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ÌÜèçìá 9�ÁÑÁ�Ù�ÏÓ ÓÕÍÁÑÔÇÓÇÓ- ÌÅÑÏÓ I
9.1 Ïñéóìïß êáé ó÷å�éêÜ èåùñÞìá�á9.1.1 Ïñéóìüò ðáñáãþãïõÁñ÷éêÜ ïñßæå�áé ç êëßóç ìéáò óõíÜñ�çóçò ùò åîÞò:1Ïñéóìüò 9.1.1 - 1 (êëßóçò). ¸ó�ù ç óõíÜñ�çóç f | (a; b) êáé óçìåßï x0 ∈
(a; b). Ôü�å ãéá êÜèå x ∈ (a; b)− {x0} ìå �ïí �ýðïKx0(x) = f(x) − f (x0)x− x0 (9.1.1 - 1)ïñßæå�áé ìßá óõíÜñ�çóç, ðïõ ëÝãå�áé ðçëßêï äéáöïñþí Þ êëßóç �çò f ó�ïóçìåßï x0.Áí x = x0 +∆x, ïðü�å

∆x = x− x0 ãéá êÜèå x ∈ (a; b)− {x0} ; (9.1.1 - 2)�ü�å ï �ýðïò (9:1:1 − 1) ãñÜöå�áéKx0 =
f (x0 +∆x)− f (x0)

∆x : (9.1.1 - 3)1�éá �çí êëßóç ãåíéêü�åñá âëÝðå åðßóçò ÌÜèçìá 2 �áñÜãñáöïò 2:1:1.1



2 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïòÏñéóìüò 9.1.1 - 2 (ðáñáãþãïõ). ¸ó�ù ç óõíÜñ�çóç f | (a; b) êáé óçìåßïx0 ∈ (a; b). Ôü�å èá ëÝãå�áé ü�é ç f ðáñáãùãßæå�áé ó�ï óçìåßï x0 ∈ (a; b)�ü�å êáé ìüíïí, ü�áí ç ïñéáêÞ �éìÞ
limx→x0Kx0(x) = limx→x0 f (x)− f (x0)x− x0 (9.1.1 - 4)õðÜñ÷åé.Ç (9:1:1− 4) èá ëÝãå�áé �ü�å ç 1çò �Üîçò ðáñÜãùãïò (Þ ðïëëÝò öïñÝò áðëÜðáñÜãùãïò) �çò f ó�ï x0 êáé èá óõìâïëßæå�áé ìå f ′ (x0).¸÷ïí�áò õð' üøéí �çí (9:1:1 − 2), ç (9:1:1 − 4) éóïäýíáìá ãñÜöå�áéf ′ (x0) = limx→ x0 f (x)− f (x0)x− x0 (9.1.1 - 5)

= limÄx→ 0

f (x0 +∆x)− f (x0)
∆x

= limh→ 0

f (x0 + h)− f (x0)h : (9.1.1 - 6)Ïñéóìüò 9.1.1 - 3. ¸ó�ù ç óõíÜñ�çóç f | (a; b) Ôü�å èá ëÝãå�áé ü�é ç fðáñáãùãßæå�áé ó�ï (a; b) �ü�å êáé ìüíïí, ü�áí õðÜñ÷åé ç ðáñÜãùãïò f ′ (x0)ãéá êÜèå x0 ∈ (a; b).Ó�çí ðåñßð�ùóç áõ�Þ óõìâïëéêÜ ãñÜöå�áéf ′(x) = f (1)(x) = d f(x)dx =
d ydx = D1f(x) = Df(x) (9.1.1 - 7)üðïõ �ï óýìâïëï (�åëåó�Þò) D = D1 = ddx èá óõìâïëßæåé ó�ï åîÞò �çí 1çò�Üîçò ðáñÜãùãï ìéáò óõíÜñ�çóçò ìå ìå�áâëç�Þ x.�áñá�çñÞóåéò 9.1.1 - 1Áðü �ïõò Ïñéóìïýò 9.1.1 - 2 êáé 9.1.1 - 3 ðñïêýð�ïõí �á åîÞò:i) ç f ′ (x0), åöüóïí õðÜñ÷åé, åßíáé ðñáãìá�éêüò áñéèìüò, åíþii) ç f ′ (x) åßíáé óõíÜñ�çóç.



�åùìå�ñéêÞ óçìáóßá ðáñáãþãïõ 3Ïñéóìüò 9.1.1 - 4. ¸ó�ù ü�é �çò óõíÜñ�çóç f | (a; b) õðÜñ÷åé ç f ′(x) ãéáêÜèå x ∈ (a; b). Ôü�å èá ëÝãå�áé ü�é õðÜñ÷åé ç 2çò �Üîçò ðáñÜãùãïò �çòf ó�ï (a; b) �ü�å êáé ìüíïí, ü�áí õðÜñ÷åé ç ðáñÜãùãïò �çò f ′ (x) ãéá êÜèåx ∈ (a; b).Ó�çí ðåñßð�ùóç áõ�Þ óõìâïëéêÜ ãñÜöå�áéf ′′(x) = f (2)(x) = ddx (d f(x)dx )

