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ÌÜèçìá 1ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓLAPLACE
1.1 Ïñéóìüò êáé èåþñçìá ýðáñîçòÏñéóìüò 1.1 - 1 (ïñéóìüò ìå�áó÷çìá�éóìïý). ¸ó�ù f(t) ìßá ðñáãìá�éêÞóõíÜñ�çóç ìå ðåäßï ïñéóìïý [0;+∞] êáé ó > 0 ó�áèåñÜ. Ôü�å ïñßæå�áé óáíìå�áó÷çìá�éóìüò Laplae �çò f êáé óõìâïëßæå�áé ìå L[f(t)] Þ óõí�ïìü�åñá
L(f), ç óõíÜñ�çóç ðïõ ïñßæå�áé áðü �çí �éìÞ �ïõ ãåíéêåõìÝíïõ ïëïêëçñþìá�ïò�ïõ 1ïõ åßäïõò1F (s) = L[f(t)] = ∫ +∞

0
f(t)e−s td t ìå s ≥ ó; (1.1 - 1)ü�áí �ï ïëïêëÞñùìá õðÜñ÷åé. Ç ðáñÜìå�ñïò s åßíáé äõíá�üí íá åßíáé êáéìéãáäéêüò áñéèìüò, áí õðï�åèåß ü�é Re(s) ≥ 0.Ç öõóéêÞ óçìáóßá �ïõ ìå�áó÷çìá�éóìïý åîáñ�Ü�áé áðü �ç óõíÜñ�çóçò f(t).Ó�çí (1:1 − 1) ç f(t) ëÝãå�áé �ü�å ï áí�ßó�ñïöïò ìå�áó÷çìá�éóìüò �çòF (s) êáé óõìâïëßæå�áé ìå f(t) = L−1[F (s)]: (1.1 - 2)1ÂëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜ�óïò [2℄ Êåö. 8.



2 Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïò
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Ó÷Þìá 1.1 - 1: óõíÜñ�çóç f(t) óõíå÷Þò ãéá êÜèå t ∈ [0; 2) ∪ (2; 3) ∪ (3; 4),åíþ ðáñïõóéÜæåé áóõíÝ÷åéá ó�á óçìåßá t = 2; 3 ìå lim t→ 2−0 e−t = e−1,
lim t→ 2+0 f(t) = 1, lim t→ 3−0 f(t) = 1 êáé lim t→ 3+0 f(t) = 0:5.Ó�ï åîÞò èá èåùñåß�áé ü�é �ï s åßíáé ðñáãìá�éêüò áñéèìüò êáé èá óõìâïëßæå�áéìå �á êåöáëáßá ãñÜììá�á F , X, I ê.ëð. ïé ìå�áó÷çìá�éóìÝíåò êá�Ü Laplaeóõíáñ�Þóåéò �ùí f , x, i ê.ëð., áí�ßó�ïé÷á.Ïñéóìüò 1.1 - 2. Ìéá óõíÜñ�çóç f(t) ìå ðåäßï ïñéóìïý �ï [a; b] èá ëÝãå�áéêá�Ü �ìÞìá�á óõíå÷Þò (Ó÷. 1.1 - 1), ü�áí åßíáé ïñéóìÝíç ãéá êÜèå t ∈
[a; b] êáé õðïäéáéñþí�áò �ï äéÜó�çìá [a; b] óå í �ï ðëÞèïò õðïäéáó�Þìá�á�çò ìïñöÞò (ak; bk); k = 1; 2; : : : ; � �ï üñéü �çò ó�á Üêñá �ïõ äéáó�Þìá�ïò
(ak; bk) åßíáé ðåðåñáóìÝíï ãéá êÜèå k = 1; 2; : : : ; �.Ï ïñéóìüò áõ�üò åýêïëá ãåíéêåýå�áé ãéá �çí ðåñßð�ùóç ðïõ ç óõíÜñ�çóç f(t)Ý÷åé ðåäßï ïñéóìïý �ï [0;+∞).Ïñéóìüò 1.1 - 3. Ìéá óõíÜñ�çóç f(t) ëÝãå�áé óõíÜñ�çóç åêèå�éêÞò �Üîçò(funtion of exponential order), ü�áí õðÜñ÷ïõí ó�áèåñÝò , t0 êáé Ì ìåt0; Ì > 0, Ý�óé þó�å

|f(t)| < M e t ãéá êÜèå t > t0: (1.1 - 3)Ôü�å �ï  ïñßæåé �çí �Üîç �çò f .



