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Mabnua 2

ANAAYTIKH I'EQMETPIA

Yto udlnua autd Ba dobovy oL xupLdtepes €vvoles tng Avalutixric lNewuetplac,

mou Bewpolvtal anapaltnteg yia To endUeEvaL.

2.1 Eufeloa

2.1.1 XvuvteAkeotyg devbuvong

Opiowés 2.1 - 1. 'Eotw 10 oploydvio obotnua aéovwy Oxy xar uia evlbela
e. Av 0 eivar 5 ywvia mov Siaypdyer o @¢lovac Oz, étav rneptotpapel ylpo
ané to onuelo M xatd Tty delibotpogn gopd, éwc 6TOU ouuTEoEL uE TRV E,
T0te N epantouévy e ywvias O opiler to ouvieheoty| debbBuvorg ¢ €

xat ouufoliletar ouviifoc ue X, SpAady A =tan6 (Xy. 2.1 - 1).

Igétaon 2.1 - 1. Av My (z1,y1), Ma (x2,y2) elvar 8Uo tuydvra onuela ulag
un mapdAAnAnc mpoc toug doves eublelac, T0TE 0 ouvtedeotric SeUbuvonc
tooUtal UE

A= f270 (2.1-1)
Ty — 11

Anédegn. And to opboydvio tplywvo KMy Ms €youue

tanf — (KMs) _ ya—wn

(MiK) x9—u1

1



2 Avarvtixd I'ewpetpla Kab. A. Mrpdtoog

Yyfua 2.1 - 1: ouvtekeotric Sievbuvong eubelog
Onhadn 1 anodeixtéa. =
ArnoSewvietal 6tL:

Ipéraom 2.1 - 2 H eéloworn tnc eubelac nouv diéoyetar and to onuelo M (zq, yo)

xat Eyet ouvtedeotyj Stevbuvone A divetar and tnv eélowon
Yy—yo=A(r—1z0). (2.1-2)
Hopathenon 2.1 - 1

Av 1 eubela elvar mapdinhn tpog tov dZova Oz, téte A = 0, eved 6Tay elvan
Tapd Ay Tpog tov dZova O, tdéte X — +o00.

Yougpova ue ta Topandve eixoha anodetxviovTal oL TALaXdTw TEOTAGELS.

IMpéraom 2.1 - 3. Av éva Sudvuoua a(ay,a) elvar napdAAnlo mpoc ula
evllela €, mov ev elvar mapdAAnAn mpoc tov déova Oy, 161 0 OUVTEAEOTIC

Sievfuvone tne € elvar X = ag /o .

IMpétaon 2.1 - 4. Fotw €1 xat ey dvo evllelec ue ovvtedeatés Sievbuvonc
A xae Ag avtiotoya. Tote txavy xaw avayxaia ouvlixn, étot Gote ot eulelec

auUTEC va elval
i) mapdAAnhec elvar n A\ = Mg,

i1) xdfetec elvar n A\ Ao = —1.



Eufeia 3

x/O y

Yyfua 2.1 - 2: evfela and onuelo napdAAnin npog didvucua

Oprowésg 2.1 - 2. Opiletar oav ocuvieheotyg dievbuvong evidc Saviouatoc

o ouvteAeotiic Siedbuvane tov avtioTolyou popéa Tou.

Alvovtal 6tn 6uVEYELX OL XUPLOTERES U0pQES TNc elowoc ulag eubelac 6to
eninedo, avilioTtolya 670 Yopo. Ynuetdvetal 6Tt 610 €1 oL GpoL SLavuouoTixy,

avtiotolya napauetext| e€lowaor, étav yenoluonotodval, elval LoodUvauoL.

2.1.2 Eubela ané onuelo napdAAnin npog didvuoua
Avavuopatixy egiowon

‘Eotow 6t {Inteltar n e&lowon ulag eulelag, mou diépyetal and éva onuelo,

€0t M xou elvor mopdhhnhn mpog éva dudvuoua, éotw a (Xy. 2.1 - 2). Ay
z ’ ’ z e 7 ’

ri n dwavuouatier axtiva tou onuelov M xar N éva dhho Tuyév onuelo tng

eubelac ue Stavuopated axtiva r, téte, eneldr) ta Staviouata MIN xou o elvor

nopdAAnha, o npénet olugwvo ue Ty Ipdtaon 2.1 - 1 va undpyel tpayUotixdg

aplBude t (napduetpoc), étol dote MN = ta. A& r =r; + MN, ondte

r=rj; +ta. (2.1 - 3)



4 Avarvtixd I'ewpetpla Kab. A. Mrpdtoog

Avalutixy] eglowom oto yoeo

‘Eotw o = o (ay, a2, a3) xot M (z1,y1, 21). Téte and ty (2.1-3) e€iodvovog

g AVTLOTOLYES GUVTETAYUEVES TPOXUTTEL

ron YT 2T A (2.1 - 4)
4] a9 a3
Avarutixy e&lowon oo eninedo
‘Ouota elvat
z oy 1
r—n _y—hn
o L 1 ( )
oy A9 1

2.1.3 Eubeia ané d%o onueia
Avavuopatixy eElowon

'Eotw Mj, My 8%o tuyévta onuela tng evbelag ue Siavuouatixée axtiveg
r1 = (x1,y1,21), r2 = (T2,Y2, 22) avilotoiya xat M tuyév dhho onuelo tng
ue dravuouatixh axtiva, éotw r = (z,y, z). Téte n neplntwon auth avdyeton

otny 2.1.2 Bétovtag a =9 — 11, OMOTE
r=r;+t(rg—ryp). (2.1 - 6)

H (2.1 — 6) ypnotwonotdvrag Tic avahutixéc exppdoeis r1 = x1i+ y1j + 21k
X0l Ty = Tai + yoj + 22k, TeEhxd ypdpeTal

r(t) = z(t)i+y)j+z(t)k
= [teg+ (1 —t)aa]i+ [ty2 + (1 =)o
+tze+ (1 —t)z1]k, o6tav teR. (2.1-7)
Ynuelwon 2.1 -1

‘Otavt € [0, 1], n(2.1-7) opilel tnv napapetpxy| eElowon Tou eubiypapou

Y

twhpatog MiM; (Xy. 2.1 - 3).



