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ÌÜèçìá 8

ÓÕÍÅ×ÅÉÁ ÓÕÍÁÑÔÇÓÇÓ

¼ìïéá, üðùò êáé óôï ÌÜèçìá 7, èá äïèïýí óôï ìÜèçìá áõôü ðåñéëçðôéêÜ

ïé âáóéêüôåñïé ïñéóìïß êáé èåùñÞìáôá ðïõ áíáöÝñïíôáé óôç óõíÝ÷åéáò ìéáò

ðñáãìáôéêÞò óõíÜñôçóçò, åíþ ï áíáãíþóôçò ãéá ìéá åêôåíÝóôåñç ìåëÝôç

ðáñáðÝìðåôáé óôç âéâëéïãñáößá.

8.1 ÃåíéêÝò Ýííïéåò êáé ïñéóìïß

8.1.1 Ïñéóìüò óõíÝ÷åéáò

Ïñéóìüò 8.1.1 - 1 (óõíÝ÷åéáò). ¸óôù ç óõíÜñôçóç f |D êáé óçìåßï x0 ∈
D. Ôüôå ç f èá ëÝãåôáé óõíå÷Þò (continuous) óôï óçìåßï x0 ∈ D ôüôå êáé

ìüíïí, üôáí õðÜñ÷åé ôï limx→x0 f(x) êáé éó÷ýåé (Ó÷. 8.1.1 - 1a)

lim
x→x0

f(x) = f (x0) : (8.1.1 - 1)

Óå êÜèå Üëëç ðåñßðôùóç èá ëÝãåôáé áóõíå÷Þò óôï óçìåßï x0 (Ó÷. 8.1.1 - 1b

êáé Ó÷. 8.1.1 - 2).

Ïñéóìüò 8.1.1 - 2 (ðëåõñéêÞò óõíÝ÷åéáò). Ç óõíÜñôçóç f |D èá ëÝãåôáé

áñéóôåñÜ, áíôßóôïé÷á äåîéÜ óõíå÷Þò óôï óçìåßï x0 ∈ D ôüôå êáé ìüíïí, üôáí

limx→x−0
f(x) = f (x0) (Ó÷. 8.1.1 - 2a), áíôßóôïé÷á limx−>x+0

f(x) =

f (x0) (Ó÷. 8.1.1 - 2b).
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Ó÷Þìá 8.1.1 - 1: (a) ÓõíÜñôçóç óõíå÷Þò óôï x0 = 3. Éó÷ýåé limx→x0 f(x) =

f (x0). (b) Áóõíå÷Þò óôï x0 = 3. ÕðÜñ÷åé ôï limx→x0 f(x) êáé åßíáé

äéáöïñåôéêü áðü ôï f (x0)
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Ó÷Þìá 8.1.1 - 2: ÓõíÜñôçóç áóõíå÷Þò óôï x0 = 3, åðåéäÞ limx→x−0
f(x) ̸=

limx→x+0
f(x). (a) ÁñéóôåñÜ óõíå÷Þò êáé (b) äåîéÜ óõíå÷Þò óôï x0 = 3

Åýêïëá áðïäåéêíýåôáé óýìöùíá ìå ôïí Ïñéóìü 8.1.1 - 1 üôé ïé óõíáñôÞóåéò

ax� , ïé ôñéãùíïìåôñéêÝò êáé ç ex åßíáé óõíå÷åßò óõíáñôÞóåéò.

8.1.2 Éäéüôçôåò óõíå÷þí óõíáñôÞóåùí

Äßíïíôáé óôç óõíÝ÷åéá ïé éäéüôçôåò ôùí óõíå÷þí óõíáñôÞóåùí ìå ôç ìïñöÞ

ðñïôÜóåùí.1

Ðñüôáóç 8.1.2 - 1. Áí f; g |D óõíå÷åßò óõíáñôÞóåéò óôï óçìåßï x0 ∈ D,

ôüôå êáé ïé óõíáñôÞóåéò f ± g êáé fg åßíáé óõíå÷åßò óôï óçìåßï x0 ∈ D.

