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ÌÜèçìá 3ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓLAPLACE
3.1 Ìå�áó÷çìá�éóìüò Lapla
e3.1.1 ÏñéóìüòÏñéóìüò 3.1.1 - 1 (ïñéóìüò ìå�áó÷çìá�éóìïý). ¸ó�ù f(t) ìßá ðñáãìá�é-êÞ óõíÜñ�çóç ìå ðåäßï ïñéóìïý [0;+∞] êáé ó > 0 ó�áèåñÜ. Ôü�å ïñßæå�áéóáí ìå�áó÷çìá�éóìüò Lapla
e �çò f êáé óõìâïëßæå�áé ìå L[f(t)] Þ óõí�ïìü�åñá
L(f), ç óõíÜñ�çóç ðïõ ïñßæå�áé áðü �çí �éìÞ �ïõ ãåíéêåõìÝíïõ ïëïêëçñþìá�ïò�ïõ 1ïõ åßäïõò1F (s) = L[f(t)] = +∞∫

0

f(t)e−s td t ìå s ≥ ó; (3.1.1 - 1)ü�áí �ï ïëïêëÞñùìá õðÜñ÷åé. Ç ðáñÜìå�ñïò s åßíáé äõíá�üí íá åßíáé êáéìéãáäéêüò áñéèìüò, áí õðï�åèåß ü�é Re(s) ≥ 0.Ï áñ÷éêüò ìå�áó÷çìá�éóìüò ÷ñçóéìïðïéÞèçêå áðü �ïí Lapla
e ãéá �çíåðßëõóç åíüò ðñïâëÞìá�ïò ó�éò ðéèáíü�ç�åò. ×ñçóéìïðïéåß�áé ó�ç ëýóç äéáöïñéêþíåîéóþóåùí, ó�ç öõóéêÞ êáé �ç ìç÷áíéêÞ ê.ëð. Ó�éò ðåñéð�þóåéò ðïõ �ï1ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [2℄ Êåö. 8.Åðßóçò http : ==en:wikipedia:org=wiki=Lapla
e transform



2 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïòðñüâëçìá åîáñ�Ü�áé áðü �ï ÷ñüíï, ï ìå�áó÷çìá�éóìüò �ï áíÜãåé áðü �ïðåäßï �ïõ ÷ñüíïõ ó�ï ðåäßï óõ÷íï�Þ�ùí, üðïõ ç åðßëõóÞ �ïõ ãåíéêÜ ãßíå�áéåõêïëü�åñá.Ó�çí (3:1:1 − 1) ç f(t) ëÝãå�áé �ü�å ï áí�ßó�ñïöïò ìå�áó÷çìá�éóìüò�çò F (s) êáé óõìâïëßæå�áé ìåf(t) = L−1[F (s)]: (3.1.1 - 2)Ó�ï åîÞò èá èåùñåß�áé ü�é �ï s åßíáé ðñáãìá�éêüò áñéèìüò êáé èá óõìâïëßæå�áéìå �á êåöáëáßá ãñÜììá�á F , X, I ê.ëð. ïé ìå�áó÷çìá�éóìÝíåò êá�Ü Lapla
eóõíáñ�Þóåéò �ùí f , x, i ê.ëð., áí�ßó�ïé÷á.3.1.2 Èåþñçìá ýðáñîçòÏñéóìüò 3.1.2 - 1. Ìéá óõíÜñ�çóç f(t) ìå ðåäßï ïñéóìïý �ï [a; b] èá ëÝãå�áéêá�Ü �ìÞìá�á óõíå÷Þò (Ó÷. 3.1.2 - 1), ü�áí åßíáé ïñéóìÝíç ãéá êÜèåt ∈ [a; b] êáé õðïäéáéñþí�áò �ï äéÜó�çìá [a; b] óå í �ï ðëÞèïò õðïäéáó�Þìá�á�çò ìïñöÞò (ak; bk); k = 1; 2; : : : ; � �ï üñéü �çò ó�á Üêñá �ïõ äéáó�Þìá�ïò
(ak; bk) åßíáé ðåðåñáóìÝíï ãéá êÜèå k = 1; 2; : : : ; �.Ï ïñéóìüò áõ�üò åýêïëá ãåíéêåýå�áé ãéá �çí ðåñßð�ùóç ðïõ ç óõíÜñ�çóç f(t)Ý÷åé ðåäßï ïñéóìïý �ï [0;+∞).Ïñéóìüò 3.1.2 - 2. Ìéá óõíÜñ�çóç f(t) ëÝãå�áé óõíÜñ�çóç åêèå�éêÞò�Üîçò (fun
tion of exponential order), ü�áí õðÜñ÷ïõí ó�áèåñÝò 
, t0 êáéÌ ìå t0; Ì > 0, Ý�óé þó�å

|f(t)| < M e
 t ãéá êÜèå t > t0: (3.1.2 - 1)Ôü�å �ï 
 ïñßæåé �çí �Üîç �çò f .Ó�ï ðáñáêÜ�ù èåþñçìá äßíå�áé ç óõíèÞêç ðïõ ðñÝðåé íá éó÷ýåé, Ý�óé þó�åíá õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e ìéáò óõíÜñ�çóçò.Èåþñçìá 3.1.2 - 1 (ýðáñîçò �ïõ ìå�áó÷çìá�éóìïý). ¸ó�ù ç óõíÜñ�çóçf(t) ðïõ åßíáé ïñéóìÝíç ãéá êÜèå t ∈ [0;+∞). Áí ç f åßíáé
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Ó÷Þìá 3.1.2 - 1: óõíÜñ�çóç f(t) óõíå÷Þò ãéá êÜèå t ∈ [0; 2) ∪ (2; 3) ∪ (3; 4),åíþ ðáñïõóéÜæåé áóõíÝ÷åéá ó�á óçìåßá t = 2; 3 ìå lim t→ 2−0 e−t = e−1,
lim t→ 2+0 f(t) = 1, lim t→ 3−0 f(t) = 1 êáé lim t→ 3+0 f(t) = 0:5.i) êá�Ü �ìÞìá�á óõíå÷Þò óå êÜèå ðåðåñáóìÝíï äéÜó�çìá �çò ìïñöÞò [0; á]üðïõ á > 0,ii) åêèå�éêÞò �Üîçò, äçëáäÞ õðÜñ÷ïõí ó�áèåñÝò 
, t0 êáé Ì ìå t0; Ì > 0,Ý�óé þó�å

|f(t)| ≤ Me
 t ãéá êÜèå t ∈ [0;+∞); (3.1.2 - 2)�ü�å ï ìå�áó÷çìá�éóìüò Lapla
e �çò f(t) õðÜñ÷åé ãéá êÜèå s > 
.Ç áðáß�çóç �çò êá�Ü �ìÞìá�á óõíå÷ïýò óõíÜñ�çóçò êáé ç éó÷ýò �çò
(3:1:2 − 2) ïñßæïõí �éò óõíèÞêåò Diri
hlet. Ôï óýíïëï �ùí óõíáñ�Þóåùíf ìå ðåäßï ïñéóìïý [0;+∞) ðïõ éêáíïðïéïýí �éò óõíèÞêåò Diri
hlet, äçëáäÞ�ùí óõíáñ�Þóåùí ðïõ õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e, èá óõìâïëßæå�áéó�ï åîÞò ìå DL.Äßíïí�áé ó�ç óõíÝ÷åéá ïé ìå�áó÷çìá�éóìïß Lapla
e ïñéóìÝíùí óõíáñ�Þóåùíìå �ïí Ïñéóìü 3.1.1 - 1.