=
d 2f(x)dx2 = D2f(x) (9.1.1 - 8)üðïõ �ï D2 = d 2dx2 óõìâïëßæåé �ïí �åëåó�Þ �çò 2çò �Üîçò ðáñáãþãïõ ìéáòóõíÜñ�çóçò ìå ìå�áâëç�Þ x. Äéåõêñéíßæå�áé ü�é d 2dx2 6=

( ddx)2.ÁíÜëïãá ïñßæïí�áé ïé ðáñÜãùãïé:
3çò �Üîçò:f ′′′(x) = f (3)(x) = ddx (d 2f(x)dx2 )

=
d 3f(x)dx3 = D3f(x) (9.1.1 - 9)üðïõ �ï D3 = d 3dx3 óõìâïëßæåé �ïí �åëåó�Þ �çò 3çò �Üîçò ðáñáãþãïõ ìéáòóõíÜñ�çóçò ìå ìå�áâëç�Þ x, êáé ãåíéêÜ ç� - �Üîçò:f (�)(x) = ddx (d �−1f(x)dx�−1

)

=
d �f(x)dx� = D�f(x) (9.1.1 - 10)üðïõ üìïéá ï �åëåó�Þò D� = d �dx� óõìâïëßæåé �çí �-�Üîçò ðáñÜãùãï ìéáòóõíÜñ�çóçò ìå ìå�áâëç�Þ x.ÅéäéêÜ ïñßæå�áé ü�é f (0)(x) = f(x): (9.1.1 - 11)9.1.2 �åùìå�ñéêÞ óçìáóßá ðáñáãþãïõ¸ó�ù ç óõíÜñ�çóç y = f(x)| (a; b). Ôü�å üðùò åßíáé ãíùó�ü, áí Oxy åßíáéÝíá ïñèïãþíéï óýó�çìá óõí�å�áãìÝíùí, �ï óýíïëï �ùí óçìåßùí �ïõ åðéðÝäïõGf = {(x; f(x)) ; x ∈ (a; b)} ⊆ ℜ 2 (9.1.2 - 1)ïñßæåé �ï äéÜãñáììá �çò óõíÜñ�çóçò f . ¸ó�ù �þñá �á óçìåßá x0 ∈ (a; b)êáé x0 +∆x ∈ (a; b), ü�áí �ï ∆x äßíå�áé áðü �çí (9:1:1 − 2), ìå áí�ßó�ïé÷á



4 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïò

Ó÷Þìá 9.1.2 - 1: ãåùìå�ñéêÞ óçìáóßá ðáñáãþãïõóçìåßá ó�ï äéÜãñáììá �çò f �á A (x0; f (x0)) êáé B (x0 +∆x; f (x0 +∆x)).Ç åõèåßá AB ëÝãå�áé �ü�å êáé �Ýìíïõóá �ïõ äéáãñÜììá�ïò ó�á A, B. Ó�ïÓ÷. 9.1.2 - 1 åßíáé AB = Äx êáé �B = f (x0 +∆x)− f (x0) = Äy. Ç êëßóçÞ äéáöïñå�éêÜ ï óõí�åëåó�Þò äéåýèõíóçò �çò åõèåßáò AB èá äßíå�áé �ü�å áðü�ç ó÷Ýóç2 ë = tan è =
f (x0 +∆x)− f (x0)

∆x =
ÄyÄx ;ïðü�å ç åîßóùóç �çò �Ýìíïõóáò åõèåßáò èá åßíáéy − f (x0) = ë (x− x0) : (9.1.2 - 2)Ï �ýðïò (9:1:2 − 2) �ü�å ãéá üëá �á ∆x ìå ∆x 6= 0 êáé x0 +∆x ∈ D ïñßæåé�ï óýíïëï üëùí �ùí åõèåéþí ðïõ �Ýìíïõí �ï äéÜãñáììá �çò f ó�ï óçìåßï

(x0; f (x0)).2ÂëÝðå åðßóçò ÌÜèçìá 2 �áñÜãñáöïò 2:1:1.



�åùìå�ñéêÞ óçìáóßá ðáñáãþãïõ 5¸ó�ù �þñá ü�é �ï ∆x �åßíåé ó�ï ìçäÝí, äçëáäÞ �ï óçìåßï � �åßíåé ó�ïA. Ôü�å �ï óçìåßï B êéíïýìåíï åðß �ïõ äéáãñÜììá�ïò �çò f �åßíåé íáóõìðÝóåé ìå �ï óçìåßï A, ç êÜèå�ç ðëåõñÜ �Â �ïõ �ñéãþíïõ ÁÂ� �åßíåéíá ëÜâåé ìßá ïñéáêÞ �éìÞ, Ýó�ù dy, åíþ ç �Ýìíïõóá åõèåßá AB �åßíåé íá ãßíåéç åöáð�ïìÝíç �ïõ äéáãñÜììá�ïò �çò f ó�ï óçìåßï (x0; f (x0)). ÕðïèÝ�ïí�áò�þñá ü�é õðÜñ÷åé ç ðáñÜãùãïò f ′ (x0) Ý÷ïõìå ó�çí ðåñßð�ùóç áõ�Þ ü�é3f ′ (x0) = tanù = lim
∆x→ 0

