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ÌÜèçìá 3�ÏËÕÙÍÕÌÉÊÇ�ÁÑÅÌÂÏËÇ
3.1 ÅéóáãùãÞÅßíáé ãíùó�ü ü�é ó�á äéÜöïñá ðñïâëÞìá�á �ùí åöáñìïãþí �éò ðåñéóóü�åñåòöïñÝò ðáñïõóéÜæïí�áé óõíáñ�Þóåéò, ðïõ ðåñéãñÜöïí�áé áðü ðïëýðëïêïõò �ý-ðïõò, äçëáäÞ �ýðïõò ó�ïõò ïðïßïõò õðåéóÝñ÷ïí�áé �ñéãùíïìå�ñéêÝò, åêèå�éêÝò,áí�ßó�ñïöåò �ñéãùíïìå�ñéêÝò, ëïãáñéèìéêÝò, ê.ëð. óõíáñ�Þóåéò. Ôü�å ç ëýóç�ïõ ðñïâëÞìá�ïò åßíáé äýóêïëç êáé �éò ðåñéóóü�åñåò öïñÝò áäýíá�ç. ÅðïìÝíùòÜìåóá äçìéïõñãåß�áé ç áíÜãêç �çò áí�éêá�Üó�áóçò áõ�þí �ùí óõíáñ�Þóåùíìå Üëëåò áðëïýó�åñåò, Ý�óé þó�å íá ãßíåé äõíá�Þ ç ëýóç �ùí ðáñáðÜíùðñïâëçìÜ�ùí. Ó�çí êá�çãïñßá áõ�Þ ðñïó�ßèåí�áé êáé ïé ðåñéð�þóåéò ðïõêá�Ü �ï ðëåßó�ïí åìöáíßæïí�áé ó�éò åöáñìïãÝò êáé åßíáé áõ�Ýò, ðïõ ï �ýðïò�çò óõíÜñ�çóçò, Ýó�ù f(x), åßíáé Üãíùó�ïò êáé ïé ìüíåò ðëçñïöïñßåò ðïõõðÜñ÷ïõí ãéá �çí f åßíáé ü�é ãíùñßæïõìå Ýíá óýíïëï �éìþí �çò, äçëáäÞ �áóçìåßá (xi; f (xi)) ; i = 1; 2; : : : ; n.Ó�ï ìÜèçìá áõ�ü, ïé óõíáñ�Þóåéò ðïõ èá ÷ñçóéìïðïéçèïýí ãéá �éò ðñïóåã-ãßóåéò áõ�Ýò, èá åßíáé ïé ðïëõùíõìéêÝò. Ôá ðëåïíåê�Þìá�á �çò ðñïóÝããéóçòìéáò óõíÜñ�çóçò ìå Ýíá ðïëõþíõìï åßíáé ðïëëÜ êáé åíäåéê�éêÜ áíáöÝñå�áé ü�éç ðáñÜãùãïò, �ï ïëïêëÞñùìá ê.ëð., õðïëïãßæïí�áé åõêïëü�åñá ìå �ç ÷ñÞóç�ïõ ðïëõùíýìïõ áí�ß �çò óõíÜñ�çóçò, åíþ �á áðï�åëÝóìá�Ü �ïõò åßíáé åðßóçò1



2 �ïëõùíõìéêÞ �áñåìâïëÞ Êáè. Á. ÌðñÜ�óïòðïëõþíõìá. ÅðïìÝíùò ãßíå�áé Üìåóá áí�éëçð�ü ç áíÜãêç áíáæÞ�çóçò áõ�ïý�ïõ åßäïõò �çò ðñïóÝããéóçò.3.1.1 Ó÷å�éêïß ïñéóìïß êáé èåùñÞìá�áÅßíáé ãíùó�ü ó�á ìáèçìá�éêÜ ü�é ç ðñïóÝããéóç ìéáò óõíå÷ïýò óõíÜñ�çóçòìå Ýíá ðïëõþíõìï, Ýó�ù P , âáèìïý n �çò ìïñöÞòPn(x) = anxn + an−1xn−1 + : : :+ a0; ü�áí ai ∈ ℜ ; i = 0; 1; : : : ; nåßíáé ðÜí�ï�å äõíá�Þ êáé ìå üóç áêñßâåéá êÜèå öïñÜ æç�åß�áé.ÓõãêåêñéìÝíá éó÷ýåé:Èåþñçìá 3.1 - 1 (Weierstrass). Áí f åßíáé ìßá óõíÜñ�çóç ïñéóìÝíç êáéóõíå÷Þò ó�ï [a; b], �ü�å ãéá êÜèå " > 0 õðÜñ÷åé Ýíá ðïëõþíõìï P , Ý�óé þó�å
|f(x) − P (x)| < " ãéá êÜèå x ∈ [a; b]: (3.1 - 1)Ôï Èåþñçìá 3.1 - 1 áíáöÝñå�áé ó�çí ýðáñîç �ïõ ðïëõùíýìïõ P , äå äßíåé üìùò�ïí �ýðï �ïõ êáé åðïìÝíùò Ý÷åé ìáèçìá�éêü èåùñç�éêü ìüíïí åíäéáöÝñïí.Ìéá ðñþ�ç áðÜí�çóç ó�ïí ðñïóäéïñéóìü �ïõ �ýðïõ �ïõ ðïëõùíýìïõ Päßíå�áé áðü �ï ðïëõþíõìï �ïõ Taylor, áí�ßó�ïé÷á �ïõ Malaurin, ðïõ üðùòåßíáé Þäç ãíùó�ü, äßíïí�áé áðü �ïõò �ýðïõòf(x) ≈ Pn(x) = f(�) + f ′(�)

1!
(x− �) + f ′′(�)

2!
(x− �)2

+ : : :+ f (n)(�)n !
(x− �)n ; (3.1 - 2)ü�áí �ï óçìåßï � áíÞêåé ó�ï ðåäßï ïñéóìïý �çò f êáé ïñßæåé �ï êÝí�ñï �ïõðáñáðÜíù áíáð�ýãìá�ïò, áí�ßó�ïé÷áf(x) ≈ Pn(x) = f(0) + f ′(0)

1!
x+

f ′′(0)

2!
x2

+ : : :+ f (n)(0)n !
xn; (3.1 - 3)ü�áí �ï êÝí�ñï åßíáé ó�çí ðåñßð�ùóç áõ�Þ �ï 0. Ôá ðáñáðÜíù ðïëõþíõìáäßíïõí �ü�å �ç äõíá�ü�ç�á íá Ý÷ïõìå ìßá ðïëõùíõìéêÞ ðñïóÝããéóç ìéáò óõíÜñ�çóçòf óå Ýíá óõãêåêñéìÝíï óçìåßï.