Ïñéóìüò êáé èåþñçìá ýðáñîçò 3Ó�ï ðáñáêÜ�ù èåþñçìá äßíå�áé ç óõíèÞêç ðïõ ðñÝðåé íá éó÷ýåé, Ý�óé þó�åíá õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Laplae ìéáò óõíÜñ�çóçò.Èåþñçìá 1.1 - 1 (ýðáñîçò �ïõ ìå�áó÷çìá�éóìïý). ¸ó�ù ç óõíÜñ�çóçf(t) ðïõ åßíáé ïñéóìÝíç ãéá êÜèå t ∈ [0;+∞). Áí ç f åßíáéi) êá�Ü �ìÞìá�á óõíå÷Þò óå êÜèå ðåðåñáóìÝíï äéÜó�çìá �çò ìïñöÞò [0; á]üðïõ á > 0,ii) åêèå�éêÞò �Üîçò, äçëáäÞ õðÜñ÷ïõí ó�áèåñÝò , t0 êáé Ì ìå t0; Ì > 0,Ý�óé þó�å
|f(t)| ≤ Me t ãéá êÜèå t ∈ [0;+∞); (1.1 - 4)�ü�å ï ìå�áó÷çìá�éóìüò Laplae �çò f(t) õðÜñ÷åé ãéá êÜèå s > .Ç áðáß�çóç �çò êá�Ü �ìÞìá�á óõíå÷ïýò óõíÜñ�çóçò êáé ç éó÷ýò �çò (1:1−

4) ïñßæïõí �éò ëåãüìåíåòóõíèÞêåò Dirihlet. Ôï óýíïëï �ùí óõíáñ�Þóåùí fìå ðåäßï ïñéóìïý [0;+∞) ðïõ éêáíïðïéïýí �éò óõíèÞêåò Dirihlet, äçëáäÞ �ùíóõíáñ�Þóåùí ðïõ õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Laplae, èá óõìâïëßæå�áé ó�ïåîÞò ìå DL.Äßíïí�áé ó�ç óõíÝ÷åéá õðïëïãéóìïß �ïõ ìå�áó÷çìá�éóìïý Laplae ìå �ïíÏñéóìü 1.1 - 1.�áñÜäåéãìá 1.1 - 1¸ó�ù f(t) = A üðïõ A ó�áèåñÜ. Ôü�å2
L[f(t)] = F (s) = ∫ +∞

0
Ae−stdt = −As limx+∞

e−st∣∣∣
∣

x
0

= −As (

limx+∞
e−sx − e0) =

As ìå s > 0:¢ñá
L(A) = As ìå s > 0: (1.1 - 5)2Ç óõíÜñ�çóç ex ïñßæå�áé ãéá êÜèå x ∈ ℜ êáé éó÷ýåé: lim x→−∞ = 0 êáé lim x→+∞ =

+∞.