Eufeia 5

Z 31

Yyfua 2.1 - 3: evlelo and d0o onuela - napaueTpxy| Topdotaoy

Avalutix e€lowom oto Yoo

‘Eotw M (z1,y1,21), Ma (x2,y2, 22). Téte and v (2.1 — 7) npoxintel

r—T Yy—mu Z— 21

= = . (2.1-8)
T2 —T1  Y2—Yy1 22— 24
Avarutixy e&lowon oo eninedo
"OuoLa
x y 1
r— Y-
= 1 x 1]=0. 21-9
Tg — 11 Y2 — U1 | 1 N ( )
T2 Y2 1

2.1.4 Tevur poppr eglowong subelag oto eninedo

Arodewvieton 6Tu

Heértaoym 2.1 - 5. H yevorj uopey tne avadvtixic eflowone tne eubelac
oto eninedo elval
Az +By+T =0 (2.1 - 10)
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xar avtioTpopa.

Avepetvnom g e€lowong Az + By +1' =0
AtaxplvovTtol oL Topaxdte TEPLITHOOELS:

i) Av A #0xo B =0, t6te and v (2.1 — 10) npoxdntel 6t o = —I'/A,
nou napLotdvel evbela, 1 onola Siépyetal and to onuelo (—I'/A, y) xou
elval mapdAAnhn npog tov dZova Oy. Av xau I' = 0, t61e 1 eubela

’ z
ovunintet ue tov dZova Oy.

ii) Av A =0 xa B # 0, téte and v (2.1 — 10) npoxintel 61ty = —I'/B,
nou noplotdvel evbela, 1 onola Siépyetal and to onuelo (z, —I'/B) xau
elvol mopdAAnkn mpog tov dZova Oz. Av xau I' = 0, t61€ 7 eubela

ovuninter ue Tov dova Ox.
iii) Av I' = 0, téte 1 (2.1 — 10) mopiotdvel evbela, mou diépyetat and tny
apyhh TV aEOVwLV.
iv) Av A, B, I' # 0, n (2.1 — 10) ypdpeton
€ Y

T/A T/B

dnhady,
r Y
—+==1 2.1-11
—+ ( )
6mov 1 @ = —I'/A xou b = —I'/B héyovtor xaL GUVTETAYUEVES ETl

v apy”f e (2.1 — 10).
Ipétaom 2.1 - 6. Eotw ot eubeiec €1, €3 xat €3 ue avriotoyes eéiodoelc
Ajx+Biy+ 11 =0, Asex+ Boy+ 15 =0 xar Asx + Bsy+ I's =0.

Téte wxavi xar avayxaio ouvlixn étol, dote ot evflelec va Siépyovrar and
t0 (6o onuelo, elvat
A By I
Ay By Ty |=0. (2.1-12)
Az Bs Iy



Eninedo 7

Yyfua 2.1 - 4: andotaon onuelou and eubela

2.1.5 Anébotaoy onueiov and subeia

‘Eotw eubela € ue e€lowon Az + By+1" = 0 xow tuyév onueio e Py (o, yo)-

Tére n anbotoorn tou Py ané v € dlvetar and tov tino (Uy. 2.1 - 4)

_ |Azg+ Byo + T

Ah.e) = = P

(2.1-13)

Me to MATHEMATICA 7 ypaguh napdotaon ulag eubelag yivetal ue

TNV EVIOAT

Show[Graphics[Line [{{x_1,y_1},{x_2,y_2}}11]

2.2 Eniredo

2.2.1 Eninedo and onuelo xor napdAAnho npog dvo daviouata

'Eoto éva eninedo nov Siépyetar and 1o onuelo M (z1,y1, 21) xat elvat napdhhnho

npoc 1o Stavdouata o = o (o, o, o3) o B =B (b1, P2, B3) (Ey. 2.2 - 1).
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Yyfue 2.2 - 1: eninedo and onuelo napdhinio npog d¥o Siaviouata

Avavuopatixy e€lowon
Enetd” to dtaviopata o xon B elva napdhhnia, anodetxvietor 61t étL undpyouy
TapdueTEoL U, v, €tolL Gote, av M Tuydv onuelo Tou emnédou, va toylet
MMy = uo + 03, dnhadf) r —r; = ua + vf3. Apa

r =r; + ua+ vp. (22-1)
Avalutixt e€lowon
H (2.2 — 1) ypdgeton
wi+yj+ 2k = (z1 +uon + o) i+ (y1 +uoe +vP2) j+ (21 + uas + vfP3) k.

Téte e€lodvovtag T aviloTOLYES GUVTETAYUEVES EYOVUE

r=x1 +ua; +vB, y=y tuax+uvfe, z=z +uaz+vbs

'B)éne BiBhoypania xar A. Mrpdtoog [2] Keg. 1.
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mou teAxd Sivel cav avalutixy eélowon Ty

r y =z 1
r—T1 Yy—Yy1 22—z 1
T Y1 21
o a9 a3 = =0. (22 - 2)
¢ f ¢ ap oag oz 1
1 2 3
Br B2 B3 1

2.2.2 Eninedo and 800 onuela xou ntapdAAnho mpog ddvuoua
'Eotw éva eninedo nou diépyetat and ta onueio My (z1,y1,21), Ma (72, y2, 22)
xat elvor napdhhnho npoc to didvuoua o = o (o, o2, o3).