4 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 3.1.2 - 1¸ó�ù f(t) = A üðïõ A ó�áèåñÜ. Ôü�å2
L[f(t)] = F (s) = +∞∫

0

Ae−stdt = −As limx+∞
e−st∣∣∣

∣

x
0

= −As (

limx+∞
e−sx − e0) =

As ìå s > 0:¢ñá
L(A) = As ìå s > 0: (3.1.2 - 3)�áñÜäåéãìá 3.1.2 - 2¼ìïéá, Ýó�ù f(t) = e−at . Ôü�å

L
[e−at] =

+∞∫

0

e−ate−st dt = +∞∫

0

e−(s+a)t dt
= − 1s+ a limx→+∞

e−(s+a)t∣∣∣
∣

x
0
= − 1s+ a [

limx→+∞
e−(s+a)x − e0]

=
1s+ a ; ü�áí s+ a > 0:¢ñá

L
[e−at] = 1s+ a ìå s+ a > 0: (3.1.2 - 4)ÅðïìÝíùò

L
[e3t] = L

[e−(−3) t] = 1s+ 3
ìå s+ 3 > 0:3.1.3 Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïýÁðïäåéêíýå�áé ü�é éó÷ýïõí ïé ðáñáêÜ�ù éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý Lapla
e,ðïõ ìå �ç ÷ñÞóç �ïõò õðïëïãßæïí�áé ïé ìå�áó÷çìá�éóìïß �ùí äéáöüñùí óõíáñ�Þ-óåùí3.2Ç óõíÜñ�çóç ex ïñßæå�áé ãéá êÜèå x ∈ ℜ, åíþ éó÷ýåé: lim x→−∞ = 0 êáé lim x→+∞ =

+∞.3Ïé éäéü�ç�åò áõ�Ýò áðïäåéêíýå�áé ó�ç óõíÝ÷åéá �ïõ ìáèÞìá�ïò ü�é éó÷ýïõí åðßóçò êáéãéá �ïí áí�ßó�ñïöï ìå�áó÷çìá�éóìü Lapla
e.



Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý 5Èåþñçìá 3.1.3 - 1 (ãñáììéêÞ éäéü�ç�á). ¸ó�ù f; g ∈ DL. Ôü�å áíê; ë ∈ ℜ éó÷ýåé
L[�f(t) + �g(t)] = �L[f(t)] + �L[g(t)]: (3.1.3 - 1)Ôï ðáñáðÜíù èåþñçìá ãåíéêåýå�áé ãéá �-�ï ðëÞèïò óõíáñ�Þóåéò.�áñÜäåéãìá 3.1.3 - 1Åßíáé ãíùó�ü ü�é áí f(t) = sin t, �ü�å sin t =

(eit − e−it) =2i üðïõ i çöáí�áó�éêÞ ìïíÜäá. Óýìöùíá ìå �ïí �ýðï (3:1:2 − 4) êáé �ç ãñáììéêÞéäéü�ç�á Ý÷ïõìå
L(sin t) =

1

2i L (eit)− 1

2
L
(e−it) =

1

2i L (e−(−i) t)− 1

2
L
(e−it)

=
1

2i ( 1s+ (−i) − 1s+ i) =
1s2 + 1

;äçëáäÞ
L(sin t) = 1s2 + 1

: (3.1.3 - 2)¼ìïéá áðïäåéêíýå�áé ü�é
L(cos t) = 1

2
L
[eit + e−it] = ss2 + 1

(3.1.3 - 3)êáé
L(sinh at) =

1

2
L
[eat − e−at] = ss2 − a2 ; (3.1.3 - 4)

L(cosh at) =
1

2
L
[eat + e−at] = as2 − a2 ; (3.1.3 - 5)ü�áí s > a > 0.Èåþñçìá 3.1.3 - 2. Áí f ∈ DL ìå L[f(t)] = F (s), �ü�å

L[f(kt)] = 1k F ( sk) ìå k > 0: (3.1.3 - 6)



6 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 3.1.3 - 2Óýìöùíá ìå �ï Èåþñçìá 3.2.2 - 2 êáé �ïí �ýðï (3:2:2 − 2) åßíáé
L(cos!t) =

1! s!
( s! )2 + 1

=
ss2 + !2

; (3.1.3 - 7)
L(sin!t) =

1! 1
( s! )2 + 1

=
!s2 + !2

ìå ù > 0: (3.1.3 - 8)ÅðïìÝíùò
L(cos 2t) = ss2 + 4

; L(sin 2t) = 2s2 + 4
; ê.ëð.Èåþñçìá 3.1.3 - 3 (ðñïðïñåßáò). Áí f ∈ DL êáé L[f(t)] = F (s), �ü�å

L
[e−atf(t)] = F (s+ a); ü�áí s+ a > 0 êáé a > 0: (3.1.3 - 9)Óýìöùíá ìå �ï Èåþñçìá 3.2.2 - 3 êáé �ïõò �ýðïõò (3:1:3 − 7) - (3:1:3 − 8)åßíáé:

L
[e−at cos!t] =

s+ a
(s+ a)2 + !2

; (3.1.3 - 10)
L
[e−at sin!t] =

!
(s+ a)2 + !2

: (3.1.3 - 11)ÅðïìÝíùò
L
[e−t cos 2t] =

s+ 1

(s+ 1)2 + 22
=

s+ 1s2 + 2s+ 5
;

L
[e3t sin 2t] = L

[e−(−3) t sin 2t] = 2

[s+ (− 3)]2 + 22

=
2s2 − 6s + 13

;
L
[et sin(

2t+ �
4

)]

= L
[et (sin 2t cos �

4
+ cos 2t sin �

4

)]
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=

√
2

2
L
[et sin 2t]+ √

2

2
L
[et cos 2t]

=

√
2

2
L
[e−(− t) sin 2t]+ √

2

2
L
[e−(− t) cos 2t]

=

√
2

2

2

(s− 1)2 + 22
+

√
2

2

s− 1

(s− 1)2 + 22

=

√
2

2

s+ 1s2 − 2s+ 5
:Èåþñçìá 3.1.3 - 4. Áí f ∈ DL ìå L[f(t)] = F (s), �ü�å

L[tf(t)] = − dF (s)ds = −F ′(s):Åöáñìüæïí�áò äéáäï÷éêÜ n öïñÝò �ï Èåþñçìá 3.1.3 - 4, �åëéêÜ ðñïêýð�åé
L [tnf(t)] = (−1)n dn F (s)dsn = (−1)nF (n)(s); (3.1.3 - 12)ü�áí n = 1; 2; : : : :�áñÜäåéãìá 3.1.3 - 3Óýìöùíá ìå �ïí �ýðï (3:1:3 − 8) åßíáé:

L(sin 3t) = 3s2 + 9
:Åöáñìüæïí�áò �ïí �ýðï (3:1:3 − 12) ãéá n = 1; 2, Ý÷ïõìå

L [t sin 3t] = (−1)1
dds (

3s2 + 9

)

=
6s

(s2 + 9)2
;

L
[t2 sin 3t] = (−1)2

d 2ds2 (
3s2 + 9

)

=
dds [

6s
(s2 + 9)2

]

=
18

(s2 − 3
)

(s2 + 9)3
:



8 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 3.1.3 - 4¼ìïéá óýìöùíá ìå �ïí �ýðï (3:1:3 − 8) åßíáé: L [e−at] = 1s+a ìå s + a > 0.Åöáñìüæïí�áò �þñá äéáäï÷éêÜ �ïí �ýðï (3:1:3 − 12) Ý÷ïõìå
L
[t e−at] = (−1)1

dds (
1s+ á) =

1

(s+ a)2 ;
L
[t2 e−at] = (−1)2

d 2ds2 (
1s+ a) =

dds [

1

(s+ a)2] =

2 !
︷︸︸︷

2

(s+ a)3 ;
L
[t3 e−at] = (−1)3

d 3ds3 (
1s+ a) =

dds [

2 !

(s+ a)3] =

3 !
︷︸︸︷

2 · 3
(s+ a)4 ;... ...

L
[tn e−at] = (−1)n dndsn (

1s+ a) =
dds [

(n− 1) !

(s+ a)n ] =
n !

(s+ a)n+1 :¢ñá
L
[tn e−at] = n !

(s+ a)n+1 ; (3.1.3 - 13)ü�áí n = 0; 1; : : : êáé s+ a > 0.Áí ó�çí (3:1:3 − 13) åßíáé a = 0, �ü�å
L [tn] = n !sn+1

; ü�áí n = 0; 1; : : : : (3.1.3 - 14)ÅðïìÝíùò óýìöùíá ìå �ïõò �ýðïõò (3:1:3 − 13) êáé (3:1:3 − 14) Ý÷ïõìå
L
[t2 e3t] = 2 !

