy

ox dy
of
ar
_ of | . ,9f
= _T<COSG%+SIHQE)—y>
0%f 0%f
2 2 2
+r“sin“ 6 922 " sin 6 cos@axay

—r?sinf cos @

*f o 5, 0%f
8m8y+r cos 06—y2,
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dnhady,
Z—;é__ g—f+r (sin20%—28in00050§;a];—1—00520%) (4)
Arné v (2) xau v (4) npoxintel 161E GTL
88%4-%23—;]; = (cos 6 + sin? 0) gig
+(00520+sin20) % —%g—‘f
= 0%f 3_2]f _Lof (5)

W—i_agﬂ r or’

Ané v (5) éyouue Ty napaxdto éxgpoaon e (4.2.4—8) o TOMXEC OUVTETAYUEVES

62f 1 8f 0% f
V2 f= + - T + — W (4.2.4 -9)
TOU YRAPETAL XL
10 of 0% f
2 —_— —
\Y f_r(?r( (‘31")+ TR (4.2.4 - 10)

Me avdhroyoug utoloyiouoic tpoxtntel 61l o Teheostic Laplace oe xukivdpuxée
ouvtetayuéveg (Xy. 4.2.4 - 2a) eivan?”
AR R i 0
ar2  ror  r200%2 922

evé ot opoupixés ouvtetayuéveg (Xy. 4.2.4 - 2b) 2

10 [ ,0f 1 8f)
2

- -7 0
v r2 or < 8r> + r2sin 06 (sm 00

200, xulvdpuxéc ouvtetayuévee (r, 6, z) dlvovtal and i oyéoelg

V2f =

r=rcosf, y=rsinf, z==z

ue r >0, 8 €0,2m) 4 0 € (—m, 7 xou z€eR

210, opatpxéc ouvietayuévec (r, B, @) éuola and tic oyéoeLs

r =rcosfsing, y=rsinfsing, z =rcos¢

we r >0 xau 6 € [0,7], ¢ €10,27) % ¢ € (—m, 7],
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L1 &
r2sin® ¢ 02

@ " (b)

Syfua 4.2.4 - 2: (o) oo xukwwdpuée (r, 6, 2) xau (b) o ogapuxée (r, 6, @)

OUVTETAYUEVEC.

‘Aoxnon
Twv napaxdte ouvapthoeny va utohoyLotel 1 tapdywyog df /dt
i) f(Ty) =zxe¥ + y2 sinx, 6tav e =1, y = t27

i) f(z,y) =

——2— étav = = cosht, y = sinht,
2242 Y

iil) f(z,y,2) =1In (22 +y? + 2?), 6tav x = e’ cost, y = e’ sint, z = €',

iv) f(z,y,2) = (22 + ¢* +z2)1/2, 6tav o = cost, y = sint, z = t.

4.3 Axpétata

4.3.1 Tomuxd axpdtata

Optopés 4.3.1 - 1 (tomuxd axpétato). Eotw 5 ovvdetnoy f(z,y) | S C
N2, avtiotorya f (v,y,2) | S CR3 érnou S avowxté oivoro xar onueio Py =

(zo,v0), avtiotoya Py = (xo,%0,20) € S. Tore Ga Aéyerar dut 1o Py,
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avtiototya 1o Py elvar Géon tomixol ueyiotouv, aviiotolya tonixol eAdayiotou
¢ [ tote xar udvov, drav undpyet nepoylf w (xo,yo) tou Py, aviiotoiya

@ (x0, Yo, 20) TOU Py, étol dote
L E’LéYLGTO" f(:xly) < f($07y0)7 O!VT[IO'TOZXO.’ f(zlyaz) < f($07y0720)7
II. ehdyroto: f(z,y) > f(xo,v0), aviiotoya f(x,y,2) > f(x0,Y0, 20)

yia xdbe (x,y) € w (xo,y0) NS, avriotoya (r,y,z) € w (xo, Yo, 20) N S.