ÅéóáãùãÞ 3¸÷åé áðïäåé÷èåß ðåéñáìá�éêÜ ü�é �ï ðïëõþíõìï �ïõ Taylor, áí�ßó�ïé÷á�ïõ Malaurin:
• äåí ðáñïõóéÜæåé áêñßâåéá ðïõ íá áõîÜíå�áé ðÜí�ï�å áíÜëïãá ìå �ïíâáèìü n �ïõ ðïëõùíýìïõ,
• áðáé�åß �ç ãíþóç �ïõ êÝí�ñïõ �,
• ç ðñïóÝããéóç åßíáé áêñéâÞò ìüíïí ãéá �éìÝò �ïõ x ðëçóßïí �ïõ �,�áñÜäåéãìá 3.1 - 1¸ó�ù ç óõíÜñ�çóç f(x) = sin x:Ôï ðïëõþíõìï �ïõ Malaurin âáèìïý 3, áí�ßó�ïé÷á 5 åßíáéP3(x) = x−

x3
3 !

; áí�ßó�ïé÷á P5(x) = x−
x3
3 !

+
x5
5 !

:Áðü �ï Ó÷. 3.1 - 1a åßíáé ðñïöáíÝò ü�é, áí x → 0, �á äéáãñÜììá�á �ùíf; P3 êáé P5 óõìðßð�ïõí êáé áðïêëßíïõí, ü�áí �ï x áðïìáêñýíå�áé áðü�ï 0.
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(b)Ó÷Þìá 3.1 - 1: (a) ÓõíÜñ�çóç f(x) ìðëå, P3 êüêêéíç êáé P5 ðñÜóéíç êáìðýëç.(b) ¼ìïéá g(x) ìðëå, P2 êüêêéíç êáé P6 ðñÜóéíç êáìðýëçÁíÜëïãç ðáñá�Þñçóç éó÷ýåé ãéá �ç óõíÜñ�çóç (Ó÷. 3.1 - 1b)g(x) = e−x2 ;
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Ó÷Þìá 3.1 - 2: ÓõíÜñ�çóç f(x) ìðëå, P2 êüêêéíç êáé P4 ðñÜóéíç êáìðýëçü�áí ðñïóåããßæå�áé áðü �á ðáñáêÜ�ù ðïëõþíõìá �ïõ MalaurinP2(x) = 1− x2; áí�ßó�ïé÷á P6(x) = 1− x2 + x4
2

−
x6
6
:�áñÜäåéãìá 3.1 - 2¸ó�ù ç óõíÜñ�çóç f(x) = ln(x− 1):Ôï ðïëõþíõìï �ïõ Taylor ìå êÝí�ñï � = 2 âáèìïý 2, áí�ßó�ïé÷á 4 åßíáéP2(x) = x− 2−

(x− 2)2

2
; áí�ßó�ïé÷áP4(x) = x− 2−

(x− 2)2

2
+

(x− 2)3

3
−

(x− 2)4

4
:Áðü �ï Ó÷. 3.1 - 2 ðñïêýð�åé ü�é, áí x → 2, �á äéáãñÜììá�á �ùí f; P2êáé P4 óõìðßð�ïõí êáé áðïêëßíïõí, ü�áí �ï x áðïìáêñýíå�áé áðü �ï 2.

• Áðáé�åß�áé ï õðïëïãéóìüò �ùí ðáñáãþãùí �çò f , ðïõ üìùò �éò ðåñéóóü-�åñåò öïñÝò åßíáé äýóêïëïò Þ êáé áäýíá�ïò, êáé
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• ï �ýðïò (3:1 − 2), áí�ßó�ïé÷á (3:1 − 3) äåí åöáñìüæå�áé, ü�áí ç fåßíáé ãíùó�Þ ìüíïí óå Ýíáí áñéèìü óçìåßùí �ïõ ðåäßïõ ïñéóìïý �çò,äéáöïñå�éêÜ, üðùò óõìâáßíåé ó�éò ðåñéóóü�åñåò åöáñìïãÝò, ü�áí äåíåßíáé ãíùó�üò ï áíáëõ�éêüò �çò �ýðïò.3.2 Èåþñçìá �ïõ LagrangeÌéá ãåíéêü�åñç áí�éìå�þðéóç �ïõ ðáñáðÜíù ðñïâëÞìá�ïò ðñïóÝããéóçò ìéáòóõíÜñ�çóçò, ðïõ îåðåñíÜ �éò äõóêïëßåò �çò ðñïçãïýìåíçò ðáñáãñÜöïõ, äßíå�áéó�ç óõíÝ÷åéá.Áñ÷éêÜ ïñßæå�áé ç Ýííïéá �çò ðáñåìâïëÞò ùò åîÞò:Ïñéóìüò 3.2 - 1 (ðïëõùíõìéêÞò ðáñåìâïëÞò). ¸ó�ù ü�é x0, x1, : : :, xnåßíáé n+1 äéáöïñå�éêÜ ìå�áîý �ïõò óçìåßá åíüò äéáó�Þìá�ïò [a; b] êáé f(x)ìßá ðñáãìá�éêÞ óõíÜñ�çóç ìå ðåäßï ïñéóìïý åðßóçò �ï [a; b] êáé �çò ïðïßáòåßíáé ãíùó�Ýò ïé �éìÝò f (xi) ãéá êÜèå i = 0; 1; : : : ; n. Ôü�å ç ðïëõùíõìéêÞðáñåìâïëÞ (polynomial interpolation) ïñßæå�áé áðü Ýíá ðïëõþíõìï, Ýó�ù Pnâáèìïý ≤ n, Ý�óé þó�å Pn (xi) = f (xi) ãéá êÜèå i = 0; 1; : : : ; n (Ó÷. 3.2 -1).Ï ðáñáðÜíù ïñéóìüò ãåíéêåýå�áé ãéá êÜèå óýíïëï óçìåßùí (xi; yi); i =