4 Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 1.1 - 2¼ìïéá, Ýó�ù f(t) = e−at . Ôü�å
L
[e−at] =

∫ +∞

0
e−ate−st dt = ∫ +∞

0
e−(s+a)t dt

= − 1s+ a limx→+∞
e−(s+a)t∣∣∣

∣

x
0
= − 1s+ a [

limx→+∞
e−(s+a)x − e0]

=
1s+ a ; ü�áí s+ a > 0:¢ñá

L
[e−at] = 1s+ a ìå s+ a > 0: (1.1 - 6)ÅðïìÝíùò

L
[e3t] = L

[e−(−3) t] = 1s+ 3
ìå s+ 3 > 0:1.2 Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïýÁðïäåéêíýå�áé ü�é éó÷ýïõí ïé ðáñáêÜ�ù éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý Laplae,ðïõ ìå �ç ÷ñÞóç �ïõò õðïëïãßæïí�áé ïé ìå�áó÷çìá�éóìïß �ùí äéáöüñùí óõíáñ�Þóåùí3.Èåþñçìá 1.2 - 1 (ãñáììéêÞ éäéü�ç�á). ¸ó�ù f; g ∈ DL. Ôü�å áí ê; ë ∈

ℜ éó÷ýåé
L[�f(t) + �g(t)] = �L[f(t)] + �L[g(t)]: (1.2 - 1)Ôï ðáñáðÜíù èåþñçìá ãåíéêåýå�áé ãéá �-�ï ðëÞèïò óõíáñ�Þóåéò.�áñÜäåéãìá 1.2 - 1Åßíáé ãíùó�ü ü�é áí f(t) = sin t, �ü�å sin t =

(eit − e−it) =2i üðïõ i çöáí�áó�éêÞ ìïíÜäá. Óýìöùíá ìå �ïí �ýðï (1:1−6) êáé �ç ãñáììéêÞ éäéü�ç�á3Ïé éäéü�ç�åò áõ�Ýò áðïäåéêíýå�áé ü�é éó÷ýïõí åðßóçò êáé ãéá �ïí áí�ßó�ñïöïìå�áó÷çìá�éóìü Laplae - ÌÜèçìá 2.



Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý 5Ý÷ïõìå
L(sin t) =

1

2i L (eit)− 1

2
L
(e−it) =

1

2i L (e−(−i) t)− 1

2
L
(e−it)

=
1

2i ( 1s+ (−i) − 1s+ i) =
1s2 + 1

;äçëáäÞ
L(sin t) = 1s2 + 1

: (1.2 - 2)¼ìïéá áðïäåéêíýå�áé ü�é
L(cos t) = 1

2
L
[eit + e−it] = ss2 + 1

(1.2 - 3)êáé
L(sinh at) =

1

2
L
[eat − e−at] = ss2 − a2 ; (1.2 - 4)

L(cosh at) =
1

2
L
[eat + e−at] = as2 − a2 ; (1.2 - 5)ü�áí s > a > 0.Èåþñçìá 1.2 - 2. Áí f ∈ DL ìå L[f(t)] = F (s), �ü�å

L[f(kt)] = 1k F ( sk) ìå k > 0: (1.2 - 6)�áñÜäåéãìá 1.2 - 2Óýìöùíá ìå �ï Èåþñçìá 1.2 - 2 êáé �ïí �ýðï (1:2 − 6) åßíáé
L(cos!t) =

1! s!
( s! )2 + 1

=
ss2 + !2

; (1.2 - 7)
L(sin!t) =

1! 1
( s! )2 + 1

=
!s2 + !2

ìå ù > 0: (1.2 - 8)ÅðïìÝíùò
L(cos 2t) = ss2 + 4

; L(sin 2t) = 2s2 + 4
; ê.ëð.



6 Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïòÈåþñçìá 1.2 - 3 (ðñïðïñåßáò). Áí f ∈ DL êáé L[f(t)] = F (s), �ü�å
L
[e−atf(t)] = F (s+ a); ü�áí s+ a > 0 êáé a > 0: (1.2 - 9)Óýìöùíá ìå �ï Èåþñçìá 1.2 - 3 êáé �ïõò �ýðïõò (1:2 − 7) - (1:2 − 8) åßíáé:

L
[e−at cos!t] =

s+ a
(s+ a)2 + !2

; (1.2 - 10)
L
[e−at sin!t] =

!
(s+ a)2 + !2

: (1.2 - 11)ÅðïìÝíùò
L
[e−t cos 2t] =

s+ 1

(s+ 1)2 + 22
=

s+ 1s2 + 2s+ 5
;