(s− 3)2+1 =
2

(s− 3)3
; êáé L

[t3] = 3 !s3+1
=

6s4 :Èåþñçìá 3.1.3 - 5 (ðáñáãþãïõ 1çò �Üîçò). Áí f ∈ DL êáé õðÜñ÷åé çðñþ�çò �Üîçò ðáñÜãùãïò �çò f êáé åßíáé óõíå÷Þò óõíÜñ�çóç Þ êá�Ü �ìÞìá�áóõíå÷Þò ãéá êÜèå t ≥ 0, �ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e �çò ðáñáãþ-ãïõ f ′ êáé éó÷ýåé
L
[f ′(t)] = sL[f(t)]− f(0) ìå s > a: (3.1.3 - 15)



Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý 9Åöáñìüæïí�áò �þñá �çí (3:1:3 − 15) ãéá �ç äåý�åñçò �Üîçò ðáñÜãùãï�çò f , õðïèÝ�ïí�áò ü�é ç f ′′ åßíáé óõíå÷Þò Þ êá�Ü �ìÞìá�á óõíå÷Þò ãéá êÜèåt ≥ 0, Ý÷ïõìå
L
[f ′′(t)] = sL [f ′(t)]− f ′(0) = s {sL[f(t)]− f(0)} − f ′(0);äçëáäÞ

L
[f ′′(t)] = s2L[f(t)]− sf(0) − f ′(0): (3.1.3 - 16)�áñÜäåéãìá 3.1.3 - 5¸ó�ù f(t) = t sin t. Ôü�å f(0) = 0, åíþ f ′(t) = sin t+ t cos t, ïðü�å f ′(0) =

0. ¢ñá óýìöùíá ìå �çí (3:1:3−16) êáé ìå �ýðï (3:1:3−12) ãéá n = 1 Ý÷ïõìå
L
[f ′′(t)] = s2L[t sin t]− sf(0) − f ′(0) = s2L[t sin t] = 2s3

(s2 + 1)2
:Ï õðïëïãéóìüò �ïõ ìå�áó÷çìá�éóìïý Lapla
e ìéáò óõíÜñ�çóçò f(t) ìå�ï ðñüãñáììá MATHEMATICA, áí�ßó�ïé÷á �ï MATLAB ãßíå�áé ìå �çíåí�ïëÞ:Lapla
eTransform[f(t),t,s℄áí�ßó�ïé÷ásyms t slapla
e(f(t),t,s)ÁóêÞóåéò1. Íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüò Lapla
e �ùí ðáñáêÜ�ù óõíáñ�Þóåùíf(t): 4; 5i) t3 − t+ 2 v) e−2t cos 3tii) sin(2t) vi) t cos 2tiii) t sin 2t vii) sin2 3t (Õð: 2 sin2 x = 1− cos 2x)iv) t2 sin 3t viii) cos2 2t (Õð: 2 cos2 x = 1 + cos 2x).4Ëýóç.5(i) 6s4 − 1s2 + 2s , (i) 2

4+s2 ,(iii) 4s
(4+s2)2 (iv) 18(−3+s2)

(9+s2)3 , (v) 2+s
13+4s+s2

(vi) −4+s2
(4+s2)2 , (vii) 18

36s+s3 , (viii) 8+s2
16s+s3 .



10 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò2. ¼ìïéá �ùí óõíáñ�Þóåùí6; 7i) t e−t cos t v) t e−t sin 2tii) t e−t cos!t vi) t2 e−2tiii) t3e−2t vii) t e−t sin!t .3.2 Áí�ßó�ñïöïò ìå�áó÷çìá�éóìüò Lapla
e3.2.1 Ïñéóìüò êáé âáóéêü èåþñçìáÁðü �ï Èåþñçìá 3.1.2 - 1 ðñïêýð�ïõí:�áñá�çñÞóåéò 3.2.1 - 1i) áí ç óõíÜñ�çóç f(t) åßíáé óõíå÷Þò Þ �ìçìá�éêÜ óõíå÷Þò ó�ï [0;+∞)êáé åêèå�éêÞò �Üîçò, �ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e L[f(t)].ii) ¸ó�ù ü�é f(t); g(t) äýï óõíá�Þóåéò ïñéóìÝíåò ó�ï [0;+∞). Ôü�å,áí õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e �çò f(t) êáé áí ç óõíÜñ�çóçg(t) äéáöÝñåé áðü �ç f(t) óå ðåðåñáóìÝíï ìüíï ðëÞèïò óçìåßùí �ïõ
[0;+∞), �ü�å õðÜñ÷åé êáé ï ìå�áó÷çìá�éóìüò Lapla
e �çò g(t) êáééó÷ýåé L[f(t)] = L[g(t)], üðùò áõ�ü ðñïêýð�åé áðü �ï ðáñáêÜ�ù ðáñÜäåéãìá.�áñÜäåéãìá 3.2.1 - 1¸ó�ù ü�é f(t) = e−2t ìå L[f(t)] = 1s+ 3êáég(t) = 





0 áí t = 1e−2t áí t ∈ [0;+∞)− {1}; ìå L[g(t)] = 1s+ 3
;äçëáäÞ L[f(t)] = L[g(t)], åíþ ðñïöáíþò f(t) 6= g(t).6Ëýóç.7(i) 2s+s2

(2+2s+s2)2 , (ii) 1−!2−2s+s2
(1+!2−2s+s2)2 , (iii) 6

(2+s)4 , (iv) 4(1+s)
(5+2s+s2)2

(v) 2
(2+s)3 , (vi) 2!(1+s)

(1+!2+2s+s2)2 .



Éäéü�ç�åò áí�ßó�ñïöïõ ìå�áó÷çìá�éóìïý 11Áðü �çí �áñá�Þñçóç 3.2.1 - 1 (ii) ðñïêýð�åé ü�é, áí L[f(t)] = F (s) êáéõðÜñ÷åé ç áí�ßó�ñïöç óõíÜñ�çóç f(t) �çò L−1F (s), �ü�å ç f(t) äåí åßíáéðÜí�ï�å ìïíïóÞìáí�á ïñéóìÝíç.Ôï ìïíïóÞìáí�ï �ïõ áí�ßó�ñïöïõ ìå�áó÷çìá�éóìïý L−1 åîáóöáëßæå�áéìå �ï ðáñáêÜ�ù èåþñçìá.Èåþñçìá 3.2.1 - 1. ¸ó�ù ü�é ç f(t) åßíáé ìéá ðñáãìá�éêÞ, óõíå÷Þò Þ�ìçìá�é-êÜ óõíå÷Þò, åêèå�éêÞò �Üîçò óõíÜñ�çóç ãéá êÜèå t ∈ [0;+∞). Áíãéá �ï ìå�áó÷çìá�éóìü Lapla
e éó÷ýåé ü�é L[f(t)] = F (s), �ü�å ï áí�ßó�ñïöïòìå�áó÷çìá�éóìüò L−1[F (s)] = f(t) ïñßæåé ìïíïóÞìáí�á �çí f(t).Ó�ï åîÞò èá èåùñåß�áé ü�é ïé óõíáñ�Þóåéò ðëçñïýí �éò õðïèÝóåéò �ïõ ÈåùñÞìá�ïòÈåþñçìá 3.2.1 - 1, ïðü�å ç áí�ßó�ñïöç óõíÜñ�çóç �ïõ ìå�áó÷çìá�éóìïýLapla
e èá åßíáé ìïíïóÞìáí�á ïñéóìÝíç.3.2.2 Éäéü�ç�åò áí�ßó�ñïöïõ ìå�áó÷çìá�éóìïýÏé éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý Lapla
e éó÷ýïõí áíÜëïãá êáé ãéá �ïíáí�ßó�ñïöï ìå�áó÷çìá�éóìü Lapla
e. Ïé ðåñéóóü�åñï åöáñìïæüìåíåò äßíïí�áéó�ç óõíÝ÷åéá.Èåþñçìá 3.2.2 - 1 (ãñáììéêÞ éäéü�ç�á). Áí L[f(t)] = F (s) êáé L[g(t)] =G(s), �ü�å áí k; � ∈ ℜ éó÷ýåé
L−1[kF (s) + �G(s)] = kL−1[F (s)] + �L−1[G(s)]