Ye xdbe nepintwon to onuelo autd Aéyetar Héon Tonuxol axpdTatou (rela-

tive extremum) tnc f ue T f (zo,yo), aviiotoya f (zo, Yo, 20)-

Opiopbs 4.3.1 - 2 (ohwx6 axpétato). ‘Eotw 5 ouvdetnon f(xz,y) | S C
R2, avtiotoya f(z,y,2) | S CR3 drov S avoixté ovvolo xar onuelo Py =
(0,90), avriotoya Py = (x0,y0,20) € S. Tére Ha AMyetar bt 10 Py,
avrioTolya 10 Py elvau Yéon olixol ueyiotou, avtiotoiya oixol elayiotou

(extremum) tnc f téte xar udvov, dray
I. wéywoto: f(z,y) < f(wo,v0), avtiotoya f(x,y,2) < f(x0,Y0, 20),
II. eNdyroto: f(z,y) > f (xo,v0), aviiotoya f(x,y,2z) > f(x0,Y0, 20)
via xdbe (x,y) € S, avriotoya (,y,z) € S.

Ye xdbe nepintwon to onuelo autd Aéyetal Héon ohuxol axpbdtatou e f
z ’
ue twh f (2o, yo), aviiotoya f(xo, Yo, 20)-
Alvovtal otn cuvéyela oL ouvlxeg mou mpénel va ThnpolvTal, €16l BOTE

uta ouvdpTnon va €yel axpdTaTa.

Oedpnpa 4.3.1 - 1 (avayxaio cuvhhixy axpdtatov). Eotw n ouvdptnon
f(r,y) |S C R, avtiotoya f(z,y,2) | S C R3 drov S avouxté ovvolo.
Av 1o onuelo Py = (z9,y0), aviiotoya Py = (x0,%0,20) € S elvar éva
axpdrato (stationary point) tnc f xaw undpyouy éAec ot mpdtnc Tdénc ueptxéc
mapdywyor ¢ f oTo onuelo autd, TOTE QUTEC mpémel va elval (0e¢ UE TO

undév.
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AxpéTato ocuvdptnorng dUo YeTaBANTAV
Y10 nopaxdtw Oedpnua yivetar ypron twv e€fc ouuBolioudy:

A 9 f (x0,y0) ~ 9*f (w0, 50) o= 9 f (w0, 0)

= 1227 B= : =
ox? oxdy 0y?
A = AC-B?= : (431-1)
foy  fyy

(z0,y0)

Ocedpnpa 4.3.1 - 2 (wxavh cuvBhxy axpdtatov). Eotw n ouvdetnon f (x,y)
IS C R2, érnou S avoixté odvolo, tnc omolac undpyouv oto S xat elva
OUVEYELS OUVAPTIIOELS GAEC Ot PTG Xt SeUTepnc TdENG UEPIXES TapdywYoL.

Av to onuelo (z9,yo) € S elvar tétowo dote

df (zo,y0)  Of (w0, Y0)
or N oy

=0, (4.3.1-2)
T0TE, AV
I. A >0 xu

a. A<0 (5C<0), o (xo,y0) elvar Géon peyiotouv ¢ f,
b. A>0 (4C>0), to (xo,y0) eivar Géon ehayiotouv ¢ f.

II. A <0, tdre dev vndpyer axpdrato. Xty nepintwon avty to (xo,yo)

elvar onuelo xoaunig tov dtaypduuatoc tnc f.
III. A =0, 1o Gedpnua Sev epapudletar, dniady evééyetar va vndpyet 1

Oyt axpoTaTO.

Ynueldoelg 4.3.1 - 1

i) Ta onuela mou enadnfedouy ) ouvbinn (4.3.1 — 2) Méyovta xplolpa
onuela (critical A stationary points) xat elvan Béoeic Tbavdy axpdratwy

e f(x,y).
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Yyfdua 4.3.1 - 1: Tapdderypa 4.3.1 - 1

ii) To onuelo (zo,yo) mov exahnbedel tny (4.3.1 — 1) npénel va avixeL 670

nedio optouol e f, Swapopetind dev elval onuelo mbavol axpdtatou.
Hopddetypa 4.3.1 - 1
'Eotw n ouvdptnon

f(z,y) =1In (mQ + y2) ue medlo opogos D = R? — (0,0).
Téte and tov tOno (4.3.1 — 2) npoxintel

(ac2 + y2)$ 2r (352 + yz)y 2y
53 — 5 =0 X fy=—m—at = s =
e +uy e +uy e +y T +y

fa: = 07

on6te © = y = 0, dnhadh to onuelo P(0,0) € D (Zy. 4.3.1 - 1) xau

enouéveg To onuelo P Sev elvan mbavéd axpdtato.