Ðñüôáóç 8.1.2 - 2. Áí f; g |D óõíå÷åßò óõíáñôÞóåéò óôï óçìåßï x0 ∈ D

êáé f (x0) ̸= 0, ôüôå õðÜñ÷åé ðåñéï÷Þ $ (x0), ôÝôïéá þóôå f (x0) ̸= 0 ãéá êÜèå

1Ãéá ôïí ïñéóìü ôçò ðåñéï÷Þò åíüò óçìåßïõ âëÝðå ÌÜèçìá 7 Ïñéóìüò 7:1:1− 2.
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x ∈ $ (x0), ïðüôå ç óõíÜñôçóç 1=f Ý÷åé Ýííïéá ãéá êÜèå x ∈ D∩$ (x0) êáé

åßíáé óõíå÷Þò óôï óçìåßï x0 ∈ D.

Óýìöùíá ìå ôéò éäéüôçôåò áõôÝò ïé ðïëõùíõìéêÝò, ñçôÝò, õðåñâïëéêÝò

óõíáñôÞóåéò åßíáé óõíå÷åßò óõíáñôÞóåéò óôá ðåäßá ïñéóìïý ôùí.

8.1.3 ÈåùñÞìáôá óõíå÷þí óõíáñôÞóåùí

Èåþñçìá 8.1.3 - 1 (óýíèåôçò óõíÜñôçóçò). ¸óôù üôé ç óõíÜñôçóç u =

g(x)|D åßíáé óõíå÷Þò óôï óçìåßï x0 ∈ D êáé ç óõíÜñôçóç f(u)|g(D) åßíáé

óõíå÷Þò óôï óçìåßï u0 = g (x0) ∈ g(D). Ôüôå ç óýíèåôç óõíÜñôçóç h(x) =

f(g(x))|D åßíáé óõíå÷Þò óôï óçìåßï x0 ∈ D.

ÐáñÜäåéãìá 8.1.3 - 1

Ç óõíÜñôçóç

f(x) = ln
(
1 + x2

)
åßíáé óõíå÷Þò, åðåéäÞ åßíáé óýíèåóç ôùí óõíå÷þí óõíáñôÞóåùí (Ó÷. 8.1.3 -

1)

f(u) = lnu; üôáí u = g(x) = 1 + x2:
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Ó÷Þìá 8.1.3 - 1: (a) ÓõíÜñôçóç f(x) = ln
(
1 + x2

)
, üôáí x ∈ [−5; 5]. (b)

ÓõíÜñôçóç 1 + x2 ðñÜóéíç êáé lnx ìðëå êáìðýëç
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ÐáñÜäåéãìá 8.1.3 - 2

¼ìïéá ç óõíÜñôçóç f(x) = e−x2 åßíáé óõíå÷Þò, åðåéäÞ åßíáé óýíèåóç ôùí

óõíå÷þí óõíáñôÞóåùí (Ó÷. 8.1.3 - 2)

f(u) = eu; üôáí u = −x2:

Äßíïíôáé óôç óõíÝ÷åéá ÷ùñßò áðüäåéîç ôá êõñéüôåñá èåùñÞìáôá åðß ôùí
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Ó÷Þìá 8.1.3 - 2: (a) ÓõíÜñôçóç f(x) = e−x2 , üôáí x ∈ [−2; 2]. (b)

ÓõíÜñôçóç −x2 ðñÜóéíç êáé ex ìðëå êáìðýëç

óõíå÷þí óõíáñôÞóåùí.

Èåþñçìá 8.1.3 - 2 (áíôßóôñïöçò óõíÜñôçóçò). ¸óôù üôé ç óõíÜñôçóç

f |D åßíáé óõíå÷Þò óôï óçìåßï x0 ∈ D. Ôüôå, áí õðÜñ÷åé ç áíôßóôñïöÞ ôçò

óõíÜñôçóç f−1|f(D), ç f−1 èá åßíáé óõíå÷Þò óôï óçìåßï ç0 = g (x0) ∈ g(D).

Óýìöùíá ìå ôï Èåþñçìá 8.1.3 - 2 ç ëïãáñéèìéêÞ, ïé áíôßóôñïöåò ôñéãùíïìåôñé-

êÝò êáé ïé áíôßóôñïöåò õðåñâïëéêÝò óõíáñôÞóåéò åßíáé óõíå÷åßò óõíáñôÞóåéò.