f (x0 +∆x)− f (x0)
∆x

=
dydx ∣∣∣∣ x=x0 = d f(x)dx ∣

∣
∣
∣ x=x0 (9.1.2 - 3)üðïõ tanù åßíáé ç êëßóç �çò åöáð�üìåíçò åõèåßáò �ïõ äéáãñÜììá�ïò �çò fó�ï óçìåßï (x0; f (x0)). ¢ñá Ý÷åé áðïäåé÷èåß ç ðñü�áóç:�ñü�áóç 9.1.2 - 1 (ãåùìå�ñéêÞ óçìáóßá ðáñáãþãïõ). Ç ðáñÜãùãïò ìéáòóõíÜñ�çóçò y = f(x) | (a; b) ó�ï óçìåßï x0 ∈ (a; b) éóïý�áé ìå �çí åöáð�ïìÝíç�çò ãùíßáò Þ äéáöïñå�éêÜ ìå �ï óõí�åëåó�Þ äéåýèõíóçò �çò åöáð�ïìÝíçò �ïõäéáãñÜììá�ïò �çò f ó�ï óçìåßï (x0; f (x0)).Ó�çí ðåñßð�ùóç áõ�Þ ç åîßóùóç �çò åöáð�üìåíçò åõèåßáò èá äßíå�áé áðü�ïí �ýðï y − f (x0) = f ′ (x0) (x− x0) ; (9.1.2 - 4)åíþ �çò êÜèå�çò åõèåßáò �ïõ äéáãñÜììá�ïò �çò f ó�ï óçìåßï (x0; f (x0)),åöüóïí (x0; f (x0)) 6= 0, áðü �ïíy − f (x0) = − 1f ′ (x0) (x− x0) : (9.1.2 - 5)�áñÜäåéãìá 9.1.2 - 1Íá õðïëïãéó�åß ç åîßóùóç �çò åöáð�ïìÝíçò êáé �çò êáèÝ�ïõ óå áõ�Þ �çòðáñáâïëÞò y = x1=2 ó�ï óçìåßï ìå �å�ìçìÝíç x0 = 9.Ëýóç. ÅðåéäÞ x0 = 9 åßíáé y0 = √x0 = 3. Ôü�åf ′(x) = 1

2
x 1

2
−1 =

1

2
x− 1

2 ; ïðü�å f ′ (x0) = 1

6
:3Ï óõìâïëéóìüò dx ïöåßëå�áé ó�ïí Leibniz. Ó�á ìáèçìá�éêÜ óõìâïëßæåé �ï áðåéñïó�üÞ �ï åëÜ÷éó�ï äõíá�ü x. Ôü�å ó�ï áðåéñïó�ü áõ�ü dx áí�éó�ïé÷åß ç áðåéñïó�Þ ìå�áâïëÞdy �çò óõíÜñ�çóçò y = f(x).



6 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïòÅðïìÝíùò óýìöùíá ìå �ïí �ýðï (9:1:2 − 4) Ý÷ïõìå ãéá �çí åîßóùóç �çòåöáð�ïìÝíçò åõèåßáò ü�éy − 3 =
1

6
(x− 9); äçëáäÞ x− 6y + 9 = 0;åíþ áðü �ïí �ýðï (9:1:2 − 4) ãéá �çí åîßóùóç �çò êÜèå�çò ü�éy − 3 = −6 (x− 9); äçëáäÞ 6x + y − 57 = 0:Äéáöïñéêü óõíÜñ�çóçòÁðü �çí (9:1:2 − 3), åöüóïí õðÜñ÷åé ç f ′ (x0), ðñïêýð�åé �ü�å ü�éd f(x)| x=x0 = f ′ (x0) dx: (9.1.2 - 6)H (9:1:2 − 6), ü�áí éó÷ýåé ãéá êÜèå x0 ∈ (a; b), ïñßæåé �ï äéáöïñéêü 1çò�Üîçò �çò óõíÜñ�çóçò f(x). ÅðïìÝíùòdy = d f(x) = f ′(x) dx ãéá êÜèå x ∈ (a; b): (9.1.2 - 7)�åùìå�ñéêÜ �ï äéáöïñéêü 1çò �Üîçò éóïý�áé ìå �çí ïñéáêÞ �éìÞ �çò ðëåõñÜò�Â (Ó÷. 9.1.2 - 1), ü�áí �ï óçìåßï � �åßíåé ó�ï Á.ÕðïèÝ�ïí�áò �þñá ü�é õðÜñ÷ïõí ó�ï (a; b) ïé ðáñÜãùãïé �çò f ìÝ÷ñéêáé �-�Üîçò, åßíáé äõíá�üí íá ïñéó�åß åðáãùãéêÜ �ï �-�Üîçò äéáöïñéêü �çòóõíÜñ�çóçò f(x) ùò åîÞò:d �y = d (d �−1y) = f (�)(x)dx� (9.1.2 - 8)ãéá êÜèå � = 2; 3; : : : :ÁóêÞóåéò1. Íá õðïëïãéó�åß ç åîßóùóç �çò åöáð�ïìÝíçò êáé �çò êáèÝ�ïõ �ùí ðáñáêÜ�ùêáìðõëþí ó�á Ýíáí�é óçìåßái) y = x3 + 2x2 − 4x − 3 ó�ï x0 = −2,