= kf(t) + �g(t): (3.2.2 - 1)�áñÜäåéãìá 3.2.2 - 1¸ó�ù f(t) = e−3t êáé g(t) = et. Ôü�å
L
[e−3t] = 1s+ 3

= F (s) êáé L
[et] = 1s− 1

= G(s);ïðü�å óýìöùíá ìå �ï Èåþñçìá 3.2.2 - 1 Ý÷ïõìå
L−1[2F (s) + 5G(s)] = 2L−1[F (s)] + 5L−1[G(s)] = 2 e−3t + 5 et:



12 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïòÈåþñçìá 3.2.2 - 2. Áí L−1[F (s)] = f(t), �ü�å
L−1[F (ks)] = 1k f ( tk) ìå k > 0: (3.2.2 - 2)�áñÜäåéãìá 3.2.2 - 2¸ó�ù f(t) = cos 4t; ïðü�å L[f(t)] = ss2 + 16

= F (s):Óýìöùíá ìå �ï Èåþñçìá 3.2.2 - 2, ü�áí k = 2, Ý÷ïõìå
L−1[F (2s)] = L−1

[ 2s
(2s)2 + 16

]

=
12 cos

(

4
t2) =

1

2
cos 2t:Èåþñçìá 3.2.2 - 3 (ðñïðïñåßáò). Áí L−1[F (s)] = f(t), �ü�å

L−1[F (s+ a)] = e−atf(t); ü�áí s+ a > 0 êáé a > 0: (3.2.2 - 3)�áñÜäåéãìá 3.2.2 - 3¸ó�ù f(t) = sin 2t; ïðü�å F (s) = 2s2 + 4
:Ôü�å óýìöùíá ìå �ï Èåþñçìá 3.2.2 - 3 Ý÷ïõìå

L−1
[

2

(s− 1)2 + 4

]

= L−1








2

(s+ (−1)
︸ ︷︷ ︸a=−1

)2 + 4








= e−(−1) t sin 2t = et sin 2t:



ÌÝèïäïé õðïëïãéóìïý 13�ßíáêáò 3.2.3 - 1: �ùí êõñéü�åñùí ìå�áó÷çìá�éóìþí Lapla
eá/á f(t) F (s) á/á f(t) F (s)
1 A As 5 e−at sinùt ù

(s+ a)2 + ù2

2 eat 1s− a 6 cosùt ss2 + ù2

3 tn; n = 1; 2; : : : n !sn+1
7 e−at cosùt s+ a

(s+ a)2 + ù2

4 sinùt ùs2 + ù2
8 sinh at as2 − a23.2.3 ÌÝèïäïé õðïëïãéóìïýÄßíïí�áé �þñá ïé óçìáí�éêü�åñåò ìÝèïäïé ðñïóäéïñéóìïý �çò áí�ßó�ñïöçòóõíÜñ�çóçò ãéá ìïñöÝò �çò F (s), ðïõ êýñéá åìöáíßæïí�áé ó�éò åöáñìïãÝò.Ìå áíáöïñÜ ó�ïí �ßíáêá 3.2.3 - 1�áñÜäåéãìá 3.2.3 - 1¸ó�ù F (s) = 1s3ðïõ ãéá åõêïëßá ãñÜöå�áé êáéF (s) = 1s2+1

=
1

2 !

2 !s2+1
:Ôü�å ç F (s) óýìöùíá ìå �ïí �ýðï 3 �ïõ �ßíáêá 3.2.3 - 1 êáé �ç ãñáììéêÞéäéü�ç�á 3.2.2 - 1 äßíåé óáí áí�ßó�ñïöç óõíÜñ�çóç �çíf(t) = L−1[F (s)] = t2

2
:



14 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 3.2.3 - 2¸ó�ù F (s) = 2s2 + 4
=

2s2 + 22
:¼ìïéá ìå �ïí �ýðï 4 �ïõ �ßíáêá 3.2.3 - 1 åßíáéf(t) = L−1[F (s)] = sin 2t:�áñÜäåéãìá 3.2.3 - 3¸ó�ù F (s) = 5s2 + 2s+ 37ðïõ ãñÜöå�áé êáé F (s) = 5

6

6

(s+ 1
︸︷︷︸a=1

)2 + ( 6
︸︷︷︸!=6

) 2
:Ôü�å ï �ýðïò 5 �ïõ �ßíáêá 3.2.3 - 1 äßíåé óáí áí�ßó�ñïöç óõíÜñ�çóç, �çíf(t) = L−1[F (s)] = 5

6
e−t sin 6t:Óçìåéþóåéò 3.2.3 - 1i) ¼�áí ó�ïí ðáñïíïìáó�Þ õðÜñ÷åé óáí ðáñÜãïí�áò �ñéþíõìï ìå ñßæåòìéãáäéêÝò (∆ < 0) Þ åéäéêÞ ðåñßð�ùóç öáí�áó�éêÝò, �ü�å ï ðáñáíïìáó�Þòìå�áó÷çìá�ßæå�áé óå Üèñïéóìá �å�ñáãþíùí óýìöùíá ìå �ïí �ýðïax2 + bx+ 
 = a(x+

b
2a)2

− b2 − 4a

4a : (3.2.3 - 1)ii) Ç ðåñßð�ùóç (i) åöáñìüæå�áé ìüíïí, ü�áí ï áñéèìç�Þò åßíáé âáèìïýìéêñü�åñïõ �ïõ ðáñïíïìáó�Þ.�áñÜäåéãìá 3.2.3 - 4¸ó�ù F (s) = 2s+ 1s2 + 4s+ 5

:



ÌÝèïäïé õðïëïãéóìïý 15ÅðåéäÞ ç äéáêñßíïõóá �ïõ ðáñïíïìáó�Þ åßíáé ∆ = 42−20 = −6 < 0 óýìöùíáìå �ç Óçìåßùóç 3.2.3 - 1 (i) ï ðáñïíïìáó�Þò ãñÜöå�áé:s2 + 4s+ 5 = (s+ 2)2 + 12:Ó�ç óõíÝ÷åéá äçìéïõñãåß�áé ó�ïí áñéèìç�Þ �ï s+ 2 ùò åîÞò:F (s) =
2s+ 1s2 + 4s+ 5

=
2s+ 1

(s+ 2)2 + 12
=

2s+ 4 { 4+ 1

(s+ 2)2 + 12

=
2s+ 4

−3
︷ ︸︸ ︷

−4 + 1

(s+ 2)2 + 12
= 2

s+ 2

(s+ 2)2 + 12
− 3

1

(s+ 2)2 + 12
:¢ñá ï áí�ßó�ñïöïò ìå�áó÷çìá�éóìüò èá åßíáé óõíäõáóìüò �ùí �ýðùí 5 êáé

7 �ïõ �ßíáêá 3.2.3 - 1, äçëáäÞf(t) = L−1[F (s)] = 2 e−2t cos 2t− 3 e−2t sin t = e−2t (2 cos 2t− 3 sin t) :¢óêçóçÍá õðïëïãéó�ïýí ïé áí�ßó�ñïöåò �ùí ðáñáêÜ�ù óõíáñ�Þóåùí F (s)8i) 2s4 vii) 6

(s+ 1)4ii) 1

(s+ 3)2
viii) 1

9s2 + 4iii) 2(s + 2)s2 + 4
ix) s− 1

4s2 + 9iv) s− 1s2 − 9
x) 1s2 + 4s+ 4v) 1s2 + 8s+ 17
xi) 4s+ 1s2 + 2s+ 1vi) ss2 − 2s+ 1
xii) ss2 + s+ 1

:8Ëýóç. (i) t3
3
, (ii) t e−3t, (iii) 2(cos 2t + sin 2t), (iv) 2e−3t

3
+ e3t

3
, (v) e−4t sin t,

(vi) et(1 + t), (vii) t3e−t, (viii) 1
6
sin

(
2t
3

), (ix) 1
4
cos

(
3t
2

)
− 1

6
sin

(
3t
2

), (x) t e−2t,
(xi) (4− 3 t) e−t, (xii) − 1

3
e−t=2 [−3 cos

(√
3t
2

)

+
√
3 sin

(√
3t
2

)].