Èåþñçìá 8.1.3 - 3 (Bolzano). ¸óôù üôé ç óõíÜñôçóç f(x) | [a; b] åßíáé
óõíå÷Þò ãéá êÜèå x ∈ [a; b]. Ôüôå, áí f(a)f(b) < 0, õðÜñ÷åé ôïõëÜ÷éóôïí

Ýíá óçìåßï � ìå � ∈ (a; b), Ýôóé þóôå f(�) = 0. (Ó÷. 8.1.3 - 3a)

ÅöáñìïãÝò ôïõ èåùñÞìáôïò ãßíïíôáé óôçí ðñïóåããéóôéêÞ ëýóç ôùí åîéóþóåùí2.

2Ï áíáãíþóôçò ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï âéâëßï Á. ÌðñÜôóïò [1] Êåö. 5.
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ÐáñáôÞñçóç 8.1.3 - 1

Áí ç ñßæá � åßíáé ðïëëáðëÞ ìå âáèìü ðïëëáðëüôçôáò Üñôéï áñéèìü, ôüôå ôï

Èåþñçìá 8.1.3 - 3 äåí éó÷ýåé (Ó÷. 8.1.3 - 3b).
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Ó÷Þìá 8.1.3 - 3: (a) Èåþñçìá 8.1.3 - 3 ôïõ Bolzano: f(x) = −1+x−2x2+2x3

äéÜóôçìá [−1; 2] êáé � = 1. (b) g(x) = (x − 1)2 üðïõ ç ñßæá � = 1 Ý÷åé

ðïëëáðëüôçôá 2 êáé ôï èåþñçìá äåí åöáñìüæåôáé

Èåþñçìá 8.1.3 - 4 (ãåíßêåõóç Bolzano Þ åíäéÜìåóùí ôéìþí). ¸óôù

f |[a; b] ìßá óõíå÷Þò óõíÜñôçóç êáé f(a) = ç1, f(b) = ç2 ìå ç1 ̸= ç2. Áí

õðïôåèåß ÷ùñßò ðåñéïñéóìü ôçò ãåíéêüôçôáò üôé ç1 < ç2, ôüôå ãéá êÜèå ç ∈
(ç1; ç2), õðÜñ÷åé ôïõëÜ÷éóôïí Ýíá óçìåßï � ∈ (ç1; ç2), Ýôóé þóôå f(�) = ç.

Ôï èåþñçìá ãåùìåôñéêÜ óçìáßíåé üôé êÜèå åõèåßá ìå åîßóùóç y = ç, ôÝìíåé

ôç ãñáöéêÞ ðáñÜóôáóç ôçò óõíÜñôçóçò óå Ýíá ôïõëÜ÷éóôïí óçìåßï (Ó÷. 8.1.3

- 4).

Óýìöùíá ôþñá ìå ôï Èåþñçìá 8.1.3 - 4 áðïäåéêíýåôáé ôï ðáñáêÜôù

èåþñçìá ôçò ¢ëãåâñáò.

Èåþñçìá 8.1.3 - 5. Áí Ýíá ðïëõþíõìï f(x) = a0 + a1x + : : : + a�x
� ìå

a� ̸= 0 åßíáé ðåñéôôïý âáèìïý � ≥ 1, åíþ ïé óõíôåëåóôÝò ôïõ ðñáãìáôéêïß

áñéèìïß, ôüôå õðÜñ÷åé ìßá ôïõëÜ÷éóôïí ðñáãìáôéêÞ ñßæá ôïõ.

