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ÌÜèçìá 6

ÃÑÁÌÌÉÊÇ ÁËÃÅÂÁ

6.1 Ðßíáêåò

Ç åðßëõóç äéáöüñùí ðñïâëçìÜôùí ôùí ìáèçìáôéêþí êáé ãåíéêüôåñá ôùí åöá-

ñìïóìÝíùí åðéóôçìþí ïäÞãçóå ìåôáîý ôùí Üëëùí óôçí áíÜãêç ïìáäïðïßçóçò

ôùí äéáöüñùí äåäïìÝíùí. Êýñéïò óôü÷ïò ôçò ïìáäïðïßçóçò áõôÞò Þôáí áöåíüò

åí ç åýêïëç ðñüóâáóç óå áõôÜ êáé áöåôÝñïõ ç åõêïëßá ôùí ìåôáîý ôïõò

ðñÜîåùí. Óôçí ðåñßðôùóç ðïõ ôá äåäïìÝíá áõôÜ åßíáé ðñáãìáôéêïß Þ ãåíéêüôå-

ñá ìéãáäéêïß áñéèìïß, ç ðáñáðÜíù ïìáäïðïßçóç ãßíåôáé ìå ôçí Ýííïéá ôïõ

ðßíáêá, ìéá Ýííïéá ðïõ åéóÜãåôáé óôç óõíÝ÷åéá áõôïý ôïõ ìáèÞìáôïò, åíþ ãéá

ìßá ãåíéêüôåñç áíôéìåôþðéóç ôïõ ðñïâëÞìáôïò ï áíáãíþóôçò ðáñáðÝìðåôáé

óôç âéâëéïãñáößá.

6.1.1 Ïñéóìïß

Ïñéóìüò 6.1.1 - 1 (ðßíáêá). ËÝãåôáé ðßíáêáò (matrix) ôÜîçò (m;n) ìßá

äéÜôáîç mn óôïé÷åßùí áðü ôï óýíïëï ℜ Þ ôï C, ðïõ åßíáé äéáôåôáãìÝíá óå

m-ãñáììÝò êáé n-óôÞëåò, Ýôóé þóôå êÜèå óôïé÷åßï ôçò íá áíÞêåé áêñéâþò

óå ìßá ãñáììÞ êáé ìßá óôÞëç.

Ïé ðßíáêåò èá óõìâïëßæïíôáé óôï åîÞò ìå êåöáëáßá ãñÜììáôá, üðùò A,

B, C ê.ëð., åíþ Ýíáò ðßíáêáò A ìå óôïé÷åßá áðü ôï ℜ ôÜîçò (m;n) èá

óõìâïëßæåôáé ìå A ∈ ℜm×n êáé ìå A ∈ Cm×n, üôáí Ý÷åé óôïé÷åßá áðü ôï

C.
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ÐáñÜäåéãìá 6.1.1 - 1

Óýìöùíá ìå ôïí ïñéóìü Ý÷ïõìå üôé ï ðßíáêáò

Á =


1 −2

−3 5

4 −1


←− 1ç ãñáììÞ

←−

←−

↑

1ç óôÞëç

åßíáé ôÜîçò (3; 2);

åðåéäÞ Ý÷åé 3 ãñáììÝò êáé 2 óôÞëåò.

Óôï ðáñáðÜíù ðáñÜäåéãìá áí ôá óôïé÷åßá ôïõ ðßíáêá A óõìâïëéóôïýí ìå

ôï ãñÜììá, Ýóôù a, ôüôå ãéá íá êáèïñéóôïýí ôá óôïé÷åßá áõôÜ óôéò åðß ìÝñïõò

èÝóåéò ôïõ ðßíáêá, áðáéôïýíôáé äýï äåßêôåò, ðïõ ü Ýíáò íá äåß÷íåé ôç ãñáììÞ

êáé ï Üëëïò ôç óôÞëç óôçí ïðïßá áíÞêåé ôï êÜèå óôïé÷åßï. Áí äå÷èïýìå üôé óôï

åîÞò ï ðñþôïò äåßêôçò, Ýóôù i, èá óõìâïëßæåé ôéò ãñáììÝò (rows) ôïõ ðßíáêá

êáé ï äåýôåñïò, Ýóôù j, ôéò óôÞëåò (columns), ôüôå ï ðáñáðÜíù ðßíáêáò A

ãñÜöåôáé ùò åîÞò:

Á =


1 −2

−3 5

4 −1

 =


a11 a12

a21 a22

a31 a32

 = (aij) ; üôáí
i = 1; 2; 3 êáé

j = 1; 2:

Ãåíéêüôåñá Ýíáò ðßíáêáò A ôÜîçò (m;n) ãñÜöåôáé

A =



a11 a12 : : : a1n

a21 a22 : : : a2n
...

...
...

am1 am2 : : : amn


= (aij) ; 1 ≤ i ≤ m; 1 ≤ j ≤ n: (6.1.1 - 1)

Áí n = 1, äçëáäÞ õðÜñ÷åé ìéá ìüíï óôÞëç, ôüôå ï ðßíáêáò ëÝãåôáé ðßíáêáò

äéÜíõóìá Þ áðëÜ äéÜíõóìá.
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ÐáñÜäåéãìá 6.1.1 - 2

Ïé ðáñáêÜôù ðßíáêåò

A =

 a11

a21

 =

 a1

a1

 = −→a = a êáé B =


b11

b21

b31

 =


b1

b2

b3

 =
−→
b = b

åßíáé ðßíáêåò äéáíýóìáôá ôÜîçò (2; 1) êáé (3; 1) áíôßóôïé÷á.

Áí m = n, ôüôå ï ðßíáêáò ëÝãåôáé ôåôñáãùíéêüò ðßíáêáò ôÜîçò (n; n)

Þ åí óõíôïìßá ôÜîçò n.

ÐáñÜäåéãìá 6.1.1 - 3

Ïé ðáñáêÜôù ðßíáêåò

A =

 a11 a12

a21 a22

 êáé B =


b11 b12 b13

b21 b22 b23

b31 b32 b33


åßíáé ôåôñáãùíéêïß ôÜîçò 2 êáé 3 áíôßóôïé÷á. Ôüôå ãñÜöåôáé A ∈ ℜ 2×2

êáé B ∈ ℜ 3×3, üôáí ôá óôïé÷åßá ôùí ðéíÜêùí åßíáé ðñáãìáôéêïß áñéèìïß,

áíôßóôïé÷á ãñÜöåôáé A ∈ C 2×2 êáé B ∈ C 3×3, üôáí åßíáé ìéãáäéêïß áñéèìïß.

Ôá óôïé÷åßá a11; a22; : : : ; ann åíüò ôåôñáãùíéêïý ðßíáêá ôÜîçò n ïñßæïõí

ôçí êýñéá Þ ðñùôåýïõóá äéáãþíéï, åíþ ôá a1n; a2;n−1; : : : ; an1 ôç äåõôåñåý-

ïõóá äéáãþíéï.

ÐáñáôÞñçóç 6.1.1 - 1

Óôï åîÞò óôéò äéÜöïñåò åöáñìïãÝò èá ÷ñçóéìïðïéåßôáé ìüíïí ç êýñéá äéáãþíéïò.

ÐáñÜäåéãìá 6.1.1 - 4

Óôïí ôåôñáãùíéêü ðßíáêá

A =



a11 a12 a13

↘ ↙

a21 a22 a23

↙ ↘

a31 a32 a33


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ôá óôïé÷åßá a11; a22; a33 ïñßæïõí ôçí êýñéá êáé ôá a13; a22; a31 ôç äåõôåñåýïõóá

äéáãþíéï.

Ïñéóìüò 6.1.1 - 2 ¸óôù A = (aij) ∈ ℜn×n ôåôñáãùíéêüò ðßíáêáò. Ôüôå

ôï Üèñïéóìá ôùí óôïé÷åßùí ôçò êýñéáò äéáãùíßïõ ïñßæåé ôï ß÷íïò (trace) ôïõ

A, ðïõ óõìâïëßæåôáé ìå tr (A) = trace (A), äçëáäÞ

tr (A) = a11 + a22 + : : :+ ann:

ÅðïìÝíùò, áí

A =


−1 3 1

0 2 4

−2 1 5

 ; ôüôå tr(A) = −1 + 2 + 5 = 6:

Ïñéóìüò 6.1.1 - 3 (äéáãþíéïò ðßíáêáò). ¸óôù A = (aij) ôåôñáãùíéêüò

ðßíáêáò ôÜîçò n. Áí aij = 0 ãéá êÜèå i ̸= j, ôüôå ï A ëÝãåôáé äéáãþíéïò

(diagonal) êáé óõìâïëßæåôáé ìå A = diag (aii); i = 1; 2; : : : ; n.

