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Mabnua 4

MIT'AATKOI APIOMOI

4.1 OpLopol

Oplowés 4.1 - 1 (pavrtaotix wovdda). Opiletar and tn oyéon

i=(—1)"2. (4.1-1)
‘Apa
i =—1. (4.1-2)
O oupPohoude i = (—1)Y2 apyixd d60nxe ané tov Euler, evé o Gauss

ETLVOMVTOS T1] YEOUETELXT| TApdoTAOT TwV ULYadixdy aptdudy anédeile 4tL oL
utyaduxol aplBuol elvar to 8to ouyxexpuévol, 6mwe ou tpayuatxol aptbuot,
agov elvar duvatdy vo nopactaboldy yewuetpwxd oto eninedo.

Téte oVugwva e tov Optouéd 4.1 - 1 elval Suvatédy va 0pLotoly oL Topaxdte

apluot:

Oplowés 4.1 - 2 (gavrtaotixds aptbuiés). Opiletar oay paviaotixdc xdbe

aptbude tne uoppic z = Bi érov B € N xat i n pavraoti] uovdda.

Optowos 4.1 - 3 (weyadixds aptBués). Opiletar oav utyadixdc xdbe apt-
Quoc tnc uopyic z = a + i énov a, B € N xat i 5 gaviaotixi yovdda.



2 Muyaduxol ApiBuol Kaf. A. Mrpdtocog

Erouévec o aptfigol 3i, —4i, v/2i elvar gaviaotixol, evé ov aptfuol 1 +
24,2 — 54, 4 ++/3i uryaduxol.

Ou wyaduxol aplfuol Ba cuuforilovtar cuvifowg ue Ta ypduuota z, w
XA, eVE T0 6UVOA0 TV ULyadixdy aptbudy ue C xoL 10 6UVOAO TV PAVTAGTL

%@y apliudy ue 7.

Oprowdg 4.1 - 4. Av z = a+fi elvar évac uryaduxdc aptbuse, téte opliletal

oay TEAYRATIXG WEPOG TOU 2 0 TeayUaTIXOS dptbude
Rez =« (4.1 - 3)
xar oav QAVIACTIXO WEPOS 0 MeayuaTIXOC aptlucc

Imz=p. (4.1-4)

Apa, av z =3 — 14, 161e Rez =3 xau Imz = —1.

4.2 "Alyefpa pryodixdy apltbuodyv

4.2.1 Iocétnta

Opltopég 4.2 - 1. 'Botw or utyadixol apibuol 21 = a + Bi xat zo = y + 01.

Tote elvat zy = 29, 6tay a =y xat B = 6.
Y0ugova ue tov oploud av o —2yi = 3+4, 16t v = 2 xou —2y = 4, dnhadt
y = —2.

AnodewvieTtan 6t 1 LobTnTa 0pllel 6To hvoro C wa oyéon ooduvautoc'.

4.2.2 Ilpgbobeon

Optopdg 4.2 - 2. 'Botw ot uryadixol aptfuol zy = a + Bi xat zo = vy + 01.

Téte opiletar oav dBpolowd touc o utyadixéc aptbudc

21+22:(Q+Y)+(ﬁ+8)i. (42—1)

"Mia oyéon ~ opiler ua oyxéon wooduvapiag oe éva clvolo %, dtav mingol v

autonali, cuuuetpr xou Yetafotxy Wibtnta.



AlyePpa pLyadixdy aplOudy

Hopddetypa 4.2 - 1

‘Eoto ou yryaducol aplfiuotl 21 =1 — 3 xat 20 = 4 + 51. Téte odugwva ye
v (4.2 — 1) elvan

z1+22=(1+4)+(=3+5)i, dnhadf 21+ 22 =5+ 21.

Idu6tnTeg
1) aviipetabetiny] 21 + 22 = 22 + 21 YL xdle 21, 29 € C,

ii) mpooetatptotixr 21 + (22 + 23) = (21 + 22) + 23 v ®8be 21, 29,
z3 € C,

i) avzi+2 = za+2, 16T€ 21 = 22 YL x&0e 21, 22, z € C (vouoc Swaypagric
ot C),

iv) undpyel évag povooriuavta opiouévoc uryadodc apliude z* =0+ 01,
€10l Bote
z4+z2"=2z ywxdbe zeC. (4.2 - 2)

O wyaduwoe 0+ 0 héyetar To oudétepo otoryeio tng npdoleonc.

v) Do xdfe uryadund apliud z undpeyel évog LoVooHUAVTa 0pLOUEVOS ULYadL-

x6¢ apude 2’ = (—a) + ()i, étoL Gote va Loy el
z+2' =0. (4.2 - 3)

O wyadixde 2/ Méyetor avtifeto B cupwpeTteLxd otoyelo Tou z yia

np6ofeor oto C.
vi) Av 21, 29 € C t61€e 1) e&lowon
z1+2=2 (4.2 - 4)

€xel wovadur, Mion oto C tny z = 22 + (—21). H povadu Mon g
ellowong (4.2 —4) héyeton duapopd, eved 1 npdln apaipeoy.