Aravuopatixn egiowon

H repintwon avth avdyetar oty 2.2.1 Oétovtag a = MMy = ry — 1y, 6tav
ri xoL ro elval ot Stavuouatixés axtiveg Twv onueloy My xau Ma avtiotouya.
‘Apa

r=r;+u(re—ry)+ oo (2.2 - 3)

Avarutixd eglowon

"Opota and Ty (2.2—3) Lo 1L GUVTETAYUEVES TOU TUYGVTOC onuelou M (z,y, 2)

Tov emnédou I éyouvue

r = x1+u(ze—x1)+0v0,
y = y1+uly2—y1)+va,
z = z1t+u(z—21)+vas

mou teAxd Sivel cav avalutixy eélowon Ty

x y =z 1
r—Tr Y-y zZz2—2 1
T Y1 2
To—X1 Y2 —Y1 R2— 21 | — =0. (2.2—4)
T2 Y2 22 1
a1 °5) a3
ap oo oz 1
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2.2.3 Erninedo and tpla onueia

"Eotw éva eninedo nov diépyetat and tpla un ouveubeiaxd onuelo My (x1, y1,21),
M; (z2,y2, 22) xou M3 (23,3, 23).

Avavuopatixy eglowon

H neplntwon auth avdyetar oty 2.2.1 Bétoviag o« = MMy = ry — ry,
B =M{M3 =r3—rq, 6tav ri, ro xou r3 elval oL Slavuouatixéc axtiveg Twv

onuelov My, My xou M3 avtictoiyo. Apa

r=r;+u(ro—ry)+ov(rs—ry). (2.2 - 5)

Avalutixy eglowon

’ 4 z ’ 4 z
Ouoia yia Tig ouvteTayUéveg Tou Tuydvtog onueiou M tou emnédou IT £youue

r = z1+u(ry—r1)+v(zs —11),
y = yr+u(ye—y1)+v(ys—y1),
z = z1+u(zg—21)+v(z3—21)

mou tehxd divel oav avalutixy e&lowon Ty

r y =z 1
Tr—T y—y1 z—z1 1
T oy 2
To—T1 Yo — Y1 22— 21 | T =0. (22-6)
T2 Yo 22 1
T3—T1 Y3 — Y1 23— 21
r3 y3 23 1

2.2.4 Tevu poper e€lowong emtnédou

Arodewxvietal 4T

Hpétaon 2.2 - 1. H yevixi uopyi tne avadvtixic eéiowonec touv emmédou

elvat
Az +By+TI'z+ A =0. (22-7)

xau avtioTeopa.



Kovixég topég
Aocxfoeig

1. No unohoyiotel 1 e€lowon g eubelag oTig TopaXdTw TEQLTTHOOELS:
i) éyet ouvtetayuévec enl v apyt 3 xaL —5,
i) éyel tetunuévn enl v apyh 4 xau elvor topdAAndy tpog to didvucua
a=(1,-3),
iii) Siépyetar and 1o onueio tourc Ty evbeldy x —y =7, x + 2y = 5 xou
elvaw xdbetn otny evbela 20 — 5y + 3 =0,
iv) Suépyeton and to onuelo (1,1) xa oynuatilel yovia /3 ye v eubela
r—Ty+5=0.
2. Na unohoyiotel 1 yovia twv eubeldy 22 —y =4 xou 3z +y = 1.
3. 'Eotw to tplywvo ue xopugéc ta onuela (1,2), (3,4) o (—2,—3). Na

UTOAOYLOTOUY

i) oL eClodoeic TV dryoviny, Twv vPdy xal TeY SLyoTéULY Tou,

ii) ot ouvtetayuéves Tou xévtpou Bdpouc.

4. No vnoloyiotel 1 Tiur) ng napauéteou A, étol ote 1 evbela Az+y+1 =0
va Siépyetar and To xowd onuelo tourc twv evleldy 22 —y + 1 = 0 %o
r—y+5=0.

5. No unoloyiotel n elowon e eubelac, mou Siépyetal and to onuelo (1,1)
xo Téuvel xdbeta Ty tour tov emnédwy 3 — 5y +2 = 0 xa 2z +3z+1 = 0.
6. 'Eotw ta enineda 22+ 3y +42 —6 = 0 xou 4 + 6y + 82424 = 0. Znreltan

i) va dewyfel 6tu elvan mapdhinia,
ii) va unoloyiotel n eglowon tou emnédou mou TéUvel To eninedo auTd
x&feta.
2.3 Kovuxég touég

2.3.1 Kuiuxlocg

Oprowdg 2.3 - 1. Opiletar oav mepLpépela XUXAOU 0 YEWUETPLXGS TOTOC

Ty onuelwy Tou emnédou, mou anéyovv [on arndotacyn ané éva onueio Tou

11



12 Avorutixd 'eopetpla Kaf. A. Mrpdtoog

emnédou, éotw O, mov Aéyetar xévipo. H amndotaon auty opilet téte TRV

axtiva tou xUxAou, éotw R.

‘Eotw tdpa 6TL T0 O ocuunintel Ue TNV apy’| TV GUVIETAYUEVODY EVOC
opfoywviou ocuothuatoc Ozy. Téte, av M(z,y) elvar tuydv onuelo g
TEQLPERELAC, EYOUUE

22 +y* = R?, (2.3-1)
eved 6Tav 1o xévtpo elval oto onueto K(a, B), téte elvan

(0 - a)? + (y— B)° = F2 (23-2)

Ou (2.3 —1) o (2.3 — 2) divouv cav yevixr wopgy e avalutixic eZlowong
TV ONUELDY TNC TEQLPERELAC TOU XUXAOU TNV

>+ 2 + Az +By+1T =0 (2.3 - 3)

ue xévipo K (—A/2, —B/2) o axtiva R = (A% + B2 — 4F)1/2.