Êáíüíåò ðáñáãþãéóçò 7ii) y = (x− 1)1=3 ó�ï x0 = 1,iii) y = tan 2x ó�ï x0 = 0,iv) y = e1−x2 ó�ï óçìåßï �ïìÞò ìå �çí åõèåßá y = 1,v) y = sin−1 [(x− 1)=2] ó�ï óçìåßï �ïìÞò ìå �ïí Üîïíá �ùí x,vi) y = cos−1 3x ó�ï óçìåßï �ïìÞò ìå �ïí Üîïíá �ùí y.2. Íá õðïëïãéó�åß �ï óçìåßï ó�ï ïðïßï ç åöáð�ïìÝíç �çò êáìðýëçò y =x2 − 7x+ 3 åßíáé ðáñÜëëçëç ó�çí åõèåßá 5x+ y − 3 = 0.3. Íá ðñïóäéïñéó�ïýí �á óçìåßá ó�á ïðïßá ïé åöáð�üìåíåò �çò êáìðýëçòy = 3x4 + 4x3 − 12x2 + 20åßíáé ðáñÜëëçëåò ó�ïí Üîïíá �ùí x.9.1.3 Êáíüíåò ðáñáãþãéóçòÄßíïí�áé ó�ç óõíÝ÷åéá ÷ùñßò áðüäåéîç ïé ðáñáêÜ�ù êáíüíåò ðáñáãþãéóçò4.�ñü�áóç 9.1.3 - 1 (ðáñÜãùãïò ó�áèåñÜò óõíÜñ�çóçò). ¸ó�ù ç óõíÜñ�ç-óç f | ℜ üðïõ f(x) =  ó�áèåñÜ ãéá êÜèå x ∈ ℜ. Ôü�åf ′(x) = 0 ãéá êÜèå x ∈ ℜ:
�ñü�áóç 9.1.3 - 2. ¸ó�ù ü�é ïé óõíáñ�Þóåéò f; g | (a; b) åßíáé ðáñáãùãßóéìåòó�ï (a; b). Ôü�å éó÷ýåé

(f(x) + g(x))′ = f ′(x) + g′(x) ãéá êÜèå x ∈ (a; b): (9.1.3 - 1)4Ï áíáãíþó�çò ãéá ìéá åê�åíÝó�åñç ìåëÝ�ç �ïõ ìáèÞìá�ïò ðáñáðÝìðå�áé ó�çâéâëéïãñáößá êáé ó�ï âéâëßï Á. ÌðñÜ�óïò [2℄ Êåö. 6.



8 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïò�üñéóìá 9.1.3 - 1 (ãåíßêåõóç ðáñáãþãïõ áèñïßóìá�ïò). ¸ó�ù ü�é ïéóõíáñ�Þóåéò f1; : : : ; f� | (a; b) åßíáé ðáñáãùãßóéìåò ó�ï (a; b). Ôü�å
[f1(x) + : : :+ f�(x)]′ = f ′1(x) + : : :+ f ′�(x) (9.1.3 - 2)ãéá êÜèå x ∈ (a; b).�ñü�áóç 9.1.3 - 3 (ðáñÜãùãïò ãéíïìÝíïõ). ¸ó�ù ü�é ïé óõíáñ�Þóåéòf; g | (a; b) åßíáé ðáñáãùãßóéìåò ó�ï (a; b). Ôü�å éó÷ýåé

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x) ãéá êÜèå x ∈ (a; b): (9.1.3 - 3)�üñéóìá 9.1.3 - 2. ¸ó�ù ü�é ïé óõíáñ�Þóåéò f; g; h | (a; b) åßíáé ðáñáãùãß-óéìåò ó�ï (a; b). Ôü�å
[f(x) g(x)h(x)]′ = f ′(x) g(x)h(x) + f(x) g′(x)h(x)

+f(x) g(x)h′(x) (9.1.3 - 4)ãéá êÜèå x ∈ (a; b).Ç �ñü�áóç 9.1.3 - 3 åðßóçò ãåíéêåýå�áé.ÅðåéäÞ ðñïöáíþò éó÷ýåé
(ëf(x))′ = ëf ′(x); ü�áí ë ∈ ℜ ó�áèåñÜ;áðü �éò �ñï�Üóåéò 9.1.3 - 1 - 9.1.3 - 3 ðñïêýð�åé ç ðáñáêÜ�ù ãñáììéêÞéäéü�ç�á

[k f(x) + �g(x)]′ = k f ′(x) + � g′(x) (9.1.3 - 5)ãéá êÜèå x ∈ (a; b), ðïõ åðßóçò ãåíéêåýå�áé.�ñü�áóç 9.1.3 - 4 (ðáñÜãùãïò ðçëßêïõ). Áí ç óõíÜñ�çóç f | (a; b) ðáñá-ãùãßæå�áé ó�ï (a; b) êáé åðß ðëÝïí õðÜñ÷åé x0 ∈ (a; b), Ý�óé þó�å f ′ (x0) 6= 0,�ü�å
[

1f(x)]′x=x0 = −f ′ (x0)f 2(x) : (9.1.3 - 6)