Hopdderypa 4.3.1 - 2

No yeretnfel wg v rapén axpdtatey 1 cuvdptnon

f(z,y) =2y ue nedio opiouot D = R2
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Yyfua 4.3.1 - 2: Tapdderyua 4.3.1 - 2

Avdom. Ylugwva ue tov tino (4.3.1 —2) elvan f =2 =0 xa f, =y =0,
on6te éyouue mbavo axpdtato oto onueio P(0,0). Ané tic oyéoeic (4.3.1—1)

TEOXUTTOUY
A= fez =0, B:fmyzla C:fyy:O, A=-1<0.

‘Apa oVugwva ue ) ouvBhxn (II) Tov Oewpriuatoc 4.3.1 - 2 to P elvon onueto
xaumhc tou Swaypduuatoc tne f (Xy. 4.3.1 - 2). =

HHapdderypa 4.3.1 - 3
‘OuoLa 1 ouvdptnon
fry) =23 +y° —3zy+4 ue D=%2
Ador. Ané tov tino (4.3.1 — 2) éyouue to olotnua
fo=322-3y = 0

fy=3y>-3z = 0.

2

Téte and v 1n e€lowon npoxintel y = z°, ondte avixabiotdviag otn 2

€y ouuE

3(x2)2—3x:3x(x3—1)20, onhad?y =0 4 z=1.
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‘Apa ta mbavd axpdtata elval ota onueta:
Pl(0,0) o Pg(l, 1).
Ané Tic oyéoeic (4.3.1 — 1) vy to onuelo (z,y) € D éyouye

A = f:n:r = 63?, B = fl‘y = —37 C = fyy — 6y KoL

fzx fxy 6r -3
A = AC-B?>= = =36zy — 9.
fay  fyy -3 6y
Téte and tic ouvbiixec (I-III) tou Oewphuatoc 4.3.1 - 2 yio to ToPATEVE®

onueta npoxvntouv (Ly. 4.3.1 - 3):

Pr: Alp 0,0y = —9 < 0, dnhadt elvar onueto xaunig,

Py Alpya,1y = 27 > 0 xou Alp,(1,1) = 6 > 0, Snhadn undpyer ehdyioto ye
wh f(1,1) = 3.

Yydua 4.3.1 - 3: TMopdderypa 4.3.1 - 3. Avo Swgopetixés 6deic tou
Swrypduuatoc tne f(z,y) = 23 +y3 — 3vy + 4
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Hopddetypa 4.3.1 - 4
‘Ouota 1 ouvdpeTnoT
flz,y) =32y +9y> —32° =3y +2 pe D =R
AvYom. Ané tov tino (4.3.1 — 2) éyouue to olotnua
fz = 6y — 61 =0
fy =322 +3y*—6y = 0.

Téte and vy 1n e€lowon npoxdntel 6z(y — 1) =0, dnhadh iz =0 %y = 1.

Téte and ) 21 elowon éyouue

r=0:

3y’ —6y =3y(y—2) =0, dnhadh y=0 % y=2
y=1:

802 -3=3(2—1) =0, dpodi z=-1 # z=

’ ’ ’ ’
Apa ta xplowa onueta elval:

Pl(0,0), PQ(O,Q) Pg(l,l) HoL P4(—1,1).