‘Eotw 21 = a+ i xou 29 = v + 0. Tote

21— 2= (a0 —y)+ (B — d)i. (4.2 - 5)
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Hopddetypa 4.2 - 2

‘Eotw ou uwyaduxol aplbuol z1 xau zo tou Ilapadelyuatog 4.2 - 1. Téte

olugwva ue v (4.2 — 5) elvan

z1—20=(1—4)+(=3—=5)i, Odmhadh 23 —z9 =—3 —8i.

4.2.3 IloManhaclaouog

Oplopds 4.2 - 3. 'Botw or utyadixol aptfuol zy = a + Bi xat zo = vy + 01.

Téte opiletar oav YLWOREVS Touc o Utyadixoc aptfudc

2129 = (a4 Bi)(y + 8i) = (ay — B8) + (a8 + By)i. (4.2 - 6)

Ynuelwon 4.2 - 1
O tinoc (4.2 — 6) npoxintel wg e€hc:

2129 = (a4 Bi)(y+8i) = a(y + 8i) + Bi(y + 8i)

(4.1-2): ?=—1
~ =
= ay+adi+Byi+ B8 i?

= (ay —[38) + (a0 + fy)i
Hopddetypa 4.2 - 3

"Eotw ovuiyaduxol 21 = 2—3¢ xau 29 = 4+1. Té1e obugova ue 1 Siadixacio

e Ynuelwong 4.2 - 1 dwadoyixd €yovue

nze = (2-340)(5+1i) =2(4+1i) - 3i(4+1)
= 8+42i—12i -3’ =8+ (2—-12)i —3(-1)

= (843)+(2—12)i =11 —10i.



AlyePpa pLyadixdy aplOudy

Idu6tnTeg

i)
i)
iii)

iv)

v)

vi)

vii)

avtetaleted 2122 = 2221 Yo xdle 21, 29 € C,
npooetalplotixt| (2122) z3 = 21 (2223) Y x8be z1, 22, 23 € C,
enLUeploTXh 21 (22 + 23) = 2122 + 2123 Yo x&be 21, 29, 23 € C,

av 212 = 292, TOTE 21 = 23 Y x40 z € ue z # 0 xau yia xdbe 2y,

29 € C (véuoc e duaypaghic tou tolhanhaoiaouol oto C)

Y

umdipyeL €vag Uovooiuavta oplouévog uryadixde aplbude 2" =1+ 01,
€toL Hote

22" =z yw xébe z € C. (42-7)

O utyaduxdg 1 + 0i Aéyetar oudétepo otolyeio ¥ povdda xat Oa

ouuPoliletal oto e&fic pe 1.

[N xdfe z € C ue z # 0 undpyel évac UOVOGHUAVTA OpLEUEVOS ULYadLxdg
aplbude 2% = 1/z = 271, étoL Gote va toyle

zz" = 1. (4.2 - 8)

O wyadueée aptBude 1/z = z~1, Myetar avtiotpogog tou z # 10

OLUETELXOS GToLYElo TOU ToAAaThactacuol oo C.
Av 21, 290 € C ye 29 # 0, t61€ 7 e&lowon
292 = 21 (4.2 -9)

€yeL wovadxr Mon oto C tny 2 = 2122_1 = 21 /2. H uovaduei MNom e
ellowong (4.2 — 9) Méyetar mnAixo tou 21 S Tou 2o xau ouvuPohrileton

z1/z2, evéd n npdln dalpeom.
Ynueiwon 4.2 - 2

[Topadelypoata utoroyLouol Tou avtioTpogou xat Tou TRAixou ULlyadixdy

apliudy Ba Sofovyv oty Hapdypago 4.4.
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4.3  Advoun uyodxdyv apltiuody

Ou duvdpelg pe axépaio exfétn opllovtal yio Toug uryadixois apltbuois 6mmg
XL YL TOUC TpayUaTixovg, Snhady

A=z yxdfe zeC

xa dadoyxd (emaywywd)

2/ =212 yaxdbe z€C xau v=23 ....

Entone oplletal 611

1
27V =— yaxdfe z€Cue z2#0xwv=12 ...,
z

eved edixd toylet 6t 20 =1 pe 2 £ 0.
IHapatrpnon 4.3 - 1

H napdotaon 0 dev éyel évvolx o7o C.
O yvwotéc Wiétnteg tov duvduewy oylouy xal 6Tny Teplntworn Twv
ULy aduedy apliudy.

Y0UQwVA UE TA TARATAVE EYOUUE

oL YEVLXE

Ak _ Akl _

7 '7 Z'4k—|—2 — _1’ Z'4k+3 —

i i4k+4 — 1.

—i,
vy xdle k € Z, 6nou Z 1o 6Vvoho Ty axepalonv aptBudy.
Hopddetypa 4.3 - 1

'Eotw o uyadude z; = 2 4 3i. Tote Stadoywxd €youue

9i2=9(—1)=-9
—~
22 = (243 =224+2-2-3i+  (30)?

= (4-9)+12i=-5+12i



Yuluyeic wiyadixol aptbuol

9i2=9(—-1)=-9
—~ =
2 = (2430 =22+3.22.3i+3-2.  (34)?
27i3=27(—1) i=—271i
—~ =
+ (3i)3

= 8+436i—54—27i=(8—54)+ (36— 27)i = —46 + 9.