�áñÜãùãïò óýíèå�çò óõíÜñ�çóçò 9�üñéóìá 9.1.3 - 3. ¸ó�ù ü�é ïé óõíáñ�Þóåéò f; g | (a; b) åßíáé ðáñáãùãßóé-ìåò ó�ï (a; b) êáé åðß ðëÝïí g′(x) 6= 0 ãéá êÜèå x ∈ (a; b). Ôü�å éó÷ýåé
[f(x)g(x) ]′ = f ′(x)g(x) − f(x)g′(x)g2(x) ãéá êÜèå x ∈ (a; b): (9.1.3 - 7)�üñéóìá 9.1.3 - 4. Áí ç f | (a; b) åßíáé ðáñáãùãßóéìç óõíÜñ�çóç ó�ï (a; b),�ü�å

[f �(x)]′ = �f �−1(x)f ′(x) (9.1.3 - 8)ãéá êÜèå x ∈ D ìå � = 2; 3; : : : :Áðüäåéîç. Ç áðüäåéîç �ïõ �ýðïõ (9:1:3 − 8) ðñïêýð�åé Þ åðáãùãéêÜ Þ áðü�ïí �ýðï (9:1:3 − 4), áí �åèåßf1(x) = f2(x) = : : : = f�(x) = f(x):9.1.4 �áñÜãùãïò óýíèå�çò óõíÜñ�çóçòÈåþñçìá 9.1.4 - 1. ¸ó�ù ïé óõíáñ�Þóåéò y = f(w) |D1 êáé w = g(x) |D2üðïõ g (D2) ⊆ D1 êáé D1, D2 áíïéê�Ü äéáó�Þìá�á êáé ç ðñïêýð�ïõóá óýíèå�çóõíÜñ�çóç F (x) = (f ◦ g) (x) = f(g(x)) ãéá êÜèå x ∈ D2. ¸ó�ù åðßóçò ü�éãéá Ýíá óçìåßï x0 ∈ D2 õðÜñ÷ïõí ïé ðáñÜãùãïé g′ (x0) = w′

0 êáé y′0 = f ′ (w0).Ôü�å õðÜñ÷åé êáé ç ðáñÜãùãïò �çò óýíèå�çò óõíÜñ�çóçò F (x)|D2 ó�ï óçìåßïx0 ∈ D2 êáé éó÷ýåédF (x)dx ∣
∣
∣
∣x= x0 =

df(w)dw ∣
∣
∣
∣w=w0

dg(x)dx ∣
∣
∣
∣x= x0 = y′0 w′

0: (9.1.4 - 1)Óçìåßùóç 9.1.4 - 1Ï �ýðïò (9:1:4 − 1) åßíáé ãíùó�üò óáí ï áëõóéäù�üò êáíüíáò (hain rule)ðáñáãþãéóçò.Ïé ðáñÜãùãïé �ùí êõñéü�åñùí óýíèå�ùí óõíáñ�Þóåùí äßíïí�áé ó�ç óõíÝ÷åéá÷ùñßò áðüäåéîç ó�ïí �ßíáêá 9.1.4 - 1.



10 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïò�ßíáêáò 9.1.4 - 1: ðáñáãþãùí �ùí êõñéü�åñùí óýíèå�ùí óõíáñ�Þóåùíá / á ÓõíÜñ�çóç �áñÜãùãïò1 fa(x) af ′(x)fa−1(x)2 ef(x) f ′(x)ef(x)3 ln f(x) f ′(x)f(x)4 sin f(x) f ′(x) cos f(x)5 cos f(x) −f ′(x) sin f(x)6 tan f(x) f ′(x)
cos2 f(x)7 cot f(x) − f ′(x)
sin2 f(x)8 tan−1 f(x) f ′(x)

1 + f2(x)9 sin−1 f(x) f ′(x)
√

1− f2(x)10 cos−1 f(x) − f ′(x)
√

1− f2(x)11 sinh f(x) f ′(x) cosh f(x)12 cosh f(x) f ′(x) sinh f(x)13 tanh f(x) f ′(x)
cosh2 f(x) = f ′(x) [1− tanh2 f(x)]14 coth f(x) − f ′(x)
sinh2 f(x) = f ′(x) [1− coth2 f(x)]



�áñÜãùãïò óýíèå�çò óõíÜñ�çóçò 11�áñÜäåéãìá 9.1.4 - 1¸ó�ù f(x) = e−x2 :Ôü�å óýìöùíá ìå �ï �ýðï (2) �ïõ �ßíáêá 9.1.4 - 1 èá åßíáéf ′(x) = (

−x2)′ e−x2 = −2xe−x2 ;åíþ óýìöùíá êáé ìå �ïí êáíüíá ðáñáãþãéóçò ãéíïìÝíïõf ′′(x) = (−2x)′e−x2 − 2x (e−x2)′ = −2
(

1− 2x2) e−x2 :¼ìïéá õðïëïãßæå�áé ü�éf (3)(x) = −4x e−x2 (−3 + 2x2) ; êáéf (4)(x) = 4e−x2 (3− 12x2 + 4x4) :�áñÜäåéãìá 9.1.4 - 2¸ó�ù f(x) = sin2 3x = (sin 3x)2. ¼ìïéá áðü �ïõò �ýðïõò (1) êáé (4)ðñïêýð�åé ü�éf ′(x) = 2 (sin 3x)2−1 (sin 3x)′ = 2 sin 3x cos 3x (3x)′
= 3 ·

sin 6x
︷ ︸︸ ︷

2 sin 3x cos 3x = 3 sin 6x; êáéf ′′(x) = (3 sin 6x)′ = 3 (6x)′ sin 6x = 18 sin 6x:�áñÜäåéãìá 9.1.4 - 3¸ó�ù f(x) = 1

