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ÌÜèçìá 8ÄÉ�ËÁ ÊÁÉ ÔÑÉ�ËÁÏËÏÊËÇÑÙÌÁÔÁ
8.1 ÄéðëÜ ïëïêëçñþìá�á8.1.1 Ïñéóìüò�éá �çí êáëý�åñç êá�áíüçóç �ïõ ïñéóìÝíïõ ïëïêëçñþìá�ïò ìéáò óõíÜñ�çóçòäýï ìå�áâëç�þí, äçëáäÞ �ïõ äéðëïý ïëïêëçñþìá�ïò, êñßíå�áé áðáñáß�ç�ïáñ÷éêÜ íá ãßíåé ðåñéëçð�éêÜ1 ìéá áíáöïñÜ ó�ïí áí�ßó�ïé÷ï ïñéóìü �ïõ ïñéóìÝíïõïëïêëçñþìá�ïò �çò óõíÜñ�çóçò, Ýó�ù f(x) | [a; b], äçëáäÞ �ïõI(f) = b∫a f(x) dx: (8.1.1 - 1)Ó�çí ðåñßð�ùóç áõ�Þ õðïèÝ�ïí�áò ü�é ç óõíÜñ�çóç f åßíáé óõíå÷Þò êáé ãéáåõêïëßá ü�é f(x) ≥ 0 ãéá êÜèå x ∈ [a; b], üðùò åßíáé Þäç ãíùó�ü, ãåùìå�ñéêÜï áñéèìüò I(f) éóïý�áé ìå �ï åìâáäüí E �ïõ êáìðõëüãñáììïõ �ñáðåæßïõ,ðïõ ïñßæå�áé áðü �ïí x-Üîïíá, �ï äéÜãñáììá �çò óõíÜñ�çóçò y = f(x) êáé�éò åõèåßåò x = a êáé x = b (Ó÷. 8.1.1 - 1). �éá �çí ðñïóÝããéóç �ïõ Eäçìéïõñãåß�áé ç ðáñáêÜ�ù äéáìÝñéóç �ïõ [a; b] ðëÜ�ïõò ∆xa = x0 ≤ x1 ≤ x2 ≤ : : : ≤ xn−1 ≤ xn = b1Ï áíáãíþó�çò ãéá ìéá ðëÞñç áíÜð�õîç ðáñáðÝìðå�áé ó�ç âéâëéïãñáößá êáé ó�ï âéâëßïÁ. ÌðñÜ�óïò [2℄ Êåö. 8. 1



2 ÄéðëÜ êáé �ñéðëÜ ïëïêëçñþìá�á Êáè. Á. ÌðñÜ�óïò

Ó÷Þìá 8.1.1 - 1: ãåùìå�ñéêüò õðïëïãéóìüò �ïõ ïñéóìÝíïõ ïëïêëçñþìá�ïò
(8:1:1 − 1)êáé ó�ç óõíÝ÷åéá �ï Üèñïéóìá �ùí åìâáäþí �ùí ó÷çìá�éæüìåíùí ïñèïãùíßùíf (x∗1)∆x+ f (x∗2)∆x+ : : :+ f (x∗n)∆x;üðïõ f (x∗i ); i = 1; 2; : : : ; n �á ýøç. Ôü�å �ï åìâáäüí E, äçëáäÞ �ï ïñéóìÝíïïëïêëÞñùìá (8:1:1 − 1), ðñïêýð�åé áðü �çí ïñéáêÞI(f) =

b∫a f(x) dx (8.1.1 - 2)
= limn→+∞

[f (x∗1)∆x+ f (x∗2)∆x+ : : :+ f (x∗n)∆x] ;åöüóïí õðÜñ÷åé.¸ó�ù �þñá ç óõíÜñ�çóç f(x; y) ìå ðåäßï ïñéóìïý �ï D = [a; b]× [; d ] ⊆
ℜ2, ðïõ åßíáé óõíå÷Þò êáé ãéá åõêïëßá ìç áñíç�éêÞ ãéá êÜèå (x; y) ∈ [a; b]×
[; d ] (Ó÷. 8.1.1 - 2). ¼ðùò êáé ó�çí ðåñßð�ùóç �ïõ ïñéóìÝíïõ ïëïêëçñþìá�ïò
(8:1:1 − 1), �ï äéÜó�çìá [a; b] õðïäéáéñåß�áé óå n-õðïäéáó�Þìá�á ðëÜ�ïõò ∆xáðü �á óçìåßá xi; i = 0; 1; : : : ; n êáé �ï äéÜó�çìá [; d ] óå m-õðïäéáó�Þìá�áðëÜ�ïõò ∆y áðü �á óçìåßá yj; i = 0; 1; : : : ; m (Ó÷. 8.1.1 - 3 i).
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Ó÷Þìá 8.1.1 - 2: �ï ðåäßï ïñéóìïý D = [a; b]× [; d ] êáé ç åðéöÜíåéá f(x; y)Ôü�å ÷ñçóéìïðïéþí�áò áí�ßó�ïé÷ç ãåùìå�ñéêÞ åñìçíåßá ìå åêåßíç �ïõïëïêëçñþìá�ïò (8:1:1 − 1), �ï äéðëü ïëïêëÞñùìá
∫ ∫D f(x; y) dx dy (8.1.1 - 3)èá éóïý�áé ìå �ïí üãêï V �ïõ ó�åñåïý, ðïõ Ý÷åé âÜóåéò �ï [a; b] × [; d ]êáé �çí åðéöÜíåéá S, åíþ ïé áêìÝò �ïõ åßíáé ðáñÜëëçëåò ðñïò �ïõò Üîïíåòóõí�å�áãìÝíùí. ¸ó�ù∆A = ∆x∆y �ï åìâáäüí �ïõ ó�ïé÷åéþäïõò ïñèïãùíßïõðáñáëëçëïãñÜììïõ �çò ðáñáðÜíù äéáìÝñéóçò �ïõ [a; b]× [; d ] êáé f (x∗i ; y∗j)�ï ýøïò �ïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ ðïõ áí�éó�ïé÷åß ó�á åðß ìÝñïõòïñèïãþíéá (Ó÷. 8.1.1 - 3 ii). Ôü�å ï üãêïò V ðñïóåããßæå�áé ùò åîÞò: (Ó÷.8.1.1 - 3 ii)V ≈ f (x∗1; y∗1)∆A+ f (x∗2; y∗1)∆A+ : : :+ f (x∗n; y∗m)∆A: (8.1.1 - 4)�áñá�Þñçóç 8.1.1 - 1Áðïäåéêíýå�áé ó�çí ÁíÜëõóç ü�é, ü�áí ç äéáãþíéïò �ùí ðáñáðÜíù ïñèïãùíßùí�åßíåé ó�ï ìçäÝí êáèþò �á n; m → +∞, �ï Üèñïéóìá (8:1:1 − 4) óõãêëßíåéðñïò Ýíáí áñéèìü, Ýó�ù I, ðïõ åßíáé áíåîÜñ�ç�ïò áðü �çí åðéëïãÞ �ùí óçìåßùí