Avtiotpoga xdfe ellowon tne uopphc (2.3 — 3) moplotdvel nepLpépeLa
x0xhov. Hpdyuat 1 (2.3 — 3) ypdpeta
AN? B\* A?4B%?-4D
4 ) == 23-4
<7:—|—2) —|—<y+2) 1 (2.3 )
Téte n (2.3 —4):
- av A2+ B2—4T" > 0, noplotdvel e€lowon xixhou ue xévtpo (—A/2, —B/2)
xau axtliva R = VA2 4+ B2 —4I'/2. Edwd étav woylel 1 wodtnta, 1
axtiva tou xUxhou elvar undév (onueio).
- Av A2+ B2 —4I <0, téte dev undpyouv onueta Tou va Ty exaknfedouy
xau Gpa Guowa xou Ty (2.3 — 3).
Enouéveg €yet anodetybel n napaxdtw npdtaoy.
Mpétaon 2.3 - 1. H 2?2 +y> + Az + By + I' = 0 napiotdver eélowoy

TEQLYPEQELAC HUXAOU TOTE XAl [MOVOY, OTAY - = U.
oLpépo Jxdouv 16 uévoy, étav A2+ B2 — 4 > 0

H elowon g egantouévne tng nepupépelag oe €va onuelo tng, €0t

M (z0,yo), anodetxvietar Tt divetal and tn oyéon

(z — o) (w—a) + (y — wo) (y — ) = R*. (2.3 - 5)
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Yyfua 2.3 - 1: napayetpuxy| tapdotaoy xUxiou

Avavuopatixy egiocwon

'Eoto 6110 O ouurintel ue v apyt evéc ophoymviou cueTAuaTo GUVTETAYUEVODY.

Tére, av M (z,y) elval tuy6v onuelo tne nepLpépetac, 1 davuopatixd eElowon

elvat Tng pwoperic

r=zi+yj (2.3 -6)
6TOU
r=x(t) = Rcost,
y=uy(t) = Rsint, 6tav  t €10,2m), (2.3-7)

A ’ z ’ ’ z
EVO 0TV TEplnTwon Tou To x€vtpo tou elvat To onueto K(a, ) éyouue (Xy.

2.3-1)
r=ux(t) = o+ Rcost
y=y(t) = [+ Rsint, étav te€[0,2n), (2.3-8)

6mou t TapdUETPOC.

Aocxfoeig

1. No unohoytotel 1 axtiva xol 10 X€VTpo TV TUPAXATW TEQLPERELDY
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i) 224+ 9% +4r+4y+9=0,
i) 22 +y? — 62 + 10y = 0.
2. No unoloyiotel 1 e€lowon tng nepipépetag xlxhou, 6Tay
1) éyew xévtpo 1o onuelo (1, —2) xou epdntetar otny evfela . — 2y +5 = 0,
ii) diépyetan and 1o onuela (3, —2), (1,2) xou (-1, —2),

iii) diépyetan and o onuela (3,1), (—1,3) xou éxeL xévipo otny eufela 3z —
2y —2 =0,

iv) elvor eyyeypauuévn oto Tplywvo ue xopugéc ta onuetla (1,—2), (2,3)
xat (4,1).

2.3.2 'Elhkeudm

Optopés 2.3 - 2. Opiletar oav éNhewdn (ellipse) o yewuetpixdc témoc twy
onuelwy Tou emmédou twy omolwy To dbpoioua TV ATOOTACEWY TUYOVTOC
onuelov tnc, éotw M, and o otalepd onuela Fy xar Fy, mou Aéyovtau

eotiec (focus), elvar otabepd (Xy. 2.3 - 2).

Yougwva ue tov Oploud 2.3 - 2 elvar F1M + FoM = 2a otafepd. Téte
yw va npoodioplotel 1 e€loworn Twv onuelwyv g éAleldng, Bewpolue éva
opoydvio alotnua cuvietayuévoy Oxy 6to onolo 1 apyh O Suyotouel Ty
andéotaon F1Fy, cov dZova twv = tnv eulela mtov Siépyetar and ta onuela Fi
xal Fy xou cav d€ova twv y tny xdbetn otnv F1Fy mou Siépyetal anéd 1o O.
'Eotow F1Fy = 2¢.

H Baow| Bibtnta tov onuelwy tng ENheudng exgedletal yio TS GUVTETAYUEVES

Tou TuybVTOC onuelou M(z,y) ue T oyéon

Vet )2 +y2+/(c—o)? +42 = 2.

H oyéorn auty ue tetpaywvioud xal Twv dVo ueh®dv mpoxUntel TeAxd 6Tl Ta

onueta g éAhewng enaknbevouv v edlowon

m—+—:1, btav  b? =a®— 2 (2.3-9)



Kovixég topég

Yyfdua 2.3 - 2: éNkeudn

Idu6tnTeg

i) H (2.3 —-9) dev yetafdiietar, 6tav tebel otn Béon tou (z,y) 10 (—x,y)
10 (z,—y) fi to (—z, —y), dnhadh n Ehkewdn elvan oupueTper| K TPOC

Toug d€oveg Ox, Oy xaL v apyh Twv alévey O.

ii) Ané tnv (2.3—9) mpoxintet 6t y? /b2 = 1—2%/a® > 0, dnhadh —a < = <
a. 'Ouota anodewxevietat 6t —b <y < b. ‘Apa n éMhewdn neprhauPdveta

070 oploydvio ue Thevpéc © = +a xa y = *£b.

Baowxd otouyeia

- H eubelo mou evdvel tic eatlec e éhhewdne, Aéyetal xlploc d€ovdc tne.
O x0proc dZovag téuvel Ty éMhewdn ota onuela A(a,0) xaw A'(—a,0),
mou o0ptlouy Tig xUplec xopugéc tne. Téte to evbiypauuo Tufua AA
optlet 1o yeydho dZova (major axis) tng éAhewdmne xau €yel urfixog 2a. O
GEovac twv ouvtetayuévoyv Oz éyel ) devbuvon AA’, evd to onuelo
O elvar oto yéoov tou AA". O dZovac Oy téuver v élheuhn ota
onueta B(0,b) xav B'(0,—b), mou Aéyovtar xar deutepedouoes xopupéc
e éMewme. To eubiypoauuo tuiua BB’ opllel 1o uixpd dZova (minor
axis) e éMewne. Téte ta OA = a xaw OB = b optlouv 10 yeydhro

15
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avtiotolya To uixpd nuidova tng EMeudng.