Èåþñçìá 8.1.3 - 6 (ìÝãéóôçò êáé åëÜ÷éóôçò ôéìÞò). ¸óôù üôé ç óõíÜñôç-

óç f(x) | [a; b] åßíáé óõíå÷Þò ãéá êÜèå x ∈ [a; b]. Ôüôå õðÜñ÷åé Ýíá ôïõëÜ÷éóôïí

óçìåßï 
 ∈ [a; b], áíôßóôïé÷á óçìåßï � ∈ [a; b], Ýôóé þóôå (Ó÷. 8.1.3 - 5)

f(
) = min
x∈[a;b]

f(x); áíôßóôïé÷á f(�) = max
x∈[a;b]

f(x):



6 ÓõíÝ÷åéá óõíÜñôçóçò Êáè. Á. ÌðñÜôóïò

æ

æ

1 2 3 4
x

1

2

3

4

5

fHxL

Ó÷Þìá 8.1.3 - 4: Ãåíßêåõóç ôïõ èåùñÞìáôïò ôïõ Bolzano
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Ó÷Þìá 8.1.3 - 5: Èåþñçìá 8.1.3 - 6: ìÝãéóôï óôï (4:45; 5:0) ðñÜóéíï êáé

åëÜ÷éóôï óôï (3:65; 2:0) êüêêéíï óçìåßï
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8.2 ÁóõíÝ÷åéá óõíÜñôçóçò

Óôçí ðáñÜãñáöï áõôÞ èá åîåôáóôïýí ôá åßäç áóõíÝ÷åéáò ìéáò óõíÜñôçóçò

(discontinuous function), ðïõ êýñéá åìöáíßæïíôáé óôéò åöáñìïãÝò.

8.2.1 ÁóõíÝ÷åéá 1ïõ åßäïõò

Ïñéóìüò 8.2.1 - 1. Ç óõíÜñôçóç f |D èá ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D

áóõíÝ÷åéá 1ïõ åßäïõò ôüôå êáé ìüíïí, üôáí õðÜñ÷ïõí ïé ðëåõñéêÝò ïñéáêÝò

ôéìÝò ôçò f óôï x0 ∈ D (Þ áðåéñßæïíôáé) êáé ìßá ôïõëÜ÷éóôïí áðü áõôÝò

åßíáé äéÜöïñç áðü ôçí ôéìÞ ôçò óõíÜñôçóçò (Ó÷. 8.1.1 - 2).

ÐáñáôÞñçóåéò 8.2.1 - 1

Ôüôå:

i) ç áóõíÝ÷åéá äéïñèþíåôáé Þ áðáëåßöåôáé, üôáí (Ó÷. 8.2.1 - 1)

lim
x→x−0

f(x) = lim
x→x+0

f(x) = ë (8.2.1 - 1)

ìå ë ðåðåñáóìÝíïò áñéèìüò, äçëáäÞ õðÜñ÷åé ç ïñéáêÞ ôéìÞ ôçò óõíÜñôçóçò

f(x) = limx→x0 f(x) = ë êáé åßíáé äéáöïñåôéêÞ áðü ôçí ôéìÞ ôçò

óõíÜñôçóçò óôï óçìåßï x0.

ii) Ç óõíÜñôçóç f ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D ðåðåñáóìÝíï Üëìá ìå

ôéìÞ d üðïõ

d =

∣∣∣∣∣ lim
x→x−0

f(x)− lim
x→x+0

f(x)

∣∣∣∣∣ (8.2.1 - 2)

ôüôå êáé ìüíïí, üôáí ïé ðëåõñéêÝò ïñéáêÝò ôéìÝò åßíáé ðåðåñáóìÝíåò êáé

äéáöïñåôéêÝò ìåôáîý ôïõò (Ó÷. 8.1.1 - 2).

iii) Ç f ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D Üðåéñï Üëìá ôüôå êáé ìüíïí, üôáí

ïé ðëåõñéêÝò ïñéáêÝò ôéìÝò åßíáé äéáöïñåôéêÝò ìåôáîý ôïõò êáé ç ìßá

ôïõëÜ÷éóôïí áðü áõôÝò áðåéñßæåôáé (Ó÷. 8.2.1 - 2).
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Ó÷Þìá 8.2.1 - 1: ÐáñáôçñÞóåéò 8.2.1 - 1 (i)
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Ó÷Þìá 8.2.1 - 2: (a) ÓõíÜñôçóç f(x) = exp
(
1
x

)
. (b) g(x) = 1

x−1

ÐáñÜäåéãìá 8.2.1 - 1

¸óôù ç óõíÜñôçóç

f(x) =


1:5 áí x ≤ 0

(x− 1)2 áí 0 < x ≤ 1

x áí 1 < x < 2:

Èá åîåôáóôåß ç óõíÝ÷åéÜ ôçò ìüíï óôá óçìåßá ðïõ áëëÜæåé ï ôýðïò ôçò, äçëáäÞ

óôá 0 êáé 1, åðåéäÞ óå üëï ôï Üëëï ðåäßï ïñéóìïý ôçò ç f åßíáé óõíå÷Þò (Ó÷.