Y

Ou oyéoec (4.3.1 — 1), étav egapuootoly yevixd yia to onuelo (z,y) € D,

Y

dtvouv
A = f:E:EZGy_GI B:fwyzﬁxl C:fyyzﬁy_ﬁ XOolL

fa:a: fmy 6y—6 6x
A = AC-B?’= = = 36(y — 1) — 362°.

fey Ty 6x 6y — 6

Téte and tic ouvbhxes (I-111) tou Oewphiuatoc 4.3.1 - 2 ya o TApATAVE

onuelo tpoxdntouy (Xy. 4.3.1 - 4):

Pr: Alpo,0) = 36 < 0 xou Alp 0 = —6 > 0, dnhadr vrdpyel uéyloto
(ohwxd) ue Ty £(0,0) = 2,
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Py Alpy,2) = 36 > 0 xou Alp,o2) = 6 > 0, dnhadh) ehdytoto (ohxd) pe
i £(0,2) = -2,

Ps: Alpy,1) = —36 < 0 onuelo xournfc xo

Py: Alp,(—1,1) = —36 < 0 épota onueio xaumnrc.

Yydua 4.3.1 - 4 Tlopdderypa 4.3.1 - 4. Avo Swgopetixés 6leic tou
Saypduuatog tne 3r2y + y3 — 322 — 3y? + 2

‘Aoxnon
Na peretnfolyv yia tnv Unapln axpdtatony ol napaxdte ouvoaptioe f(x,y):
i) 2?4+ xy+y®+5c—5y+3 i) x® — 6xy +1°
iii) 23 — 31 + zy? ) ey

Axpétata ouvVdETINoNS TELOY UETABANTOV

Oedpnpa 4.3.1 - 3 (wxavyh cuvBhxy axpdtatov). Eotw n ouvdetnon f(x,y, 2)

|S C §R3, ornov S avoixté olvolro, tnc omolac urndpyouy oto S xat elval
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OUVEYELC OUVAQRTNTELC OAEC Ol TOWTNEC XUl OEUTELAC TACNC UECIXESC TALAYWYOL.
XEl oth 2 odTn deutépac Tdlns uepitxéc napdywy

‘Eotw onueio Py = Py (x0,Y0, 20) € S, tét010 dote

8f (on,yo,Zo) — 8f (CCo,yO,ZO) — 8f ('CCO:yO:ZO)

=Y. 4.3.1-3
o 0y 0z 0 ( )
Ay
A= fa:a:(xo,yo,zo)7 B:| - fwy xot
for fw |,
foz fzy f2s .

téte ) f (w,y,2)|S CR3 éyer:
I. wéyioto, drav A< 0, B> 0 xat C <0,

II. ehdyroto, drav A >0, B > 0 xat C > 0.

'‘Ouota ue tic nuetdoelg 4.3.1 - 1 (I) ta onuela mov enalnbedouy ) cuvbrixy

(4.3.1—-3) Méyovton eniomne xplowa onuelo xau elvor Béoelg mbavdy axpbtatwy
e f(z,y,2).
HMopddetypa 4.3.1 - 5
'Eoto 1 ouvdptnon f(z,y,2) = 22 +y? + 22 — 22 — 5. Téte olugova Ue tov
tino (4.3.1 — 3) éyouue to olotnua

fr=2¢—-2 = 0

f,=2z =0
ané ) Ao tou onolou tpoxintel ooy navéd onuelo axpdratou to (2o, Yo, 20) =
(1,0,0). Lougwva ue tic oyéoelc (4.3.1 —4) elvau
fye  Fyy

A = f.(1,0,00=2>0, B= —4>0 xu

(1,0,0)
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¢ = Jyz  Syy  Jyz =8>0,
fzz fzy fzz

(1,0,0)

dnhadh enaknbedetar i ouvBixn (II) tov Oewpriuatoc 4.3.1 - 3, ondte oto
onueto P(1,0,0) n f éyel ehdyroto ue i f(1,0,0) = —4.

‘Aoxnon
Na npoodioptotoly ta axpdtata tov napaxdte cuvapthoewy f(z,y, 2)
i) 2?2 +y? + 22 — 20+ 4y — 62 — 11

i) 22+ 92+ 22 4+32+ 1.