2
ln

1 + x
1− x üðïõ − 1 < x < 1:Áðü �ïí �ýðï (3) êáé �çí �ñü�áóç 9.1.3 - 4 Ý÷ïõìåf ′(x) = 1

2

1− x
1 + x (1 + x

1− x)′

=
1

1− x2êáé f ′′(x) = −
(

1− x2)′
(1− x2)2 =

2x
(1− x2)2 ;



12 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïòåíþ óýìöùíá ìå �ïí êáíüíá ðáñáãþãéóçò ðçëßêïõ åßíáé
f (3)(x) = 2

x′ (1− x2)2 − 2(1−x2)2(−2x)
︷ ︸︸ ︷
[(

1− x2)2]′
(1− x2)4 = −2

(

1 + 3x2)
(1− x2)3 :�áñÜäåéãìá 9.1.4 - 4¸ó�ù f(x) = 3

√

1− x2 = (

1− x2)1=3 :Ôü�å óýìöùíá ìå �ï �ýðï (1) åßíáéf ′(x) = 1

3

(

1− x2)−2=3 (
1− x2)′ = −2

3
x (1− x2)−2=3 :�áñÜäåéãìá 9.1.4 - 5Áí f(x) = ln(1 + x) + sin−1

(x
2

)íá õðïëïãéó�åß ç f ′(1).Ëýóç. Óýìöùíá ìå �ïõò �ýðïõò (3) êáé (9) Ý÷ïõìå ü�éf ′(x) = (1 + x)′
1 + x +

(x
2

)
′

√

1−
(x
2

)2
=

1

1 + x +
x√

4− x2 ;ïðü�å f ′(1) = 1

2
+

√
3

3
:�áñÜäåéãìá 9.1.4 - 6Íá õðïëïãéó�åß ç 2çò �Üîçò ðáñÜãùãïò �çò óõíÜñ�çóçò f(x) = tan−1 2x.Ëýóç. Áñ÷éêÜ óýìöùíá ìå �ï �ýðï (8) åßíáéf ′(x) = (2x)′

1 + (2x)2 =
2

1 + 4x2 ;



�áñÜãùãïò óýíèå�çò óõíÜñ�çóçò 13ïðü�å óýìöùíá ìå �çí �ñü�áóç 9.1.3 - 4 Ý÷ïõìåf ′′(x) = −2

4·2x
︷ ︸︸ ︷
(

1 + 4x2)′
(1 + 4x2)2 = − 16x

(1 + 4x2)2 :�áñÜäåéãìá 9.1.4 - 7Íá õðïëïãéó�åß ç �-�Üîçò ðáñÜãùãïò �çò óõíÜñ�çóçò f(x) = 2x.Ëýóç. Áðü �çí �áõ�ü�ç�áax = ex lna ìå a > 0 êáé x ∈ ℜ;ðñïêýð�åé ü�é f ′(x) = (ex ln 2
)
′

= (x ln 2)′ ex ln 2 = 2x ln 2:¼ìïéá f ′′(x) = 2x(ln 2)2 êáé ãåíéêÜf (�)(x) = 2x(ln 2)� ìå � = 1; 2; : : : :�áñÜäåéãìá 9.1.4 - 8¸ó�ù f(x) = sehx. Ôü�å, åðåéäÞ sehx = 1
coshx ; óýìöùíá ìå �çí �ñü�áóç9.1.3 - 4 Ý÷ïõìåf ′(x) = −(cosh x)′

cosh2 x = − sinhx
cosh2 x = − 1

cosh x sinhx
cosh x = −sehx tanh x:�áñÜäåéãìá 9.1.4 - 9¸ó�ù f(x) = tanh 2x. Ôü�å óýìöùíá ìå �ïí �ýðï (13) åßíáéf ′(x) = (2x)′

cosh2 2x =
2

cosh2 2x = 2 seh22x:Áí x = 0, åßíáé f ′(0) = 2

(
2e2·0 + e−2·0

)2

= 2 · 1 = 2:



14 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïò9.1.5 Äéùíõìéêüò �åëåó�ÞòÏñéóìüò 9.1.5 - 1 (äéùíõìéêüò óõí�åëåó�Þò). Ôï óýìâïëï (�k) ðïõ ðáñé-ó�Üíåé �ï ðëÞèïò üëùí �ùí äéáöüñùí ìå�áîý �ïõò óõíäõáóìþí �ùí � ó�ïé÷åßùíáíÜ k, ëÝãå�áé äéùíõìéêüò óõí�åëåó�Þò (binomial oeÆient) êáé ïñßæå�áéáðü �ç ó÷Ýóç
(�k) =







1 áí k = 0; � = 1; 2; : : :�(� − 1) · · · (� − k + 1)k! áí k = 1; 2; : : : ; �: (9.1.5 - 1)Ï äéùíõìéêüò óõí�åëåó�Þò äéáâÜæå�áé � ùò ðñïò k Þ áíáëõ�éêü�åñá ïé óõíäõáóìïß�ùí � ùò ðñïò k.�åíéêü�åñá ç (9:1:5 − 1) ïñßæå�áé ùò åîÞò:Ïñéóìüò 9.1.5 - 2 (ãåíßêåõóç äéùíõìéêïý óõí�åëåó�Þ).
(ak) =