0; 1; : : : ; n, ü�áí �á xi åßíáé äéáöïñå�éêÜ ìå�áîý �ïõò.Ó÷å�éêÜ ìå �çí ýðáñîç êáé �ï ìïíïóÞìáí�ï �ïõ ðïëõùíýìïõ ðáñåìâïëÞòPn(x) éó÷ýåé:Èåþñçìá 3.2 - 1 (ðáñåìâïëÞò �ïõ Lagrange). ¸ó�ù ü�é x0, x1, : : :, xnåßíáé n+1 äéáöïñå�éêÜ ìå�áîý �ïõò óçìåßá åíüò äéáó�Þìá�ïò [a; b] êáé f(x)ìßá ðñáãìá�éêÞ óõíÜñ�çóç �çò ïðïßáò åßíáé ãíùó�Ýò ïé �éìÝò f (xi) ãéá êÜèåi = 0; 1; : : : ; n. Ôü�å õðÜñ÷åé áêñéâþò Ýíá ðïëõþíõìï Pn(x) âáèìïý ≤ n,ðïõ äßíå�áé áðü �ïí �ýðïPn(x) = l0(x)f (x0) + l1(x)f (x1) + : : :+ ln(x)f (xn)
=

n∑i=0

li(x)f (xi) (3.2 - 1)
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Ó÷Þìá 3.2 - 1: Óçìåßá {0; 1}; {1; 0}; {3; 2}; {5;−1}üðïõli(x) =
(x− x0) (x− x1) · · · (x− xi−1) (x− xi+1) · · · (x− xn)

(xi − x0) (xi − x1) · · · (xi − xi−1) (xi − xi+1) · · · (xi − xn)
=

n∏j=0ìå j 6=i x− xjxi − xj : (3.2 - 2)êáé �ï ïðïßï óõìðßð�åé (�áõ�ßæå�áé) ìå �çí f(x) ó�á óçìåßá xi ãéá êÜèåi = 0; 1; : : : ; n.Ï �ýðïò (3:2 − 1) åßíáé ãíùó�üò óáí �ýðïò ðáñåìâïëÞò �ïõ Lagrange,åíþ �á ðïëõþíõìá li(x); i = 0; 1; : : : ; n, ðïõ ïñßæïí�áé ìå �ïí �ýðï (3:2−2),ëÝãïí�áé ðïëõþíõìá ðáñåìâïëÞò �ïõ Lagrange ãéá �á óçìåßá Þ êüìâïõò(nodes) x0, x1, : : :, xn.�áñá�Þñçóåéò 3.2 - 1Áðü �ïí �ýðï (3:2− 2) ðñïêýð�ïõí �á åîÞò:i) ó�ïí áñéèìç�Þ êÜèå Ýíá áðü �á ðïëõþíõìá li(x) Ý÷åé üëïõò �ïõò ðáñÜãï-í�åò åê�üò áðü �ïí x−xi (äéáöïñå�éêÜ áí �ïõò åß÷å üëïõò èá ðñïÝêõð�åðïëõþíõìï n+ 1 âáèìïý),



Èåþñçìá �ïõ Lagrange 7ii) ï ðáñïíïìáó�Þò ðñïêýð�åé áðü �ïí áñéèìç�Þ áí�éêáèéó�þí�áò �ï x ìå�ï xi. ¢ñá ï ðáñïíïìáó�Þò åßíáé ó�áèåñÜ.�üñéóìá 3.2 - 1. Ôá ðïëõþíõìá li(x); i = 0; 1; : : : ; n åßíáé âáèìïý n êáéåðéðëÝïí li (xj) = äij = 





1 áí i = j
0 áí i 6= j: (3.2 - 3)Áðüäåéîç. ¸÷ïí�áò õð' üøéí �çí �áñá�Þñçóç 3.2 - 1(i) êÜèå Ýíá áðü �áðïëõþíõìá li(x) ó�ïí áñéèìç�Þ Ý÷åé üëïõò �ïõò ðáñÜãïí�åò åê�üò áðü �ïíx − xi. ¢ñá, åðåéäÞ ç áñßèìçóç áñ÷ßæåé áðü �ï 0, õðÜñ÷ïõí n äéáöïñå�éêïßðáñÜãïí�åò, ïðü�å ï âáèìüò �ïõ êÜèå åíüò ðïëõùíýìïõ êáé óõíåðþò üëùí èáåßíáé n (ï ðáñïíïìáó�Þò åßíáé ó�áèåñÜ).Åðßóçò åßíáéli (xi) =

(xi − x0) (xi − x1) · · · (xi − xi−1) (xi − xi+1) · · · (xi − xn)
(xi − x0) (xi − x1) · · · (xi − xi−1) (xi − xi+1) · · · (xi − xn) = 1:¸ó�ù ãéá åõêïëßá j = 0 êáé i = 1; ïðü�ål1 (x0) =
(x− x0) (x− x2) · · · (x− xn)

(x1 − x0) (x1 − x2) · · · (x1 − xn) ∣∣∣∣x=x0

=

0
︷ ︸︸ ︷

(x0 − x0) (x0 − x2) · · · (x0 − xn)
(x1 − x0) (x1 − x2) · · · (x1 − xn) = 0:¼ìïéá ãéá �ïõò ãåíéêïýò äåßê�åò i; j.�áñÜäåéãìá 3.2 - 1 (ãñáììéêÞ ðáñåìâïëÞ)Æç�åß�áé íá ðñïóäéïñéó�åß �ï ðïëõþíõìï ðáñåìâïëÞò P (x) �çò óõíÜñ�çóçòf(x) ãéá �á óçìåßá x0, x1.Ëýóç. ÅðåéäÞ ï áñéèìüò �ùí óçìåßùí ðáñåìâïëÞò åßíáé 2, ðñÝðåé �ï æç�ïýìåíïðïëõþíõìï íá åßíáé 1ïõ âáèìïý, äçëáäÞ óýìöùíá ìå �ïí �ýðï (3:2− 2)P (x) = P1(x) = l0(x) (x0) + l1(x) (x1) :
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æ
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Ó÷Þìá 3.2 - 2: Óçìåßá {1; 2:5}; {4;−1:5}Ôá ðïëõþíõìá ðáñåìâïëÞò l0(x), l1(x) óýìöùíá ìå �éò �áñá�çñÞóåéò 3.2 - 1õðïëïãßæïí�áé áðü �ïí �ýðï (3:2 − 1) ùò åîÞò:l0(x) = x− x1x0 − x1 êáé l1(x) = x− x0x1 − x0 :¢ñá P1(x) = x− x1x0 − x1 f (x0) + x− x0x1 − x0 f (x1) ;äçëáäÞ P1(x) = f (x1)− f (x0)x1 − x0 (x− x0) + f (x0) (3.2 - 4)ðïõ åßíáé ãíùó�üò êáé óáí ï �ýðïò �çò ãñáììéêÞò ðáñåìâïëÞò (Ó÷. 3.2 -2).�áñÜäåéãìá 3.2 - 2Íá õðïëïãéó�åß �ï ðïëõþíõìï ðáñåìâïëÞò ãéá �á óçìåßá
(x0; f (x0)) = (−0:5; 1:5); (x1; f (x1)) = (0:8; 2:0) êáé

(x2; f (x2)) = (1:2;−1:5):