4.3.2 Axpétata pe ouvbrixeg - MéBodog tou Lagrange

Yty nponyoluevn napdypapo uekethOnxe To npéAnua tng BedTioTonolnong
TV TGV pLac ouvdptnong, éotw f(z,y), oe o xhewoth teployy tou nedlou
optopol g f. levixedovtog to nopandve npdBinua otny nopdypapo auth
o uehetnbel n Behtotonolnon utac ouvdptnone f(z,y), avilotowya f(z,y, 2),
6tav ta (z,y), aviiotowya ta (z,y, z) enaknfetouy oplouévec ouvlixes (con-
straints) tne uopwhc ¢(x,y) = 0, avtiotorya ¢(x,y,z) = 0 (coupling equa-
tion 7 equality constraint). To axpdtata tou eldoug autol elvat Yvootd ooy
axpoTaTa e ouvOYxm (conditional extremum) xou elvan enlone Ut Lop®h
e ue ouvhrxn uabnuoatixic Bedtiotonolnong wag ouvdptnone. H uébodog
AMiong mou Ha yenowonowbel elval yvootr cav wéBodog TOANAATAAGLAGTG Y

tou Lagrange (Lagrange multipliers).

Iepintwon wiag cuvinxng

Znteltar 0 Tpoodloploude Ty axpdTaTeY Uc ouvdptnore, éotw f(z,y),

avtiotowya f(z,y, z), 6Tav toylel N napaxdte cuvhixn

¢(z,y) =0, avilotoya é(r,y,z) =0. (4.3.2-1)

41
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Ylugova ue tn uéhodo Tou Lagrange opiletal apyxd uia Bonbntixd cuvdpetnon

(auxiliary function)

avtloTolya

mou Aéyetal xoL ouvdpetnor tou Lagrange, otny omola 1 mapduetpog A elvat
évag npoodloptotéog tolhaniaciaothc. Enouévec to npdBinua avdyetal théov
070V TpoodLoploub Ty axpbtatwy e A. 'Eyovtac un’ 6y tic (4.3.1 — 1)

TpoxUnTel 6T oL avaryxaleg ouvlixeg elvon

A= fed A0 =0 (4.32 - 4)
Ay=fy+Ap, = 0
aviioTouya
Apg=fat Ay = 0
Ay=f,+Xp, = 0 (4.3.2-5)

Ar=f.+Ap. = 0.
Ané n hen Tov napandve cueTtiudtey o tpoxtdouy oL dyvenatol cuvapTrioet
Tou A, dnhadh = z(N), ¥y = y(A) xaw z = z(A). Avixoabotdvioc otny
(4.3.2 — 1) npoodiopiletal T61e T0 A xaL 6T GUVEYELL OL TLWES To XAl Yo,

14 7 7 ’
avtlotolya g, Yo xa zp mov enaknfedouy 1o ovotnua (4.3.2 —4), avtiotolya

(4.3.2—5).
Ynueiwon 4.3.2 - 1

‘OuoLa, 6twe xar otny neonyoluevn napdypago, eneldh Adyw tng ouvirxng
(4.3.2 — 1) 7o nedlo opiouol g f Ba elvar wa ppayuévn neproyh tou N2,
avtioTtoya tou N3, onéte Ha epapudletar xat oty nepinTwon autr To Oebenua
??. Téte o onuelo P (29, yo), mou npoodioplletal ue Ty napandve diadixaota,
Oa elvor axpdrato e f(z,y) we ouvbixn  ¢(z,y) = 0, avtiotoya to
P (x0,Y0, 20) O elvan axpdtato e f(z,y,z) ye ouvBixn ) ¢(x,y,z) = 0.