(xi; yj).Óýìöùíá �þñá êáé ìå �çí ðáñá�Þñçóç áõ�Þ Ý÷ïõìå �ïí ðáñáêÜ�ù ïñéóìü.
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(i) (ii)Ó÷Þìá 8.1.1 - 3: (á) Ç äéáìÝñéóç �ïõ [a; b] × [; d ] êáé (b) �á ïñèïãþíéáðáñáëëçëåðßðåäá ðïõ ðñïóåããßæïõí �ïí üãêï V ó�çí (8:1:1 − 4)Ïñéóìüò 8.1.1 - 1 (äéðëïý ïëïêëçñþìá�ïò). Ïñßæå�áé óáí äéðëü ïëïêëÞ-ñùìá �çò f(x; y) ó�ï D = [a; b]× [; d ] ç ïñéáêÞ �éìÞI =

∫ ∫D f(x; y) dx dy = limn;m→+∞

n∑i=1

m∑j=1

f (x∗i ; y∗j)∆A; (8.1.1 - 5)åöüóïí õðÜñ÷åé.Ï ðáñáðÜíù ïñéóìüò ãåíéêåýå�áé ãéá êÜèå öñáãìÝíï ðåäßï ïñéóìïý D �çòf .



ÄéðëÜ ïëïêëçñþìá�á 58.1.2 Éäéü�ç�åòÁðïäåéêíýïí�áé ü�é éó÷ýïõí ïé ðáñáêÜ�ù éäéü�ç�åò:É. �ñáììéêÞ
∫ ∫D[k f(x; y) + � g(x; y)] dx dy = k ∫ ∫D f(x; y) dx dy

+� ∫ ∫D g(x; y) dx dy;ü�áí k; � ∈ ℜ. Ç éäéü�ç�á ãåíéêåýå�áé.II. ÌÝóçò �éìÞò
∫ ∫D f(x; y) dx dy = f (x0; y0) Aüðïõ A �ï åìâáäüí �ïõ �üðïõ êáé (x0; y0) ∈ D.III. Áí ç ðåñéï÷Þ D áðï�åëåß�áé áðü �éò ÷ùñéó�Ýò ðåñéï÷Ýò D1 êáé D2,äçëáäÞ D = D1 ∪D2, �ü�å

∫ ∫D f(x; y) dx dy =

∫ ∫D1

f(x; y) dx dy +

∫ ∫D2

f(x; y) dx dy:ÅöáñìïãÞ �çò éäéü�ç�áò èá ãßíåé ó�ï �áñÜäåéãìá 8.1.3 - 11.8.1.3 ÌÝèïäïé õðïëïãéóìïýÏ õðïëïãéóìüò �ïõ ïëïêëçñþìá�ïò (8:1:1 − 3) åîáñ�Ü�áé áðü �ç ìïñöÞ �ïõðåäßïõ ïñéóìïý D. ÓõãêåêñéìÝíá Ý÷ïõìå �éò ðáñáêÜ�ù ðåñéð�þóåéò:I. D =
{
(x; y) ∈ ℜ2 : a ≤ x ≤ b;  ≤ y ≤ d }Ï õðïëïãéóìüò ó�çí ðåñßð�ùóç áõ�Þ ãßíå�áé óýìöùíá ìå �ï ðáñáêÜ�ù èåþñçìá:Èåþñçìá 8.1.3 - 1. Áí ç óõíÜñ�çóç f(x; y) |D ìå D = [a; b]× [; d ] ⊆ ℜ2åßíáé ïëïêëçñþóéìç ó�ï D, �ü�å
∫ ∫D f (x; y) dx dy =

b∫a 



d∫ f (x; y) dy dx
=

d∫ 



b∫a f (x; y) dx dy: (8.1.3 - 1)



6 ÄéðëÜ êáé �ñéðëÜ ïëïêëçñþìá�á Êáè. Á. ÌðñÜ�óïò�áñá�Þñçóåéò 8.1.3 - 1i) Óýìöùíá ìå �ï Èåþñçìá (8:1:3− 1) ç �éìÞ �ïõ äéðëïý ïëïêëçñþìá�ïò
(8:1:1−3) åßíáé áíåîÜñ�ç�ç áðü �ç óåéñÜ ïëïêëÞñùóçò ó�çí (8:1:3−1).ii) Ó�ïí �ýðï (8:1:3−1), ü�áí ãßíå�áé ïëïêëÞñùóç ùò ðñïò ìéá ìå�áâëç�Þ,Ýó�ù �çí y, �ü�å ç x èåùñåß�áé ó�áèåñÜ.�áñÜäåéãìá 8.1.3 - 1Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫ ∫D (x2y + y3) dx dy; ü�áí D = [0; 1] × [0; 2]:Ëýóç. Óýìöùíá ìå �ïí �ýðï (8:1:3 − 1) Ý÷ïõìåI =

1∫

0





2∫

0

(x2y + y3) dy dx =

1∫

0

[
1

2
x2 y2 + 1

4
y4] 2

0
dx

=

1∫

0

(
1

2
x2 22 + 1

4
24 − 0

) dx =

1∫

0

(

2x2 + 4
) dx

=

[

2
x3
3

+ 4x] 1

0

=
14

3
:Åíáëëáê�éêÜ åßíáé:I =

2∫

0





1∫

0

(x2y + y3) dx dy =

2∫

0

[
1

3
x3 y + 1

2
x y3] 1

0
dy

=

2∫

0

(
1

3
y + y3 − 0

) dy =

[y2
6

+
y4
4

] 2

0

=
14

3
:Ó�ï åîÞò èá åöáñìüæå�áé ï åõêïëü�åñïò êá�Ü ðåñßð�ùóç �ýðïò ó�çí (8:1:3−

1).