8.2.1 - 3). Ôüôå
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Ó÷Þìá 8.2.1 - 3: ÐáñÜäåéãìá 8.2.1 - 1

i) limx→ 0− f(x) = 1:5 ̸= 1 = limx→ 0+ f(x), äçëáäÞ ç f ðáñïõóéÜæåé

áóõíÝ÷åéá 1ïõ åßäïõò óôï óçìåßï 0 ìå Üëìá d = 0:5, ðïõ äéïñèþíåôáé

áí ôåèåß

f(x) =

 1 áí x ≤ 0

(x− 1)2 áí 0 < x ≤ 1:

ii) limx→ 1− f(x) = 0 ̸= 1 = limx→ 1+ f(x), äçëáäÞ ç f ðáñïõóéÜæåé

üìïéá áóõíÝ÷åéá 1ïõ åßäïõò óôï óçìåßï 1 ìå Üëìá d = 1, ðïõ äåí

äéïñèþíåôáé, åðåéäÞ áðáéôåßôáé ç áëëáãÞ ôïõ ôýðïõ ôçò f , óå áíôßèåóç

ìå ôçí ðåñßðôùóç (i) ðïõ áðáéôåßôáé ç áëëáãÞ ìüíïí ìéáò óôáèåñÜò.

ÐáñÜäåéãìá 8.2.1 - 2

¼ìïéá ôçò óõíÜñôçóç

f(x) =


x áí x ≤ 0
1

x
áí x > 0:

ÅîåôÜæåôáé ç óõíÝ÷åéÜ ôçò ìüíï óôï óçìåßï ðïõ áëëÜæåé ï ôýðïò ôçò, äçëáäÞ

óôï 0, åðåéäÞ óå üëï ôï Üëëï ðåäßï ïñéóìïý ôçò ç f åßíáé óõíå÷Þò. Ôüôå

lim
x→ 0−

f(x) = 0 ̸= +∞ = lim
x→ 0+

f(x);
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-1.0 -0.5 0.5 1.0
x

2

4

6

8

fHxL

Ó÷Þìá 8.2.1 - 4: ÐáñÜäåéãìá 8.2.1 - 2

äçëáäÞ ç f ðáñïõóéÜæåé áóõíÝ÷åéá 1ïõ åßäïõò óôï óçìåßï 0 ìå Üðåéñï Üëìá,

ðïõ äåí äéïñèþíåôáé (Ó÷. 8.2.1 - 4). Ç f åßíáé áñéóôåñÜ óõíå÷Þò óôï óçìåßï

0 (ðëåõñéêÞ óõíÝ÷åéá).

8.2.2 ÁóõíÝ÷åéá 2ïõ åßäïõò

Ïñéóìüò 8.2.2 - 1. Ç óõíÜñôçóç f |D èá ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D

áóõíÝ÷åéá ôïõ 2ïõ åßäïõò ôüôå êáé ìüíïí, üôáí äåí ïñßæåôáé ç ïñéáêÞ ôéìÞ

ôçò f óôï óçìåßï x0 ∈ D.