ÐáñÜäåéãìá 6.1.1 - 5

Ïé ðßíáêåò

Á1 =


1 0 0

0 2 0

0 0 −3

 ; A2 =



2 0 0 0

0 0 0 0

0 0 −1 0

0 0 0 −2


åßíáé äéáãþíéïé, åíþ ïé ðßíáêåò

B1 =


1 0 2

0 2 0

0 0 −3

 ; B2 =



2 0 0 0

0 0 −1 0

0 0 −1 0

0 0 0 −2


äåí åßíáé.

Ç äçìéïõñãßá ìå ôï MATHEMATICA åíüò äéáãþíéïõ ðßíáêá, Ýóôù ôïõ

A2 ãßíåôáé ìå ôçí ðáñáêÜôù åíôïëÞ:
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DiagonalMatrix[{2,0,-1,-2}]//MatrixForm

Ïñéóìüò 6.1.1 - 4 (ìïíáäéáßïò ðßíáêáò). ¸íáò äéáãþíéïò ðßíáêáò A =

(aij) ôÜîçò n èá ëÝãåôáé ìïíáäéáßïò (identity) êáé èá óõìâïëßæåôáé ìå In Þ

áðëÜ I, üôáí aii = 1 ãéá êÜèå i = 1; 2; : : : ; n.

ÅðïìÝíùò ïé ðßíáêåò

I = I2 =

 1 0

0 1

 ; I = I3 =


1 0 0

0 1 0

0 0 1

 ; I = I4 =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


åßíáé ìïíáäéáßïé, åíþ ïé ðßíáêåò


1 0 0

0 1 0

0 0 0

 ;


1 0 0 2

0 1 0 0

0 0 0 0

0 0 0 1


äåí åßíáé.

¼ìïéá ç äçìéïõñãßá åíüò ìïíáäéáßïõ ðßíáêá ôÜîçò, Ýóôù 3, ìå ôï MATH-

EMATICA ãßíåôáé ìå ôçí åíôïëÞ:

IdentityMatrix[3]//MatrixForm

6.1.2 ÁëãåâñéêÞ äïìÞ

Äßíåôáé óôç óõíÝ÷åéá ç áëãåâñéêÞ äïìÞ óôï óýíïëï ôùí ðéíÜêùí.

Éóüôçôá

Ïñéóìüò 6.1.2 - 1. ¸óôù ïé ðßíáêåò A = (aij) êáé B = (bij) ôÜîçò (m;n).

Ïé ðßíáêåò A êáé B èá åßíáé ßóïé ôüôå êáé ìüíïí, üôáí aij = bij ãéá êÜèå

i = 1; 2; : : : ;m êáé j = 1; 2; : : : ; n.
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¢ñá, áí a b

c d

 =

 −1 0

3 2

 ; ôüôå
a = −1 b = 0

c = 3 d = 2:

Åßíáé ðñïöáíÝò üôé ç éóüôçôá ïñßæåé óôï óýíïëï ôùí ðéíÜêùí ôÜîçò (m;n)

ìßá ó÷Ýóç éóïäõíáìßáò.

Ðßíáêåò äéáöïñåôéêïß

Ïñéóìüò 6.1.2 - 2. ¸óôù ïé ðßíáêåò A = (aij) êáé B = (bij) ôÜîçò (m;n).

Ïé ðßíáêåò A êáé B èá åßíáé äéáöïñåôéêïß êáé èá óõìâïëßæåôáé áõôü ìå A ̸=
B ôüôå êáé ìüíïí, üôáí aij ̸= bij ãéá Ýíá ôïõëÜ÷éóôïí i = 1; 2; : : : ;m Þ

j = 1; 2; : : : ; n.

ÅðïìÝíùò, áí

A =

 −1 1

3 2

 êáé B =

 −1 0

3 2

 ; ôüôå A ̸= B:

ÐáñáôÞñçóç 6.1.2 - 1

Ç Ýííïéá ôçò äéÜôáîçò, äçëáäÞ ôçò >, áíôßóôïé÷á ôçò <, äåí ïñßæåôáé óôïõò

ðßíáêåò.

Ðñüóèåóç

Ïñéóìüò 6.1.2 - 3. ¸óôù ïé ðßíáêåò A = (aij) êáé B = (bij) ôÜîçò (m;n).

Ôüôå ïñßæåôáé óáí ÜèñïéóìÜ ôïõò ï ðßíáêáò A+B = (cij) üìïéá ôÜîçò (m;n)

üðïõ cij = aij + bij ãéá êÜèå i = 1; 2; : : : ; m êáé j = 1; 2; : : : ; n.

ÅðïìÝíùò, áí

A =

 −1 3

−2 1

 êáé B =

 2 1

3 5

 ; ôüôå

A+B =

 −1 + 2 3 + 1

−2 + 3 1 + 5

 =

 1 4

1 6

 :
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Óýìöùíá ìå ôïí ïñéóìü ôçò ðñüóèåóçò êáé èåùñþíôáò üôé ïé ðßíáêåò åßíáé

ôçò ßäéáò ôÜîçò, áðïäåéêíýïíôáé ïé ðáñáêÜôù éäéüôçôåò.

Éäéüôçôåò

i) áíôéìåôáèåôéêÞ (commutative) A+B = B +A,

ii) ðñïóåôáéñéóôéêÞ (associative) (A+B) + C = A+ (B + C),

iii) õðÜñ÷åé Ýíáò áêñéâþò ðßíáêáò, Ýóôù M , ðïõ ëÝãåôáé ìçäåíéêüò (null

matrix) êáé ôïõ ïðïßïõ ôá óôïé÷åßá åßíáé üëá ßóá ìå ôï ìçäÝí ôÝôïéïò,

þóôå A+M = A ãéá êÜèå ðßíáêá A,

iv) ãéá êÜèå ðßíáêá A õðÜñ÷åé áêñéâþò Ýíáò ðßíáêáò, ðïõ ëÝãåôáé áíôßèåôïò

ôïõ A êáé óõìâïëßæåôáé ìå −A, Ýôóé þóôå A+ (−A) = M .

¢ñá, áí

A =

 −1 2

5 −3

 ; ôüôå −A =

 1 −2

−5 3

 ;
v) áí A+X = B +X, ôüôå A = B ãéá êÜèå ðßíáêá A, B êáé X (íüìïò

ôçò äéáãñáöÞò),

vi) ãéá êÜèå ðßíáêá A, B êáé X ç åîßóùóç A + X = B Ý÷åé áêñéâþò ìßá

ëýóç ôç X = B−A. Ç ëýóç ôçò åîßóùóçò ëÝãåôáé äéáöïñÜ ôïõ ðßíáêá

B áðü ôïí A, åíþ ç ðñÜîç ìå ôçí ïðïßá õðïëïãßæåôáé ç äéáöïñÜ áõôÞ

ëÝãåôáé áöáßñåóç.

ÅðïìÝíùò, áí

A =

 1 −2

5 3

 êáé B =

 3 −1

−2 4

 ; ôüôå

A−B =

 1 + (−3) −2 + 1

5 + 2 3 + (−4)

 =

 −2 −1

7 −1

 :
Ç áðüäåéîç ôùí éäéïôÞôùí áöÞíåôáé óáí Üóêçóç.
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Ðïëëáðëáóéáóìüò áñéèìïý ìå ðßíáêá

Ïñéóìüò 6.1.2 - 4. ¸óôù ï ðßíáêáò A = (aij) ôÜîçò (m;n) êáé ë ∈ ℜ
áíôßóôïé÷á ë ∈ C. Ôüôå ôï ãéíüìåíï ëA ïñßæåôáé üôé åßíáé ï ðßíáêáò ëA =

ë (aij) = (ëaij) ôÜîçò (m;n) ãéá êÜèå i = 1; 2; : : : ;m êáé j = 1; 2; : : : ; n.