1 áí k = 0; a ∈ ℜa(a− 1) · · · (a− k + 1)k! áí k = 1; 2; : : :êáé a ∈ ℜ: (9.1.5 - 2)ÅðåéäÞ óýìöùíá ìå �ïí �ýðï (9:1:5 − 1) åßíáé
(

0

0

)

= 1; (a
0

)

= 1ìå a ∈ ℜ; (kk) = 1ìå k = 1; 2; : : : ; (9.1.5 - 3)ç (9:1:5 − 2) èá ðáñéó�Üíåé ðÜí�ï�å ðñáãìá�éêü áñéèìü.Éäéü�ç�åòÁðïäåéêíýå�áé ü�é:I.
(�k) =

�!k!(� − k)! = ( �� − k) áí � = 0; 1; : : : ìå k ≤ �: (9.1.5 - 4)



Äéùíõìéêüò �åëåó�Þò 15II. (�k)+

( �k + 1

)

=

(� + 1k + 1

): (9.1.5 - 5)Åðßóçò áðïäåéêíýå�áé ü�é:5�ñü�áóç 9.1.5 - 1 (�ýðïò �ïõ Leibniz). Áí ïé óõíáñ�Þóåéò f , g Ý÷ïõíðáñáãþãïõò ìÝ÷ñé êáé �-�Üîç, �ü�å éó÷ýåé
[f(x)g(x)](�) = �∑k=0

(�k)f (�−k)(x) g(k)(x); (9.1.5 - 6)ü�áí � = 1; 2; : : : :�áñÜäåéãìá 9.1.5 - 1Óýìöùíá ìå �ïí �ýðï �ïõ Leibniz Ý÷ïõìå
(x4ex)(3) =

3∑k=0

(

3k)(x4)(3−k) (ex)k
=

(

3

0

)
(x4)(3) (ex)(0) + (3

1

)
(x4)(3−1)

(ex)(1)
+

(

3

2

)
(x4)(3−2)

(ex)(2) + (3
3

)
(x4)(3−3)

(ex)(3)
=

(

24x + 24x2 + 12x3 + x4) ex:
5ÂëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜ�óïò [2℄ Êåö. 6.



16 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïòÁóêÞóåéò1. Íá õðïëïãéó�ïýí ïé 1çò �Üîçò ðáñÜãùãïé �ùí ðáñáêÜ�ù óõíáñ�Þóåùíf(x)i) ln(sin! x) viii) tan−1

(x− 1x+ 1

)ii) e−x (2 sin 2x − cos 2x) ix) x� 2−xiii) cos3 ! x x) (
1− x2)1=2iv) ln

(ax2 + bx+ ) xi) √
1 + ln x+ ln (

√x+ 1)v) xx+ 1
+ x2 tan 2x xii) ln

(
1 + x2)vi) sin2 a x xiii) tan−1(ln x) + ln

(

tan−1 x)vii) cos x2 + ln2 5x xiv) ln

[

tan

(x
4

)]

−
(
sin−1 x)2.2. Íá õðïëïãéó�ïýí ïé 2çò �Üîçò ðáñÜãùãïé �ùí áí�ßó�ñïöùí õðåñâïëéêþíóõíáñ�Þóåùí.3. ¼ìïéá ïé 2çò �Üîçò ðáñÜãùãïé �ùí ðáñáêÜ�ù óõíáñ�Þóåùí f(x)i) ln

1 + x
1− x v) ln

(x+
√
1 + x2)ii) tan−1 3x vi) sin2 3xiii) xe−x2 vii) xxiv) (

1 + x2) tan−1 x viii) a cosh(xa).4. ¼ìïéá ïé �-�Üîçò ðáñÜãùãïé �ùí ðáñáêÜ�ù óõíáñ�Þóåùíi) e−3x vi) ln xii) a�x� + a�−1x�−1 + : : :+ a1x+ a0 vii) x1=2iii) 1

1− x viii) 1

1 + xiv) sin2 !x ix) cos!xv) ln(ax+ b) x) 1 + x
1− x :



ÁóêÞóåéò 175. Äåßî�å ü�é ç ðáñÜãùãïò ìéáò Üñ�éáò óõíÜñ�çóçò åßíáé ðåñé��Þ óõíÜñ�çóç,åíþ ç ðáñÜãùãïò ìéáò ðåñé��Þò åßíáé Üñ�éá óõíÜñ�çóç.6. Äåßî�å ü�é ç ðáñÜãùãïò ìéáò ðåñéïäéêÞò óõíÜñ�çóçò åßíáé üìïéá ðåñéïäéêÞóõíÜñ�çóç.7. Äåßî�å ü�é ïé ðáñáêÜ�ù åîéóþóåéò åðáëçèåýïí�áé áðü �éò Ýíáí�é óõíáñ�Þóåéòi) Ld id t +Ri = E áðü �çí i = i(t) = ER (