Èåþñçìá �ïõ Lagrange 9Ëýóç. ÅðåéäÞ ï áñéèìüò �ùí óçìåßùí ðáñåìâïëÞò åßíáé 3, ðñÝðåé �ï æç�ïýìåíïðïëõþíõìï íá åßíáé 2ïõ âáèìïý, äçëáäÞP (x) = P2(x) = l0(x) (x0) + l1(x)f (x1) + l2(x)f (x2) :¼ìïéá �á ðïëõþíõìá ðáñåìâïëÞò l0(x), l1(x) êáé l2(x) óýìöùíá ìå �éò�áñá�çñÞóåéò 3.2 - 1 õðïëïãßæïí�áé áðü �ïí �ýðï (3:2 − 1) ùò åîÞò:l0(x) =
x− x1x0 − x1 x− x2x0 − x2 =

x− 0:8
−0:5− 0:8 x− 1:2

−0:5− 1:2
= 0:434 389 − 0:904 977x + 0:452 489x2 ;l1(x) =

x− x0x1 − x0 x− x2x1 − x2 =
x− (−0:5)
0:8− (−0:5) x− 1:2

0:8− 1:2
= 1:153 846 + 1:346 154x − 1:923 077x2 ;l2(x) =

x− x0x2 − x0 x− x1x2 − x1 =
x− (−0:5)
1:2− (−0:5) x− 0:8

1:2− 0:8
= −0:588 235 − 0:441 177x + 1:470; 588x2 :¢ñá áí�éêáèéó�þí�áò �åëéêÜ (Ó÷. 3.2 - 3)P2(x) = l0(x) 1:5 + l1(x) 2:0 + l2(x)(−1:5)

= 3:841 629 + 1:996 606x − 5:373 303x2 :�áñÜäåéãìá 3.2 - 3Íá õðïëïãéó�åß �ï ïëïêëÞñùìáÉ = 1∫

0

e−x2dx; (3.2 - 5)ü�áí �á óçìåßá ðáñåìâïëÞò1 åßíáé:1Åßíáé ðñïöáíÝò ü�é ó�éò ðåñéð�þóåéò áõ�Ýò üëá �á óçìåßá ðáñåìâïëÞò ðñÝðåé íá áíÞêïõíó�ï äéÜó�çìá ïëïêëÞñùóçò.
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æ

æ

æ
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fHxL
P2HxL

Ó÷Þìá 3.2 - 3: Óçìåßá {−0:5; 1:5}; {0:8; 2:0}; {1:2;−1:5}i) x0 = 0; x1 = 0:5; x2 = 1:0, êáéii) x0 = 0; x1 = 0:3; x2 = 0:6; x3 = 1:0.Ó�ç óõíÝ÷åéá íá ãßíåé óýãêñéóç �ùí áðï�åëåóìÜ�ùí ìå �ç èåùñç�éêÞ �éìÞÉ = 0:746 824.Ëýóç. ÁíÜëïãá ìå �ï �áñÜäåéãìá 3.2 - 2 Ý÷ïõìå:i) ÅðåéäÞ �á óçìåßá åßíáé 3, �ï ðïëõþíõìï ðáñåìâïëÞò åßíáéP2(x) = l0(x) (x0) + l1(x)f (x1) + l2(x)f (x2) ;ü�áí l0(x) =
x− x1x0 − x1 x− x2x0 − x2 =

x− 0:5
0− 0:5 x− 1:0

0− 1:0
= 1− 3x+ 2x2;l1(x) =

x− x0x1 − x0 x− x2x1 − x2 =
x− 0

0:5 − 0

x− 1:0
0:5− 1:0

= 4x− 4x2;



Èåþñçìá �ïõ Lagrange 11l2(x) =
x− x0x2 − x0 x− x1x2 − x1 =

x− 0

1:0− 0

x− 0:5
1:0− 0:5

= −x+ 2x2:¢ñá áí�éêáèéó�þí�áò �åëéêÜP2(x) = l0(x) e0 + l1(x) e−0:52 + l2(x) e−12

= 1− 0:252 676x − 0:379 444x2 : (3.2 - 6)ÅðïìÝíùò É1 =

1∫

0

P2(x) dx ≈ 0:747 180 ìå óöÜëìáe1 = |0:747 180 − 0:746 824| = 0:000 356:ii) Ó�çí ðåñßð�ùóç áõ�Þ �á óçìåßá åßíáé 4, ïðü�å �ï ðïëõþíõìï ðáñåìâïëÞòåßíáé P3(x) = l0(x) (x0) + l1(x)f (x1) + l2(x)f (x2) + l3(x)f (x3) ;ü�áí l0(x) =
x− x1x0 − x1 x− x2x0 − x2 x− x3x0 − x3

=
x− 0:3
0− 0:3 x− 0:6

0− 0:6 x− 1:0
0− 1:0

= 1− 6x + 10:555 56x2 − 5:555 556x3 ;l1(x) =
x− x0x1 − x0 x− x2x1 − x2 x− x3x1 − x3

=
x− 0

0:3− 0

x− 0:6
0:3− 0:6 x− 1:0

0:3− 1:0
= 9:523 81x − 25:396 83x2 + 15:873 02x3 ;l2(x) =

x− x0x2 − x0 x− x1x2 − x1 x− x3x2 − x3
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=

x− 0

0:6− 0

x− 0:3
0:6− 0:3 x− 1:0

0:6− 1:0
= −4:166 667x + 18:055 56x2 − 13:888 89x3 ;l3(x) =

x− x0x3 − x0 x− x1x3 − x1 x− x2x3 − x2
=

x− 0

1:0− 0

x− 0:3
1:0− 0:3 x− 0:6

1:0− 0:6
= 0:642 857x − 3:214 286x2 + 3:571 429x3¢ñá áí�éêáèéó�þí�áò �åëéêÜP3(x) = l0(x) e0 + l1(x) e−0:32 + l2(x) e−0:62 + l3(x) e−12(3.2 - 7)