ÄéðëÜ ïëïêëçñþìá�á 7�áñÜäåéãìá 8.1.3 - 2¼ìïéá �ï ïëïêëÞñùìáI =

∫ ∫D x exy dx dy; ü�áí D = [−1; 2]× [0; 1]:Ëýóç. ¸÷ïõìåI =

2∫

−1





1∫

0

x exy dy dx =

2∫

−1






1∫

0

x=(x y)y
︷ ︸︸ ︷

(x y)y exy dy dxåðåéäÞ ç ïëïêëÞñùóç ãßíå�áé ùò ðñïò y ðñÝðåé íáäçìéïõñãçèåß ç ðáñÜãùãïò (xy)y �çò exy;
(ìïñöÞ f ′(x)ef(x))

=

2∫

−1





1∫

0

(x y)y exy dy dx =

2∫

−1

exy| 10 dx
=

2∫

−1

(ex − 1) dx = [ex − x] 2
− 1 = e2 − e−1 − 3:Áí ç ïëïêëÞñùóç ãßíåé ðñþ�á ùò ðñïò x, �ü�å áðáé�åß�áé ãéá �ïí õðïëïãéóìü�ïõ ïëïêëçñþìá�ïò ðáñáãïí�éêÞ ïëïêëÞñùóç.�áñÜäåéãìá 8.1.3 - 3¼ìïéá �ï ïëïêëÞñùìáI =

∫ ∫D dx dy
(2x + 3y)2 ; ü�áí D = [0; 1] × [1; 2]:Ëýóç. ¸÷ïõìåI =

2∫

1





1∫

0

(2x + 3y)−2dx dy =

2∫

1





1∫

0

1

2
(2x+ 3y)x(2x + 3y)−2 dx dy



8 ÄéðëÜ êáé �ñéðëÜ ïëïêëçñþìá�á Êáè. Á. ÌðñÜ�óïòüìïéá åðåéäÞ ç ïëïêëÞñùóç ãßíå�áé ùò ðñïò x ðñÝðåé íáäçìéïõñãçèåß ç ðáñÜãùãïò (2x+ 3y)x �çò (2x+ 3y)−2;
(ìïñöÞ f ′(x) fa(x))

=

2∫

1

[

1

2

(2x + 3y)−2+1

−2 + 1
dx] dy =

2∫

1

[

− 1

2
(2x + 3y)−1

] 1

0
dy

= − 1

2

2∫

1

dy
2 + 3y −

(

− 1

2

) 2∫

1

dy
3y = − 1

2

2∫

1

1

3
ln |2+3y|
︷ ︸︸ ︷dy
2 + 3y +

1

6

2∫

1

ln |y|
︷︸︸︷dyy

= − 1

6
(ln 8− ln 2− ln 5) :

II. D =
{

(x; y) ∈ ℜ2 : a ≤ x ≤ b; g1(x) ≤ y ≤ g2(x) }Ôü�å (Ó÷. 8.1.3 - 1)
∫ ∫D f(x; y) dx dy =

b∫a 




g2(x)∫g1(x) f(x; y) dy  dx; (8.1.3 - 2)äçëáäÞ ãßíå�áé ðñþ�á ç ïëïêëÞñùóç ùò ðñïò �ç ìå�áâëç�Þ y, ðïõ ìå�áâÜëëå�áéóõíáñ�Þóåé �çò x.�áñÜäåéãìá 8.1.3 - 4Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫ ∫D (

4xy − y3) dx dy; ü�áíD =
{

(x; y) ∈ ℜ2 : 0 ≤ x ≤ 1; x3 ≤ y ≤
√x} (Ó÷. 8:1:3 − 2):Ëýóç. Óýìöùíá ìå �ïí �ýðï (8:1:3 − 2) Ý÷ïõìå
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Ó÷Þìá 8.1.3 - 1: �ï ðåäßï ïñéóìïý D = {a ≤ x ≤ b; g1(x) ≤ y ≤ g2(x)}�çò óõíÜñ�çóçò f(x; y)

Ó÷Þìá 8.1.3 - 2: �áñÜäåéãìá 8.1.3 - 6 ìå ðåäßï ïñéóìïý D =
{
0 ≤ x ≤ 1; x3 ≤ y ≤ √x }
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Ó÷Þìá 8.1.3 - 3: �áñÜäåéãìá 8.1.3 - 5 ìå ðåäßï ïñéóìïý D =
{
0 ≤ x ≤ 2; 0 ≤ y ≤ x3 }I =

1∫

0






√x∫x3 (4xy − y3) dy  dx =

1∫

0

[

2xy2 − y4
4

]√xx3 dx
=

1∫

0

(
7

4
x2 − 2x7 + 1

4
x12) dx =

[
7

12
x3 − 1

4
x8 + 1

52
x13] 1

0
=

55

156
:�áñÜäåéãìá 8.1.3 - 5¼ìïéá �ï ïëïêëÞñùìáI =

∫ ∫D √

1 + x4 dx dy; ü�áíD =
{

(x; y) ∈ ℜ2 : 0 ≤ x ≤ 2; 0 ≤ y ≤ x3 } (Ó÷. 8:1:3 − 3):Ëýóç. ¸÷ïõìåI =

2∫

0






x3∫
0

√

1 + x4 dy  dx =

2∫

0

√

1 + x4  x3∫
0

dy  dx
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=

2∫

0

√

1 + x4 [ y ]x30 dx =

2∫

0

x3√1 + x4 dx
=

2∫

0

x3
︷ ︸︸ ︷

1

4

(

1 + x4)x (1 + x4)1=2 dx =

=
1

4

(
1 + x4) 1

2
+1

1
2 + 1

=
1

6

(

1 + x4)3=2 ∣∣∣
∣

2

0
=

1

6

(

173=2 − 1
)

≈ 11:51547:III. D =
{
(x; y) ∈ ℜ2 :  ≤ y ≤ d; h1(y) ≤ x ≤ h2(y) }Ôü�å (Ó÷. 8.1.3 - 4)

∫ ∫D f(x; y) dx dy =

d∫ 




h2(y)∫h1(y) f(x; y) dx  dy; (8.1.3 - 3)äçëáäÞ ãßíå�áé ðñþ�á ç ïëïêëÞñùóç ùò ðñïò �ç ìå�áâëç�Þ x, ðïõ ìå�áâÜëëå�áéóõíáñ�Þóåé �çò y.�áñÜäåéãìá 8.1.3 - 6Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫ ∫D exy dx dy; ü�áí D =
{

(x; y) ∈ ℜ2 : 1 ≤ y ≤ 2; y ≤ x ≤ y3 } :Ëýóç. Óýìöùíá ìå �ïí �ýðï (8:1:3 − 3) Ý÷ïõìåI =

2∫

1






y3∫y exy dx  dy =

2∫

1






y3∫y y (xy)x exy dx  dyðñÝðåé íá äçìéïõñãçèåß ç ðáñÜãùãïò (xy)x �çò exy
=

2∫

1

[y exy ] y3y dy =

2∫

1

(y ey2 − y e1)



12 ÄéðëÜ êáé �ñéðëÜ ïëïêëçñþìá�á Êáè. Á. ÌðñÜ�óïò

Ó÷Þìá 8.1.3 - 4: �ï ðåäßï ïñéóìïý D = { ≤ x ≤ d; h1(x) ≤ y ≤ h2(x)}�çò óõíÜñ�çóçò f(x; y)
=