ÐáñÜäåéãìá 8.2.2 - 1

H óõíÜñôçóç

f(x) =


1

x
sin

1

x
áí x ̸= 0

0 áí x = 0

åßíáé óõíå÷Þò ãéá êÜèå x ̸= 0 óáí óýíèåóç ôùí óõíå÷þí óõíáñôÞóåùí 1
x êáé

g(x) = sin
(
1
x

)
. Áðïäåéêíýåôáé üôé äåí ïñßæåôáé ç ïñéáêÞ ôéìÞ óôï óçìåßï 0,
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ïðüôå Ý÷ïõìå áóõíÝ÷åéá ôïõ 2ïõ åßäïõò (Ó÷. 8.2.2 - 1). 3

-1.0 -0.5 0.5 1.0
x

-4

-2

2

4

fHxL

(a)

-1.0 -0.5 0.5 1.0
x

-1.0

-0.5

0.5

1.0

gHxL

(b)

Ó÷Þìá 8.2.2 - 1: (a) ÓõíÜñôçóç f(x) = 1
x sin

(
1
x

)
. (b) g(x) = sin

(
1
x

)

ÁóêÞóåéò

1. Íá åîåôáóôïýí ùò ðñïò ôç óõíÝ÷åéá óå üëï ôï ðåäßï ïñéóìïý ôùí ïé

ðáñáêÜôù óõíáñôÞóåéò f(x)

3Ãéá ôç óõíÝ÷åéá óôï 0 åîåôÜæïíôáé ôá ðëåõñéêÜ üñéá ôçò f . ¸óôù ïé áêïëïõèßåò

a� =
1

2�� − �=2
ìå � = 1; 2; : : : êáé b� =

1

2�� + �=2
ìå � = 1; 2; : : :

üðïõ lim a� = lim b� = 0. Ôüôå

lim f (a�) =
(
2�� − �

2

)
sin

(
2�� − �

2

)
= +∞ · (−1) = −∞; åíþ

lim f (b�) =
(
2�� +

�

2

)
sin

(
2�� +

�

2

)
= +∞ · (+1) = +∞;

äçëáäÞ ãéá ôçí ßäéá óõíÜñôçóç Ý÷ïõìå äéáöïñåôéêÜ üñéá óôï óçìåßï 0, ðïõ åßíáé Üôïðï

óýìöùíá ìå ôçí éäéüôçôá ôïõ ìïíïóÞìáíôïõ ôïõ ïñßïõ.
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i)


x− 2

x2 − 4
; |x| ̸= 2

0 ; |x| = 2

v)


x ; x ∈

[
0;

1

2

]
1

2
+ x ; x ∈

(
1

2
; 1

]

ii)


1

x
; x ̸= 0

1 ; x = 0

vi)



cosx ; x ∈ [−�; 0)

1 ; x ∈ (0; 1)

1

x
; x ∈ [1; 2]

iii)


x2 + |x|
x2 − |x|

; x ̸= 0

2 ; x = 0

vii)


x+

|x|
x

; x ̸= 0

1 ; x = 0

iv)


sinx+

√
1− cos 2x

sinx
; x ̸= 0

0 ; x = 0

viii)


x

1 + e−1=x
; x ̸= 0

1

2
; x = 0

2. ¼ìïéá ôùí ðáñáêÜôù óõíáñôÞóåùí f(x) êáé íá ãßíåé ç ìïñöÞ ôïõ äéáãñÜììáôïò

óôá Üêñá ôïõ ðåäßïõ ïñéóìïý ôùí

i) e−x2 iv) sinh

(
x

x− 1

)

ii)
1

1 + e1=x
v) ln(sinx)

iii) exp

(
1− 1

x

)
vi) tan−1

(
1

x

)
.
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3. ¼ìïéá ôùí ðáñáêÜôù óõíáñôÞóåùí f(x)

i) ln

∣∣∣∣tan x

2

∣∣∣∣ iv) tan−1

(
1

x− 1

)

ii) (1 + x) tan−1

(
1

1− x2

)
v) e−1=x2

iii) e1=(1−x) vi) ln | cosx|
4. Äåßîôå üôé ç åîßóùóç x3 − 3x + 1 = 0 Ý÷åé ìßá ôïõëÜ÷éóôïí ðñáãìáôéêÞ

ñßæá óôï äéÜóôçìá (1; 2).

4

4Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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ÌáèçìáôéêÝò âÜóåéò äåäïìÝíùí

• http://en.wikipedia.org/wiki/Main Page

• http://eqworld.ipmnet.ru/index.htm

• http://mathworld.wolfram.com/

• http://eom.springer.de/
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