ÅðïìÝíùò, áí

A =

 2 −4

−5 1

 êáé ë = 3; ôüôå

3A =

 3 ∗ 2 3 ∗ (−4)

3 ∗ (−5) 3 ∗ 1

 =

 6 −12

−15 3

 :
Ï ðáñáðÜíù ïñéóìüò ãåíéêåýåôáé áí ôï ë áíôéêáôáóôáèåß ìå Ýíá âáèìùôü

ìÝãåèïò, Ýóôù �(x).

¼ìïéá âÜóåé ôïõ ïñéóìïý êáé èåùñþíôáò üôé ïé ðßíáêåò åßíáé ôçò ßäéáò

ôÜîçò, áðïäåéêíýïíôáé ïé ðáñáêÜôù éäéüôçôåò.

Éäéüôçôåò

i) 1A = A êáé 0A = M ,

ii) åðéìåñéóôéêÞ ùò ðñïò ôçí ðñüóèåóç ðéíÜêùí ë(A+B) = ëA+ ëB,

iii) åðéìåñéóôéêÞ ùò ðñïò ôçí ðñüóèåóç áñéèìþí (ë+ ì)A = ëA+ ìA,

iv) ðñïóåôáéñéóôéêÞ ùò ðñïò ôï ãéíüìåíï áñéèìþí ë(ìA) = ì(ëA) = (ëì)A.

Ç áðüäåéîç ôùí éäéïôÞôùí áöÞíåôáé óáí Üóêçóç.

Ðïëëáðëáóéáóìüò ðéíÜêùí

Ïñéóìüò 6.1.2 - 5. ¸óôù ï ðßíáêáò A = (aij) ôÜîçò (m;n) êáé ï ðßíáêáò

B = (bij) ôÜîçò (n; ñ). Ôüôå ïñßæåôáé óáí ãéíüìåíü ôïõò ï ðßíáêáò AB =

(cij) ôÜîçò (m; p) üðïõ

cij = [ai1; ai2; : : : ; ain] [b1j ; b2j ; : : : ; bnj ]
T =

n∑
k=1

aikbkj :
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ÅðïìÝíùò óýìöùíá ìå ôïí ïñéóìü èá Ý÷ïõìå

 3 1 2

−1 4 0


(2; 3)


4 1

2 1

−3 2


(3; 2)

=

 3 · 4 + 1 · 2 + 2 · (−3) 3 · 1 + 1 · 1 + 2 · 2

−1 · 4 + 4 · 2 + 0 · (−3) −1 · 1 + 4 · 1 + 0 · 2


(2; 2)

=

 8 8

4 3

 :
Ï õðïëïãéóìüò ôïõ ðáñáðÜíù ðáñáäåßãìáôïò ìå ôï MATHEMATICA

ãßíåôáé ùò åîÞò:

A={{3,1,2},{-1,4,0};

B={{4,1},{2,1},{-3,2}};

A.B//MatrixForm

Èåùñþíôáò üôé ïé ðßíáêåò Ý÷ïõí ôÜîç, ôÝôïéá þóôå íá åßíáé äõíáôüí

íá ïñéóôïýí ïé áíôßóôïé÷åò ðñÜîåéò, áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù

éäéüôçôåò.

Éäéüôçôåò

i) ðñïóåôáéñéóôéêÞ

A(BC) = (AB)C;

ii) åðéìåñéóôéêÞ (distributive) ùò ðñïò ôçí ðñüóèåóç ðéíÜêùí

A(B + C) = AB +AC êáé (B + C)A = BA+ CA;

iii) ðñïóåôáéñéóôéêÞ ùò ðñïò ôïí ðïëëáðëáóéáóìü ìå áñéèìü

ë(AB) = (ëA)B = A(ëB);
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iv) óôï óýíïëï ôùí ôåôñáãùíéêþí ðéíÜêùí ôÜîçò n, õðÜñ÷åé áêñéâþò Ýíá

ïõäÝôåñï óôïé÷åßï ôïõ ðïëëáðëáóéáóìïý, ðïõ åßíáé ï ìïíáäéáßïò ðßíáêáò

In Þ åí óõíôïìßá I, äçëáäÞ

A I = IA = A ãéá êÜèå ôåôñáãùíéêü ðßíáêá A:

ÅðïìÝíùò, áí

A =

 1 −3

5 2

 ; ôüôå

 1 −3

5 2

 1 0

0 1

 =

 1 0

0 1

 1 −3

5 2

 =

 1 −3

5 2

 :
v) Ç ó÷Ýóç AB = M , üðïõ M ï ìçäåíéêüò ðßíáêáò, äåí óõíåðÜãåôáé

ðÜíôïôå üôé A = M Þ B = M , üðùò áõôü öáßíåôáé óôï ðáñáêÜôù

ðáñÜäåéãìá  1 1

2 2

  −1 1

1 −1

 =

 0 0

0 0

 :
Ç áðüäåéîç ôùí éäéïôÞôùí áöÞíåôáé óáí Üóêçóç.

ÐáñáôÞñçóç 6.1.2 - 2

ÃåíéêÜ äåí éó÷ýåé ç áíôéìåôáèåôéêÞ éäéüôçôá, äçëáäÞ AB ̸= BA.

6.1.3 Äýíáìç ðßíáêá

Óýìöùíá ìå ôïí ïñéóìü ôïõ ãéíïìÝíïõ ôùí ðéíÜêùí êáé ôçí ðñïóåôáéñéóôéêÞ

éäéüôçôÜ ôïõ ç äýíáìç åíüò ðßíáêá ïñßæåôáé ùò åîÞò:

Ïñéóìüò 6.1.3 - 1. ¸óôù A ôåôñáãùíéêüò ðßíáêáò. Ôüôå åðáãùãéêÜ ïñßæå-

ôáé ç äýíáìç A� ùò åîÞò:

A� = A�−1A ãéá êÜèå � = 2; 3; : : : ;

üôáí A1 = A. ÅéäéêÜ ïñßæåôáé üôé A0 = I, üðïõ I ï ìïíáäéáßïò ðßíáêáò.
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ÐáñÜäåéãìá 6.1.3 - 1

Áí

A =

 1 3

−2 0

 ôüôå

A2 = AA =

 1 3

−2 0

 1 3

−2 0

 =

 −5 3

−2 −6

 ;

A3 = A2A =

 −5 3

−2 −6

 1 3

−2 0

 =

 −11 −15

10 −6

 :
Óôï Ðñüãñáììá 6.1.3 - 1 õðïëïãßæïíôáé ïé ðáñáðÜíù äõíÜìåéò ìå ôï

MATHEMATICA.

Ðñüãñáììá 6.1.3 - 1 (ðñüãñáììá õðïëïãéóìïý äýíáìçò ðßíáêá)

A={{1,3},{-2,0}};

MatrixForm[A]

MatrixPower[A,2]//MatrixForm (2ç äýíáìç ôïõ A)

MatrixPower[A,3]//MatrixForm (3ç äýíáìç ôïõ A)

ÐáñÜäåéãìá 6.1.3 - 2

¼ìïéá, áí

A =

 −1 0

0 3

 ; ôüôå

A2 = AA =

 −1 0

0 3

 −1 0

0 3

 =

 (−1)2 0

0 32

 ;

A3 = A2A =

 (−1)2 0

0 32

 −1 0

0 3

 =

 (−1)3 0

0 33

 ;
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êáé ãåíéêÜ

A� = A�−1A =

 (−1)�−1 0

0 3�−1

 −1 0

0 3

 =

 (−1)� 0

0 3�

 :
Éäéüôçôåò

Ãéá êÜèå ôåôñáãùíéêü ðßíáêá A êáé �; � = 1; 2; : : : éó÷ýïõí

i) A�A� = A�+�,

ii) (A�)� = A��.

ÐáñáôÞñçóåéò 6.1.3 - 1

i) Óýìöùíá ìå ôïí Ïñéóìü 6.1.3 - 1 ç äýíáìç ðßíáêá ìå äéáöïñåôéêü áñéèìü

ãñáììþí êáé óôçëþí äåí ïñßæåôáé.

ii) ÄõíÜìåéò ìå áñíçôéêïýò Þ êáé êëáóìáôéêïýò åêèÝôåò äåí ïñßæïíôáé.

6.1.4 Ðßíáêåò åéäéêÞò ìïñöÞò

Äßíïíôáé ôþñá ïé ïñéóìïß ðéíÜêùí åéäéêÞò ìïñöÞò ðïõ åßíáé ÷ñÞóéìïé óôá

åðüìåíá.