- Exxevtpdtnta (eccentricity) tng éMhewyne oplletar o Aéyoc e = c/a

xaL Tpogavig elvat e < 1.

Eglowon epantopévng

Arnodewvietan 61l 1 e€lowor g egantouévng g éAAewdng oto onueilo tng

M (z0,y0) dlvetan and tn oyéon

T YYo
?4—[)—2:1. (2.3 - 10)

Avavuopatixy eglowon
'‘Ouota elvat tne popgiic (2.3 — 6) 6mou

r=ux(t) = acost,

y=y(t) = bsint, étav t € [0,2m), (2.3 -11)

6mou t TapdUETROC.

H evtohy) mov oynuatiler ula mepipépeia ue to MATHEMATICA elval
Show[Graphics[Circle [{x_0,y_0},r]11]
6mou (0, Yo) TO %xEVTPO xaL 1 N axtiva, EVE Yo TNV ENNeLdN
Show[Graphics[Circle[{x_0,y_0},{a,b}]1]1]

6mou a o ueydhog xar b o uxpds nuLdZovae tng.

Aoxfoelg
1. No unohoyiotel 1 e€lowon g EMeUYne oTLC TopaxdTw TEQLITAOELS
i) n eotiof andotaon elval lon ue xou 1 exxevipbnta € = 3/5,

ii) o uxpéc dZovag elvar loog pe 8 xau 1 exxevipbtnta € = 11/12.
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2. Na unohoytotody ot eZloGoelc Twv egantduevwy and to onuelo (2,—1)
otnv éMewn 72 + 9y? = 9. L1 ouvéyelr va tpoodloplotel 1 Yovid TV
EQATTOUEVODY XaL To Wixog tne yoedhc tne éMhewhng, mou Sépyetal and to
onuela ETAPHC TWV EPATTOUEVK V.

3. 'Eotw n éMewn 22/a® + y2/b? = 1. Téte oL eubelec pe eliodoec = =

+a?/c optlovv tic drevbetoloeg (directrices) tne. Aeilte bt

i) ou dieubetoloeg elvan xdfeteg otov ueydho dZova e EMhewdng,

ii) o Aéyoc Twv anootdoeny TuybVToS onuelou g EMheldne and v eotia
xaL TN dteubetovoa elval otalepdc xaL LodtaL Ue TNV EXXEVTROTATA TNG

Enheudmg.

2.3.3 YnepBohy

Oplowés 2.3 - 3. Opiletar oav unepPoly (hyperbola) o yewuetpixde ténog
TWY ONUElwY Tou EMTESOV TV omolwy 1) Slapopd TWY ATOCTAOEWY TUYOVTOC
onuelov ¢, éotw M, and 6o otabepd onuela Fy xar Fy, mou Aéyovtat

eotiec, elvar otalepd (Xy. 2.8 - 3).

‘Eotw 61 oM — FiIM = 2a otafepd. 'Ouoia, 6nwe otny €hheud,
fewpdvtag éva opboydvio olotnua cuvietayuévwyv Ozy oto onolo to O
duyotouel v andotacn F1Fy, cav d&ova twv o v eubela mou Siépyetal and
Tig e0tieg, olUPVA xaL UE TN Baoux) WoTnTa Twv onuelny g unepPolrc

€YOUUE YLol TLC OUVTETAYUEVES TOU TuyGVTog onuelov M (x,y) tn oyéon

\/(c+x)2+y2—\/(x—c)2+y2:2a.

Téte ye tetpaywvioud xal Tov 800 Ueh®dV TpoxUnTeL Tehxd, 6Tl Ta onueia

e éMhewdne enainledouy v eZlowan
2 2

=1, 6tav b =c?—d (2.3 -12)

@w| 8
IS

Idu6tnTeg

i) H (2.3 — 12) dev petafdihetar, 6tav Béoouue ot Héon tou to (—z,y)
f o (z,—y) % 10 (—x,—y), dnhad| n urepBoly elvar oupuetewxt| (con-

gruent) wc mpog tov dZova Oz, Oy xat v apyr Tov alévwy.

17
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Yyhua 2.3 - 3: unegohy

ii) Ané tnv (2.3—12) npoxtntet 61 42 /b? = 22 /a® —1 > 0, dnhadr

‘Apa 1 unepPoly| Beloxetar oo 8e€ud tng eubelac ue elowon = a xaL

x| > a.

aplotepd tne evlelog ue eglowon v = —a. Elval mpogavég 6t uetaly

TV euleldv ¢ = a xaL & = —a dev undpyouv onuela g urepPohrc.

Baowxd otouyeia

- O 4Zovac Oz Aéyetar npwtelony dZovac (major axis). O npwtelwv
dZovoc téuvel v unepPolt| ota onuela A xar A’ Téte n (AA") opllel
T0 wixog tou mpwtelovia dfova. O dZovac Oy Aéyetar Seutepelwy
4Zovac (minor axis), evéd 1o O opiler 10 xévipo tnc unegPolfic. Av
enl Tou dZova Oy Bewprioouvue ta onuela B(0,b) xau B'(0, —b), tdte 1

(BB') 0pllel o phxoc tou deutepetovia dEova.