[
1

2
ey2 − e

2
y2] 2

1
=

1

2
e4 − 2 e:

IV. �åíéêÞ ðåñßð�ùóç: öñáãìÝíç ðåñéï÷Þ �ïõ ℜ2¸ó�ù D �ï ðåäßï ïñéóìïý. Ôü�å ãßíå�áé êá�Üëëçëç äéáìÝñéóç �ïõ D, Ý�óéþó�å íá ðñïêýøåé �åëéêÜ ìéá áðü �éò �åñéð�þóåéò II Þ III.�áñÜäåéãìá 8.1.3 - 7Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫ ∫D (16xy + 200) dx dy;ü�áí D ç ðåñéï÷Þ ðïõ ðåñéïñßæå�áé áðü �éò êáìðýëåò y = x2 êáé y = 8 − x2(Ó÷. 8.1.3 - 5).Ëýóç. Áðü �éò åîéóþóåéò �ùí êáìðõëþí ðñïêýð�åé x2 = 8− x2, ïðü�å x =

±2. ÅðåéäÞ �ï x ðñÝðåé íá áíÞêåé óå öñáãìÝíï äéÜó�çìá, ðñïêýð�åé ü�é
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(a) (b)Ó÷Þìá 8.1.3 - 5: �áñÜäåéãìá 8.1.3 - 7.

−2 ≤ x ≤ 2. Ôü�å x2 ≤ 8− x2, ïðü�å �ï ðåäßï ïñéóìïý D ãñÜöå�áé ùò åîÞò:D =
{

(x; y) ∈ ℜ2 : − 2 ≤ x ≤ 2; x2 ≤ y ≤ 8− x2 } (Ó÷. 8:1:3 − 5b);äçëáäÞ åßíáé ç �åñßð�ùóç II. ¢ñáI =

2∫

−2






8−x2∫x2 (16xy + 200) dy  dx =

2∫

−2

[

8x y2 + 200 y] 8−x2x2 dx
=

2∫

−2

(

−128x3 − 400x2 + 512x + 1600
) dx

=

[

−32x4 − 400

3
x3 + 256x2 + 1600x] 2

−2
=

12800

3
:�áñÜäåéãìá 8.1.3 - 8¼ìïéá �ï ïëïêëÞñùìá I =

∫ ∫D x2 y dx dy;ü�áí D ç ðåñéï÷Þ ðïõ ðåñéïñßæå�áé áðü �éò êáìðýëåò y = 9 êáé y = x2 ìåx ≥ 0.Ëýóç. Áðü �éò åîéóþóåéò �ùí êáìðõëþí ðñïêýð�åé x2 = 9, ïðü�å, åðåéäÞx ≥ 0, åßíáé x = 3. ¢ñá �ï ðåäßï ïñéóìïý D ãñÜöå�áé:D =
{

(x; y) ∈ ℜ2 : 0 ≤ x ≤ 3; x2 ≤ y ≤ 9
}

(Ó÷. 8:1:3− 6);
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Ó÷Þìá 8.1.3 - 6: �áñÜäåéãìá 8.1.3 - 8äçëáäÞ åßíáé üìïéá ç �åñßð�ùóç II. Ôü�å Ý÷ïõìåI =

3∫

0





9∫x2 x2y dy  dx =

3∫

0

x2y2
2

∣
∣
∣
∣
∣

9x2 dx
=

3∫

0

(

81x2
2

− x6
2

) dx =
27x3
2

− x7
14

∣
∣
∣
∣
∣

3

0

=
1458

7
:�áñÜäåéãìá 8.1.3 - 9¼ìïéá �ïI =

∫ ∫D (x2 + y3) dx dy; ü�áí D =
{

(x; y) ∈ ℜ2 : y2 ≤ 9x; x ≤ 3
} :Ëýóç. ÅðåéäÞ y2 ≤ 9x, ðñÝðåé x ≥ 0. Åßíáé üìùò ãíùó�ü ü�é, áí x2 ≤ aìå a > 0, �ü�å −√a ≤ x ≤ √a, ïðü�å −3

√x ≤ y ≤ 3
√x. ¢ñá ï �üðïò DãñÜöå�áé D =

{

(x; y) ∈ ℜ2 : 0 ≤ x ≤ 3; −3
√x ≤ y ≤ 3

√x} ;



ÄéðëÜ ïëïêëçñþìá�á 15äçëáäÞ ç �åñßð�ùóç II. Ôü�åI =

3∫

0






3
√x∫

−3
√x (x2 + y3) dy  dx =

3∫

0

[x2y + y4
4

] 3
√x

−3
√x dx

= 6

3∫

0

x5=2 dx =
324

√
3

7
:�áñÜäåéãìá 8.1.3 - 10¼ìïéá �ïI =

∫ ∫D (x4 + y2) dx dy; ü�áí D =
{

(x; y) ∈ ℜ2 : y ≥ x2; x ≥ y2} :Ëýóç. Áñ÷éêÜ, åðåéäÞ
• x ≥ y2, ðñÝðåé x ≥ 0, êáé üìïéá áðü �çí
• y ≥ x2, ðñïêýð�åé ü�é y ≥ 0.Ó�ç óõíÝ÷åéá åêöñÜæïí�áé �á üñéá �ïõ x óõíáñ�Þóåé �ïõ y ùò åîÞò: áðü�çí x2 ≤ y ðñïêýð�åé ü�é x ≤ √y, åíþ åßíáé x ≥ y2. ¢ñáy2 ≤ x ≤ √y:�éá �ï äéÜó�çìá ìå�áâïëþí �ïõ y áðü �çí ðáñáðÜíù áíéóü�ç�á Ý÷ïõìåy2 ≤ √y; ïðü�å y4 − y ≤ 0; äçëáäÞ y (y3 − 1

)

≤ 0:ÅðåéäÞ y ≥ 0, ðñÝðåé y ≤ 1, . ÅðïìÝíùò ï �üðïò D ãñÜöå�áéD =
{

(x; y) ∈ ℜ2 : 0 ≤ y ≤ 1; y2 ≤ x ≤ √y} ;äçëáäÞ ç �åñßð�ùóç III. Ôü�å óýìöùíá ìå �ïí �ýðï (8:1:3 − 3) Ý÷ïõìåJ =

1∫

0






√y
∫y2 (x4 + y2) dx dy =

1∫

0

(
6

5
y5=2 − y4 − 1

5
y10) dy =

48

385
:
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Ó÷Þìá 8.1.3 - 7: �áñÜäåéãìá 8.1.3 - 11�áñÜäåéãìá 8.1.3 - 11Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫ ∫D (