To eldog Tou axpdtatou (Uéyloto ¥ eNdyloto) unoloyiletar and T TWWéS Tig

[ (zo,y0), oavtlotowya f(xo,yo,20) o070 onuelo P.
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Hopddetypa 4.3.2 - 1
No mpoodioplotoly axpdtata Tng oLVAETNONC
Flo.y) =y ue owbibn ¢la,y) =z +y—1=0.
Ador. Ylugova ue v (4.3.2 — 2) 1 ouvdptnor Tou Lagrange ypdgetal
Az, y) =xy+A(r+y—1).
Téte and to olotnua (4.3.2 — 4) npoxintel

Ap=y+A = 0 y = =X
onoTE
Ay=x+X = 0, r = —A\

Avtuafiotdvrag ot ouviixn ¢(z,y) = = +y — 1 = 0 mpoxinter —2X = 1,

Snhadh A = — 3. Apa

1 11
T=y=3, dnhadn to xplowo onueto elvar o P (5, §> :

Yougova ue v Hoapathenon 4.3.2 - 1 o npoodioploude tou eldoug Tou

axpétatou yivetar avixabietdvtag oty f v Ty (% %), onbte

11y 1 o
f <§> 5) =1 0, dnhadn uéyloto.

Hopddetypa 4.3.2 - 2
‘Ouota g ouvdptnong

f(z,y) =5z — 3y ue owbinn  ¢(x,y) = 22 +y* — 136 = 0.

Abom. Tewuetpuxd {nteltal 0 TpoGdLORLOUGS TOY UEYLOTOY XAL TV EAIYLOT®Y
TGV TV oUVTETAYUEVOY Tophc Tou emmédou 2z = f(z,y) pe tov xUhvdpo
é(x,y) pe Pdomn xuxhixd dloxo axtivag V136. Lougowva ue vy (4.3.2 —2) 1

ouvdptnon Tou Lagrange yia tnv neplntwon autr yedgetol

Az, y) :5x—3y+>\(x2+y2—136>.
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Téte and to obotnua (4.3.2 — 4) npoxintel

5
Ay =2 z+5 = 0 ) To= 7oy
onbte 3
A = — = = —_—
=2y -3 = 0, y =
Avtixabiotdvtac ot ouvbinn ¢(z,y) = 22 + y? — 136 = 0 mpoxiinTeL
25 9 1 1
= 4+~ -1 foAZ= = dmhadh A=+-.
e e 0 167 4

Enouévwg, 6tav

1
A= glvae z=—-10 xa y=6 onuelo Pi(—10,6),

A=—

4
1 I4
1 r=10 xou y=—6 onuelo P»(10,-6).

I va npoodiopioouue 1o €ldog Tou axpdTatou, Guold GUUGOYA UE TNV
[apatfenon 4.3.2 - 1, avuixabiotodue Tic napandve twwéc oty f, dSnhady
onueto  P1(—10,6) : f(—10,6) = —68<0 eldyioto,

P5(10,—6) : f(10,—6) = 68>0 uéyioTo.

Hopddetypa 4.3.2 - 3
‘Ouota g ouvdptnong
f(z,y,2) =xyz ue ouvbixn v d(z,y,2) =z +y+2—1=0,

otav z, y, z > 0.

Avom. Ylugwva ye v (4.3.2 — 3) n ouvdptnon tou Lagrange ypdgpetat
Alz,y,z) =2yz+ Az +y+2—1).
Téte and to obotnua (4.3.2 — 5) npoxintel
Ag=yz+X = 0
Ay=zx+X = 0

A, =zy+ X = 0,
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TOoU YpdpETAL
yz = —A (1)
zr = —A (2)
ry = —A\ (3)

Ané g (1) xon (2) npoxintel 6T yz = zx ¥ z(y — x) = 0, ondte draxplvovion

OL TUPUXAT TEPLNTMOELS

z = 0 A (4)
y = = (5)
o Av woylel n (4), t6te and v (1) 7 v (2) npoxintel 6t A = 0, ondte

ané v (3) éyoupe zy = 0, dnhadh o = 0% y = 0. Xuvdudlovtag ta
nopandve ue ) ouviixn ¢(z,y,2) =xr +y+ 2 — 1 =0 éyouue