- Exxevtpdtnta tne unepPohfic opiletat o Aoyoc e = y/a, 6nou npogavae
e > 1.
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Eglowon epantopévng

Arnodewvietal 1L 1 e€lowon g egantouévng g unepBohric oto onueilo tng

M (z0,y0) dlvetar and n oyéon

Txo YYo
?_b—2:1' (2.3 - 13)

Yuluyeic unepPolég

'Eotw n unepBolyh ue mpwtedovia d&ova tov Ox xal eClowo
P P

e § (2.3 - 14)

A ) (2.3 - 15)

Ou urepBoléc (2.3 — 14) o (2.3 —15), 1ou 0 tpwtedwy dZovac TN pLac elval

deutepetomy dovag tne dhhne, AMyovtal ouluyelc (conjugate hyperbolae).

Acipntwteg unepPoinig

Ané v (2.3 — 12) npoxinTel

b a?
y=xt—z\/l1-—
a x
‘Apa, 6tav 10 = Telvel 670 dnELpo XaTd anéAUTY TWY, To y Telvel enlong aTo
dnelpo, eV 0 Moyog y/x elval tenepaouévoc apliude xat cuyXexpLUEva LoovToL

ue

b b
y=-—-x xoa. Yy=——2=o. (2.3 - 16)

a a
H (2.3 — 16) naplotdvel téte do evbelec mpog Tic omolec, olugova YE ta
nopandve, telvel 1 unepPBoly) étav to x — Foo. Ou eubeleg autéc Aéyovtal

acluntwTeg (asymptotes)tne urepBolfc.
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Ioooxehrig unepfBol

Opiopds 2.3 - 4. Av oe ula urnepfolly to uixoc tou mpwrelovia xat TOU
Sevtepetovra dlova eivar [oa, téte n urnepforl] Aéyetar toooxedic xat g
elowor) tnc yodpetat

22 —y? = d®. (2.3-17)

Yy meplntworn auth oL aolunteTeg elval oL SLyoToUoL TOV YOOV, TOu

oynuatilouv ol d&oveg.

Avavuopatixy eglowon
‘Ouota

r=ux(t) = acosht,
y=uy(t) = bsinht, (2.3 - 18)

6mou t € N nopduetpoc.

Aoxfoelg

1. No unohoyiotel 1 e€lowon tng unepBoAifc 0TS TAEAXATH TEPLTTOOELS
1) n eotionf andotaon elval lon ue xoL N exxevipbnia € = 5/4,

ii) ot eliodoeic Twv aoluntotoy elval y = 42 /3 xou 1 eotaxh andotao

elvaw Lon pe 20.

2. Na unoloyiotel n yovia Tov acluntewtoy g unepBolfc Tou €yel exxevipdtnTa
e=1.5.

3. 'Eoto 1 unepBolf 922 — 4y? = 36. Na urnoloyiotel to euPadéy tou
TeLydvou, mou oynuatiletar and Tig aoVunTwtég Tng xau Ty eufela 9z + 2y —

24 = 0.

4. Na dewyOel 6t xdle egantouévrn unegBoric oynuatilel ue T aoduUnTLTES
e Telywvo otafepol euPadod.

5. 'Eotw n unegBold 22/a® —y?/b? = 1. Téte oL eubeiec = +a?/c Méyova

devbetovoeg g unepPfohrc. Aelte i
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Yyfua 2.3 - 4: mopafolt

i) ou dieubetoloeg elvan xdfeteg otov yeydho dZova tne unepPfoic,
ii) ot dievfetovoeg dev Téuvouv Ty unepPoly,

ili) 0 Aéyoc twv anootdoewy TuybvToc onuelou e unepBohic and Ty eotia
xat TN dtevbetovoa elval otalepdc oL LGoUTaL UE TNV EXXEVTROTATA TNG

unepPoitc.

2.3.4 ITopafolq

Oplowés 2.3 - 5. Opiletar oav nagafoly (parabola) o yewuetpixdc ténog
TWY OnuUElwY Tov emmédou Twy omolwy 1) andéotaoy ané otalfepd onuelo, mov
Aéyetar eotia (focus) xar otabepl evbela d, mov Aéyerar Sievbetovoa (direc-

triz), elvar otabepr (Xy. 2.3 - 4).

I va mpoadiopiotel 1 avalutixy e&lowon Twv onuelny e tapaBolrc,
fewpolue éva ophoydvio clotnua cuvietayuévony Ozy 6to onolo to O elvor
’ z ’ z 7 ’ z 7
enl tng xdbetng eubelag, mou gégetal and v eotia, éotw F, o1n Sieubetolon

d xou 610 Yéoo tng, evéd cav dovag tov o oplletal n xdbetn auth eubelo.
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Téte, olugova ye ) Baower WétTnTa Twv onuelwy g tapaBolfc, yia 1o

Ty 6v onuelo M (z,y) elvae MB = MF, onéte, av p = CF, éyovue

1
A&
1 2
G )

AvtixaBiotdvrac v (2) oty (1) tpoxdntet tehuxd, 6t ta onueia e tapafolfc
enainfedouv v e€lowon

y? = 2px. (2.3 - 19)
IdL6TnTeg

i) H (2.3 — 19) dev petafdihetar, 6tav Béoouue oty Béon tou (z,y) to
(x, —y), dnhadh n napafolt| elval ouuuetp? we npoc Tov dova Ox.

ii) Ané tnv (2.3 — 19) mpoxintel 61 y? = 2pz > 0, dnhadh z > 0. Apa 7
napaBory Beloxetol oto Seiid tou dlova Oy.
Baowxd otouyeia
O &€ovag Oz téuvel T mapafohy) 6to onueto O, Tou Aéyetal xopuyY|, EVE TO
P AEYETAL NULTARAUETEOC TNC.
Eglowon epantopévng

Anodewvietal 6t 1 eglowon g egantouévne oto onuelo e M (zo,Y0)

dlvetar and tn oyéon

—yyo = p (z + x0) . (2.3 - 20)
Avavuopatixy eElowon
‘Ouota
w(t) = 1,
Y2 (t) = 2pt, (2.3 - 21)

émou t € N napduetpoc.
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1. No unohoyiotel 1 e€lowon tng napaorhic oTIC TUPUXATE TEQLNTMOELS:
i) éyel eotla 070 onueilo xau dievfetoloa y + 3 = 0,

ii) duépyetan and to onueio (5,7), elval ouuueTpr K¢ Tpog Tov dZova TLVY

y xat €yeL xopuey To onueto (0,0).