6x2 − 40y) dx dy;ü�áí D �ï �ñßãùíï ìå êïñõöÝò (0; 3), (1; 1) êáé (5; 3) (Ó÷. 8.1.3 - 7).Ëýóç. Ç ðåñéï÷Þ ïëïêëÞñùóçò D, åßíáé äõíá�üí íá ðñïêýøåé �éò åîÞò äýïðåñéï÷Ýò:2 D1 = { (x; y) : 0 ≤ x ≤ 1; −2x+ 3 ≤ y ≤ 3 }D2 =

{

(x; y) : 1 ≤ x ≤ 5; 1

2
x+

1

2
≤ y ≤ 3

}Ôü�å óýìöùíá ìå �çí Éäéü�ç�á III �çò �áñáãñÜöïõ 8.1.2 Ý÷ïõìåI =

∫ ∫D1

(

6x2 − 40y) dx dy + ∫ ∫D2

(

6x2 − 40y) dx dy2Õðåíèõìßæå�áé ü�é ç åîßóùóç �çò åõèåßáò ðïõ äéÝñ÷å�áé áðü �á óçìåßá (x1; y1) êáé
(x2; y2) äßíå�áé áðü �ïí �ýðï x− x1x2 − x1

=
y − y1y2 − y1 :
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=

1∫

0





3∫

−2x+3

(

6x2 − 40y) dy  dx+

5∫

1







3∫

1

2
x+ 1

2

(

6x2 − 40y) dy 

dx

=

1∫

0

[

6x2y − 20 y2] 3
−2x+3

dx+

1∫

0

[

6x2y − 20 y2] 3
1

2
x+ 1

2

dx
=

1∫

0

[

12x3 − 180 + 20 (3− 2x)2] dx
+

5∫

1

[

−3x3 + 15x2 − 180 + 5 (x+ 1)2
] dx

= : : : = − 935

3
:¸íáò Üëëïò �ñüðïò åßíáé íá åêöñáó�åß �ï x ó�éò ðåñéï÷Ýò D1 êáé D2óõíáñ�Þóåé �ïõ y ùò åîÞò:y = −2x+ 3; ïðü�å x = −1

2
y + 3

2y =
1

2
x+

1

2
; x = 2y − 1:¢ñá D =

{

(x; y) : −1

2
y + 3

2
≤ x ≤ 2y − 1; 1 ≤ y ≤ 3

} ;ïðü�å I =

3∫

1







2y−1∫

− 1

2
y+ 3

2

(

6x2 − 40y) dx

dy

=

3∫

1

[

2x3 − 40x y] 2y−1

− 1

2
y+ 3

2

dy
=

3∫

1

[

100y − 100y2 + 2(2y − 1)3 − 2

(

−1

2
y + 3

2

)3
] dy
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[

50y2 − 100

3
y3 + 1

4
(2y − 1)4 +

(

−1

2
y + 3

2

)4
] 3

1

= − 935

3
:

8.1.4 ÁëëáãÞ óõó�Þìá�ïò óõí�å�áãìÝíùíÊáìðõëüãñáììåò óõí�å�áãìÝíåò�ïëëÝò öïñÝò ãéá �çí åõêïëßá õðïëïãéóìïý �ïõ ïëïêëçñþìá�ïò
∫ ∫D f(x; y) dx dyáðáé�åß�áé íá ãßíåé ìå�áó÷çìá�éóìüò áðü êáñ�åóéáíÝò óå Üëëçò ìïñöÞò óõí�å�áãìÝíåò.Áðïäåéêíýå�áé ü�é ó�çí ðåñßð�ùóç �ùí äéðëþí ïëïêëçñùìÜ�ùí, ïé ãåíéêü�åñåòäõíá�Ýò åßíáé ïé êáìðõëüãñáììåò (urvilinear oordinates)3, ðïõ ïñßæïí�áéó�ç óõíÝ÷åéá.Ïñéóìüò 8.1.4 - 1 (êáìðõëüãñáììåò óõí�å�áãìÝíåò). Ï ìå�áó÷çìá�éóìüòóå êáìðõëüãñáììåò óõí�å�áãìÝíåò Ý÷åé �ç ìïñöÞx = x(u; v); y = y(u; v); ü�áí (x; y) ∈ D ⊆ ℜ 2: (8.1.4 - 1)Áí ïé óõíáñ�Þóåéò x = x(u; v), y = y(u; v) ïñßæïí�áé ãéá êÜèå (u; v) ∈D̃ ⊆ ℜ2 êáé õðÜñ÷ïõí ïé 1çò �Üîçò ìåñéêÝò ðáñÜãùãïé �ùí x, y ùò ðñïòu êáé v êáé åßíáé óõíå÷åßò óõíáñ�Þóåéò, åíþ ãéá �çí ïñßæïõóá Jaobi �ïõìå�áó÷çìá�éóìïý (8:1:4 − 1)J(u; v) = �(x; y)�(u; v) =

∣
∣
∣
∣
∣
∣
∣

xu yuxv yv ∣∣∣∣∣∣∣ (8.1.4 - 2)3ÂëÝðå: http : ==en:wikipedia:org=wiki=Curvilinear oordinates



ÄéðëÜ ïëïêëçñþìá�á 19åßíáé J(u; v) > 0 Þ J(u; v) < 0, �ü�å ï ìå�áó÷çìá�éóìüò �ïõ �üðïõ D ìÝóù�ùí ó÷Ýóåùí (8:1:4−1) ó�ïí �üðï D̃ åßíáé áìöéìïíïóÞìáí�ïò êáé åöüóïí �ïïëïêëÞñùìá ∫D f(x; y) dx dy õðÜñ÷åé, èá éó÷ýåé
∫ ∫D f(x; y) dx dy =

∫ ∫D̃ F (u; v) |J(u; v)| du dv: (8.1.4 - 3)Óçìåßùóç 8.1.4 - 1Åßíáé Þäç ãíùó�Þ ó�ïí áíáãíþó�ç ç ìÝèïäïò �çò áí�éêá�Üó�áóçò ãéá �ïíõðïëïãéóìü �ïõ áüñéó�ïõ ïëïêëçñþìá�ïò ∫ f(x) dx. Ôü�å, áí u = g(x),ðñÝðåé íá ãßíåé áí�éêá�Üó�áóç �çò u ó�çí f áöåíüò êáé áöå�Ýñïõ áí�éêá�Üó�áóç�ïõ dx ìå �ï du, üðùò áõ�ü åîçãåß�áé ðáñáêÜ�ù ó�ïí õðïëïãéóìü �ïõ ïëïêëçñþ-ìá�ïò ∫ e3xdx. Ôü�å, Ýó�ù
3x = u Þ x =

u
3
; ïðü�å dx =

(u
3

)′ du =
1

3
du = J(u)du: (1)¢ñá

∫ e3xdx =

∫ f(x) dx =

∫ eu 1

3
du =

∫ F (u)J(u) du = : : : = 1

3
e3x + : (2)Ôü�å ç (8:1:4 − 2) åßíáé ç áí�ßó�ïé÷ç �çò J(u) ó�çí (1) êáé ç (8:1:4 − 3) �çò