16 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïòÌå áíÜëõóç óå áðëÜ êëÜóìá�áÈá åîå�áó�åß ìüíïí ç ðåñßð�ùóç üðïõ ç óõíÜñ�çóç F (s) åßíáé ñç�Þ, äçëáäÞåßíáé �çò ìïñöÞò F (s) = P (s)Q(s)ü�áí P (s) êáéQ(s) åßíáé áêÝñáéá ðïëõþíõìá �ïõ s êáé ï âáèìüò �ïõ ðïëõùíýìïõP (s) åßíáé ìéêñü�åñïò áðü �ï âáèìü �ïõ ðïëõùíýìïõ Q(s). Ôü�å ç óõíÜñ�çóçF (s) áíáëýå�áé êá�Ü �á ãíùó�Ü óå Üèñïéóìá áðëþí êëáóìÜ�ùí.�áñÜäåéãìá 3.2.3 - 5¸ó�ù F (s) = s− 1s2 + 3s + 2ìå ñßæåò �ïõ ðáñïíïìáó�Þ �éò −1 êáé −2. Ôü�ås− 1

(s+ 1)(s+ 2)
=

As+ 2
+

Bs+ 1
:�ïëëáðëáóéÜæïí�áò êáé �á äýï ìÝëç ìå �ï (s+ 1)(s+ 2), Ý÷ïõìås− 1 = (A+B)s+ (A+ 2B):Åîéóþíïí�áò �ïõò óõí�åëåó�Ýò �ùí ßóùí äõíÜìåùí �ïõ s, ðñïêýð�åé �ï óýó�çìáA + B = 1A + 2B = −1; 




ïðü�å A = 3 êáé B = −2:Ôü�å F (s) = 3s+ 2

− 2s+ 1
:¢ñá f(t) = L−1[F (s)] = 3e−2t − 2e−t:�áñÜäåéãìá 3.2.3 - 6¼ìïéá, Ýó�ù F (s) = 1s (s2 + 9)

:



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 17ÈÝ�ïí�áò
1s (s2 + 9)

=
As +

Bs+ Cs2 + 9êáé óýìöùíá ìå �çí ðáñáðÜíù äéáäéêáóßá, �åëéêÜ ðñïêýð�åéF (s) = 1

9

1s − 1

9

ss2 + 9
;ïðü�å f(t) = L−1[F (s)] = 1

9
− 1

9
cos 3t:¢óêçóçÍá õðïëïãéó�åß ç óõíÜñ�çóç f(t) = L−1[F (s)], ü�áí ç F (s) åßíáé ßóç ìå9; 10i) 1s (s2 − 4)
v) 1s3 + 8ii) 1s3 − s vi) ss4 − 1iii) 1s (s2 − 4s+ 4)

vii) s+ 1s3 − 1iv) 1s (s2 + �2) viii) s
(s+ 2) (s2 + 1)

:3.3 ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí ÅîéóþóåùíÓ�çí ðáñÜãñáöï áõ�Þ äßíå�áé åíäåéê�éêÜ ìéá åöáñìïãÞ �ïõ ìå�áó÷çìá�éóìïýLapla
e ó�ç ëýóç �ùí ãñáììéêþí äéáöïñéêþí åîéóþóåùí ìå ó�áèåñïýò óõí�åëå-ó�Ýò 1çò êáé 2çò �Üîçò. �åñéóóü�åñåò åöáñìïãÝò èá äïèïýí óå Üëëá åîÜìçíá.3.3.1 �ñáììéêÞ 1çò �Üîçò ìå ó�áèåñïýò óõí�åëåó�ÝòÇ ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóçò 1çò �Üîçò ìå ó�áèåñïýò óõí�åëå-ó�Ýò Ý÷åé �ç ìïñöÞ9Ëýóç.10(i) − 1
4
+ e−2t

8
+ e2t

8
, (ii) − 1 + e−t

2
+ et

2
, (iii) 1

4
− e2t

4
+ 1

2
t e2t , (iv) 1�2 − cos �t�2 ,

(v) e−2t
12

− 1
12

et cos (√3t)+ et sin(
√
3t)

4
√

3
(vi) e−t

4
+ et

4
− cos t

2
, (vii) 2 et

3
− 2

3
e−t=2 cos

(√
3 t
2

) ,
(viii) − 2

5
e−2t + 2 cos t

5
+ sin t

5
.



18 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïòy′ + ay = r(x); (3.3.1 - 1)ü�áí á ó�áèåñÜ, y = y(x) ìå x ∈ (á; â) ⊆ ℜ. Ç áí�ßó�ïé÷ç ïìïãåíÞò åßíáéy′ + ay = 0: (3.3.1 - 2)¸ó�ù ü�é ïé óõíáñ�Þóåéò y; r ∈ DL êáé ïñßæïí�áé ãéá êÜèå x ≥ 0.Èåùñþí�áò �ï ìå�áó÷çìá�éóìü Lapla
e �çò ìç ïìïãåíïýò åîßóùóçò (3:3:1−
1) Ý÷ïõìå L (y′ + ay) = L[r(x)], ðïõ óýìöùíá ìå ãíùó�Ýò éäéü�ç�åò �ïõìå�áó÷ç-ìá�éóìïý Lapla
e11 ãñÜöå�áésL(y) − y(0) + áL(y) = L[r(x)]:ÈÝ�ïí�áò Y (s) = L(y) ìå y(0) = y0 áñ÷éêÞ óõíèÞêç êáé ëýíïí�áò áëãåâñéêÜùò ðñïò Y (s), �åëéêÜ Ý÷ïõìå �ïí ðáñáêÜ�ù �ýðï õðïëïãéóìïý �çò ìå�áó÷çìá�é-óìÝíçò óõíÜñ�çóçò Y (s) �çò ìåñéêÞò ëýóçò �çò (3:3:1 − 1)Y(s) = L[r(x)]s+ a +

y0s+ a ìå s+ a > 0: (3.3.1 - 3)Ôü�å áðü áðü �çí (3:3:1−3) ðñïêýð�åé ç ìåñéêÞ ëýóç �çò (3:3:1−1) ùò åîÞò:y(x) = L−1[Y (s)]:�áñá�çñÞóåéò 3.3.1 - 1Ç ìÝèïäïò �ïõ ìå�áó÷çìá�éóìïý Lapla
e:11ÂëÝðå �áñÜãñáöïò 1.1.3Èåþñçìá 1.1.3-1 (ãñáììéêÞ éäéü�ç�á). ¸ó�ù f; g ∈ DL. Ôü�å áí ê; ë ∈ ℜ éó÷ýåé
L[�f(t) + �g(t)] = �L[f(t)] + �L[g(t)]:Èåþñçìá 1.1.3-6 (ðáñáãþãïõ 1çò �Üîçò). Áí f ∈ DL êáé õðÜñ÷åé ç ðñþ�çò �ÜîçòðáñÜãùãïò �çò f êáé åßíáé óõíå÷Þò óõíÜñ�çóç Þ êá�Ü �ìÞìá�á óõíå÷Þò ãéá êÜèå t ≥ 0,�ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e �çò ðáñáãþãïõ f ′ êáé éó÷ýåé

L
[f ′(t)] = sL[f(t)]− f(0) ìå s > a > 0:



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 19i) åöáñìüæå�áé êõñßùò, ü�áí æç�åß�áé ç ìåñéêÞ ëýóç �çò (3:3:1−1), äçëáäÞÝ÷ïõí äïèåß êáé ïé áñ÷éêÝò óõíèÞêåò �ïõ ðñïâëÞìá�ïò Þ ü�áí ç åßóïäïòr(x) åßíáé ðåñéïäéêÞ, ìïíáäéáßá êñïýóç, ê.ëð.12,ii) äåí åöáñìüæå�áé óõíÞèùò, ü�áí ç f(x) äåí åßíáé ó�áèåñÜ êáé ãåíéêü�åñáäåí åöáñìüæå�áé óå ìç ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò.Ôï êýñéï ðëåïíÝê�çìá �çò ìåèüäïõ óå ó÷Ýóç ìå �çí áí�ßó�ïé÷ç êëáóéêÞìÝèïäï åßíáé ü�é ç äéáöïñéêÞ åîßóùóç ëýíå�áé ìå áëãåâñéêü �ñüðï êáé åéóÜãïí�áéó�ç ëýóç Üìåóá, ÷ùñßò íá ÷ñåéÜæå�áé åðß ðëÝïí õðïëïãéóìüò, ïé áñ÷éêÝòóõíèÞêåò �ïõ ðñïâëÞìá�ïò.�áñÜäåéãìá 3.3.1 - 1Íá ëõèåß äéáöïñéêÞ åîßóùóçy′ + 2y = e−3x; ü�áí y(0) = 0: (1)Ëýóç. ¸ó�ù ü�é ç (1) ïñßæå�áé ãéá êÜèå x ≥ 0. Åßíáé r(x) = e−3x, ïðü�åóýìöùíá ìå �ïí �ýðï 2 �ïõ �ßíáêá 3.2.3 - 1 èá åßíáé
L
[e−3x] = 1s+ 3