2. No unohoyiotoly oL egantéueves Tne mapafolic y? = 2z, mou Siépyoviay
ané to onuelo (—4, —1).
3. 'Eotw n nopaPorf y? = 2pz. Na npoodlopiotel 1 eavh xou avayxata

ouvlrixn, étoL Gote 1 eubela y = xx + A va egdntetar g napaforrc.

2.3.5 Tevixd meoBANUa XOVLXOY TOUOY

H éewn, n unepBold xat n nopafold Aéyovtal xal xwvixés towég (conic
sections), enewd?) elvar Suvatdv va mpoxddouy and Ty Tour evoc xUXALX0U

x@vou ex meplotpopiic, éotw K, ue éva eninedo (Uy. 2.3 - 5). EWldwbtepa

€Y OLUE:

i) avtoeninedo, éotw I1, dev elvar tapdAAnho Tpog xoud and TIC YEVETELPES
A 7 7 z 7 7 ’ z

Tou xGvou, TéTE 1 Tour Tou emnédou ue Tov xGvo Hua ddoel ula ENheudm

(Xy. 2.3-5 D), evdd oty ewduxh neplntwon mou elvar xdbeto otov dova

ToUu xGVOU, 1) Toun elval xUxhog (Xy. 2.3 -5 a)

ii) av to eninedo elvor tapdhinlo tpog 8Uo yevételpee, n Toun elvor UTEPBOAY]
(3y. 2.3 -5 c¢) %o,
iii) av elvar mapdhinho mpog éva egantéuevo eninedo tng emPEveELas TOU
x@vou, 1 Toun elvar TapaBodyd (Xy. 2.3 - 5 d).
Ewwd 6tav to eninedo diépyetal and to onuetlo O, 1 tour ovunintel ue ula 1
dVo yevételpeg Tou xhvou ¥ neptoptletal 6to onuelo O.

Hpéraoy 2.3 - 2. H yevixyj ellowon twy xwvixdy toudy, étay 1o olotnua
TWY OUVTETAYUEVWY Oev Exel UETATOMIOTEL TapdAAnia 1j otpagel, eivar ¢
Hoppc

Ar? + By +Ce+Dy+E =0, drav |A|+|B|#0 (2.3 - 22)



24

Avorutixd 'eopetpla Kaf. A. Mrpdtoog

£ X
Z 3

Yyhua 2.3 - 5: yevixd TpdBANUL XOVIXGY TOUGY
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xar avtioTpopa.

Anédelln. 2 Eneld?| 1o gubl npoxintel dueoa uetd tic npdletc otic (2.3—9),
(2.3 = 12) xou (2.3 — 19), apxel va detybel to avilotpogo. Awaxpivovtal ot

TURUXETW TEPLNTWOOELS:

1. AB #0. Téte n (2.3 — 22) ypdgeton
C D
2 U 2 Y _
A<ac +Am)+B(y +By>+E 0
xoL TEAMXE UETA TLg TpdigeLe
1( +C)2+1< +D)2
B\""24) Ta\"" 3B

_ BC?+ AD? —4ABE

=k 23-2
4A2B? (23-23)
6nou k otabepd. Téote:
1-I. Av k #0, n (2.3 — 23) ypdyeton
1 C\* 1 D \?

1-Ta. Av AB > 0, ané v (2.3 — 24) éyouvue
1-Ia.i. av k oudonuo mpoc 1o A xou B, n (2.3 — 24) »au xatd
ouvénela 1 (2.3 —22) noplotdvel ENAELYY), eV oTNY ELdLXT,
nepintwon 6mov A = B > 0 xUxAo.
1-Ta.ii. Av k etepbonuo mpog ta A xav B, 7 (2.3 — 24) elva
adVvaty.
1-Ib. Av AB < 0, n (2.3 — 24) xa xatd ouvérewa 1 (2.3 — 22)

TAUELOTAVEL URERBOAY).

1-II. Av k=0, n (2.3 —24) ypdgpetar

C\?2 D\?2
A<x+2—A> +B(y+2—B> = 0. (2.3 - 25)

’H anédeifn va napahetobel oe mpdtn avdyveor,.



26 Avorutixd 'eopetpla Kaf. A. Mrpdtoog

1-IIa. Av AB > 0, n (2.3 — 25) enaAnfedeton yia
D

_2_A pde i :—2—B

1-IIb. Av AB < 0, 10 npdto péhog e (2.3 — 25) avalletal o€

Tr =

ywouevo SVo mpwtoBdbuley ey kg Tpog T xal Y, OTOTE 1)

(2.3 — 25) noaplotdvet dGo eubeies.
2. Av AB =0. Tére:

2-1. Av A=0xu B #0, 7 (2.3 —22) ypdgeton

D \? D?
B — ) =-Czxr—F+ —, 23-2
<y—|—2B> Cx +4B‘ (2.3 - 26)
onoTE
2-Ta. Av C # 0, 1 (2.3 — 26) tehuxd ypdpeton
D \? C D? — 4BE
) = _= — 23-2
(y+2B> B<x+ ABC ) (2:3-27)

OnAadr moploTdvel TapaBoA.
2-Ib. Av C =0, n (2.3 — 27) ypdpetaL

2 2.3 - 28
y+ B ( )

( D)2_D2—4BE
2B)

onote
2-Ib.i. av D? —4BE > 0, 7 (2.3 —28) »a. xa1d cuvérewa 1 (2.3 —

22) naplotdvel dlo eubeleg napdAAnhes npoc Tov Gova
Oz,

2-Tb.ii. av D? —4BE = 0, n (2.3 — 28) napiotdvel Yo eubeia
naedAANAY otov dZova O, xaL

2-Ib.iii. av D2 —4BE < 0, 1 (2.3 — 28) elvow adlvary.