Ïñéóìüò 6.1.4 - 1 (äéáãþíéá ïñéóìÝíïò). ¸óôù A = (aij) ôåôñáãùíéêüò

ðßíáêáò ôÜîçò n. Ôüôå ï A ëÝãåôáé äéáãþíéá ïñéóìÝíïò (diagonally domi-

nant), üôáí

|aii| ≥
∑
j ̸=i
|aij | ãéá êÜèå i; j = 1; 2; : : : ; n:

Ïñéóìüò 6.1.4 - 2 (áõóôçñÜ äéáãþíéá ïñéóìÝíïò). ¸óôù A = (aij) ôå-

ôñáãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå ï A ëÝãåôáé áõóôçñÜ äéáãþíéá ïñéóìÝíïò

(strictly diagonally dominant), üôáí

|aii| >
∑
j ̸=i
|aij | ãéá êÜèå i; j = 1; 2; : : : ; n:

ÐáñÜäåéãìá 6.1.4 - 1
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Óýìöùíá ìå ôïõò ðáñáðÜíù ïñéóìïýò óôïí ðßíáêá

A =


3 −2 1

1 −3 2

−1 2 4

 éó÷ýåé

|a11| ≥ |a12|+ |a13|

|a22| ≥ |a21|+ |a23|

|a33| ≥ |a31|+ |a32|

;

äçëáäÞ ï A åßíáé äéáãþíéá ïñéóìÝíïò, åíþ óôïí ðßíáêá

B =


−4 2 1

1 6 2

1 −2 5

 éó÷ýåé

|b11| > |b12|+ |b13|

|b22| > |b21|+ |b23|

|b33| > |b31|+ |b32|

;

ïðüôå ï B åßíáé áõóôçñÜ äéáãþíéá ïñéóìÝíïò.

Ïñéóìüò 6.1.4 - 3 (èåôéêüò). ¸óôù A = (aij) ∈ ℜm×n. Ôüôå ï A ëÝãåôáé

èåôéêüò (positive), üôáí aij > 0 ãéá êÜèå i = 1; 2; : : : ;m êáé j = 1; 2; : : : ; n.

Ïñéóìüò 6.1.4 - 4 (ìç áñíçôéêüò). ¸óôù A = (aij) ∈ ℜm×n. Ôüôå ï A

ëÝãåôáé ìç áñíçôéêüò (non-negative), üôáí aij ≥ 0 ãéá êÜèå i = 1; 2; : : : ;m

êáé j = 1; 2; : : : ; n.

Ïñéóìüò 6.1.4 - 5 (áíÜóôñïöïò). ¸óôù ï ðßíáêáò A = (aij) ôÜîçò (m;n).

Ôüôå ïñßæåôáé óáí áíÜóôñïöïò (transpose) ðßíáêáò ï AT = (bij) ôÜîçò (n;m)

üðïõ bij = aji ãéá êÜèå i = 1; 2; : : : ;m êáé j = 1; 2; : : : ; n.

¢ñá ïé ãñáììÝò ôïõ A åßíáé ïé óôÞëåò ôïõ AT .

ÐáñÜäåéãìá 6.1.4 - 2

Áí

A =

 1 −4 2

3 −2 5

 ; ôüôå AT =


1 3

−4 −2

2 5

 :
Ï õðïëïãéóìüò ôïõ ðáñáäåßãìáôïò ìå ôï MATHEMATICA ãßíåôáé ìå ôéò

åíôïëÝò:

A={{1,-4,2},{3,-2,5}};Transpose[A]//MatrixForm
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Ïñéóìüò 6.1.4 - 6 (óõììåôñéêüò). Ï ôåôñáãùíéêüò ðßíáêáò A ìå A ∈
ℜn×n ëÝãåôáé óõììåôñéêüò (symmetric), üôáí A = AT .

ÐáñÜäåéãìá 6.1.4 - 3

Áí

A =


1 3 5

3 −5 2

5 2 4

 ; ôüôå ðñïöáíþò AT = A:

Ï Ýëåã÷ïò ìå ôï MATHEMATICA ãßíåôáé ùò åîÞò:

A={{1,3,5},{3,-5,2},{5,2,4}};

SymmetricMatrixQ[A] (true)

Ïñéóìüò 6.1.4 - 7 (áíôéóõììåôñéêüò). Ï ôåôñáãùíéêüò ðßíáêáò A ìå A =

(aij) ∈ ℜn×n ëÝãåôáé áíôéóõììåôñéêüò (skew-symmetric), üôáí A = −AT .

ÐáñáôÞñçóç 6.1.4 - 1

Óýìöùíá ìå ôïí ïñéóìü, áí AT = (bij), ðñÝðåé bij = −aij ãéá êÜèå i; j =

1; 2; : : : ; n. ÁëëÜ áðü ôïí ïñéóìü ôïõ áíÜóôñïöïõ ðßíáêá ðñïêýðôåé üôé bij =

aji, ïðüôå aji = −aij ãéá êÜèå i; j = 1; 2; : : : ; n. Ôüôå üìùò ãéá i = j èá

åßíáé aii = −aii, äçëáäÞ aii = 0. ÅðïìÝíùò ôá óôïé÷åßá ôçò êýñéáò äéáãùíßïõ

åíüò áíôéóõììåôñéêïý ðßíáêá åßíáé ìçäÝí, åíþ ôá óôïé÷åßá ðïõ âñßóêïíôáé óå

óõììåôñéêÞ èÝóç ùò ðñïò ôçí êýñéá äéáãþíéï åßíáé áíôßèåôá.

Ïñéóìüò 6.1.4 - 8 (óõæõãÞò). Áí A = (aij) ∈ Cm×n, ôüôå ïñßæåôáé óáí

óõæõãÞò (conjugate) ï ðßíáêáò A = (aij) ∈ Cm×n.

¢ñá ï A áðïôåëåßôáé áðü ôá óõæõãÞ óôïé÷åßá ôïõ A.

ÐáñáôÞñçóç 6.1.4 - 2

Áí åßíáé A = A, ôüôå ðñïöáíþò ï A Ý÷åé óôïé÷åßá ðñáãìáôéêïýò áñéèìïýò,

åíþ, áí åßíáé A = −A, ï A Ý÷åé óôïé÷åßá öáíôáóôéêïýò áñéèìïýò.
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Ïñéóìüò 6.1.4 - 9 (óõæõãÞò áíÜóôñïöïò). ¸óôù A = (aij) ∈ Cm×n.

Ôüôå ïñßæåôáé óáí óõæõãÞò áíÜóôñïöïò (conjugate transpose) A∗ =
(
A
)T

=

AT Þ Åñìéôéáíüò áíÜóôñïöïò (Hermitian transpose) AH ï ðßíáêáò

AH = A∗ = (aji) ∈ Cn×m:

Óõíåðþò ïé ãñáììÝò ôïõ A åßíáé óôÞëåò ôïõ AH êáé åðéðëÝïí ï AH áðïôåëåßôáé

áðü ôá óõæõãÞ ìéãáäéêÜ óôïé÷åßá ôïõ A.

ÐáñÜäåéãìá 6.1.4 - 4

Áí

A =

 1 + i −i 0

2 3− 2i i

 ; ôüôå

A =

 1− i i 0

2 3 + 2i −i

 êáé

AH = (A)T = AT =


1− i 2

i 3 + 2i

0 −i

 :

Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãßíåôáé ìå ôéò åíôïëÝò:

A={{1+I,-I,0},{2,3-2I,I}};

Conjugate[A]//MatrixForm

ConjugateTranspose[A]//MatrixForm

Ïñéóìüò 6.1.4 - 10 (Åñìéôéáíüò). Ï ôåôñáãùíéêüò ðßíáêáò A ìå A =

(aij) ∈ Cn×n ëÝãåôáé Åñìéôéáíüò (Hermitian), üôáí AH = A.