; ü�áí s+ 3 > 0:¸ó�ù y(x) ç ìåñéêÞ ëýóç �çò (1). ÅðåéäÞ óýìöùíá ìå �çí (1) åßíáé a = 2,èÝ�ïí�áò Y (s) = L(y) ìå y(0) = y0 = 0 ó�çí (3:3:1−3) êáé ìå�Ü �çí áíÜëõóçóå áðëÜ êëÜóìá�á �ïõ äåîéïý ìÝëïõò, ðñïêýð�åéY (s) =
1s+3s+ 2

+
0s+ 2

=
1

(s+ 2)(s + 3)

=
1s+ 2

− 1s+ 3
; ü�áí s+ 2 > 0:¢ñá ç ìåñéêÞ ëýóç åßíáé (Ó÷. 3.3.1 - 1)y(x) = L−1[Y (s)] = e−2x − e−3x = e−3x (−1 + ex) :12ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [1℄ Êåö. 1.
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e Êáè. Á. ÌðñÜ�óïò
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Ó÷Þìá 3.3.1 - 1: �áñÜäåéãìá 3.3.1 - 1: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçòy(x) = e−3x (−1 + ex), ü�áí x ∈ [0; 3]�áñÜäåéãìá 3.3.1 - 2Íá ëõèåß äéáöïñéêÞ åîßóùóçy′ + y = e−x ü�áí y(0) = −1: (2)Ëýóç. ¼ìïéá õðïèÝ�ïõìå ü�é ç (2) ïñßæå�áé ãéá êÜèå x ≥ 0. Åßíáé r(x) =e−x, ïðü�å óýìöùíá ìå �ï ìå �ïí �ýðï 2 �ïõ �ßíáêá 3.2.3 - 1 èá åßíáé
L
[e−x] = 1s+ 1

; ü�áí s+ 1 > 0:¸ó�ù y(x) ç ìåñéêÞ ëýóç �çò (2). ÅðåéäÞ óýìöùíá ìå �çí (2) åßíáé a = 1,èÝ�ïí�áò Y (s) = L(y) ìå y(0) = y0 = −1 ó�çí (3:3:1 − 3) ðñïêýð�åéY (s) = 1s+1s+ 1
+

−1s+ 1
=

1

(s+ 1)2
− 1s+ 1

; ü�áí s+ 1 > 0:¢ñá ç ìåñéêÞ ëýóç åßíáé (Ó÷. 3.3.1 - 2)y(x) = L−1[Y (s)] = x e−x − e−x = e−x (−1 + x) :�áñÜäåéãìá 3.3.1 - 3¼ìïéá íá ëõèåß äéáöïñéêÞ åîßóùóçy′ + y = sin 2x; ü�áí y(0) = 0: (3)
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Ó÷Þìá 3.3.1 - 2: �áñÜäåéãìá 3.3.1 - 2: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçòy(x) = e−x (−1 + x), ü�áí x ∈ [−0:2; 3]Ëýóç. ¼ìïéá Ýó�ù ü�é ç (3) ïñßæå�áé ãéá êÜèå x ≥ 0. Åßíáé r(x) = sin 2x,ïðü�å óýìöùíá ìå �ïí �ýðï 4 �ïõ �ßíáêá 3.2.3 - 1 èá åßíáé
L [sin 2x] = 2s2 + 4

:Áí y(x) ç ìåñéêÞ ëýóç �çò (3), �ü�å a = 1, ïðü�å èÝ�ïí�áò Y (s) = L(y) ìåy(0) = y0 = 0 ó�çí (3:3:1 − 3) ðñïêýð�åéY (s) =
1s+1
2s2+4

=
2

(s+ 1) (s2 + 4)
=

2

5

1s+ 1
− 2

5

s− 1s2 + 4

=
2

5

1s+ 1
− 2

5

ss2 + 22
+

1

5

2s2 + 22
; ü�áí s+ 1 > 0:¢ñá üìïéá (Ó÷. 3.3.1 - 3)y(x) = L−1[Y (s)] = 2

5
e−x + 1

5
(−2 cos 2x+ sin 2x) ;Áðü �ç ëýóç ðñïêýð�ïõí �á åîÞò:i) lim x→−∞ y(x) = +∞,ii) ü�áí x ≥ �, ï üñïò e−x ðñáê�éêÜ ìçäåíßæå�áé, ïðü�å ç ëýóç ãñÜöå�áé13y(x) ≈ 1

5
(−2 cos 2x− sin 2x) = √

22 + 12

5
sin(2x+ �)

≈ 0:45 sin(2x+ �); ü�áí � = arctan(−2) ≈ −1:107 rad;äçëáäÞ åê�åëåß ìéá áìåßù�ç ðåñéïäéêÞ �áëÜí�ùóç ðëÜ�ïõò 0:45.13¸ó�ù ç ðáñÜó�áóç á cos(ùx) + â sin(ùx): Áí â 6= 0 êáé tanö = á=â, üðïõ −� ≤
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e Êáè. Á. ÌðñÜ�óïò
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Ó÷Þìá 3.3.1 - 3: �áñÜäåéãìá 3.3.1 - 3: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçòy(x) = 2
5 e−x + 1

5 (−2 cos 2x+ sin 2x), ü�áí x ∈ [−�=3; 10�]

ön < �, ÷ñçóéìïðïéþí�áò êá�Üëëçëïõò �ñéãùíïìå�ñéêïýò ìå�áó÷çìá�éóìïýò Ý÷ïõìå
á cos(ùx) + â sin(ùx) = ân [áâ cos(ùx) + sin(ùx)] = â [tanö cos(ùx) + sin(ùx)]

=
â

cos ö [sin ön cos(nùt) + cos ön sin(nùt)]
= â√1 + tan2 ö sin (ùx+ ö)
=

√á2 + â2 sin (ùx+ ö):



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 23¢óêçóçÍá ëõèïýí ïé ðáñáêÜ�ù ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò14; 15i) y′ + y = x; y(0) = −1 v) y′ + 3y = e−x sin 2x; y(0) = 0ii) y′ + 4y = e−3x; y(0) = 0 vi) y′ + y = sin2 x; y(0) = −1iii) y′ + y = x e−x; y(0) = 0 vii) y′ + 4y = 1− sinhx; y(0) = 0iv) y′ + y = sin 2x; y(0) = 0 viii) y′ + y = sin x cos 2x; y(0) = 0.
3.3.2 �ñáììéêÝò 2çò �Üîçò ìå ó�áèåñïýò óõí�åëåó�ÝòÏìïãåíÞò ãñáììéêÞÇ ãåíéêÞ ìïñöÞ �çò ïìïãåíïýò äéáöïñéêÞò åîßóùóçò 2çò �Üîçò ìå ó�áèåñïýòóõí�åëåó�Ýò åßíáé y′′ + ay′ + by = 0; (3.3.2 - 1)ü�áí a; b ó�áèåñÝò, y = y(x) ìå x ∈ (á; â) ⊆ ℜ êáé õðÜñ÷ïõí ïé y′(x) êáéy′′(x) ãéá êÜèå x ∈ (á; â).Áí y ∈ DL, �ü�å áðü �çí (3:3:2 − 1) Ý÷ïõìå L [y′′ + ay′ + b] = 0, ðïõ14Ëýóç.15(i) y(x) = −1 + x + 
 e−x, ìåñéêÞ: 
 = 0, (ii) y(x) = e−3x + 
 e−4x, ìåñéêÞ:
 = −1, (iii) y(x) = 1