7 z z z 7 7
e Av oyvel 1 (5), T61E €xouUE TIC ToPAXATL dVO TEPLTTOOELS:

i) © =y = 0. Yuvdudlovtac pe ) ouvliiun ¢(z,y, z) = c+y+z—1 =

0, mpoxtntel z = 1, dnhad¥| to onueto
P5(0,0,1). (8)
i) 2 =y #0. Téte and tic (2) xo (3) mpoxintet bt
zz=zy N z(z—y)=0, dmhadhf z=0 % y=z2

xau enedn « # 0, mpéner y = z. ‘Apa tehwxd © = y = z. Téte and

™ ouBixn ¢z, y,2) =x+y+2z—1=0 éyouue

1 111
3.T = 1’ SY])\CXBY,] L= g GY“J'ELO P4 (§, ga g) (9)
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To va tpoodlopioouue To eldoc Tou axpdtatou otic nepntdoets (6)-(9),

ouota olugova ue v [opatienon 4.3.2 - 1, aviixabioTtodue Tig TWwég oTny

f, onote
f£(0,0,1) =0, f(0,1,0) =0, f(1,0,0) =0 eldyrota,
s <1 1 1> 1 ,
333) = 37 uéyloTo.
Ynuelwon: oto napddetyuo autd eCetdotnxe xol 1 T A = 0. =

Hapdderypa 4.3.2 - 4

Na npoodiopietolv ol Swactdoelg tou opboywviou maparinheninédou ue 1o
uéytoto duvaté byxo, b6tav To euadéy Tne entpdveldc Tou etval 64 cm?.

Abom. 'Eotww z 10 ufixog, y to mAdtog ot z t0 Uog 6mou z, y, z > 0.
Téte elvar Yvwoté 6t o dyxoc Sivetal and 1o t0no xyz, eved T0 euPadd elval
2(zy + yz + zz). Enouévoc to mpdPinua avdyetal otov npoodloploud tmv

axpOTATWY TNS OUVAPETNONC
f(z,y,z) =xyz ue ouvbinn é(z,y,2) =2y +yz+ 20 —32=0.
Yougova ue v (4.3.2 — 3) 1 ouvdptnor tou Lagrange ypdpetal
Alz,y,2) =xyz + X (zy + yz + zx — 32).

Téte and to olotnua (4.3.2 — 5) tpoxintel

Ay =yz+Ay+2z) = 0
Ay=zx+ANz+z) = 0
Ar=zy+Mz+y) = 0
TOU YpdpETAL
yz = —My+2) (1)
zr = —MNz+u) (2)

zy = —Az+y). (3)



AxpéTata

Holarhaotdlovtoc v (1) ve =, v (2) ve y xor v (3) ue z tpoxinTtel

yz = —MNy+z) (4)
ze = —Mz+x) (5)
ry = —MNzx+y) (6)

Arné tic (5) %ot (6) €youue
ANy +2)=—-Xz+2z), dnhadh MNzz—yz) =0,
onote

e 1 A = 0 nou anoppintetal enewdn téte yz = 0, onéte 1y = 0% 2 =0

dtoro,

o i zz —yz = 0 mov, ened) z # 0, dlvel
T =uy. (7)
‘Ouota and te (6) xau (7) ntpoxintet 4Tt

y=z (8)

Apa © = y = z xou avixabotdvrog oty (4), dnhadh oty ouvhiixn
¢(z,y,2) = 2y +yz + 20 — 32 = 302 — 32 = 0, eneldh 7, y, 2z > 0, TpoxVHRTEL
6L M Mo elvan 29 = yo = 20 = 1/ 32, Snhadh undpyer axpdTato 610 anueio

p (:I"O:yO: ZO) MEe TL{J*Y/] f (:I"O:y(): ZO) ~ 10.67 > 07
onéte olugova ot ue v [apatienon 4.3.2 - 1 éyouue yéyloto. .
Hopddetypa 4.3.2 - 5