4.4 XYuluyelg wyadixol aptbuol

Opiowés 4.4 - 1. 'Fotw z = a+fi. Téte o utyadixic apifudc a—Bi Adyetat
ouluyng tou z xat ovuforiletar ue Z, SnAadi

Z=oa—fi. (44 -1)

Elvow tpogavéc étu Loyvouy
27 = (a4 pi)(a—pi) = o+ % (4.4 -2)
2+zZ = 2o (4.4 - 3)

Ynuelwon 4.4 - 1

O tinocg (4.4 — 1) yenowwonoteltal 610V LTOAOYLOUS TOU AVTLGTEOYOU XAl TOU
nhixou Ty uryadudy aptBudy, étav anatteltal ot aptuol autol va ypapoly
ot wopgh a + Bi. Luyxexpluéva, av 0 TAPOVOUAsTHC Elval 0 & + Y i, TOTE
noAhanhactdlouye Tov aplfunty xat Tov tagovouas Tt ue 10 ouluyn Tou T+Y i,

Snhadh tov x —yi. Téte (v +yi)(z —yi) = 2% — y%i2 = 22 + y%
Hopdderypa 4.4 - 1

Na ypagolv oty uopen o + Bi ov uryaduxol aptbuol

1+ 2i
HaoL Zo = .
34 273

Abor. O ouvluyhc tou uryadwxol 3 — i etvar o 3 + 1. Tédte olugwva ye

zZ1 =

Ynuetwon 4.4 - 1 dwdoyund €youue

Lo L 1 3+4i_ 3+i 340 3 1,
YT o3 3—i344 33— 3¥—(-1) 10 10’
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1420 142i3+i (1+2)B+i) 1 7

3-7 3—i 3+i 2_2 10 10"

4.4.1 Id6tnTeEg
i) (72) = -7,
ii) 21 — 22 =71 — 72,
i) (27) = ()" ue v=12, ...,

iv) (2T) =@ ue 2#£0,

v) <§>=§ ue 22 #0,

22

vi) @z = aZ vy xdfe o € R,

vil) 21 + 22 = Z1 + Z2. H WBudtnra yevixevetar.

vill) Z1 23 = Z1 Z2. 'Ouota yevixeletoL.

Ipétaon 4.4 - 1. Av évac utyadixdc aptbudc eivar pila utac toAvwvuutxijc
elowons ue mpayuatixolc ouvtedeotés, 161 xar 0 ovlvyrc Tou Utyadixoc

elvar enione pila tnc moAvwvuuixic eélowonc.

Yuluyelc wyadixés ocuvTETAYUEVES

'Eotw o wyadudc apliude z = w+iy. Enedr oe nodlléc egapuoyéc anatteitot
TO T, Y VA exPEacTolv ouvapThoel Tou 2, Bewpdvtag to ouluyh uryadixd

Z = x — 1y eUx0AA TPOXVUTTEL OTL

z—;z XL y:Z;Z_z. (44 -4)

Tr =

Ov ouvtetayuévec (2, Z), tou ouunintouy ue T (7,y), Ayovtal téte culuyeic

wyadixég ouvietayEéves 1) anhd ouluyelc ocuvieTayUEVES.



Métpo pLyadixdv aptbudy
4.5 MEétpo pryodixdy apltbuody

Opiowés 4.5 - 1. 'Eotw o utyaduwcde apifudc z = a + Pi. Tore opiletan
oav R€tpo (modulus) 7§ andAvty Ty tou z xar ouuforiletar ue |z| o upg

AEVNTIXNGS TEAYUATIXGS aptiucs

|z] = 1/a? + 2. (4.5-1)

Ané v (4.5 — 1) dueoa tpoxdntel dT ‘2’2 = 27
Hopddetypa 4.5 - 1

Tougova pe v (4.5 — 1) éyouue:

)1+ V3i| =/12+ (V3)? = 2,

14i 144 2-3i —145i 1( 1 450), ond
— — = — (— 3 OTtO
9+3i 2+3i2+3i 22-32:2 13 ) OTOTE

1 1
_ _1)2 2 _
= 33V ("1 452 = V26,

i) (1424)3 = 1343-12.20+3-1-(24)%+(24)? = 14+6i—12—8i = —11—-21,

ii)

’1+z’
2+ 31

ométe |(1+24)3] = /(—11)2 + (—2)2 = V125.
IMopddetypa 4.5 - 2

No urohoyiotel o wyaduée z, 6tav [z — 1| = |z — 2| = |z — .

Abor. 'Eotw z=x+1iy. Téte

3

lz—1] = [2-2] <= (@-12+*=@@-27%+y = r=z,
. 3

lz—=1 = |z—i] <= (m—1)2—|—y2:m2—|—(y—1)2 = yza.
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4.5.1 Idu6tnteg
1) |21 4 22| < |z1] + |22]. H Wibtnto yevixeldeta.
i) [|z1] = |z2|] < |21 + 22| < |21] + [22]-
iii) |z122] = |z1] |22]. 'Opowa yevixedetat.