= 1 + 0:033 616x − 1:24 093x2 + 0:575 195x3 :¢ñá É2 =

1∫

0

P3(x) dx ≈ 0:746 963 ìå óöÜëìáe2 = |0:746 963 − 0:746 824| = 0:000 139:Ôü�å ðñïöáíþò e2 < e1, ðïõ åðáëçèåýåé êáé �ï èåùñç�éêÜ áíáìåíüìåíïáðï�Ýëåóìá, äçëáäÞ ü�é ç áýîçóç �ùí óçìåßùí ðáñåìâïëÞò áõîÜíåé êáé �çíáêñßâåéá �çò ðñïóÝããéóçò. Ó�ï Ó÷. 3.2 - 4a äßíå�áé ç ãñáöéêÞ ðáñÜó�áóç�ùí ðïëõùíýìùí P2 êáé P3 ìå �á áí�ßó�ïé÷á óçìåßá ðáñåìâïëÞò, åíþ ó�ï Ó÷.3.2 - 4b ç ãñáöéêÞ ðáñÜó�áóç �çò e−x2 ìå üëá �á ÷ñçóéìïðïéçèÝí�á óçìåßá.3.3 ÄéáéñåìÝíåò äéáöïñÝò. Ôýðïò �ïõ NewtonÔï ðïëõþíõìï ðáñåìâïëÞò Pn(x) �ïõ Lagrange, ðïõ ïñßæå�áé áðü �ïí �ýðï
(3:2 − 2), áðáé�åß ãéá �ïí õðïëïãéóìü �ïõ Ýíáí ìåãÜëï áñéèìü ðñÜîåùí.ÓõãêåêñéìÝíá, ü�áí ï õðïëïãéóìüò �ïõ ãßíå�áé ìå ÇÕ, áñ÷éêÜ õðïëïãßæå�áéç ðáñÜó�áóç (x− x0) (x− x1) · · · (x− xn) êáé ó�ç óõíÝ÷åéá �á ðïëõþíõìá
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(b)Ó÷Þìá 3.2 - 4: x ∈ [0; 1] (a) �ïëõþíõìï P2 êüêêéíç (óçìåßá ìðëå), P3ðñÜóéíç êáìðýëç (óçìåßá êüêêéíá) êáé (b) óõíÜñ�çóç e−x2li(x); i = 0; 1; : : : ; n ìå êá�Üëëçëåò äéáéñÝóåéò �çò ðáñÜó�áóçò áõ�Þò. ¼ðùòÝ÷åé Þäç ðñïêýøåé êáé áðü �ï �áñÜäåéãìá 3.2 - 3, ãéá íá áõîçèåß ç áêñßâåéá �çòðñïóÝããéóçò, ðñÝðåé íá ÷ñçóéìïðïéçèåß êÜèå öïñÜ êáé ìåãáëý�åñïò áñéèìüòóçìåßùí ðáñåìâïëÞò xi. Áõ�ü üìùò �ü�å Ý÷åé óáí áðï�Ýëåóìá ìßá áí�ßó�ïé÷çáýîçóç �ïõ âáèìïý �ùí áí�ßó�ïé÷ùí ðïëõùíýìùí ðáñåìâïëÞò Pi(x), åíþ,üðùò ðñïêýð�åé áðü �ïí �ýðï (3:2 − 2), ó�ïí õðïëïãéóìü �ùí ðïëõùíýìùíPi(x) äå ëáìâÜíå�áé õð' üøéí ç ìÝ÷ñé �ü�å ãíþóç �ùí ðïëõùíýìùí P0, P1,: : :, Pi−1, ìå áðï�Ýëåóìá ï �ýðïò áõ�üò íá ïäçãåß êÜèå öïñÜ êáé óå ÝíáìåãÜëï áñéèìü åðáíáëáìâáíüìåíùí ðñÜîåùí. ÓõíïëéêÜ, áõ�Ü Ý÷ïõí óáíáðï�Ýëåóìá ï �åëéêüò õðïëïãéóìüò �ïõ ðïëõùíýìïõ Pi(x) íá åßíáé áñêå�Üåðßðïíïò áöåíüò êáé áöå�Ýñïõ ìå ðïëëÜ ëÜèç ó�ñïããõëïðïßçóçò. ÅðïìÝíùòóå Ýíá ðñüâëçìá ìå ìåãÜëï áñéèìü äåäïìÝíùí �ï ðïëõþíõìï ðïõ èá ðñïêýøåé,äå èá äéÝñ÷å�áé áðü �á óçìåßá, äçëáäÞ èá õðÜñ÷åé óöÜëìá, ìå ü�é áõ�üóõíåðÜãå�áé ó�çí ðåñáé�Ýñù ëýóç �ïõ ðñïâëÞìá�ïò.Ó�çí ðñïóðÜèåéá ðåñéïñéóìïý �ïõ áñéèìïý �ùí ðñÜîåùí ðïõ áðáé�ïýí�áéãéá �ïí ðñïóäéïñéóìü �ïõ ðïëõùíýìïõ ðáñåìâïëÞò Pn(x), �ï ïðïßï äéÝñ÷å�áéáðü �á óçìåßá xi; i = 0; 1; : : : ; n, �ï æç�ïýìåíï ðïëõþíõìï ãñÜöå�áé ùòåîÞò: Pn(x) = A0 +A1 (x− x0) +A2 (x− x0) (x− x1)
+ : : :+An (x− x0) · · · (x− xn−1) : (3.3 - 1)Ó�ïí �ýðï (3:3−1) �á Ái; i = 0; 1; : : : ; n åßíáé ïé ðñïóäéïñéó�Ýïé óõí�åëåó�Ýò�ïõ ðïëõùíýìïõ. Óå áí�ßèåóç ìå �ïí ãíùó�ü �ýðï �ùí äõíÜìåùí (power



14 �ïëõùíõìéêÞ �áñåìâïëÞ Êáè. Á. ÌðñÜ�óïòform) Pn(x) = anxn + an−1xn−1 + : : :+ a1x+ a0;ü�áí ai; i = 0; 1; : : : ; n óõí�åëåó�Ýò ìå an 6= 0 êáé n = 0; 1; : : :, ï �ýðïò áõ�üòëáìâÜíåé õð' üøéí �á óçìåßá ðáñåìâïëÞò x0, x1, : : :, xn−1.ÄéáéñåìÝíåò äéáöïñÝòÓ�çí (3:3 − 8) ï õðïëïãéóìüò �ùí óõí�åëåó�þí Ai; i = 0; 1; : : : ; n ãßíå�áéåýêïëá ìå �çí åéóáãùãÞ �çò Ýííïéáò �çò äéáéñåìÝíçò äéáöïñÜò, ðïõ ïñßæå�áéó�ç óõíÝ÷åéá ùò åîÞò: áí x0, x1, : : :, xn åßíáé n+1 äéáöïñå�éêÜ ìå�áîý �ïõòóçìåßá åíüò äéáó�Þìá�ïò [a; b] êáé f(x) ìßá ðñáãìá�éêÞ óõíÜñ�çóç ìå ðåäßïïñéóìïý åðßóçò �ï [a; b] êáé �çò ïðïßáò åßíáé ãíùó�Ýò ïé �éìÝò f (xi) ãéá êÜèåi = 0; 1; : : : ; n, �ü�åÏñéóìüò 3.3 - 1. Ç äéáéñåìÝíç äéáöïñÜ ìçäåíéêÞò �Üîçò ó�ï óçìåßï xióõìâïëßæå�áé ìå f [xi] êáé éóïý�áé ìåf [xi] = f (xi) : (3.3 - 2)Ïñéóìüò 3.3 - 2. Ç äéáéñåìÝíç äéáöïñÜ 1çò �Üîçò ó�á óçìåßá xi; xi+1óõìâïëßæå�áé ìå f [xi; xi+1] êáé éóïý�áé ìåf [xi; xi+1] =
f (xi+1)− f (xi)xi+1 − xi : (3.3 - 3)Ïñéóìüò 3.3 - 3. Ç äéáéñåìÝíç äéáöïñÜ 2çò �Üîçò ó�á óçìåßá xi; xi+1; xi+2óõìâïëßæå�áé ìå f [xi; xi+1; xi+2] êáé éóïý�áé ìåf [xi; xi+1; xi+2] =