∫ F (u)J(u) du ó�çí (2).Ïé êõñéü�åñïé êáìðõëüãñáììïé ìå�áó÷çìá�éóìïß, ðïõ óõíÞèùò ÷ñçóéìïðïé-ïýí�áé ó�éò åöáñìïãÝò, äßíïí�áé ó�ç óõíÝ÷åéá.�ñáììéêïß ìå�áó÷çìá�éóìïßÏñéóìüò 8.1.4 - 2 (ãñáììéêüò ìå�áó÷çìá�éóìüò). ¸íáò ãñáììéêüò ìå�áó÷çìá-�éóìüò (linear transformation) Ý÷åé ãåíéêÜ �ç ìïñöÞLT : x = au+ bv êáé y = u+ dv; (8.1.4 - 4)ü�áí a; b; ; d ∈ ℜ.Óýìöùíá ìå �çí (8:1:4 − 2) �ü�å åßíáéJ(u; v) = ∣
∣
∣
∣
∣
∣
∣

xu yuxv yv ∣∣∣∣∣∣∣ = ∣
∣
∣
∣
∣
∣
∣

a b d ∣∣∣∣∣∣∣ = ad− b: (8.1.4 - 5)



20 ÄéðëÜ êáé �ñéðëÜ ïëïêëçñþìá�á Êáè. Á. ÌðñÜ�óïòÁí ad− b 6= 0, �ü�å ç (8:1:4 − 4) áí�éó�ñÝöå�áé, ïðü�å
∫ ∫D f(x; y) dx dy = |ad− b| ∫ ∫D̃ F (u; v) du dv: (8.1.4 - 6)Ï ìå�áó÷çìá�éóìüò (8:1:4 − 4) áíÞêåé ó�çí êá�çãïñßá �ùí ëåãüìåíùíïìïãñáöéêþí ìå�áó÷çìá�éóìþí (endomorphism Þ homomorphism), äçëáäÞÝ÷åé �çí éäéü�ç�á íá äéá�çñåß �á ó÷Þìá�á, äçëáäÞ ìå�áó÷çìá�ßæåé åõèåßåò óååõèåßåò, ê.ëð.�áñÜäåéãìá 8.1.4 - 1Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫ ∫D e y−xy+x dx dy;ü�áí D �ï �ñßãùíï ìå ðëåõñÝò �ïõò Üîïíåò óõí�å�áãìÝíùí êáé �çí åõèåßáx+ y − 2 = 0.Ëýóç. ¸ó�ù u = y − x êáé v = y + x:Ëýíïí�áò ùò ðñïò x êáé y ðñïêýð�åé ü�é ï ãñáììéêüò ìå�áó÷çìá�éóìüò (8:1:4−
4) ãéá �çí ðåñßð�ùóç áõ�Þ åßíáéLT : x =

v − u
2

êáé y =
v + u
2

:Ôü�å óýìöùíá ìå �çí (8:1:4 − 2) åßíáéJ(u; v) = ∣
∣
∣
∣
∣
∣
∣

xu yuxv yv ∣∣∣∣∣∣∣ = ∣
∣
∣
∣
∣
∣
∣

− 1
2

1
2

1
2

1
2

∣
∣
∣
∣
∣
∣
∣

= − 1

2
:Ó�ç óõíÝ÷åéá õðïëïãßæïí�áé ïé åîéóþóåéò �ùí ðëåõñþí �ïõ �ñéãþíïõ áðü�éò óõí�å�áãìÝíåò x, y ó�éò u, v ùò åîÞò:åõèåßá x = 0 LT :

u = yv = y ïðü�å u = v åõèåßá v − u = 0y = 0
u = −xv = x u = −v v + u = 0x+ y = 2 v = 2 v − 2 = 0:



ÄéðëÜ ïëïêëçñþìá�á 21¢ñá áðü �ïí �ýðï (8:1:4 − 6) Ý÷ïõìåI =

∣
∣
∣
∣
−1

2

∣
∣
∣
∣

2∫

0





v∫
−v euv du dv =

1

2

2∫

0





v∫
−v v(uv)u euv du dv

=
1

2

2∫

0

v [euv ] v
−v dv =

1

2

(e− 1e) 2∫

0

v dv = e− 1e :�ïëéêÝò óõí�å�áãìÝíåò¼ðùò åßíáé ãíùó�ü ïé ðïëéêÝò (Ó÷. 8.1.4 - 1b) óõí�å�áãìÝíåò (r; �) óõíäÝïí�áéìå �éò êáñ�åóéáíÝò (Ó÷. 8.1.4 - 1a) óõí�å�áãìÝíåò (x; y) ìå �éò ó÷Ýóåéòx = r cos � êáé y = r sin �; ü�áí r ≥ 0 êáé 0 ≤ � < 2�: (8.1.4 - 7)Ï ìå�áó÷çìá�éóìüò (8:1:4 − 7) åßíáé áìöéìïíïóÞìáí�ïò ìå �çí Ýííïéá ü�é
(a) (b)Ó÷Þìá 8.1.4 - 1: (á) Êáñ�åóéáíÝò êáé (b) ðïëéêÝò óõí�å�áãìÝíåòóå êÜèå óçìåßï (x; y) ∈ ℜ2−{(0; 0)} áí�éó�ïé÷åß áêñéâþò Ýíá óçìåßï (r; �) ∈

[0; +∞)×[0; 2�) êáé áí�ßó�ñïöá, åíþ ãéá �çí ïñßæïõóá Jaobi �ïõ ìå�áó÷çìá-�éóìïý åßíáéJ(r; �) = ∣
∣
∣
∣
∣
∣
∣

xr yrx� y� ∣∣∣∣∣∣∣ = ∣
∣
∣
∣
∣
∣

cos � sin �
−r sin � r cos � ∣∣∣∣∣∣ = r > 0:Óýìöùíá ìå �ç ó÷Ýóç (8:1:4− 3) �ï ïëïêëÞñùìá ∫ ∫D f(x; y) dx dy ó�çí
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∫ ∫D f(x; y) dx dy =

∫ ∫D̃ F (r; �) r dr d�: (8.1.4 - 8)�áñÜäåéãìá 8.1.4 - 2Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫ ∫D √