¢ìåóá ðñïêýðôåé ôüôå üôé aii = aii ãéá êÜèå ìå i = 1; 2; : : : ; n, äçëáäÞ üôé

ôá óôïé÷åßá ôçò êýñéáò äéáãùíßïõ ôïõ åßíáé ðñáãìáôéêïß áñéèìïß.
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ÐáñÜäåéãìá 6.1.4 - 5

Óýìöùíá ìå ôïí ïñéóìü, áí

A =


1 i 1 + i

−i −5 2− i

1− i 2 + i 3

 ; ôüôåAH =


1 i 1 + i

−i −5 2− i

1− i 2 + i 3

 = A:

Ï Ýëåã÷ïò ìå ôï MATHEMATICA ãßíåôáé ìå ôçí åíôïëÞ:

A={{1,I,1+I},{-I,-5,2-I},{1-I,2+I,3}};

HermitianMatrixQ[A] (true)

Ïñéóìüò 6.1.4 - 11 (áíôéåñìéôéáíüò). Ï ôåôñáãùíéêüò ðßíáêáò A ìå A ∈
Cn×n ëÝãåôáé áíôéåñìéôéáíüò (skew-Hermitian), üôáí AH = −A.

ÐáñÜäåéãìá 6.1.4 - 6

Áí

A =

 i 4 + i

−4 + i 2i

 ; ôüôå AH = −A:

Ïñéóìüò 6.1.4 - 12 (ôñéãùíéêüò Üíù). ¸óôù A = (aij) ôåôñáãùíéêüò

ðßíáêáò ôÜîçò n. Ôüôå ï A ëÝãåôáé Üíù Þ äåîéÜ ôñéãùíéêüò (upper triangular)

êáé óõìâïëßæåôáé óõíÞèùò ìå R Þ óõíÞèùò ìå U , üôáí aij = 0 ãéá êÜèå i > j.

¢ñá óôçí ðåñßðôùóç áõôÞ ôá óôïé÷åßá ðïõ âñßóêïíôáé áñéóôåñÜ êáé êÜôù ôçò

êýñéáò äéáãùíßïõ åßíáé ßóá ìå ôï ìçäÝí.

Ïñéóìüò 6.1.4 - 13 (áõóôçñÜ ôñéãùíéêüò Üíù). ¸óôù A = (aij) ôåôñá-

ãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå ï A ëÝãåôáé Üíù ôñéãùíéêüò (strictly upper

triangular), üôáí aij = 0 ãéá êÜèå i ≥ j.

¼ìïéá ïñßæåôáé ï êÜôù Þ áñéóôåñÜ ôñéãùíéêüò (lower triangular) ðßíáêáò,

üôáí aij = 0 ãéá êÜèå i < j êáé óõìâïëßæåôáé óõíÞèùò ìå L, áíôßóôïé÷á ï

êáèáñÜ êÜôù ôñéãùíéêüò, üôáí aij = 0 ãéá êÜèå i ≤ j.
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¢ñá ïé ðßíáêåò

U =



u11 u12 · · · u1n

u22 · · · u2n
. . .

...

unn


; áíôßóôïé÷á L =



l11

l21 l22
...

. . .

ln1 ln2 · · · lnn


:

åßíáé Üíù, áíôßóôïé÷á êÜôù ôñéãùíéêïß, åíþ ïé

Ũ =



0 1 −3 4

0 1 −3

0 −2

0


; áíôßóôïé÷á L̃ =



0

3 0

−3 2 0

−1 4 −5 0


:

åßíáé áõóôçñÜ Üíù, áíôßóôïé÷á áõóôçñÜ êÜôù ôñéãùíéêïß.

Ïé ðáñáêÜôù åíôïëÝò äçìéïõñãïýí ìå ôï MATHEMATICA Ýíáí Üíù

ôñéãùíéêü áíôßóôïé÷á Ýíáí êáèáñÜ Üíù ôñéãùíéêü ðßíáêá ôÜîçò 3:

A={{a11,a12,a13},{a21,a22,a23},{a31,a32,a33}};

UpperTriangularize[A]//MatrixForm

UpperTriangularize[A,1]//MatrixForm

¼ìïéá Ýíáí êÜôù ôñéãùíéêü, áíôßóôïé÷á Ýíáí êáèáñÜ êÜôù ôñéãùíéêü

ðßíáêá

A={{a11,a12,a13},{a21,a22,a23},{a31,a32,a33}};

LowerTriangularize[A]//MatrixForm

LowerTriangularize[A,-1]//MatrixForm

Ç ðáñáêÜôù åíôïëÞ äçìéïõñãåß Ýíáí êÜôù ôñéãùíéêü ðßíáêá ìå ìïíÜäåò

óôç äéáãþíéï

A={{a11,a12,á13},{á21,á22,á23},{á31,á32,á33}};

LowerTriangularize[A,-1]

+IdentityMatrix[3]//MatrixForm
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ÁóêÞóåéò

1. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò 3, äåßîôå üôé

i) tr(kA+ ëB) = k tr(A) + ë tr(B), üôáí k, ë óôáèåñÝò,

ii) tr(AB) = tr(A) tr(B),

iii) tr
(
AT

)
= tr(A).

2. ¸óôù A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò 2. ÅîåôÜóôå áí éó÷ýåé (AB)2 =

A2B2 êáé äéêáéïëïãÞóôå ôçí áðÜíôçóÞ óáò. Óôç óõíÝ÷åéá õðïëïãßóôå ôá

áíáðôýãìáôá (A+B)2 êáé (A+B)3.

3. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò 2 êáé AB = BA äåßîôå üôé

(A+B)(A−B) = A2 −B2; (AB)2 = B2A2:

4. ¸óôù x, y ∈ ℜ3 áíôßóôïé÷á x, y ∈ C3. Äåßîôå üôé1

x · y = xTy:

5. Áí A, B ∈ ℜ 3×3 äåßîôå üôé

i) (A+B)T = AT +BT iii)
(
AT

)T
= A

ii) (ëA)T = ëAT ìå ë ∈ ℜ iv) (AB)T = BTAT .

6. ¼ìïéá, áí A, B ∈ C 3×3 üôé

i) (A+B)H = AH +BH iii)
(
AH

)H
= A

ii) (ëA)H = ëAH ìå ë ∈ C iv) (AB)H = BHAH .

7. Áí A ∈ ℜn×n, äåßîôå üôé ïé ðßíáêåò A + AT , AAT åßíáé óõììåôñéêïß êáé

ï A − AT áíôéóõììåôñéêüò, åíþ áí A ∈ Cn×n, ôüôå ï ðßíáêáò A + AH åßíáé

Åñìéôéáíüò êáé ï A−AH áíôéåñìéôéáíüò.

8. Íá äåé÷èåß üôé êÜèå ôåôñáãùíéêüò ðßíáêáò A ìå A ∈ ℜn×n ãñÜöåôáé ùò

A =
1

2

(
A−AT

)
+

1

2

(
A+AT

)
;

åíþ áí A ∈ Cn×n, ôüôå

A =
1

2

(
A−AH

)
+

1

2

(
A+AH

)
:

1ÂëÝðå åóùôåñéêü ãéíüìåíï ÌÜèçìá 1 ÐáñÜãñáöïò 1.5.
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9. Äåßîôå üôé üëá ôá óôïé÷åßá åíüò áíôéåñìéôéáíïý ðßíáêá åßíáé öáíôáóôéêïß

áñéèìïß.

10. Íá äåé÷èåß üôé êÜèå Åñìéôéáíüò ðßíáêáò, Ýóôù A, ãñÜöåôáé óôç ìïñöÞ

A = B + iD, üðïõ B åßíáé Ýíáò óõììåôñéêüò êáé D Ýíáò áíôéóõììåôñéêüò

ðßíáêáò.

11. Áí A, B áíôéåñìéôéáíïß ðßíáêåò, äåßîôå üôé ï ðßíáêáò kA+ëB åßíáé üìïéá

áíôéåñìéôéáíüò ãéá êÜèå k; ë ∈ ℜ.
12. Áí ï A åßíáé Ýíáò áíôéåñìéôéáíüò ðßíáêáò, äåßîôå üôé ï ðßíáêáò iA åßíáé

Åñìéôéáíüò, åíþ ï A� åßíáé Åñìéôéáíüò, áí ï í åßíáé Üñôéïò êáé áíôéåñìéôéáíüò,

áí ï í åßíáé ðåñéôôüò áñéèìüò.

13. Íá ðñïóäéïñéóôïýí ôá á, â êáé ã, Ýôóé þóôå ï ðßíáêáò
−1 á −â

3− 5i 0 ã

i 2 + 4i 2


íá åßíáé Åñìéôéáíüò.