f [xi+1; xi+2]− f [xi; xi+1]xi+2 − xi : (3.3 - 4)�åíéêÜ ïñßæå�áé ü�é:



ÄéáéñåìÝíåò äéáöïñÝò. Ôýðïò �ïõ Newton 15Ïñéóìüò 3.3 - 4. Ç äéáéñåìÝíç äéáöïñÜ k-�Üîçò ó�á óçìåßá xi; xi+1; : : :,xi+k óõìâïëßæå�áé ìå f [xi; xi+1; : : : ; xi+k] êáé éóïý�áé ìåf [xi; xi+1; : : : ; xi+k]
=

f [xi+1; xi+2; : : : ; xi+k]− f [xi; xi+1; : : : ; xi+k−1]xi+k − xi : (3.3 - 5)Áðïäåéêíýå�áé ü�é éó÷ýåé �ï ðáñáêÜ�ù èåþñçìá:Èåþñçìá 3.3 - 1 (èåþñçìá õðïëïãéóìïý äéáéñåìÝíùí äéáöïñþí). ¸ó�ùü�é xi; i = 0; 1; : : : ; n åßíáé n+1 äéáöïñå�éêÜ óçìåßá åíüò äéáó�Þìá�ïò [a; b].Ôü�å éó÷ýåé:f [x0; x1; : : : ; xn] = f [x1; x2; : : : ; xn]− f [x0; x1; : : : ; xn−1]xn − x0 : (3.3 - 6)Óçìåßùóç 3.3 - 1Ïé ðáñáðÜíù ïñéóèåßóåò äéáöïñÝò ó�ç âéâëéïãñáößá åßíáé ãíùó�Ýò óáí ïé ðñïò�á åìðñüò äéáéñåìÝíåò äéáöïñÝò. Ó�ï ìÜèçìá áõ�ü èá äéá�çñçèåß ãéá åõêïëßááðëÜ ï üñïò äéáéñåìÝíç äéáöïñÜ (âëÝðå åðßóçò ¢óêçóç 3).�áñÜäåéãìá 3.3 - 1Íá õðïëïãéó�ïýí ïé äéáéñåìÝíåò äéáöïñÝò ó�á óçìåßá
(0:3; 1:5) êáé (0:8; 2:5):Ëýóç. ¸ó�ùx0 = 0:3; f (x0) = 1; 5 êáé x1 = 0:8; f (x1) = 2; 5:Ôü�å äéáäï÷éêÜ Ý÷ïõìåf [x0] = f (0:3) = 1:5 êáé f [x1] = f (0:8) = 2:5f [x0; x1] =
f (x1)− f (x0)x1 − x0 =

2:5− 1:5
0:8− 0:3 = 2:



16 �ïëõùíõìéêÞ �áñåìâïëÞ Êáè. Á. ÌðñÜ�óïò�ßíáêáò 3.3 - 1: �áñÜäåéãìá 3.3 - 1: õðïëïãéóìüò äéáéñåìÝíçò äéáöïñÜò
1-�Üîçòxi f [xi] f [; ]x0 = 0:3 f [x0] = 1:5 f [x0; x1] = 2:5− 1:5

0:8− 0:3 = 2x1 = 0:8 f [x1] = 2:5Ôá ðáñáðÜíù áðï�åëÝóìá�á õðïëïãßæïí�áé åðßóçò ìå �ç äéáäéêáóßá �ïõ �ßíáêá3.3 - 1.
�áñÜäåéãìá 3.3 - 2Íá õðïëïãéó�ïýí ïé äéáéñåìÝíåò äéáöïñÝò ó�á óçìåßá

(1:0; 2:0); (1:5; 2:8) êáé (1:7; 3:5):Ëýóç. Áêïëïõèþí�áò áíÜëïãç äéáäéêáóßá ìå åêåßíç �ïõ �áñáäåßãìá�ïò 3.3- 1 Ý÷ïõìå �á áðï�åëÝóìá�á �ïõ �ßíáêá 3.3 - 2.Ó�ïí �ßíáêá 3.3 - 3, áí�ßó�ïé÷á 3.3 - 4 äßíïí�áé ó÷çìá�éêÜ ïé õðïëïãéóìïß�ùí äéáéñåìÝíùí äéáöïñþí 3çò, áí�ßó�ïé÷á 4çò-�Üîçò, åíþ ó�ïí Áëãüñéèìï 3.3- 1 ï �ñüðïò õðïëïãéóìïý �ùí ãåíéêÜ.
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�ßíáêáò 3.3 - 2: �áñÜäåéãìá 3.3 - 2: õðïëïãéóìüò äéáéñåìÝíçò äéáöïñÜò
2-�Üîçòxi f [xi] f [; ] f [; ; ]x0 = 1:0 f [x0] = 2:0 f [x0; x1]

=
2:8− 2:0
1:5− 1:0 = 1:6x1 = 1:5 f [x1] = 2:8 f [x0; x1; x2]

=
f [x1; x2]− f [x0; x1]x2 − x1

=
3:5− 1:6
1:7− 1:0

= 2:714 286f [x1; x2]
=

3:5− 2:8
1:7− 1:5 = 3:5x2 = 1:7 f [x2] = 3:5
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�ßíáêáò 3.3 - 3: õðïëïãéóìüò äéáéñåìÝíçò äéáöïñÜò 3çò-�Üîçòxi f [xi] f [; ] f [; ; ] f [; ; ; ]x0 f [x0] f [x0; x1]
= f(x1)−f(x0)x1−x0x1 f [x1] f [x0; x1; x2]

= f [x1;x2]−f [x0;x1]x2−x0f [x1; x2]
= f(x2)−f(x1)x2−x1

f [x0; x1; x2; x3]
= f [x1;x2;x3]−f [x0;x1;x2]x3−x0x2 f [x2] f [x1; x2; x3]