‘Ouota va tpoadlopleTtoly oL Slaotdocelg tou ophoywviou nagahknieninédou

z 7 7 ’ 7 z
ue T0 UEYLoTOo duVaTo 6YX0, Tou TepXAElETaL and To eAAeLPOELdES

2 y2 22

StEtgz=1
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Abom. 'Onwg npoxintel and v e&lowon tou ehheufoeldolc, 10 x€VTpo Tou
elvat 1o onueto (0,0,0). Enouévwe to (dlo onuelo Ou npénel va xat 10 xévigo
Tou ophoywviou napahinieninédou, ondte oL xopugéc Tou Oa elval ota onuela
(£z,ty, £2) énou z, y, z > 0, ondte 0 6yxoc Tou oy nEpiTTWOY AUTH Ha
dtvetan and to tino V = 222y 2z = 8ryz. Apa 1o mpdBinua avdyetal oTov

z z z
TEOGBLOPLGUS TOV AXPOTATWY TNE GLVARTNONS

22 2 22
f(z,y,2) =8xyz ue ouvbixn v d(x,y,2) = s + 2 + 2 1=0.
Yougova ue v (4.3.2 — 3) 1 ouvdptnorn touv Lagrange ypdgetal
2 2 2
x Y z
A(z,y,z) = 8zyz + A <¥+b_2+c_2 —1) :
onéte and to olotnua (4.3.2 — 5) tpoxintel
x
Ay =8yz+2X\— = 0
a
Ay=8zz+ A% = 0
Y b2
z
A, =8zy+Ar—-5 = 0.
c
Advovtac wc mpog A Tic napandvw ello®oelc Eyouue
A= a2 P2 o g2 2 g2
x Y z
ondTe
2 2 2
y?a? = 2% w227 =P Smhadh 2—2 = Zé—z = 2—2 (1)

/7 7 /4 2 2 7
Téte avxabotdvrag otn ouviipm ¢(z, y, 2) = L+ 4% 42 —1 = 0 npoxintel

22y 22 2 a

1:¥+b—2+c—2:3§1 OTCéTE T =4 —.

Enewdn « > 0, npoxintel 611 z = :I:%7 on6te tehxd and v (1) éyouue
axpedTATO 6TO GNUElo
a b ¢ 8abc
P(—,—,—) e uéytoto 6yxo V(P)= —=.
33 5 Hewer Y (P) =3 7

Ynuelwon: oto napddetyua autd Sev anartifinxe o untohoylouds Tou A, =
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‘Aoxnon
Na npoodioptotoly ta axpdtata UE GUVETXT TOV TUEAXATL CUVAETAGE®Y
) at byt ey SV o1 i) et ey Db Ly D o1
i) otav -+ > =1 i) x 2%, 0ty — 4+ =+ — =
YT s 177916
ii) x4+ 2y, étava?+y? =5 iv) cos’x+cos?y, bTavx —y = —% .

Ilepintwon 860 cuvinxdy

27 ntetto o npoodloplopbdc Twv mbavéy axpdtatwy g ouvdptnone f(z,y, 2),

6tV LoYYouy oL Tapaxdte ouVOYxeS
g(z,y,2z) =0, oavtlotoya h(z,y,z) =0. (4.3.2 - 24)

‘Ouota, 6nwe oL 6Ny neplntwon e wog ouvlnixng, ue ) wébodo tou La-

grange oplletaL 1 ouVdpETNOY

oTnV onolo oL TapdueTEoL A, [ elval TEoGdLoploTéol TOANATAAGLAGTES, OTOTE
T0 TEOBANUA AVAYETAL 6TOV TEOGdLOELOUS TV axpdtatwy e A. 'Eyovtag

urt’ 6y tic (4.3.1 — 1) mpoxdnter 6L oL avaryxalec ouvlrixec elvan

Ay =fo+Age +phy = 0
Ay =fy+Agy+puh, = 0 (4.3.2 - 26)
AN, =f,+N g, +ph, = O.

Arné tn hon Tou tapandve custhuatog Bo tpoxtfouy oL dyvooToL cuvapThoEL
TV A,y dnhadh x = x(A\ 1), y = y(A, 1) xoau z = z(A, 1), Avuxabiotdvrac
oty (4.3.2—24) npoodiopllovtar tar A, f1 XL 6T GUVEYELX OL TWIES T(, Yo XOL

zp Tou enanfedouy 1o olotnua (4.3.2 — 26).

23
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