14. Äåßîôå üôé ïé ðáñáêÜôù ðßíáêåò ôïõ Pauli

A =

 0 1

1 0

 ; B =

 0 −i

i 0

 êáé C =

 1 0

0 −1


åðáëçèåýïõí ôéò ó÷Ýóåéò A2 = B2 = C2 = I, BC = −CB = iA, CA =

−AC = iB êáé AB = −BA = iC.

6.2 Ïñßæïõóåò

Ç Ýííïéá ôçò ïñßæïõóáò åßíáé èåìåëéþäïõò óçìáóßáò ãéá ôá ðñïâëÞìáôá ôçò

ÃñáììéêÞò ¢ëãåâñáò, åðåéäÞ ç ãíþóç ôçò äßíåé ëýóç óå ðïëëÜ áðü áõôÜ, üðùò

åßíáé ìåëÝôç ýðáñîçò ëýóçò ãñáììéêþí óõóôçìÜôùí ê.ëð., åíþ Ý÷åé êáé Üëëåò

ãåíéêüôåñåò åöáñìïãÝò óôéò èåôéêÝò åðéóôÞìåò.

6.2.1 Ïñéóìüò

Ïñéóìüò 6.2.1 - 1 (ïñßæïõóáò). ¸óôù A = (aij) Ýíáò ôåôñáãùíéêüò ðßíá-

êáò ôÜîçò n. Ôüôå ç ïñßæïõóá (determinant) ôïõ A óõìâïëßæåôáé ìå |A| Þ
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det (A) êáé éóïýôáé ìå ôïí áñéèìü 2

det (A) = |A| =
n∑

j=1

(−1)i+jaij Mij ; (6.2.1 - 1)

üôáí i = 1 Þ 2; : : : Þ n, áíôßóôïé÷á 3

det (A) = |A| =
n∑
i=1

(−1)i+jaij Mij ; (6.2.1 - 2)

üôáí j = 1 Þ 2; : : : Þ n êáé Mij åßíáé ç åëÜóóïíá ïñßæïõóá (minor deter-

minant) ôïõ óôïé÷åßïõ aij ðïõ ðñïêýðôåé, üôáí äéáãñáöåß ç i-ãñáììÞ êáé ç

j-óôÞëç ôïõ ðßíáêá A.

¼ôáí n = 2 ç ïñßæïõóá éóïýôáé ìå

|A| =

∣∣∣∣∣∣ a11 a12

a21 a22

∣∣∣∣∣∣ = a11a22 − a12a21; (6.2.1 - 3)

åíþ ãéá n = 1 åßíáé |A| = a11.

Ïé ôýðïé (6:2:1−1) êáé (6:2:1−2) åßíáé ãíùóôïß óáí ôýðïé ôïõ Laplace.

Ç åëÜóóïíá ïñßæïõóá Mij ëÝãåôáé êáé 1ç åëÜóóïíá ïñßæïõóá (�rst minor),

åíþ áõôÞ ðïõ ðñïêýðôåé ìå äéáãñáöÞ äýï ãñáììþí êáé äýï óôçëþí 2ç åëÜóóïíá

(second minor) ê.ëð. Ç ôÜîç ôçò ïñßæïõóáò ïñßæåôáé ßóç ìå ôçí ôÜîç ôïõ

ðßíáêá A, äçëáäÞ ßóç ìå n, åíþ ðñïöáíþò ç ôÜîç ôçò ðñþôçò åëÜóóïíáò

ïñßæïõóáò åßíáé n− 1.

ÅðïìÝíùò óýìöùíá ìå ôïí Ïñéóìü 6.2.1 - 1 ôï áíÜðôõãìá ìéáò ïñßæïõóáò

3çò ôÜîçò ùò ðñïò ôá óôïé÷åßá ôçò 1çò ãñáììÞò (i = 1) óå ïñßæïõóåò 2çò

ôÜîçò êáé óôç óõíÝ÷åéá ï õðïëïãéóìüò ôçò óýìöùíá ìå ôçí (6:2:1 − 3) èá

åßíáé

|A| =

∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣∣
2ÁíÜðôõãìá ùò ðñïò ôçí 1ç ãñáììÞ.
3ÁíÜðôõãìá ùò ðñïò ôçí 1ç óôÞëç.
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= (−1)1+1 a11M11 + (−1)1+2 a12M12 + (−1)1+3 a13M13

= a11M11 − a12M12 + a13M13

= a11

∣∣∣∣∣∣ a22 a23

a32 a33

∣∣∣∣∣∣− a12

∣∣∣∣∣∣ a21 a23

a31 a33

∣∣∣∣∣∣+ a13

∣∣∣∣∣∣ a21 a22

a31 a32

∣∣∣∣∣∣
= a11 (a22a33 − a23a32)− a12 (a21a33 − a23a31) + a13 (a21a32 − a22a31) :

ÐáñÜäåéãìá 6.2.1 - 1

Íá õðïëïãéóôïýí ïé ïñßæïõóåò

|A| =

∣∣∣∣∣∣ 2 −3

1 12

∣∣∣∣∣∣ êáé |B| =

∣∣∣∣∣∣∣∣∣
3 −5 3

2 1 −1

1 0 4

∣∣∣∣∣∣∣∣∣ :

Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå

|A| =

∣∣∣∣∣∣ 2 −3

1 12

∣∣∣∣∣∣ = 2 · 12− (−3) · 1 = 27;

|B| =

∣∣∣∣∣∣∣∣∣
3 −5 3

2 1 −1

1 0 4

∣∣∣∣∣∣∣∣∣ = 3

∣∣∣∣∣∣ 1 −1

0 4

∣∣∣∣∣∣− (−5)

∣∣∣∣∣∣ 2 −1

1 4

∣∣∣∣∣∣+ 3

∣∣∣∣∣∣ 2 1

1 0

∣∣∣∣∣∣
= 3(1 · 4− (−1) · 0) + 5(2 · 4− (−1) · 1) + 3(2 · 0− 1 · 1) = 54:

Ï õðïëïãéóìüò ôçò ðáñáðÜíù ïñßæïõóáò ìå ôï MATHEMATICA ãßíåôáé

ìå ôéò åíôïëÝò:

A={{3,-5,3},{2,1,-1},{1,0,4}};

Det[A]
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6.2.2 Éäéüôçôåò ôùí ïñéæïõóþí

Áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù éäéüôçôåò:

i) Áí ïé ãñáììÝò ãßíïõí óôÞëåò êáé ïé óôÞëåò ãñáììÝò, ôüôå ç ïñßæïõóá

äå ìåôáâÜëëåôáé.

ÐáñÜäåéãìá 6.2.2 - 2

A =

∣∣∣∣∣∣∣∣∣
1 3 0

2 6 4

−1 0 2

∣∣∣∣∣∣∣∣∣ = −12 =

∣∣∣∣∣∣∣∣∣
1 2 −1

3 6 0

0 4 2

∣∣∣∣∣∣∣∣∣ = AT :

ii) Áí áíôéìåôáôåèïýí äýï ãñáììÝò Þ äýï óôÞëåò, ôüôå ç ïñßæïõóá áëëÜæåé

ðñüóçìï.

ÐáñÜäåéãìá 6.2.2 - 3

ÅíáëëáãÞ 1çò êáé 2çò ãñáììÞò:

−

∣∣∣∣∣∣∣∣∣
1 3 0

2 6 4

−1 0 2

∣∣∣∣∣∣∣∣∣ = 12 =

∣∣∣∣∣∣∣∣∣
2 6 4

1 3 0

−1 0 2

∣∣∣∣∣∣∣∣∣ :

iii) Áí äýï ãñáììÝò Þ äýï óôÞëåò åßíáé ßóåò Þ áíÜëïãåò, ôüôå ç ïñßæïõóá

éóïýôáé ìå ôï ìçäÝí (ç åöáñìïãÞ áöÞíåôáé óáí Üóêçóç).

iv) ¼ôáí ôá óôïé÷åßá ìéáò ãñáììÞò Þ ìéáò óôÞëçò ðïëëáðëáóéáóôïýí ìå

ôïí ßäéïí áñéèìü, ôüôå êáé ç ïñßæïõóá ðïëëáðëáóéÜæåôáé ìå ôïí áñéèìü

áõôüí.