= f [x2;x3]−f [x1;x2]x3−x1f [x2; x3]
= f(x3)−f(x2)x3−x2x3 f [x3]



ÄéáéñåìÝíåò äéáöïñÝò. Ôýðïò �ïõ Newton 19�ßíáêáò 3.3 - 4: õðïëïãéóìüò äéáéñåìÝíçò äéáöïñÜò 4çò-�Üîçòxi f [xi] f [; ] f [; ; ] f [; ; ; ] f [; ; ; ; ]x0 f [x0] f [x0; x1]x1 f [x1] f [x0; x1; x2]f [x1; x2] f [x0; x1; x2; x3]x2 f [x2] f [x1; x2; x3] f [x0; x1; x2; x3; x4]
[x2; x3] f [x1; x2; x3; x4]x3 f [x3] f [x2; x3; x4]f [x3; x4]x4 f [x4]Áëãüñéèìïò 3.3 - 1 (õðïëïãéóìïý �ïõ ðßíáêá �ùí äéáéñåìÝíùí äéáöïñþí)

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

ÄéÜâáóå xi; i = 0; 1; : : : ; nÕðïëüãéóå f (xi) = f [xi] ; i = 0; 1; : : : ; n�éá k = 1; 2; : : : ; n�éá i = 0; 1; : : : ; n− kf [xi; xi+1; : : : ; xi+k] = f [xi+1; : : : ; xi+k]− f [xi; : : : ; xi+k−1]xi+k − xi�Ýëïò i�Ýëïò k



20 �ïëõùíõìéêÞ �áñåìâïëÞ Êáè. Á. ÌðñÜ�óïòÔýðïò ðáñåìâïëÞò �ïõ NewtonÁðïäåéêíýå�áé ü�é ìå �ç âïÞèåéá �ùí äéáéñåìÝíùí äéáöïñþí, �ï ðïëõþíõìï
(3:3 − 1) ãñÜöå�áéPn(x) = f [x0] + f [x1; x0] (x− x0)

+f [x0; x1; x2] (x− x0) (x− x1) + : : : (3.3 - 7)
+f [x0; x1; : : : ; xk] (x− x0) · · · (x− xn−1) :Ï �ýðïò (3:3 − 7) åßíáé ãíùó�üò êáé óáí �ýðïò ðáñåìâïëÞò �ïõ Newton(Newton interpolation formula).Ôü�å áðü �ïí �ýðï (3:3− 7) ðñïêýð�ïõíãéá x = x0 Pn (x0) = f [x0] + 0 = f (x0) ;ãéá x = x1Pn (x1) = f [x0] + f [x1; x0] (x− x0) + 0

= f (x0) + f (x1)− f (x0)x1 − x0 (x− x0) = f (x1) ê.ëð.;äçëáäÞ åðáëçèåýå�áé ü�é �ï Pn(x) ó�ç ìïñöÞ áõ�Þ äéÝñ÷å�áé áðü �á óçìåßáxi; i = 0; 1; : : : ; n.Ìå äéáäï÷éêÞ åöáñìïãÞ �ïõ �ýðïõ (3:3− 7) Ý÷ïõìå:ãéá n = 1 P1(x) = f [x0] + f [x1; x0] (x− x0) (3.3 - 8)ðïõ éóïý�áé ìå �ïí �ýðï (3:2−4) �çò ãñáììéêÞò ðáñåìâïëÞò �ïõ �áñáäåßãìá�ïò3.2 - 1,ãéá n = 2 P2(x) = f [x0] + f [x1; x0] (x− x0)
+f [x0; x1; x2] (x− x0) (x− x1) ; (3.3 - 9)ãéá n = 3 P3(x) = f [x0] + f [x1; x0] (x− x0) (3.3 - 10)



ÄéáéñåìÝíåò äéáöïñÝò. Ôýðïò �ïõ Newton 21�ßíáêáò 3.3 - 5: �áñÜäåéãìá 3.3 - 3xi f [xi] f [; ] f [; ; ]x0 = 1:0 1.0 f [x0; x1]
= 0:778 801−1:0

0:5−0

= −0:442 398x1 = 1:5 0.778 801 f [x0; x1; x2]
= −0:821 843−(−0:442 398)

1:0−0

= −0:379 444f [x1; x2]
= 0:367 879−0:778 801

1:0−0:5
= −0:821 843x2 = 1:8 0.367 879

+f [x0; x1; x2] (x− x0) (x− x1) ;
+f [x0; x1; x2; x3] (x− x0) (x− x1) (x− x2) :¼ìïéá ü�áí n > 3.�áñÜäåéãìá 3.3 - 3Æç�åß�áé íá õðïëïãéó�åß �ï ðïëõþíõìï ðáñåìâïëÞò 2ïõ âáèìïý ðïõ ðñïóåããßæåé�çí ïëïêëçñù�Ýá óõíÜñ�çóç f(x) = e−x2 �ïõ �áñáäåßãìá�ïò 3.2 - 3, ü�áí�á óçìåßá åßíáé x0 = 0; x1 = 0:5, êáé x2 = 1:0.Ëýóç. ÅðåéäÞ �á óçìåßá åßíáé 3 �ï æç�ïýìåíï ðïëõþíõìï åßíáé 2ïõ âáèìïýêáé äßíå�áé áðü �ïí �ýðï (3:3 − 9). �éá �ïí õðïëïãéóìü �ïõ áðáé�åß�áé çäçìéïõñãßá �ïõ �ßíáêá 3.3 - 5.¢ñá P(x) = 1:0− 0:442 398x − 0:379 444x(x − 0:5)
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= 1− 0:252 676x − 0:379 444x2 ;äçëáäÞ �ï áðï�Ýëåóìá (3:2− 6).�áñÜäåéãìá 3.3 - 4Æç�åß�áé íá õðïëïãéó�åß �ï ðïëõþíõìï ðáñåìâïëÞò 3ïõ âáèìïý �çò óõíÜñ�ç-óçò f(x), ü�áí �á óçìåßá xi êáé ïé �éìÝò f (xi) äßíïí�áé ó�ïí �ßíáêá 3.3 - 6.Ëýóç. Åöáñìüæïí�áò �ïí �ýðï (3:3− 13) Ý÷ïõìåP3(x) = 0:585 − 0:270(x − 1:0) + 3:650(x − 1:0)(x − 1:5)
−7:985(x − 1:0)(x − 1:5)(x − 1:8)