2
x2e−x + 
 e−x, ìåñéêÞ: 
 = 0, (iv) y(x) = 
 e−x +

1
2
(−2 cos 2x+ sin 2x), ìåñéêÞ: 
 = 2

5
, (v) y(x) = 
 e−3x + e−x

13
(−3 cos 3x+ 2 sin 3x),ìåñéêÞ: 
 = − 1

13
, (vi) y(x) = 
 e−x + 1

10
(5− cos 2x− sin 2x), ìåñéêÞ: 
 = − 14

10
,

(vii) y(x) = 
 e−4x − 1
60

(
10− 15ex + 6e2x), ìåñéêÞ: 
 = − 19

60
, (viii) y(x) = 
 e−x +

1
20

(5 cos x− 3 cos 3x− 5 sin x+ sin 3x), ìåñéêÞ: 
 = − 1
10

.
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e Êáè. Á. ÌðñÜ�óïòóýìöùíá ìå ãíùó�Ýò éäéü�ç�åò16 �ïõ ìå�áó÷çìá�éóìïý Lapla
e ãñÜöå�áés2L(y)− sy(0) − y0′(0) + a[sL(y)− y(0)] + bL(y) = 0ÈÝ�ïí�áò L(y) = Y (s) êáé y(0) = y0, y′(0) = y′0 (áñ÷éêÝò óõíèÞêåò), çðáñáðÜíù ó÷Ýóç, áí ëõèåß ùò ðñïò Y (s), �åëéêÜ äßíåéY(s) = (s+ a)y0 + y0′s2 + as+ b (3.3.2 - 2)Ôü�å ç ãåíéêÞ ëýóç �çò (3:3:2 − 1) èá äßíå�áé áðü �ç ó÷Ýóçy(x) = L−1[Y(s)]: (3.3.2 - 3)Åßíáé öáíåñü ü�é ç ãåíéêÞ ëýóç (3:3:2− 3) åîáñ�Ü�áé áðü �ï åßäïò �ùí ñéæþí�ïõ ðáñïíïìáó�Þ s2 + ás + â ó�çí (3:3:2 − 2). Ïé �áñá�çñÞóåéò 3.3.1 - 1éó÷ýïõí áíÜëïãá êáé ó�çí ðåñßð�ùóç áõ�Þ.�áñÜäåéãìá 3.3.2 - 1Íá ëõèåß ç äéáöïñéêÞ åîßóùóçy′′ + 5y′ + 6y = 0; ü�áí y0 = 0 êáé y′0 = 1:Ëýóç. Óýìöùíá ìå �çí (3:3:2 − 2) åßíáéY (s) =
(s+ 5) · 0 + 1s2 + 5s + 6

=
1s2 + 5s+ 6

=
1

(s+ 3)(s+ 2)

=
As+ 3

+
Bs+ 2

= − 1s+ 3
+

1s+ 2
:16ÂëÝðå �áñÜãñáöïò 1.1.3Èåþñçìá 1.1.3-1 (ãñáììéêÞ éäéü�ç�á). ¸ó�ù f; g ∈ DL. Ôü�å áí ê; ë ∈ ℜ éó÷ýåé

L[�f(t) + �g(t)] = �L[f(t)] + �L[g(t)]:Èåþñçìá 1.1.3-6 (ðáñáãþãïõ 1çò �Üîçò). Áí f ∈ DL êáé õðÜñ÷åé ç ðñþ�çò �ÜîçòðáñÜãùãïò �çò f êáé åßíáé óõíå÷Þò óõíÜñ�çóç Þ êá�Ü �ìÞìá�á óõíå÷Þò ãéá êÜèå t ≥ 0,�ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e �çò ðáñáãþãïõ f ′ êáé éó÷ýåé
L
[f ′(t)] = sL[f(t)]− f(0) ìå s > a > 0;åíþ ìå �ïí �ýðï (1:1:3 − 17)

L
[f ′′(t)] = s2L[f(t)]− sf(0)− f ′(0); ü�áí s > a > 0:
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Ó÷Þìá 3.3.2 - 1: �áñÜäåéãìá 3.3.2 - 1: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçòy(x) = −e−3x + e−2x, ü�áí x ∈ [−0:1; 2].¢ñá (Ó÷. 3.3.2 - 1)y(x) = L−1[Y (s)] = −e−3x + e−2x:Ç ëýóç ó�çí ðåñßð�ùóç áõ�Þ åßíáé ãíùó�Þ óáí åëåýèåñç áñìïíéêÞ �áëÜí�ùóçìå éó÷õñÞ áðüóâåóç.�áñÜäåéãìá 3.3.2 - 2¼ìïéá ç åîßóùóçy′′ − 4y′ + 4y = 0; ü�áí y0 = 1 êáé y′0 = 1:Ëýóç. Óýìöùíá ìå �çí (3:3:2 − 2) åßíáéY (s) =
(s− 4) · 1 + 1s2 − 4s+ 4

=
s− 3

(s− 2)2
=

As− 2
+

B
(s− 2)2

=
1s− 2

− 1

(s− 2)2
=

1s− 2
+

(
1s− 2

)′

=
1s− 2

− (−1)1
(

1s− 2

)′ :ÅðåéäÞ óýìöùíá ìå ãíùó�Þ éäéü�ç�á �ïõ ìå�áó÷çìá�éóìïý Lapla
e éó÷ýåéü�é, áí F (s) = L[f(x)], �ü�å L[x f(x)] = (−1)1 F ′(s), áðü �çí ðáñáðÜíù
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e Êáè. Á. ÌðñÜ�óïò
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Ó÷Þìá 3.3.2 - 2: �áñÜäåéãìá 3.3.2 - 2: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçòy(x) = e−2x(1− x), ü�áí x ∈ [−0:2; 1:2]ó÷Ýóç ðñïêýð�åé �åëéêÜ ü�é (Ó÷. 3.3.2 - 2)y(x) = L−1[Y (s)] = e2x(1− x):Ç ëýóç ðåñéãñÜöåé �çí êñßóéìç áðüóâåóç. ÅðåéäÞ e−2x 6= 0 ãéá êÜèå x ∈ ℜ,ç yh(x) = 0, ü�áí x0 = 1. Ôü�å �ï x0 åßíáé �ï óçìåßï ó�á�éêÞò éóïññïðßáò.�áñÜäåéãìá 3.3.2 - 3¼ìïéá ç åîßóùóç
16y′′ + 8y′ + 17y = 0; ü�áí y0 = 1 êáé y′0 = 0:Ëýóç. Ç åîßóùóç ãñÜöå�áéy′′ + 1

2
y′ + 17

16
y = 0;ïðü�å óýìöùíá ìå �çí (3:3:2 − 2) åßíáéY (s) =

(s+ 1
2) · 1 + 0s2 + 1
2s+ 17

16

=
s+ 1

2s2 + 2 1
4s+ 16+1

16

=
s+ 1

2s2 + 2 1
4s+ 1

16 + 1

=
s+ 1

2
(s+ 1

4

)2
+ 1

=
s+ 1

4 +
1
4

(s+ 1
4

)2
+ 1

=
s+ 1

4
(s+ 1

4

)2
+ 12

+
1

4

1
(s+ 1

4

)2
+ 12

:
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(b)Ó÷Þìá 3.3.2 - 3: �áñÜäåéãìá 3.3.2 - 2, ü�áí x ∈ [−�=10; 4�]:(a) �ïäéÜãñáììá �çò 1
4 e−x=4 ìðëå (áðüóâåóç) êáé �çò 4 cos x + sin x êüêêéíçêáìðýëç (áìåßù�ç �áëÜí�ùóç), åíþ ó�ï äéÜãñáììá (b) �çò ìåñéêÞò ëýóçòy(x) = 1

4 e−x=4(4 cosx + sin x). Ç áðüóâåóç ðñïêáëåß �åëéêÜ �ï ìçäåíéóìü�çò ìåñéêÞò ëýóçò¢ñá óýìöùíá ìå �ïõò �ýðïõò 5 êáé 7 �ïõ �ßíáêá 2.2-1 åßíáé (Ó÷. 3.3.2 -3) y(x) = L−1[Y (s)] = e−x=4 cos x+
1

4
e−x=4 sinx;Ç ëýóç ðåñéãñÜöåé ìéá åëåýèåñç áñìïíéêÞ �áëÜí�ùóç ìå áóèåíÞ áðüóâåóç.