L
[e3t sin 2t] = L

[e−(−3) t sin 2t] = 2

[s+ (− 3)]2 + 22

=
2s2 − 6s + 13

;
L
[et sin(

2t+ �
4

)]

= L
[et (sin 2t cos �

4
+ cos 2t sin �

4

)]

=

√
2

2
L
[et sin 2t]+ √

2

2
L
[et cos 2t]

=

√
2

2
L
[e−(− t) sin 2t]+ √

2

2
L
[e−(− t) cos 2t]

=

√
2

2

2

(s− 1)2 + 22
+

√
2

2

s− 1

(s− 1)2 + 22

=

√
2

2

s+ 1s2 − 2s+ 5
:Èåþñçìá 1.2 - 4 (õó�Ýñçóçò). Áí f ∈ DL ìå L[f(t)] = F (s) êáég(t) = 





f(t− a) áí t > a
0 áí t < a;



Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý 7�ü�å
L[g(t)] = e−asF (s); ü�áí t > a > 0: (1.2 - 12)Ìå �ï èåþñçìá áõ�ü äßíå�áé ç äõíá�ü�ç�á íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüòLaplae ìéáò óõíÜñ�çóçò, ðïõ ïñßæå�áé ãéá t > a ìå a > 0. �áñáäåßãìá�á�Ý�ïéùí óõíáñ�Þóåùí Ý÷ïõìå ó�ç ìåëÝ�ç óõó�çìÜ�ùí ðïõ åíåñãïðïéïýí�áé�ç ÷ñïíéêÞ ó�éãìÞ t = a áí�ß �çò t = a.�áñÜäåéãìá 1.2 - 3ÅðåéäÞ L [t3] = 3 !s3+1 = 6s4 , óýìöùíá ìå �ï Èåþñçìá 1.2 - 4 ï ìå�áó÷çìá�éóìüòLaplae �çò óõíÜñ�çóçòg(t) = 





(t− 1)3 áí t > 1

0 áí t < 1
åßíáé L[g(t)] = 6 e−ss4 :¢ëëåò åöáñìïãÝò �ïõ ÈåùñÞìá�ïò 1.2 - 3 èá äïèïýí ó�çí åðüìåíç ðáñÜãñáöï.Èåþñçìá 1.2 - 5. Áí f ∈ DL ìå L[f(t)] = F (s), �ü�å

L[tf(t)] = − dF (s)ds = −F ′(s):Åöáñìüæïí�áò äéáäï÷éêÜ n öïñÝò �ï Èåþñçìá 1.2 - 5, �åëéêÜ ðñïêýð�åé
L [tnf(t)] = (−1)n dn F (s)dsn = (−1)nF (n)(s); (1.2 - 13)ü�áí n = 1; 2; : : : :�áñÜäåéãìá 1.2 - 4Óýìöùíá ìå �ïí �ýðï (1:2 − 8) åßíáé: L(sin 3t) = 3s2+9 . Åöáñìüæïí�áò �ïí�ýðï (1:2 − 13) ãéá n = 1; 2, Ý÷ïõìå

L [t sin 3t] = (−1)1
dds (

3s2 + 9

)

=
6s

(s2 + 9)2
;

L
[t2 sin 3t] = (−1)2

d 2ds2 (
3s2 + 9

)

=
dds [

6s
(s2 + 9)2

]

=
18

(s2 − 3
)

(s2 + 9)3
:



8 Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 1.2 - 5¼ìïéá óýìöùíá ìå �ïí �ýðï (1:2 − 8) åßíáé: L
[e−at] = 1s+a ìå s + a > 0.Åöáñìüæïí�áò �þñá äéáäï÷éêÜ �ïí �ýðï (1:2 − 13) Ý÷ïõìå

L
[t e−at] = (−1)1

dds (
1s+ á) =

1

(s+ a)2 ;
L
[t2 e−at] = (−1)2

d 2ds2 (
1s+ a) =

dds [

1

(s+ a)2] =

2 !
︷︸︸︷

2

(s+ a)3 ;
L
[t3 e−at] = (−1)3

d 3ds3 (
1s+ a) =

dds [

2 !