= 23:391 − 47:309x + 30:829x2 − 6:319x3:Ï õðïëïãéóìüò �ïõ ðïëõùíýìïõ P3(x) ìå �ï MATHEMATICA ãßíå�áéó�ï �ñüãñáììá 3.3 - 1.�ñüãñáììá 3.3 - 1 (õðïëïãéóìïý �ïõ ðïëõùíýìïõ ðáñåìâïëÞò)data = {{1.0, 0.585}, {1.5, 0.450}, {1.8, 1.245},{2.5, -0.980}};InterpolatingPolynomial[data,x℄3.3.1 Ó÷Ýóç ðáñåìâïëÞò êáé ðáñáãþãïõÁí i = 0, áðü �ïí �ýðï (3:3 − 3) ðñïêýð�åéf [x0; x1] = f (x1)− f (x0)x1 − x0 : (3.3 - 11)Ôü�å, åöüóïí ç õðÜñ÷åé ç ðáñÜãùãïò f ′, áðü �ï Èåþñçìá �çò ÌÝóçò ÔéìÞòÝ÷ïõìå f [x0; x1] = f ′(�); (3.3 - 12)ü�áí � ∈ (x0; x1).Ôï ðáñáêÜ�ù èåþñçìá, ðïõ åßíáé ãíùó�ü óáí �ï Èåþñçìá �çò ÌÝóçòÔéìÞò ãéá äéáéñåìÝíåò äéáöïñÝò, ãåíéêåýåé �ï áðï�Ýëåóìá áõ�ü.
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�ßíáêáò 3.3 - 6: �áñÜäåéãìá 3.3 - 4xi f [xi] f [; ] f [; ; ] f [; ; ; ]x0 = 1:0 0.585 f [x0; x1]

= 0:540−0:585
1:5−1:0

= −0:270x1 = 1:5 0.450 f [x0; x1; x2]
= 2:650−(−0:270)

1:8−1:0
= 3:650f [x1; x2]

= 1:245−0:450
1:8−1:5

= 2:650 f [x0; x1; x2; x3]
= −8:327−3:650

2:5−1:0
= −7:985x2 = 1:8 1.245 f [x1; x2; x3]

= −3:179−2:650
2:5−1:8

= −8:327f [x1; x2]
= −0:980−1:245

2:5−1:8
= −3:179x3 = 2:5 -0.980



24 �ïëõùíõìéêÞ �áñåìâïëÞ Êáè. Á. ÌðñÜ�óïòÈåþñçìá 3.3 - 2. ¸ó�ù f(x) ìßá ðñáãìá�éêÞ óõíÜñ�çóç ìå ðåäßï ïñéóìïý
[a; b] êáé �çò ïðïßáò õðÜñ÷åé ç n-�Üîçò ðáñÜãùãïò ãéá êÜèå x ∈ (a; b). Ôü�å,áí x0, x1, : : :, xn, åßíáé n+ 1 äéáöïñå�éêÜ óçìåßá �ïõ [a; b], õðÜñ÷åé óçìåßï� ìå � ∈ (a; b), Ý�óé þó�åf [x0; x1; : : : ; xn] = f (n)(�)n !

: (3.3 - 13)ÁóêÞóåéò1. Ìå �ïí �ýðï ðáñåìâïëÞò �ïõ Newton íá õðïëïãéó�åß �ï ðïëõþíõìï ðïõðñïóåããßæåé �çí ïëïêëçñù�Ýá óõíÜñ�çóç f(x) = e−x2 �ïõ �áñáäåßãìá�ïò 3.2- 3, ü�áí �á óçìåßá åßíáé x0 = 0; x1 = 0:3; x2 = 0:6, êáé x3 = 1:0. Íá ãßíåéóýãêñéóç �ïõ áðï�åëÝóìá�ïò ìå �ï áí�ßó�ïé÷ï �ïõ �ýðïõ (3:2 − 7).2. ¸ó�ù ü�é �á óçìåßá x0; x1; x2 êáé x3 éóáðÝ÷ïõí, äçëáäÞ h = xi+1 − xiãéá êÜèå i = 0; 1; 2; 3. Äåßî�å ü�é2
2 ! f [x0; x1; x2] =

f (x0)− 2f (x1) + f (x2)h2 ; (3.3 - 14)
3 ! f [x0; x1; x2; x3] =

1h3 [−f (x0) + 3f (x1)
−3f (x2) + f (x3)] : (3.3 - 15)3 (ðñïáéñå�éêÞ). ¸ó�ù ü�é �á óçìåßá x0, x1, : : :, xn éóáðÝ÷ïõí, äçëáäÞh = xi+1 − xi ãéá êÜèå i = 0; 1; : : : ; n− 1. Ôü�å, áí x = x0 + sh, ç äéáöïñÜx− xi ãñÜöå�áé x− xi = (s− 1)h, ïðü�å áðü �ïí �ýðï (3:3− 7) ðñïêýð�åéPn(x) = Pn (x0 + sh) = f [x0] + shf [x1; x0] + s(s− 1)h2f [x0; x1; x2]

+ : : :+ s(s − 1) · · · (s− n+ 1)hnf [x0; x1; : : : ; xn]
=

n∑k=0

s(s− 1) · · · (s− n+ 1)hk f [x0; x1; : : : ; xk] :Áí (sk) =
s(s − 1) · · · (s− k + 1)k ! ;2Ïé �ýðïé áõ�ïß åßíáé ìéá ðñïóÝããéóç �çò áí�ßó�ïé÷çò ðáñáãþãïõ ó�ï Èåþñçìá 3.3 - 2.Áíáëõ�éêÞ ìåëÝ�ç èá ãßíåé ó�ï ÌÜèçìá Áñéèìç�éêÞ �áñáãþãéóç.



ÄéáéñåìÝíåò äéáöïñÝò. Ôýðïò �ïõ Newton 25äåßî�å ü�é �ï ðïëõþíõìï Pn(x) �åëéêÜ ãñÜöå�áéPn(x) = Pn (x0 + sh) = n∑k=0

(sk)k !hkf [x0; x1; : : : ; xk] : (3.3 - 16)ÅéóÜãïí�áò �ï óõìâïëéóìü Ä ãéá �éò ðñïò �á åìðñüò äéáéñåìÝíåò äéáöïñÝòùò åîÞò:3 f [x0; x1] =
f (x1)− f (x0)x1 − x0 =

1hÄf (x0)f [x0; x1; x2] =
1

2h [Äf (x1)−Äf (x0)h ]

=
1

2h2Ä2f (x0)...f [x0; x1; : : : ; xk] =
1k !hkÄkf (x0)äåßî�å åðßóçò ü�é ï �ýðïò (3:3 − 16) ãñÜöå�áéPn(x) = n∑k=0

(sk)Äkf (x0) : (3.3 - 17)
4
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