V=12 yaxdberv=1,2,....

iv) |z
v) |z =127t pez#0.

21 |21]

vi) |—|=+— € 29 # 0.
U o e P
Aoxfoelg
1. No npoodiogiotoly oL npayuatixol aptbuol z, y, 6tay
i) x+yi=l|r—yi 1) x4+ 2yi+ by —ix =T+ 5i
i) wtyi=(z—yi) W hmtiie sl

2. Na exgpactoly oL tapaxdtw Uryadwol ot uopgy| a + Bi
i) (i—2)[5(1—i) —4(1+1)? iy 2+ Z)((51—_25))2(1 + 2i)
(4 —14)% —2(1 + 24)
(3+14)2%(2 — 3i)

(i4+i9+i16)
(2 — g5 +Z'10 —i15)

iv)

i)

3. Avzy =11, 20 = 2—4i xaL z3 = v/3—1, Vo UTOAOYLGTOVV OL TAPUGTAGEL

i) |22 — 521 )? i) Tm (@>
<3
ZZ) Re (22% + 325 — 23) U) |21§2 + 5122|
3 . =1, — 1
iii) (23— 21) vi) z3(Z3)” +7Z325 .

4. No vnoloytotel o utyaduxds z, 6tav
lz—=1|=|z—-2|=|z—1|
5. Av z = x + iy, va unohoyLoTel oyéorn UeTadl TwV T xaL Y, 6Tav

|z —i| =]z 4+ 2|.



Mopgég pryadixot aptOuot

M (Ca . B)

Yyfua 4.6 - 1: tprywvouetpu| wopgt| uiyadxol aptbuol

6. No exgpoactolv cuvapthoel Tov Uyadixdyv culuy®dy GUVIETAYUEVODY OL
eClodoeELC

i) 2?4 16y> =25 ii) 22 +y? —br+y—1=0.

7. No anodetyfolyv ol WBLotntec twv Hapaypdpowy 4.4.1 xow 4.5.1.

4.6 Mopgpég wryadixot aptbuoi

4.6.1 Tpurywvouetpuxy) wopyy

Arnodewvietat ota Mabnuatixd étu undpyet ula augLuovosriuavtn aviieTtolyta
T0U utyadol z = a + i xou Tou Levyoug (o, B) 610 R = R x R. Llugwva
ue outh TNV avtiotolyla elval duvatdy va yivel Ul yewueTpwxr Ttapdotaoy
Tou uryadixol apliuol and éva onuelo Tou emmédou. NuYXEXQUUIEVY, £0TL
opboxavovixé olotnua ouvtetayuévey Ozy (Uy. 4.6 - 1) 6nov otov dZova
tetunuévoy Oz anewoviletol To TpayUatixd uépog Tou z, dnhadr to a xou
otov dCova tetayuévoy Oy 1o gaviactxd tou uépoc B. Toéte mpogavie
undpyet ula augLuovoouavtn avitotolyio ueTadl Tov uyadixdy aplbudy z =
a+ fi xau 1wy onuelwy M(ao, B) tou emtrédou I, nou ot ouvtetayuéves toug
opllovtal and 1o obotnua Ozy. To eninedo I1 Aéyetal otny neplntwon auth
xaL pLyaduxd eninedo 1) eninedo Gauss.

‘Eotw t6pa éva *moluxé olotnua cuvtetayuévoy (p, ) ue tého 1o 0 xou

*Bréne Mdbnua 1 Tapdypagoc 1.1.2.

11
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nohxé dova v nuievbela Oz. Téte, av z = a + fi = (a,f) ue z # 0,

olugwva ue tic oyéoec (1.1 —9) tou Mabhuatog 1 Ga oydel

|2 = o + 2,

cosf = ﬁ xo sin@z"% ue 0 €l0,2n). (4.6 - 2)
2 z

e

Ou oyéoec (4.6 — 2) npoodiopilouv ta p, B, btav elvar Yvwotd to a, B xol
aviioTtpoga.

Enouéviwe 1o p tooltal ue 1o U€tpo Tou 2, evéd 1 Ywvia 6, O vtohoyiletat
ané g oyéoelc (4.6 — 2) xon Bo héyetan o070 e&fc npwtevov bplopa (Argu-
ment)? Tov z, evé Ha ouuPBorileton ye Argz.

Apa and tc oyéoec (4.6 — 2) npoxintel bt 0 Yyadéc z = a + fi

YedpeTal

z=|z|(cos B +isinh), 6tav 0 € [0,27) xou |z| = \/a? + 2. (4.6 - 3)
H (4.6 — 3) elval yvwot oav 1 TpLY®VORETELXY ROpQY Tou 2.
Ynuetdoelg 4.6 - 1

1) Yougova ue yvooti tprywvouetpud Widtnta otny (4.6 —2) o wyaduxdc
aptfude z npoodiopiletal extdc and to Levyog (p, B) oL and to Levyog
(p, 0+ 2kn), 6tav k € Z. Téte ou yovieg O + 2kn opllouv 10 bpLopa

Tou utyadixol, tou cuufoiiletal ue argz
! , ! UE argz.

b ’ z z 7
ii) YrevOuuilovtat ou tapuxdte Paoixéc Tautdntec:

. . x=2kr+a
sinz = sina <= uek € Z (4.6 - 4)
r=2kr+m—a

r =2kt +a
CcosT = Cosa < ue ke Z. (4.6-5)
r =2kt —a

*Ytn BBhoypagla molkéc gopéc cav Argz Bewpeltar n yovia 6 ye § € [—m,7) % 6 €

(—mn, .
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Hopddetypa 4.6 - 1

'Eoto o uiyaduxéde aplbude
z=—1+1.