(s+ a)3] =

3 !
︷︸︸︷

2 · 3
(s+ a)4 ;: : : : : :

L
[tn e−at] = (−1)n dndsn (

1s+ a) =
dds [

(n− 1) !

(s+ a)n ] =
n !

(s+ a)n+1 :¢ñá
L
[tn e−at] = n !

(s+ a)n+1 ; (1.2 - 14)ü�áí n = 0; 1; : : : êáé s+ a > 0.Áí ó�çí (1:2 − 14) åßíáé a = 0, �ü�å
L [tn] = n !sn+1

; ü�áí n = 0; 1; : : : : (1.2 - 15)ÅðïìÝíùò óýìöùíá ìå �ïõò �ýðïõò (1:2 − 14) êáé (1:2− 15) Ý÷ïõìå
L
[t2 e3t] = 2 !

(s− 3)2+1 =
2

(s− 3)3
; êáé L

[t3] = 3 !s3+1
=

6s4 :Èåþñçìá 1.2 - 6 (ðáñáãþãïõ 1çò �Üîçò). Áí f ∈ DL êáé õðÜñ÷åé çðñþ�çò �Üîçò ðáñÜãùãïò �çò f êáé åßíáé óõíå÷Þò óõíÜñ�çóç Þ êá�Ü �ìÞìá�áóõíå÷Þò ãéá êÜèå t ≥ 0, �ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Laplae �çò ðáñáãþãïõf ′ êáé éó÷ýåé
L
[f ′(t)] = sL[f(t)]− f(0) ìå s > a: (1.2 - 16)



Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý 9Åöáñìüæïí�áò �þñá �çí (1:2−16) ãéá �ç äåý�åñçò �Üîçò ðáñÜãùãï �çò f ,õðïèÝ�ïí�áò ü�é ç f ′′ åßíáé óõíå÷Þò Þ êá�Ü �ìÞìá�á óõíå÷Þò ãéá êÜèå t ≥ 0,Ý÷ïõìå
L
[f ′′(t)] = sL [f ′(t)]− f ′(0) = s {sL[f(t)]− f(0)} − f ′(0);äçëáäÞ

L
[f ′′(t)] = s2L[f(t)]− sf(0) − f ′(0): (1.2 - 17)�áñÜäåéãìá 1.2 - 6¸ó�ù f(t) = t sin t. Ôü�å f(0) = 0, åíþ f ′(t) = sin t+ t cos t, ïðü�å f ′(0) =

0. ¢ñá óýìöùíá ìå �çí (1:2− 17) êáé ìå �ýðï (1:2− 13) ãéá n = 1 Ý÷ïõìå
L
[f ′′(t)] = s2L[t sin t]− sf(0) − f ′(0) = s2L[t sin t] = 2s3

(s2 + 1)2
:¢ëëåò åöáñìïãÝò �ïõ èåùñÞìá�ïò èá äïèïýí ó�ç ëýóç �ùí äéáöïñéêþí åîéóþóåùí(ÌÜèçìá 4).Ôï ðáñáêÜ�ù èåþñçìá êáé �ï ðüñéóìá íá ðáñáëåéöèïýí óå ðñþ�ç áíÜãíùóç.Èåþñçìá 1.2 - 7 (ïëïêëÞñùóç �ïõ ìå�áó÷çìá�éóìïý). Áí f ∈ DL ìå

L[f(t)] = F (s) êáé õðÜñ÷åé �ï lim t−> 0
f(t)t , �ü�å

L
[f(t)t ]