1− x2 − y2 dx dy;ü�áí ï �üðïò D åßíáé �ï Üíù çìéêýêëéï ìå êÝí�ñï �çí áñ÷Þ �ùí áîüíùí êáéáê�ßíá r = 1.Ëýóç. Ìå�áó÷çìá�ßæïí�áò óå ðïëéêÝò óõí�å�áãìÝíåò óýìöùíá ìå �éò ó÷Ýóåéò
(8:1:4 − 7) Ý÷ïõìåf(x; y) = √

1− x2 − y2 = √

1− r2 = F (r; �);åíþ åßíáé r ∈ [0; 1] êáé åðåéäÞ ðñüêåé�áé ãéá �ï Üíù çìéêýêëéï � ∈ [0; �]. ¢ñáóýìöùíá ìå �çí (8:1:4 − 8) åßíáéI =

�∫
0





1∫

0

r√1− r2 dr  d� = −1

3

�∫
0

(

1− r2)3=2∣∣∣∣∣
∣

1

0

d� =
1

3

∫ �
0

d� =
�
3
:

�áñÜäåéãìá 8.1.4 - 3¼ìïéá �ï ïëïêëÞñùìá I =

∫ ∫D 2xy dx dy;ü�áí ï �üðïò D åßíáé ï êõêëéêüò �ïìÝáò �ïõ 1ïõ �å�áñ�çìïñßïõ ìå�áîý �ùíêýêëùí êÝí�ñïõ (0; 0) êáé áê�ßíùí 2 êáé 5 áí�ßó�ïé÷á.Ëýóç. Ìå�áó÷çìá�ßæïí�áò óå ðïëéêÝò óõí�å�áãìÝíåò Ý÷ïõìåf(x; y) = 2x y = 2 r2 sin � cos � = r2 sin 2� = F (r; �)



ÄéðëÜ ïëïêëçñþìá�á 23üðïõ r ∈ [2; 5] êáé åðåéäÞ ðñüêåé�áé ãéá �ï 1ï �å�áñ�çìüñéï åßíáé � ∈ [0; �=2].¢ñá óýìöùíá ìå �çí (8:1:4 − 8) åßíáéI =

�=2∫
0





5∫

2

r (r2 sin 2�) dr  d� =

�=2∫
0

sin 2� [1
4
r4 ] 5

2
d�

=
609

4

�=2∫
0

sin 2� d� = −609

4

1

2
cos 2� ∣∣∣∣�=2

0
=

609

4
:�áñÜäåéãìá 8.1.4 - 4¼ìïéá �ï I =

∫ ∫D ex2+y2 dx dy;ü�áí ï �üðïò D åßíáé ï ìïíáäéáßïò êýêëïò êÝí�ñïõ (0; 0).Ëýóç. Ìå�áó÷çìá�ßæïí�áò óå ðïëéêÝò óõí�å�áãìÝíåò Ý÷ïõìåf(x; y) = er2 = F (r; �)üðïõ r ∈ [0; 1] êáé � ∈ [0; 2�]. ¢ñá óýìöùíá ìå �çí (8:1:4 − 8) åßíáéI =

2�∫
0





1∫

0

r er2 dr  d� =

2�∫
0

[
1

2

(r2)r er2 dr] d�
=

2�∫
0

1

2

[er2] 1
0
d� = 1

2
(e− 1)

2�∫
0

d� = � (e− 1) :



24 ÄéðëÜ êáé �ñéðëÜ ïëïêëçñþìá�á Êáè. Á. ÌðñÜ�óïò8.2 ÔñéðëÜ ïëïêëçñþìá�á8.2.1 Ïñéóìüò¸ó�ù ç óõíÜñ�çóç f(x; y; z) |D ìå D = [a1; b1] × [a2; b2] × [a3; b3] ⊆ ℜ3ðïõ åßíáé öñáãìÝíç ãéá êÜèå (x; y; z) ∈ D. ¼ðùò êáé ó�çí ðåñßð�ùóç �ïõäéðëïý ïëïêëçñþìá�ïò (�áñÜãñáöïò 8.1.1) ï �üðïò D õðïäéáéñåß�áé óå åðßìÝñïõò ïñèïãþíéá ðáñáëëçëåðßðåäá, ðïõ âñßóêïí�áé ó�ï åóù�åñéêü �ïõ �üðïõD, õðïäéáéñþí�áò �á äéáó�Þìá�á [ai; bi]; i = 1; 2; 3 ìå �á óçìåßá xi; yj ; zk;i = 1; 2; : : : ; n; j = 1; 2; : : : ; m êáé k = 1; 2; : : : ; p. Áí ∆A = ∆x∆y∆z ïüãêïò �ïõ ó�ïé÷åéþäïõò ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ �çò ðáñáðÜíù äéáìÝñéóçòêáé f (x∗i ; y∗j ; z∗k) �ï áí�ßó�ïé÷ï ýøïò �ïõ, �ü�å ï üãêïò V , ðïõ ãåùìå�ñéêÜéóïý�áé �ï �ñéðëü ïëïêëÞñùìáV =

∫ ∫ ∫D f(x; y; z) dx dy dx (8.2.1 - 1)ðñïóåããßæå�áé ùò åîÞò:V ≈ f (x∗1; y∗1 ; z∗1) ∆A+ : : :+ f (x∗n; y∗m; z∗p) ∆A: (8.2.1 - 2)¼ìïéá ìå �çí �áñá�Þñçóç 8.1.1 - 1 áðïäåéêíýå�áé ó�çí ÁíÜëõóç ü�é, ü�áíç äéáãþíéïò �ùí ðáñáðÜíù ðáñáëëçëåðéðÝäùí �åßíåé ó�ï ìçäÝí êáèþò êáèþò�á n; m p → +∞, �ï Üèñïéóìá (8:2:1− 2) óõãêëßíåé ðñïò Ýíáí áñéèìü, Ýó�ùI, ðïõ åßíáé áíåîÜñ�ç�ïò áðü �çí åðéëïãÞ �ùí óçìåßùí (xi; yj; zk). Óýìöùíáìå �á ðáñáðÜíù äßíå�áé ó�ç óõíÝ÷åéá ï ðáñáêÜ�ù ïñéóìüò.Ïñéóìüò 8.2.1 - 1 (�ñéðëïý ïëïêëçñþìá�ïò). Ïñßæå�áé óáí �ñéðëü ïëïêëÞñùìá�çò f(x; y; z) ó�ï D = [a1; b1]× [a2; b2]× [a3; b3] ç ïñéáêÞ �éìÞI =

∫ ∫D f(x; y; z) dx dy dz
= limn;m p→+∞

n∑i=1

m∑j=1

p
∑k=1

f (x∗i ; y∗j ; y∗k) ;∆A; (8.2.1 - 3)åöüóïí õðÜñ÷åé.