Téte a = —1 xou B =1, onéte |z| = /(—1)2 + 11 = /2. Apu
1 V2 7 ( w) 3w

cos) = —— = ——— = —cos — = CoS

7 5 1 T ) =cos—
ombTE 5 .
9:2k7r—i——7r = Gz—ﬂ, otav k=0
4 6
i 3 5
9:2k7r—£ — 9:%, 6tay k=1,
V2

’ . . ﬂ— 7
Enlong sinf = = = sin -, onbte

2

Sl

0:2k7r—|—% — 9:%, 6tay k=0

0:2k7r—|—7r—% == 6:%, otav k=0.

13

(4)

Apa Argz = 37 /4. Téte olugpwva ye v (4.6 — 3) 1 tprywvouetpux Loppy

elval

3 3
—1—|—2’:\/§ (COS%—I—Z’SinTﬂ).

Me v TpLrywvouetewxt Lop®r Tov ulyadwdy apliudy arodewxviovtal o

TopaxdTe yerolua fewpruata.

Ocdpnua 4.6 - 1. Fotw
z1 = |z1| (cos Oy +isinby)  xar 2y = |22| (cos by +isinby).
Tote elvar z1 = 29 TOTE xau uovov, 6Ty

|z1] = |z2| xaw 6 — 6 =2km; ke Z
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Ocedpnpa 4.6 - 2 (De Moivre). Avzp = |zk| (cos b +isinbg), k=1,2,...,v,
T0TE
2129...2, = |z 22| . |zu|[cos (B + 62+ ...+ 6,)
+isin (6 + 62+ ...+ 6,)] (4.6 - 6)
yia xdfe v =2,3,....
ITépiopa 4.6 - 1 (tdnog tou De Moivre). Ioyver du

2" = |z]" [cos(vl) + isin(vh)] yia xdbe v =2,3,.... (46-7)

Ocedpnpa 4.6 - 3. Av z = |z(cos f + isinf) ue z # 0, tdte

11 [cos(—0) + isin(—6)].

z |7

Ocedpnua 4.6 - 4. Av z1 = |z1| (cos 1 +isinby), zp = |22 (cos b + isin by)
ue zg # 0, tdte
S 21l [cos (61 — B2) + isin (6 — 6a)] . (4.6 - 8)
zo |29
IIépiopa 4.6 - 2. Ioylet 6t
5 = o leos(—v0) +isin(vB); v =12
TP cos(—v isin(—vl)]; v=1,2....
IHapddertypa 4.6 - 2

'Eoto o uiyaduxol

21 = :\:)’/5(—1+i):\7§(cos%+isin?%) xoLL

z9 = g(—\/g—z) :\/5<cos%+isin%>.
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Téte olugova ue Tov im0

(4.6 —6):

s 3 777) ,,<37r 7#)}
2129 = \/5\/5[COS<4 + 6 + 7 sin 1 + 6

6 6 23m L. 23m 6 < 23m L. 23m )
= 1/224/53 - 2T Y -
5! (COS 12 + 7 sin 12 > 500 [ cos 12 + 17 sin 12

A~ 2721273 — 0.729163 1.

(4.6 —17):
4 _ 35\ 4 4%3r . . 4%3m
z = (\/5) (cos 1 + 1 sin 1
= 2V/2(cos3m +i sin3n) = —2 V2~ —2.519842.
(4.6 — 8):
S S—ﬂ[cos<3—w—7—ﬂ>+isin<3—ﬂ—7—w>}
z /5 4 6 4 6

\6/22< —57r+, ) —57r> o 4 ( 50 . . 577)
= — | COS —— 7 S11 = — | COS — — 7 SINn —
6/53 12 12 125 12 12

0.145833 — 0.5442551.

&Q

4.6.2 ITolur popy

Opiowés 4.6 - 1. 'Eotw o utyadixdc aptbudc z = a + i, nou ypdpetat
o€ tpLywvouetouxy uopl z = |z| (cos O +isinf). Tdre n molxy uoppr tou

utyadocot opliletar and tn oyéon

z=|z|l9, (4.6 - 9)
otayv n ywvia O exppdletar oe uolipeg.
IMopddetypa 4.6 - 3

"Eotw o yryadudg aplbude

z:—\/g—l—z’.
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Téte o = —V/3 xou = 1, onéte |2| = 2. Apa

V3 T ( 7r) 5w
cos=——=—cos— =cos|(m— = | =cos—,

2 6 6 6
omoTE
0:2k7r—|—5?7T = 0:5%, 6tav k=0 (1)
! 7
§=2%r—~ = f=-" by k=L 2)
6 6
Exl i 0—1— in = ¢
TLoTC S U = 5 = Sln 6, OTOTE
0:2k77+% == 92%, 6tav k=0 (3)
’ )
0:2k7r—|—7r—% — @:%, 6tav k=0, (4)

‘Apo Argz = 57/6. Tére

5 5
—\/§+i:2<cos?7r+isin%>, onéte  z =290,

4.6.3 Ex0Oetixn popen

OpLowég 4.6 - 2. 'Fotw o utyadixéc z = x+1y. Téte n dvvaun e* opiletal

ot elvar o utyaduxoc aptfudc
e® = "W = ¢¥ (cosy + isiny) (4.6 - 10)
ue y oe rad.