=

∫ +∞s F (x) dx: (1.2 - 18)�üñéóìá 1.2 - 1. ÅðåéäÞ lim s→ 0 e−st = 1, áðü �çí (1:2− 18) ðñïêýð�åé
∫ +∞

0

f(t)t dt = ∫ +∞

0
F (x) dx: (1.2 - 19)�áñÜäåéãìá 1.2 - 7Áðü �ïí �ýðï (1:2 − 2) êáé �ç ó÷Ýóç (1:2 − 18) ðñïêýð�åé

L
(
sin tt )

=

∫ +∞s dx
1 + x2 =

�
2
− tan−1 s;
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L
(
sin tt )

= tan−1
(
1s) :Ôü�å áðü �çí (1:2− 19) Ý÷ïõìå

∫ +∞

0

sin tt dt = ∫ +∞

0

dx
1 + x2 =

�
2
: (1.2 - 20)Ï õðïëïãéóìüò �ïõ ìå�áó÷çìá�éóìïý Laplae ìéáò óõíÜñ�çóçò f(t) ìå�ï ðñüãñáììá MATHEMATICA ãßíå�áé ìå �çí åí�ïëÞ:LaplaeTransform[f(t),t,s℄ÁóêÞóåéò1. Íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüò Laplae �ùí ðáñáêÜ�ù óõíáñ�Þóåùíf(t):4i) t3 − t+ 2 v) e−2t cos 3tii) sin(2t) vi) t cos 2tiii) t sin 2t vii) sin2 3t (Õð: 2 sin2 x = 1− cos 2x)iv) t2 sin 3t viii) cos2 2t (Õð: 2 cos2 x = 1 + cos 2x).2. ¼ìïéá �ùí óõíáñ�Þóåùí5i) t e−t cos t v) t e−t sin 2tii) t e−t cos!t vi) t2 e−2tiii) t3e−2t vii) t e−t sin!t .

4(i) 6s4 −
1s2 + 2s , (i) 2

4+s2 ,(iii) 4s
(4+s2)2 (iv) 18(−3+s2)

(9+s2)3 , (v) 2+s
13+4s+s2 (vi) −4+s2

(4+s2)2 ,
(vii) 18

36s+s3 , (viii) 8+s2
16s+s3 .5(i) 2s+s2

(2+2s+s2)2 , (ii) 1−!2
−2s+s2

(1+!2
−2s+s2)2 , (iii) 6

(2+s)4 , (iv) 4(1+s)
(5+2s+s2)2 (v) 2

(2+s)3 ,
(vi) 2!(1+s)

(1+!2+2s+s2)2 .
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6Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.





Âéâëéïãñáößá[1℄ ÌðñÜ�óïò, Á. (2011), ÅöáñìïóìÝíá Ìáèçìá�éêÜ, Åêäüóåéò Á.Ó�áìïýëç, ÁèÞíá, ISBN 978{960{351{874{7.[2℄ ÌðñÜ�óïò, Á. (2002), Áíþ�åñá Ìáèçìá�éêÜ, Åêäüóåéò Á. Ó�áìïýëç,ÁèÞíá, ISBN 960{351{453{5/978{960{351{453{4.[3℄ ÁèáíáóéÜäç, Á. (1993), Ìå�áó÷çìá�éóìüò Laplae êáé ÓåéñÝò Fourier,Åêäüóåéò ÆÞ�ç, ISBN 960{431{219{7.[4℄ Don, E., Shaum's Outlines { Mathematia (2006), ÅêäüóåéòÊëåéäÜñéèìïò, ISBN 978{960{461{000{6.[5℄ Spiegel M., Shaum's Outlines { Laplae Transforms (1965), MGraw-Hill Eduation { Europe, ISBN 978{007{060{231{1.Ìáèçìá�éêÝò âÜóåéò äåäïìÝíùí
• http://en.wikipedia.org/wiki/Main Page
• http://eqworld.ipmnet.ru/index.htm
• http://mathworld.wolfram.om/
• http://eom.springer.de/
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