2-II. Av A # 0 xoauw B =0, téte 1 (2.3 — 22) ypdpetaL

C\?2 C?
A<m+2—A> _—Dy—E+4—A. (2.3 - 29)

‘Ouowa t61€ 1 (2.3 — 29), av
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o D # 0 napiotdvel mapafBoiy, eved dtay
e D = 0, noptotdvel dVo 1 pla eubelec mapdhhnhec mpoc tov

GZova Oy 1 tehxd elvor adbvor.

u
H yevixdtepn woppr 1oV xwvixdy Toudv, 6Tay 10 6UGTNUAL GUVTETAYUEVODY

€yel uetatomioTel B €xel oTpagel ¥ xau ta dUo, anmodewxvietal 6TL elvat
Ax? + Bxy + Cy* 4+ Dz + By + K = 0. (2.3 - 30)

H (2.3 — 30) yapaxtneilet téte 0 yeviny ellowon TV xauRLAGY deuTépou
Babuol. Avtiotpoga anodewxvietar 6t xdbe eiowon tne wopyrc (2.3 — 30),
dev dUvATOL VO TAPLOTAVEL TEPAUY TV XWVXAV TOUGYV, Tinote dAho extdg and
paviaotixéc eufelec xal elhelderc.

To mpéfBinua mou mpoxintel thpa, elval o TEéTOC TEOGOLOELEUOY TOU
eldoug tne xwvxhc Touhc and v (2.3 — 30). Apywxd eZetdletal To TPdoNUO

e mapdotacne A = B2 — 4AC. Suyxexpwéva, av:

i) A > 0 n xoaunlhn elvar vepBohd, evd, av A < 0 élkewn. Tére
Bétouue otnv (2.3 — 30) touc timouc (1.1 — 3) tou Mabriuatoc 1 xa
npoadiopilovue ta a, b. Ytn cuvéyela avixabloTdvTag TS TWES TV @

xat b oty (2.3 — 30) npoxintel plo eglowon tne pop@hc
A(m/)2+Bm/y/+C(y/)2—|—D =0, (2.3 - 31)

ortéTEe and Tov TUTOo

tanf = (2.3 - 32)

A-C

rpoadlopiletal 1 Yovia 6Tpoghc Twv a&dvey.

ii) A = 0nxounddn elva tapafolh. Ltnyv neplntwon auti| ypnotuonoteita

uévov o tiroc (2.3 — 32).
HHopdderypa 2.3 - 1
Na npoodiopiotel 10 eldog tng xauniing

xy —2y — 4z = 0. (1)
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Ator. Eivar B2 —4AC =1 > 0, onéte npbxeital yia unepPorf. Oétovtac

oty (1) Touc tinouc (1.1 — 3) Tou Maffuatog 1 €youue
'y + (b—4)r" + (a—2)y +ab—2b—4a =0
ané v onola npoxVntet 6L b —4 =0 xava —2 =0. Apa b =4 xa a = 2,
ométe oL apywol dZoveg éyouv uetatontotel oto onuelo (2,4). Téte n (1)
YedpeTon
2y =8, (2)
onéte N unepPBolt éxel asluntwteg Toug dZoves O’ xau O'y'. A tnv (2.3—

32) npoxtntel téte 6L tan 20 — 400, dnhadh § = w/4. Oérovtac v TR

aut) otoug tinouc (1.1 — 5) Tou MabBAuatoc 1 npoxintel

1 1
.’,U, — ﬁ (.’,U” _ y//) KoL yl — ﬁ (.’,U” _|_ y//) , (3)

6mouv O'2"y" o dZovec ouvtetayuévov uetd ) otpog. Téte n (2) oclugpwva
ue Vv (3) ypdepetar
) = 6 = 16

Onhady| mpdxeLltal yia LoOoXENT] UTERBOAT.
Hopddetypa 2.3 - 2
‘Ouota o eldog Tng xaunUAng
22+ 2xy + % + 42 — 10y +5 = 0. (4)

AGow. Eivaw B2 —4AC = 0, onéte npéxettan yia napaord. Téte and v
(2.3 — 32) npoxtntet 6TL tan 20 — 400, ondte § = w/4. 'Ouoia Bétovrac Ty
Th auth otouc tinoug (1.1 — 5) tou Mabfjuatoc 1 npoxintet
T = L (' — o) xoy= L (' +)
V2 V2

6mou Oz'y’ ou dZovec ouvtetaypévoy uetd tn otpogh. Apa 7 (4) yedgeta
(-53) =5 -5)
- —=) ==y ==
22/ V2 28/2

dnhadn mpdxeltal yia napafoAr ue xoput, To onueio (3/2\/5, 11/28\/5) xoL
ropdAhnhn otov dZova Oy’
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Aocxfoeig
1. No npoodiopiotel 10 eld0g TOV TALAXITOD XWVLXGBY TOUMDY
i) y2+3z—4y+9=0,
i) y? + day + 402 + 2y + 4z — 36 = 0,
iii) 8y? + 4wy + 5a? + 16y + 4z — 28 = 0,
iv) 222+ 3zy — 222 + 5z + 10y = 0.

2. Atvetow n xaunohy 42 — 4oy 4+ y? + 62 + 1 = 0. Znretton va tpoodlopioel
n 0éon e eubelog ¥y = Az wg TEOg TNV XAUTVAT YL Ti SLdpopeg TLUéC Tou A.

3 Anayopeletor 1 avadnuooicuoy ¥ avamapaywyY Tou Tapéviog 6to GOVOAG Tou ¥
TunUdTeY tou ywels ™ yeanth ddewa tou Kafl. A. Mrpdtoou.
E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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