¢óêçóçÍá ëõèïýí ïé ðáñáêÜ�ù äéáöïñéêÝò åîéóþóåéò17; 18i) y′′ + 4y′ + 5y = 0; y′0 = y0 = 1 iv) y′′ + 25y = 0; y′0 = y0 = 1ii) y′′ − y′ − 12y = 0; y′0 = 1; y0 = 0 v) y′′ + 2y′ + 4y = 0;y′0 = 1; y0 = 0iii) y′′ + 2y′ + 10y = 0; y′0 = 1; y0 = 0 vi) y′′ − 2y′ + y = 0;y′0 = −1; y0 = 1.17Ëýóç.18(i) e−2x (cos x+ 3 sin x), (ii) 1
7

(
−e−3x + e4x), (iii) 1

3
e−x sin 3x,

(iv) 1
5
(5 cos 5x+ sin 5x), (v) 1√

3
e−x sin

(√
3x), (vi) − ex (−1 + 2x).
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e Êáè. Á. ÌðñÜ�óïòÌç ïìïãåíÞò ãñáììéêÞ 2çò �ÜîçòÇ ãåíéêÞ ìïñöÞ �çò ìç ïìïãåíïýò äéáöïñéêÞò åîßóùóçò 2çò �Üîçò ìå ó�áèåñïýòóõí�åëåó�Ýò åßíáé y′′ + ay′ + by = r(x) (3.3.2 - 4)ü�áí a; b ∈ ℜ, y = y(x), r(x) 6= 0 ìå x ∈ (á; â) ⊆ ℜ êáé õðÜñ÷ïõí ïé y′(x)êáé y′′(x) ãéá êÜèå x ∈ (á; â).¸ó�ù y; r ∈ DL. Ôü�å, áíÜëïãá ìå �çí áí�ßó�ïé÷ç ëýóç �çò ïìïãåíïýò,èåùñþí�áò �ï ìå�áó÷çìá�éóìü Lapla
e �çò (3:3:2 − 4), �åëéêÜ ðñïêýð�åéY(s) = L[r(x)]s2 + as+ b +
(s+ a)y0 + y0′s2 + as+ b ; (3.3.2 - 5)ïðü�å ç ãåíéêÞ ëýóç �çò ìç ïìïãåíïýò èá äßíå�áé áðü �ç ó÷Ýóçy(x) = L−1[Y(s)]: (3.3.2 - 6)�áñÜäåéãìá 3.3.2 - 4Íá ëõèåß ç äéáöïñéêÞ åîßóùóçy′′ − 3y′ + 2y = x; ü�áí y0 = y′0 = 0:Ëýóç. Åßíáé a = −3, b = 2 êáé

L[r(x)] = L(x) = 1s2 :Áí�éêáèéó�þí�áò ó�ïí �ýðï (3:3:2−5) ìå�Ü êáé �çí áíÜëõóç óå áðëÜ êëÜóìá�áÝ÷ïõìå Y (s) =
1s2 (s2 − 3s+ 2)

=
1s2(s− 1)(s − 2)

=
As +

Bs2 +
Γs− 1

+
∆s− 2

=
3

4s +
1

2s2 − 1s− 1
+

1

4(s − 2)
:



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 29¢ñá óýìöùíá ìå �çí (3:3:2 − 6) ç ìåñéêÞ ëýóç åßíáéy(x) = L−1[Y (s)] = 3

4
+
x
2
− ex + e2x

4
:�áñÜäåéãìá 3.3.2 - 5¼ìïéá �çò y′′ + 2y′ + y = e−2x; ü�áí y0 = y′0 = 0:Ëýóç. ¼ìïéá åßíáé a = 2, b = 1 êáé

L[r(x)] = L(e−2x) = 1s+ 2
:Ôü�å áðü �ïí �ýðï (3:3:2 − 5) Ý÷ïõìåY (s) =

1

(s+ 2) (s2 + 2s+ 1)
=

1

(s+ 2)(s + 1)2

=
As+ 2

+
B

(s+ 1)2
+

Γs+ 1

=
1s+ 2

+
1

(s+ 1)2
− 1s+ 1

:¢ñá óýìöùíá êáé �çí (3:3:2 − 6) ç ìåñéêÞ ëýóç åßíáéy(x) = L−1[Y (s)] = e−2x + x e−x − e−x = e−2x (1 + x ex − ex) :�áñÜäåéãìá 3.3.2 - 6¼ìïéá ç y′′ + 4y = x; ü�áí y0 = y′0 = 0:Ëýóç. ¼ìïéá åßíáé a = 0, b = 4 êáé
L[r(x)] = L(x) = 1s2 :



30 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïòÔü�å áðü �ïí �ýðï (3:3:2 − 5) Ý÷ïõìåY (s) =
1s2 (s2 + 4)

=
As2 +

Bs +
Γs+∆s2 + 4

=
1

4

1s2 − 1

4

1s2 + 4

=
1

4

1s2 − 1

4 · 2
2s2 + 22ìå�Ü �çí êá�Üëëçëç �ñïðïðïßçóç �ïõ �åëåõ�áßïõ üñïõ ó�ï äåîéü ìÝëïò ó�çíðáñáðÜíù éóü�ç�á.¢ñá óýìöùíá ìå �çí (3:3:2 − 6) ç ìåñéêÞ ëýóç åßíáéy(x) = L−1[Y (s)] = 1

4
x − 1

8
sin 2x:�áñÜäåéãìá 3.3.2 - 7¼ìïéá ç y′′ + 2y′ + 10y = 1; ü�áí y0 = y′0 = 0:Ëýóç. Åßíáé a = 2, b = 10 êáé L[r(x)] = L(1) = 1=s. Ôü�å áðü �ïí �ýðï

(3:3:2 − 5) ðñïêýð�åé ü�éY (s) =
1s (s2 + 2s+ 10)(åðåéäÞ �ï s2 + 2s+ 2 Ý÷åé ñßæåò ìéãáäéêÝò äåí áíáëýå�áé)

=
As +

Bs+ Γs2 + 2s+ 10
=

1

10

1s − 1

10

s+ 2s2 + 2s+ 10

=
1

10

1s − 1

10

s+ 2

(s+ 1)2 + 32

=
1

10

1s − 1

10

[ s+ 1

(s+ 1)2 + 32
+

1

3

3

(s+ 1)2 + 32

]ìå�Ü �çí �ñïðïðïßçóç �ïõ ðáñáíïìáó�Þ s2+2s+10 óå Üèñïéóìá �å�ñáãþíùí.



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 31¢ñá ç ìåñéêÞ ëýóç åßíáéy(x) = L−1[Y (s)] = 1

10
− 1

10

(e−x cos 3x+
1

3
e−x sin 3x) :

ÁóêÞóåéò1. Íá ëõèïýí ïé ðáñáêÜ�ù äéáöïñéêÝò åîéóþóåéò, ü�áí y = y(x) êáé y0 =y′0 = 019; 20i) y′′ + 4y′ + 13y = e−x iv) y′′ + 2y′ + y = sin xii) y′′ + y = sin x v) y′′ + y′ = e−x sin xiii) y′′ + 3y′ + 2y = x vi) y′′ + 4y′ + 3y = 4 e−x.2. Äåßî�å ü�é ç äéáöïñéêÞ åîßóùóç y′′ +4y′ +13y = 2Æ(t), üðïõ y = y(x) êáéy0 = y′0 = 0, Ý÷åé ëýóç �çíy(x) = 2e−2x (cos 3x+ sin 3x) :
21

19Ëýóç.20(i) 1
30

e−2x (3ex − 3 cos 3x− sin 3x), (ii) 1
2
(−x cosx+ sin x), (iii) − 3

4
− e−2x

4
+e−x + x

2
, (iv) − 1

2
e−x (1 + x− ex cos 
), (v) 1

2
e−x (−2 + ex + cosx− sin x),

(vi) e−3x (1− e2x + 2xe2x).21Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.E-mail: bratsos�teiath.gr URL: http://users.teiath.gr/bratsos/
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