ÐáñÜäåéãìá 6.2.2 - 4

Ðïëëáðëáóéáóìüò 1çò ãñáììÞò Þ 2çò óôÞëçò: áí

A =

∣∣∣∣∣∣ 1 2

4 3

∣∣∣∣∣∣ = −5;
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ôüôå

3|A| =

∣∣∣∣∣∣ 3 · 1 3 · 2

4 3

∣∣∣∣∣∣ =
∣∣∣∣∣∣ 1 3 · 2

4 3 · 3

∣∣∣∣∣∣ = 3 · (−5) = −15:

v) Áí ôá óôïé÷åßá ìéáò ãñáììÞò Þ ìéáò óôÞëçò åßíáé Üèñïéóìá m ðñïóèåôÝùí,

ôüôå ç ïñßæïõóá áíáëýåôáé óå Üèñïéóìá m Üëëùí ïñéæïõóþí (üìïéá ç

åöáñìïãÞ áöÞíåôáé óáí Üóêçóç).

vi) Áí óå ìßá ãñáììÞ Þ óôÞëç ðñïóôåèïýí ìßá Þ ðåñéóóüôåñåò ãñáììÝò Þ

óôÞëåò ðïõ ç êáèåìßá ðïëëáðëáóéÜæåôáé ìå ôïí ßäéï áñéèìü, ç ïñßæïõóá

ðïõ ðñïêýðôåé åßíáé ßóç ìå ôçí áñ÷éêÞ.

ÐáñÜäåéãìá 6.2.2 - 5

∣∣∣∣∣∣∣∣∣
−6 21 −30

1 −3 5

2 7 −4

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
−6 + 1 · 7 21− 3 · 7 −30 + 5 · 7

1 −3 5

2 7 −4

∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣
1 0 5

1 −3 5

2 7 −4

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

1 0 5

1− 1 −3− 0 5− 5

2 7 −4

∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣
1 0 5

0 −3 0

2 7 −4

∣∣∣∣∣∣∣∣∣ = 3

∣∣∣∣∣∣ 1 5

2 −4

∣∣∣∣∣∣ = 42:

vii) ¼ôáí ìßá ãñáììÞ Þ ìßá óôÞëç åßíáé ãñáììéêÞ Ýêöñáóç ôùí Üëëùí

ãñáììþí Þ óôçëþí, ôüôå ç ïñßæïõóá éóïýôáé ìå ôï ìçäÝí (üìïéá ç

åöáñìïãÞ áöÞíåôáé óáí Üóêçóç).
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ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ïé ïñßæïõóåò

i)

∣∣∣∣∣∣ cosn� sinn�

− sinn� cosn�

∣∣∣∣∣∣ iv)

∣∣∣∣∣∣∣∣∣
16 22 4

4 −3 2

12 25 2

∣∣∣∣∣∣∣∣∣
ii)

∣∣∣∣∣∣∣∣∣
4 6 5

0 1 −7

0 0 6

∣∣∣∣∣∣∣∣∣ v)

∣∣∣∣∣∣∣∣∣
5 1 8

15 3 6

10 4 2

∣∣∣∣∣∣∣∣∣
iii)

∣∣∣∣∣∣∣∣∣
1 a a2

1 b b2

1 c c2

∣∣∣∣∣∣∣∣∣ vi)

∣∣∣∣∣∣∣∣∣
b2 + c2 ab ac

ab c2 + a2 bc

ac bc a2 + b2

∣∣∣∣∣∣∣∣∣
2. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò 2, áíôßóôïé÷á 3, äåßîôå üôé

|AB| = |A||B|:

3. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò n äåßîôå üôé

ii)
∣∣∣AT

∣∣∣ = |A| iii) |ëA| = ën|A| ìå ë ∈ ℜ.
4. Áí A = (aij) åßíáé Ýíáò Üíù áíôßóôïé÷á êÜôù ôñéãùíéêüò ðßíáêáò ôÜîçò 4,

äåßîôå üôé

|A| =
4∏

i=1

aii:

3. Äåßîôå üôé ç ïñßæïõóá åíüò Åñìéôéáíïý ðßíáêá ôÜîçò 2, áíôßóôïé÷á 3 åßíáé

ðñáãìáôéêüò áñéèìüò.

6.3 Áíôßóôñïöïò ðßíáêáò

6.3.1 Ïñéóìïß

Ïñéóìüò 6.3.1 - 1 (áëãåâñéêïý óõìðëçñþìáôïò). ¸óôù A = (aij) Ýíáò

ôåôñáãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå ôï áëãåâñéêü óõìðëÞñùìá (cofactor)

ôïõ óôïé÷åßïõ aij ïñßæåôáé ùò ï áñéèìüò

Cij = (−1)i+j Mij (6.3.1 - 1)
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üðïõ Mij ç åëÜóóïíá ïñßæïõóá ôïõ aij.

Ï ðßíáêáò ôùí áëãåâñéêþí óõìðëçñùìÜôùí óõìâïëßæåôáé ôüôå ìå C êáé

åßíáé åðßóçò ôÜîçò n.

ÐáñÜäåéãìá 6.3.1 - 1

Íá õðïëïãéóôåß ï óõìðëçñùìáôéêüò ðßíáêáò ôïõ

A =

 3 1

2 4

 :
Ëýóç. Áñ÷éêÜ õðïëïãßæïíôáé ôá áëãåâñéêÜ óõìðëçñþìáôá ôùí óôïé÷åßùí

ôïõ A.

¸óôù

A =

 3 1

2 4

 =

 a11 a12

a21 a22

 :
Ôüôå

C11 = (−1)1+1M11 = a22 = 4;

C12 = (−1)1+2M12 = −a21 = −2;

C21 = (−1)2+1M21 = −a12 = −1;

C22 = (−1)2+2M11 = a11 = 3:

¢ñá

C =

 C11 C12

C21 C22

 =

 4 −2

−1 3

 :
Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãéá Ýíáí ðßíáêá ôÜîçò 2 ãßíåôáé ìå

ôéò åíôïëÝò:

A={{a11,a12},{á21,á22}};

Needs[Combinatorica];Cofactor[A,{i,j}]
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Ïñéóìüò 6.3.1 - 2 (óõìðëçñùìáôéêïý ðßíáêá). Ïñßæåôáé óáí óõìðëçñù-

ìáôéêüò ðßíáêáò (adjugate Þ adjoint matrix) ôïõ ôåôñáãùíéêïý ðßíáêá A

ôÜîçò n êáé óõìâïëßæåôáé ìå adj(A) = C T , ï ðßíáêáò

adj (A) = C T =



C11 C21 · · · Cn1

C12 C22 · · · Cn2

...
...

...

C1n C2n · · · Cnn

 ; (6.3.1 - 2)

üôáí Cij ôá áëãåâñéêÜ óõìðëçñþìáôá ôùí óôïé÷åßùí ôïõ A.

ÐáñÜäåéãìá 6.3.1 - 2

Íá õðïëïãéóôåß ï óõìðëçñùìáôéêüò ðßíáêáò ôïõ A ôïõ Ðáñáäåßãìáôïò 6.3.1

- 1.

Ëýóç. Óýìöùíá ìå ôïí ôýðï 6.3.1 - 2 åßíáé

C =

 C11 C12

C21 C22

 =

 4 −2

−1 3

 ;
ïðüôå

adj(A) = CT =

 C11 C21

C12 C22

 =

 4 −1

−2 3

 :

Ïñéóìüò 6.3.1 - 3 (áíôßóôñïöïõ ðßíáêá). Ï ôåôñáãùíéêüò ðßíáêáò A ôÜ-

îçò n èá åßíáé áíôéóôñÝøéìïò (invertible Þ nonsingular) ôüôå êáé ìüíïí, üôáí

õðÜñ÷åé Üëëïò ôåôñáãùíéêüò ðßíáêáò ßäéáò ôÜîçò, ðïõ óõìâïëßæåôáé ìå A−1,

Ýôóé þóôå

AA−1 = A−1A = In = I: (6.3.1 - 3)

Óå êÜèå Üëëç ðåñßðôùóç ï A èá ëÝãåôáé ìç áíôéóôñÝøéìïò (singular).

Ðñüôáóç 6.3.1 - 1. Ï áíôßóôñïöïò ðßíáêáò ôïõ A, üôáí õðÜñ÷åé, åßíáé

ìïíïóÞìáíôá ïñéóìÝíïò.
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Áðüäåéîç. ¸óôù A−1, Ã−1 äýï äéáöïñåôéêïß áíôßóôñïöïé ðßíáêåò ôïõ A.