ÔñéðëÜ ïëïêëçñþìá�á 258.2.2 Éäéü�ç�åòÏé óçìáí�éêü�åñåò åßíáé:I. �ñáììéêÞ
∫ ∫ ∫D [k f(x; y; z) + � g(x; y; z)] dx dy

= k ∫ ∫ ∫D f(x; y; z) dx dy dz + � ∫ ∫ ∫D g(x; y; z) dx dy dz;ü�áí k; � ∈ ℜ.II. ÌÝóçò �éìÞò
∫ ∫ ∫D f(x; y; z) dx dy dz = f (x0; y0; z0) Aüðïõ A ï üãêïò �ïõ �üðïõ D.III. Áí ç ðåñéï÷Þ D áðï�åëåß�áé áðü �éò ÷ùñéó�Ýò ðåñéï÷Ýò D1 êáé D2,äçëáäÞ D = D1 ∪D2, �ü�å

∫ ∫ ∫D f(x; y) dx dy dz =

∫ ∫ ∫D1

f(x; y) dx dy dz
+

∫ ∫ ∫D2

f(x; y) dx dy dz:8.2.3 ÌÝèïäïé õðïëïãéóìïýÏ õðïëïãéóìüò �ïõ �ñéðëïý ïëïêëçñþìá�ïò (8:2:1 − 3) åîáñ�Ü�áé áðü �çìïñöÞ �ïõ ðåäßïõ ïñéóìïý.Ó�ç óõíÝ÷åéá åîå�Üæå�áé ìüíïí ïé ðáñáêÜ�ù äýï ðåñéð�þóåéò.4I. D =
{
(x; y; z) ∈ ℜ3 : a1 ≤ x ≤ b1; a2 ≤ y ≤ b2; a3 ≤ z ≤ b3}Ôü�å ï õðïëïãéóìüò ãßíå�áé óýìöùíá ìå �ï ðáñáêÜ�ù èåþñçìá:4Ï áíáãíþó�çò ãéá åê�åíÝó�åñç ìåëÝ�ç ðáñáðÝìðå�áé ó�ç âéâëéïãñáößá.



26 ÄéðëÜ êáé �ñéðëÜ ïëïêëçñþìá�á Êáè. Á. ÌðñÜ�óïòÈåþñçìá 8.2.3 - 1. Áí ç óõíÜñ�çóç f(x; y; z) |D ìå D = [a1; b1]×[a2; b2]×
[a3; b3] ⊆ ℜ3 åßíáé ïëïêëçñþóéìç ó�ï D, �ü�å

∫ ∫ ∫D f (x; y; z) dx dy dz =

b1∫a1 





b2∫a2  b3∫a3 f (x; y; z) dz dy


dx
=

b2∫a2 





b3∫a3  b1∫a1 f (x; y; z) dx dz


dy
=

b3∫a3 





b1∫a1  b2∫a2 f (x; y; z) dy dx


dz:Óýìöùíá ìå �ï èåþñçìá ç �éìÞ �ïõ �ñéðëïý ïëïêëçñþìá�ïò åßíáé áíåîÜñ�ç�çáðü �ç óåéñÜ ïëïêëÞñùóçò.�áñÜäåéãìá 8.2.3 - 1Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫D 8xyz dx dy dz;ü�áí D =
{

(x; y; z) ∈ ℜ3 2 ≤ x ≤ 3; 1 ≤ y ≤ 2; 0 ≤ z ≤ 1
} :Ëýóç. Óýìöùíá ìå �ïí �ýðï (8:2:3 − 1) Ý÷ïõìåI =

∫ ∫ ∫D 8xyz dx dy dz =

2∫

1







3∫

2





1∫

0

8xyz dz  dx


dy
=

2∫

1







3∫

2

[

4xyz2] 1
0
dx


dy =

2∫

1





3∫

2

4xy dx dy
=

2∫

1

[

2x2y] 3
2
dx =

2∫

1

10 y dy = 15:



ÔñéðëÜ ïëïêëçñþìá�á 27II. D = {(x; y; z) ∈ ℜ3 : a1 ≤ x ≤ b1 ; �1(x) ≤ y ≤ �2(x)z1(x; y) ≤ z ≤ z2(x; y)}Ôü�å éó÷ýåé I =

∫D f(x; y; z) dx dy dz (8.2.3 - 1)
=

b1∫a1 





�2(x)∫�1(x) 




z2(x;y)∫z1(x;y) f(x; y; z) dz  dy


dx:äçëáäÞ ç ïëïêëÞñùóç ãßíå�áé ðñþ�á áðü �ç ìå�áâëç�Þ, ðïõ áðü �éò Üëëåò äýïìå�áâëç�Ýò (�ñïöáíþò õðÜñ÷ïõí Üëëïé äýï �ýðïé ðáñÜó�áóçò �ïõ �üðïõ Dó�çí êá�çãïñßá áõ�Þ).�áñÜäåéãìá 8.2.3 - 2Íá õðïëïãéó�åß �ï ïëïêëÞñùìáI =

∫D x3y2z dx dy dz;ü�áí D =
{

(x; y; z) ∈ ℜ3 0 ≤ x ≤ 1; 0 ≤ y ≤ x; 0 ≤ z ≤ xy} :Ëýóç. Óýìöùíá ìå �ïí �ýðï (8:2:3 − 1) Ý÷ïõìåI =

∫D x3y2z dx dy dz =

1∫

0







x∫
0





xy∫
0

x3y2z dz  dy


dx
=

1∫

0







x∫
0

[
1

2
x3y2z2] xy

0
dy


dx =
1

2

1∫

0





x∫
0

x5y4 dy  dx
=

1

10

1∫

0

x10 dx =
1

110
:



28 ÄéðëÜ êáé �ñéðëÜ ïëïêëçñþìá�á Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 8.2.3 - 3¼ìïéá �ï ïëïêëÞñùìáI =

∫D (x2 + y2 − z2) dx dy dz;ü�áí D =
{

(x; y; z) ∈ ℜ3 : x+ y + z ≤ 1; x; y; z ≥ 0
} :Ëýóç. ¼ìïéá ìå �ïí �ýðï (8:2:3 − 1) Ý÷ïõìåI =

∫D (x2 + y2 − z2) dx dy dz
=

1∫

0







1−x∫
0





1−x−y∫

0

(x2 + y2 − z2) dz  dy


dx
=

1∫

0







1−x∫
0

[x2z + y2z − z3
3

] 1−x−y
0

dy


dx
=

1∫

0

(x2
2

− x3 + x4
2

) dx =
1

60
:

5
5Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.E-mail: bratsos�teiath.gr URL: http://users.teiath.gr/bratsos/
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