O Optoudc 4.6 - 2, 6tav y = 0, cuupwvel ue Tov oploud tou e ue v € N,

ev®, 6tav x = 0, opilel v TautdTNTa ToU Euler

e = cosy +isiny. (4.6 - 11)

pogavie téte ] = \/cosV +sin?y = 1.
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Ané Ttov im0 (4.6 — 3), TOU AVAPECETAL BTNV TELYWVOUETELX WoppY| 2 =
|z| (cos B +isin 6) tou ptyadxol z xau tov tino (4.6 — 11), 6tav ypoawel v

"% = cos 6+ isin 6, mpoxinTel 611
2 = |z| (cos 4 isin f) = |z|e’?.
H uopgn avty| opiletar ot cuvéyela we e

Opiowdg 4.6 - 3 H exbBetixr) wopyn 7 woppr) Euler tou z opiletar and

TN oyéon '
z = |z|e, (4.6 - 12)

otay = Arg z.
IHopddetypa 4.6 - 4

Yougwva ue to Hopdderyuo 4.6 - 3 elvar

—\/§+i:2<cos5%+isin5%) :2ei57w.

Ynueiwon 4.6 - 1
Enewd) obugowva ue tyv (4.6 — 11) npogavds toylouy
e = cosH+isinb,
e % = cos(—0) +i sin(—6) = cos§ — i sin f
npocBétoviag, aviiotolya agalpdvtag xatd UEA TEOXURTOUY OL ToPAXATL
tUnot Tou Euler v to ocuvnuitovo, avtiotolya nuitovo

i —if i _
cos fl = % xou  sinfl = %. (4.6 - 13)

I8t6tneg
ArnoSewvietal 6TL Loy iouy oL TapaxdTw WLOTNTES:

i) e?le™ =en1te2,

ii) H d0vaun e® elvor névtote Sidgopr tou undevéc.
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i) Elvaw |e™] =1 yia x86e = € R.
iv) Ave® =1, téte z = 2kmi ue k = 0,1, ... xou avtiotpoga.

v) Av el = e?? t6te 21 — 29 = 2kmi ye k € Z xau avtiotpoga.

4.7 Pila pryadixot aptbuol

Oplopdg 4.7 - 1. 'Eotw o uryadixoc aptfudc z = o+ Pi ue z # 0. Tote
oplletar oav v-tdénc pila tov z xdbe uryadixoc aptbudc w =« + iy ue Ty
ooTnTa

(x+iy)’ =a+pi, drav v=23, . ...

Yyetwd anodewxvietal 6t Loy el

Ocdpnpa 4.7 - 1. Av z = |z| (cos O +isin §) elvar évac utyadixdc aptbudc
ue z # 0, t6te ot uryadixol aptbuol
6+ 2k 6+ 2k
zk = /7| (cos i T +isin i 7T); k=0,1,...,v—1 (4.7-1)

1% v

elvar Stapopetixol uetalt touc xar emaAnbedovy thy eélowon w¥ = z.
HHapdderypa 4.7 - 1
Na vrnokoyiotel n nopdotaon

(=1 —i)%/3,

Abon. 'Eotw z=—1—i. Téte |2z| = V2 xu

cos = —— = —cos— =cos|(m— —

=g (s-5),

omoTE 5
T T
0—2/<:7T+Z ue G_Z v k=0

N

0:2k7r—£ ue 0:%7T v k=1
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%ol
SiHQZ—@:—SiHE:SiH<—z).
2 4 4/
onote
0:2k7r—% ue 0:% ya k=1
1

57 57
6—2k7r+—w-:6— vy k=0.

‘Apa Arg z = 51 /4, ondte ye tov Um0 (4.6 — 7) tou De Moivre eivat
2 5t om
2 _
20 = (\/5) [cos2< 1 ) +isin2 ( 1 )}
= 2 [cos (27r+ g) + isin (27r+ g)} =2 (cosg —i—ising) .

Enopéveg olugwva ue tov tomo (4.7 — 1) 1 3nc t4&n plla tou 22 Hu elvar
2k 2 2k 2
23 =2 (COS%W/ —I—isin%M) ; k=0,1,2
dnhadh oL mapaxdte 3 Siagopetixol uetall toug ulyadixol aplbuol

2y = \3/§(cos€+251n ) V26’5
z1 = %(cos%+isin5%>:\77€i%,

Z9g = %(cos%—i—zsm—) fegﬁw.