Ôüôå AÃ−1 = Ã−1A = I, ïðüôå

A−1 = A−1I = A−1
(
AÃ−1

)
=

(
A−1A

)
Ã−1 = IÃ−1 = Ã−1:

6.3.2 Õðïëïãéóìüò áíôßóôñïöïõ ðßíáêá

Ó÷åôéêÜ ìå ôïí õðïëïãéóìü ôïõ áíôßóôñïöïõ ðßíáêá éó÷ýåé ôï ðáñáêÜôù

èåþñçìá.

Èåþñçìá 6.3.2 - 1. ¸óôù A áíôéóôñÝøéìïò ðßíáêáò. Ôüôå

A−1 =
1

|A|
adj(A): (6.3.2 - 1)

Ðüñéóìá 6.3.2 - 1. O ôåôñáãùíéêüò ðßíáêáò A èá åßíáé áíôéóôñÝøéìïò, áí

|A| ̸= 0, åíþ áí |A| = 0 ìç áíôéóôñÝøéìïò.

ÐáñÜäåéãìá 6.3.2 - 1

Íá õðïëïãéóôåß ï áíôßóôñïöïò ðßíáêáò ôïõ Ðáñáäåßãìáôïò 6.3.1 - 1.

Ëýóç. Åßíáé

A =

 3 1

2 4

 ;
åíþ óýìöùíá ìå ôï ÐáñÜäåéãìá 6.3.1 - 2

adj(A) = CT =

 C11 C21

C12 C22

 =

 4 −1

−2 3

 :
ÅðåéäÞ |A| = 10, óýìöùíá ìå ôïí ôïí ôýðï (6:3:2− 1) èá åßíáé

Á−1 =
1

|A|
adj(A) =

1

10

 4 −1

−2 3

 =

 0:4 −0:1

−0:2 0:3


Óôï ðáñáêÜôù ðñüãñáììá äßíïíôáé ïé åíôïëÝò õðïëïãéóìïý ôïõ áíôßóôñïöïõ

ðßíáêá ôïõ Ðáñáäåßãìáôïò 6.3.2 - 1 ìå ôï MATHEMATICA.
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Ðñüãñáììá 6.3.2 - 1 (áíôßóôñïöïõ ðßíáêá)

A={{3,1},{2,4}};MatrixForm[A]

Inverse[A]//MatrixForm (áíôßóôñïöïò ôïõ A)

ÐáñÜäåéãìá 6.3.2 - 2

¼ìïéá ôïõ ðßíáêá

A =


−3 6 −11

3 −4 6

4 −8 13

 :
Ëýóç. ÅðåéäÞ |A| = 10 ̸= 0 óýìöùíá ìå ôï Ðüñéóìá 6.3.2 - 1 õðÜñ÷åé ï

A−1. Áñ÷éêÜ ï A ãñÜöåôáé ùò åîÞò:

A =


−3 6 −11

3 −4 6

4 −8 13

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 :
Óôç óõíÝ÷åéá õðïëïãßæïíôáé ôá áëãåâñéêÜ óõìðëçñþìáôá ôùí óôïé÷åßùí

ôïõ A (âëÝðå åðßóçò ÐáñÜäåéãìá 6.3.1 - 1). Äéáäï÷éêÜ Ý÷ïõìå üôé:

C11 = (−1)1+1 M11 =

∣∣∣∣∣∣ −4 6

−8 13

∣∣∣∣∣∣ = −4

C12 = (−1)1+2 M12 = −

∣∣∣∣∣∣ 3 6

4 13

∣∣∣∣∣∣ = −15

C13 = (−1)1+3 M13 =

∣∣∣∣∣∣ 3 −4

4 −8

∣∣∣∣∣∣ = −8

C21 = (−1)2+1 M21 = −

∣∣∣∣∣∣ 6 −11

−8 13

∣∣∣∣∣∣ = 10
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C22 = (−1)2+2 M22 =

∣∣∣∣∣∣ −3 −11

4 13

∣∣∣∣∣∣ = 5

C23 = (−1)2+3 M23 = −

∣∣∣∣∣∣ −3 6

4 −8

∣∣∣∣∣∣ = 0

C31 = (−1)3+1 M31 =

∣∣∣∣∣∣ 6 −11

−4 6

∣∣∣∣∣∣ = −8

C32 = (−1)3+2 M32 = −

∣∣∣∣∣∣ −3 −11

3 6

∣∣∣∣∣∣ = −15

C33 = (−1)3+3 M33 =

∣∣∣∣∣∣ −3 6

3 −4

∣∣∣∣∣∣ = −6:
¢ñá

C =


−4 −15 −8

10 5 0

−8 −15 −6

 ;
ïðüôå óýìöùíá ìå ôïí ôýðï 6.3.1 - 2 åßíáé

adj (A) = CT =


−4 10 −8

−15 5 −15

−8 0 −6

 :
Ôüôå áðü ôçí 6.3.2 - 1 ðñïêýðôåé üôé

A−1 =
1

10
adj (A) =

1

10


−4 10 −8

−15 5 −15

−8 0 −6

 =


−0:4 1:0 −0:8

−1:5 0:5 −1:5

−0:8 0 −0:6

 :
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6.3.3 Ó÷åôéêÝò ðñïôÜóåéò

Ðñüôáóç 6.3.3 - 1. Áí A; B áíôéóôñÝøéìïé ðßíáêåò, ôüôå

(AB)−1 = B−1A−1: (6.3.3 - 2)

Áðüäåéîç. ÅðåéäÞ ïé ðßíáêåò A; B åßíáé áíôéóôñÝøéìïé, áðü ôçí (6:3:2 − 1)

áíôéêáèéóôþíôáò üðïõ A ôï AB äéáäï÷éêÜ Ý÷ïõìå

AA−1 = I Þ AB (AB)−1 = I:

ÐïëëáðëáóéÜæïíôáò ôçí ôåëåõôáßá éóüôçôá áðü áñéóôåñÜ ìå A−1 ðñïêýðôåé

üôé
I︷ ︸︸ ︷

A−1A B (AB)−1 = A−1 I = A−1 Þ B (AB)−1 = A−1

êáé üìïéá áðü áñéóôåñÜ ìå B−1 ôåëéêÜ

I︷ ︸︸ ︷
B−1B (AB)−1 = B−1A−1 Þ (AB)−1 = B−1A−1;

äçëáäÞ ç áðïäåéêôÝá.

Ç ðáñáðÜíù ðñüôáóç ãåíéêåýåôáé ùò åîÞò:

Ðñüôáóç 6.3.3 - 2. Áí A1; A2; : : : ; An áíôéóôñÝøéìïé ðßíáêåò, ôüôå

(A1A2 · · · An−1An)
−1 = A−1

n A−1
n−1 · · · A

−1
2 A−1

1 : (6.3.3 - 3)

¼ìïéá áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù ðñïôÜóåéò.

Ðñüôáóç 6.3.3 - 3. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò n, ôüôå

i) adj (AB) = adj (B) adj (A) ii) adj (A)A = |A|I = A

iii) |adj (A)| = |A|n−1 iv) adj (�A) = �n−1 adj (A); � ∈ ℜ.

Ðñüôáóç 6.3.3 - 4. Áí ï ðßíáêáò A ìå A ∈ Cn×n åßíáé Åñìéôéáíüò, ôüôå

êáé ï adj(A) åßíáé üìïéá Åñìéôéáíüò.
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ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ïé áíôßóôñïöïé ðßíáêåò ôùí −1 5

2 3

 ;
 1 2

3 4

 ;
 cos � sin �

− sin � cos �

 :
2. ¼ìïéá ôùí ðéíÜêùí

2 0 −1

5 1 0

0 1 3

 ;


0 0 c

0 b 0

a 0 0

 :
3. Äåßîôå üôé (

A−1
)−1

= A:

4. Áí A áíôéóôñÝøéìïò ðßíáêáò, äåßîôå üôé ï ðßíáêáò åßíáé üìïéá ëA åßíáé

áíôéóôñÝøéìïò êáé éó÷ýåé (ëA)−1 = ë−1A−1 ãéá êÜèå ë ∈ ℜ ìå ë ̸= 0.

5. Áí A = diag (aii) ìå aii ̸= 0 ãéá êÜèå i = 1; 2; : : : ; n, äåßîôå üôé

A−1 = diag
(
a−1
ii

)
:

4

4Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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