Aldvuuy eglowon
Opiowdg 4.7 - 2. Aéyetar Sidvuun xdbe ellowon tne uoppic z¥ = o émou
aeCuca#0xuv=12....

H Mon tov e€lothoeny tng uop@nc autrhc yivetal ue tn Borbela tou Oewpriuatog
4.7 - 1.
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Hopddetypa 4.7 - 2

Na hubetl 070 C 1 eklowon 2° = —32i.

(e
i=cos|—3 isin| -3,
= 320 =232 {cos (—g) 4 sin (—gﬂ .

‘Apa obugova ye Tov tono (4.7 — 1) elvau

Adom. 'Eyovue

onHTE

2kr — /2 . 2k71:—7r/2>

Zk:2<(3087—|—181n ; k=0,1,2 3,4

5
Mopddetypa 4.7 - 3 (v - Td&ng pileg Tng Rovddag)
Na hubet oto C 1 e€lowon z¥ = 1.
AvYom. 'Eyovue 2 = 1(cos0+ isin0), ondte
2k 2k
ZE = (cos—w—i—isin—W); k=0,1,...,v—1.
v v

Enewdn npogavag woy et

27 . 27 k
zr =|cos— +isin— ) ; k=0,1,...,v—1
v v

€YOULUE
2 .. 27
zo = 1, z1 =cos— +isin —,
14 14
2 . 2m\? _
29 = (C087+ZSIH7 :zf, z;;zzf,...,z,,_l:zl” L

‘Apa ou v-1déne pllec tng wovddac elval

2 3 v—1

1, 21, 27, =2, .., % .
Iewuetpuxd anewoviloviol 6Tic ¥ x0pu@ES eVOS Xxavovixol ToAUYOVOU Tou
eyypdyetat oe xUxho pe xévtpo to (0,0) xau axtiva 1. O xlxhoc autde €yel

ellowon |z| = 1 xou Aéyetar povadtaiog xUxAhog.
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IMopdderypa 4.7 - 4 (eEiowomn 2ou Babuov)

Na hubet 670 C 1 e€lowon

az’ +bz+c=0, 6tav a#0. (4.7 - 2)
Abom. H eflowon ypdoetat az? + bz = —c, onbte dladoyind mpoxinTouy
b c
2, % _ _€
z" + az . )
seten(@) - @)
2a B a 2a "
( L )2 b? — dac
z24+ — = .
2a 4a?
‘Apa
—b+Vb>—4
- 5 . (4.7 - 3)
a

Hopddetypa 4.7 - 5

Na huBet 670 C 1 ellowon 22 + (20 — 3)z +5 —i = 0.
Abom. Eivava =1,b=2i -3 xoa ¢ =5 — 1. Tédte olugwva ye tov tino

(4.7 — 3) éyouue

—(2i—3)+/(2i =3 —4(5-i)
>

3—2i+/—-15-8i 3—2i+(1—4i)
2 B 2 ’
Onhadh 21 =2 — 31 oL 20 = 1 + 4.

O unoloyloude tng tapandve tetpaywvxic pllag YlveTol Ue Toug Topaxd T
dYo uebodoug, mou elvan duvatdv va egapudlovtat xoL 6Tay 10 Paocixd GpLoua

oL Utyadxol aptbuol dev GUUTITTEL UE YVWOTES YWVIEC.

Mé60odoc 1

'Eoto

15— 8i = /(~15)2 + (~8)2 (cosf + i sinf) = 17 (cosf + i sinh),



22 Muyadixoil Aptbuotl Kaf. A. Mrpdtoog

6Tay
8

0089:—1—7 xa s1n9——1—7 (1)

Téte and tov tino (4.7 — 1) npoxintel 6t

0+ 2k 0 + 2k
V15 —8i =17 <cos +2 T 4 isn +2 ”) . k=0, 1.
‘Apa ol pileg elvar oL utyadixol aplbuol:

6 6
2 = VIT (COS 3 + i sin 5) xaLL (2)

0 0 0 0
2 o= V1T [COS(§+7T)+’iSin(§+7T)] =17 (—cosi—isin§>

= —\/— (cos — + 17 sin g) (3)

Yougwva ue yvwotolc tinouc e Terywvouetplag éyovue

1—1—0059 1—15/17
cos— | —— =14
V17
sm— /1—0059 /1+15/17 4
v

Enewd? olugova pe v (1) n yovia 6 avixel oto 3o tetaptnubpeto - elvat

\]

apYNTXd Ta Ttpbomua TwY cos f xau sin f - tpénel 1 Ywvia 0/2 va aviixet 6to 20

TeTopTnubdelo. Apa cosg =— \/Lﬁ xo sin% = —i—\/il—?, ondte avixabloTdvTag
otc (2) xau (3) npoxintel étL zg = —1 4+ 4i xow 23 = 1 — 4.

MéBodog 11
"'Eotw 611 ou pileg elvar tng uopgrc x +iy. Tote
(z+iy)? =2® -y +22yi=—15—8i, onée z°—y*>=—15 xy=—4

Ané tn MNor tou ouoctAuatog (aghvetal cav doxnon) tpoxintel 6Tl & = £1.
Téte, av z =1 elvon y = —4 xon, 6tav x = —1, elvar y = 4, Snhadr ou ptlec

elvar oo —1 + 44 xou 1 — 44 aviloTolya.
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Aocxfoeig

1. No unoloyieToly ot mapaxdte uryadixol aptbuol xau ot pilec va ypagpolv

otnv mohuxt, xou Ty exBetier uopy

. . . 1 v3\?
ST o (3+1%)

i) (3 —2i)l/3 v (1- \/§z')l/3
iii) (—v3+ 1)2/3 vi)  (=1— i),

2. Na Aubolv 670 C oL e€lodoelc
i) 522 +22+10 =0,
i) 22+ (i —2)z+(3—14) =0,
iii) 224+ 224+1=0.

3. Av z € C va napuotabel Yewpetpnd o wyadude zet® énou o € R, TL
TapaTnpELTE;
4. Av z € C va napaotafoly yeouetpixd oL uryadixol

1
zZ, —z, 2%, = ue z # 0.
z

5. 'Ouota Toug uryaduxoig

z1
z1+ 22, 2122, —,
z2

6tav 21, 22 € C ue 29 # 0.
6. Acllte 6TL

el
—_ = e
e?2

21—22

7. No npoodioplatoly oL Twwég Tou 2z € C YL Tic onoleg

i) e¥ =1 i) e =i.
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4.8 AoydplBuog pLyadixod aptbuot
Ocdpnpa 4.8 - 1 (nopdng). Av z elvar évac utyadixde aptbudc ue z #

0, t61e undpyet mdvTote évag dAAoc uLyadixoc aptbudc, éotw w, £tol dote

e’ = z. 'Bvac and touc utyaduxolc autols aptbuolc w elvar Tne Uop@rc

In|z| +iArgz, evd xdbfe dAdoc uiyadixdc divetar and tn oyéon

In|z|+i(Argz+2kn) we ke Z.

Optopés 4.8 - 1 (hoydpelBuov). Eotw o utyadixdc aptbudc z ue z # 0.
Av w elvar évac uryadixdc apitfudc tétowg, dote e = z, 6t 0 w Afyetan

AoydptOuoc tou z.
H eduer tyur) touv w mou divetal and tov tino
w=In|z| +iArgz (4.8 -1)

Aéyetow apytxr T (principal value) tou hoydpitBuou xar cupBohiletat ue

Inz, eved yevixd elva
Inz=In|z|+i(Argz+2knr) ue k=0, +£1,.... (4.8 - 2)
IHapddetypa 4.8 - 1
Na vrnohoyiotel n apywr tiur tou Aoydplfuou tou uryaduxol apliuol
z=—2V3-2i.
Adom. H tpiyovouetpur uopgy tou z elval

Z—4<COS7—F+iSiH7—F>
N 6 6 )’

omoTE .
Ln (—2\/5—22') — 21n2+z%.
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‘Aoxnon

Na vrohoyiotel Tyur Tou hoydeliuou tov napaxdte ulyadxdy aptbudy

i) z:l(—l—\/ﬁi) i) z=1-1i.

4.9 Mriyadixég duVAUELS

Me ) Borifewa tov AoyoaplBumy elval Suvatdy va 0pleToly oL uLyadixés SuvaueLs.
Opiopds 4.9 - 1. ‘Eotw ot uryadixol apifuol z, w ue z # 0. Téte n Svvaun

2% oplletar and tn oyéon
2V = ewWlnz, (4.9-1)

Ané tov Optoud 4.9 - 1 t61e dueoa npoxinTel 61U

. i Lni i(iZ _z
P — esz:ez(z2):e T, xa

(_1)2' _ eiLn(—l) _ ei(iﬁ) — T
IMopatrpnon 4.9 - 1

Av o v elvar axépatog, tdte

2V = euan — e(l/—l)an ean — Zu—lz’
dnhadh o oploude e dvvaung, nou opiletal ue Tov tino (4.9 — 1), ovugwvel
ue Tov oploud tng duvaune uryadixol aptbuol tne topaypdgou 4.3.
1 Atvovtar tdpa ta Tupaxdte fewphuata Tou agopoly Tov UTOAOYLOUS

TV ULYadixedy Suvauewy.

Oedpnua 4.9 - 1. Av z, wy, we € C ue z # 0 tdte

LWL W2 . jwitw2

“No napakn@holy oe TedTN avdyvwon,.
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Ocdpnua 4.9 - 2. Av 21, 29 € C ue 2129 # 0, t61¢

w w , w, 2miw k(21,2
(2122)" = 21% 2% (21,22)

omou
0 av —1m <Argzp+Argzn <«
k(z1,22) = 1 av 21 <Argzi+Argzn < —7
-1 av T < Argzi 4+ Argz < 27
‘Aoxrnon

Acellte 6TL

i) (1414) = |:COS (ln;) + isin (ln%)} e” 1,

®Anoyopedetal N avadnuooieuon 7 avamapayeYY TOU TopGYTIOE 610 GUVOAG Tou ¥
TuNUdTeY tou ywelc ™ yeanth ddewa tou Kaf. A. Mrgdtoou.
E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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