1− e−R t=L),ii) Ld 2id t2 +Rd id t + iC = 0 áðü �çí i = i(t) = (1 + t2) e−R t=(2L),ü�áí R2 = 4L=C,iii) x2y′′ + (1− 2�)xy′ + (1 + í2) y = 0áðü �çí y = x� [cos (ln x) + sin (ln x)].8. Ôï ðïëõþíõìï �ïõ Hermite Hn âáèìïý n ïñßæïí�áé áðü �ïí �ýðïHn(t) = (−1)net2 dn (e−t2)d tn ; n = 0; 1; : : : (9.1.5 - 7)üðïõ H0(t) = 1. Äåßî�å ü�é:H1(t) = 2t H3(t) = 8t3 − 12tH2(t) = 4t2 − 2 H4(t) = 16t4 − 48t2 + 12 .9. Ôï ðïëõþíõìï �ïõ Laguerre Ln âáèìïý n ïñßæå�áé áðü �ïí �ýðïLn(t) = etn ! dn (tn e−t)d tn ; n = 0; 1; : : : (9.1.5 - 8)ìå L0(t) = 1. Äåßî�å ü�é:L1(t) = 1− t L3(t) = 1− 3t+ 3

2
t2 − 1

6
t3L2(t) = 1− 2t+ 1

2
t2 L4(t) = 1− 4t+ 3t2 − 2

3
t3 + 1

24
t4.10. Ôï ðïëõþíõìï �ïõ Legendre Pn âáèìïý n ïñßæå�áé áðü �ïí �ýðï �ïõRodrigues ùò åîÞò:Pn(t) = 1

2n n! dn (t2 − 1
)nd tn ; n = 0; 1; : : : üðïõ t ∈ [−1; 1] (9.1.5 - 9)



18 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïòìå P0(t) = 1. Äåßî�å ü�é:P1(t) = t P3(t) = 1

2

(

5t3 − 3t)P2(t) = 1

2

(

3t2 − 1
) P4(t) = 1

8

(

35t4 − 30t2 + 3
).11. Åöáñìüæïí�áò �ïí �ýðï �ïõ Leibniz íá õðïëïãéó�ïýí ïé ðáñÜãùãïé �-�Üîçò �ùí óõíáñ�Þóåùíi) x�ex iv) exxii) x2e−4x v) 1 + x√xiii) (

1− x2) cos x vi) x3 ln x.12. ¼ìïéá �çò óõíÜñ�çóçò x�−1 ln(1 + x) üðïõ � = 2; 3; : : : :13. Íá äåé÷èåß ü�é ç �-�Üîçò ðáñÜãùãïò �çò óõíÜñ�çóçò f(x) = e1=x ìåx 6= 0 åßíáé �çò ìïñöÞòf (�)(x) = (−1)�P�−1(x)x−2�e1=xüðïõ P�−1(x) ðïëõþíõìï âáèìïý � − 1.14. ¼ìïéá ü�é ç �-�Üîçò ðáñÜãùãïò �çò óõíÜñ�çóçò f(x) =
(
1 + x2)−1=2åßíáé �çò ìïñöÞò f (�)(x) = (

1 + x2)−�−1=2 Pn(x)üðïõ P�(x) ðïëõþíõìï âáèìïý �.9.1.6 Ôýðïé �ùí Taylor êáé Malaurin¸ó�ù ü�é ç óõíÜñ�çóç f(x) åßíáé Ýíá ðïëõþíõìï �-âáèìïý. Ôü�åf(x) = P�(x) = a0 + a1(x− a) + : : :+ a�(x− a)� ;ïðü�å åýêïëá ðñïêýð�åé ü�éa0 = f(a); a1 = f ′(a); : : : ; a� = f (�)(a):¢ñá, ü�áí ç óõíÜñ�çóç åßíáé ðïëõùíõìéêÞ, Ý÷ïõìåf(x) = P�(x) = f(a)+ f ′(a)
1 !

(x− a)+ f ′′(a)
2 !

(x− a)2 + : : :+ f (�)(a)� ! (x− a)� :



Ôýðïé �ùí Taylor êáé Malaurin 19�åíéêü�åñá, ü�áí Ý÷ïõìå ãåíéêÜ ìßá óõíÜñ�çóç f | (a; b) ìå ãíùó�Ýò �éò �éìÝò�ùí ðáñáãþãùí �çò óå Ýíá óçìåßï � ∈ (a; b), áðïäåéêíýå�áé ü�é éó÷ýåé ïðáñáêÜ�ù �ýðïò �ïõ Taylorf(x) ≈ f(�) + f ′(�)
1 !

(x− �) + f ′′(�)
2 !

(x− �)2
+ : : :+ f (�)(�)� ! (x− �)� (9.1.6 - 1)üðïõ �ï 2ï ìÝëïò �çò (9:1:6−1) åßíáé �ï � - âáèìïý ðïëõþíõìï �ïõ Taylor, ðïõðñïóåããßæåé �çí f , åíþ ïé áñéèìïß f(�), f ′(�), : : :, f (�)(�) åßíáé ïé óõí�åëåó�Ýò�ïõ ðïëõùíýìïõ.¼�áí � = 0, ï �ýðïò (9:1:6 − 1) ãñÜöå�áé ó�çí ðáñáêÜ�ù ìïñöÞf(x) = f(0) + f ′(0)

1 !
x+

f ′′(0)
2 !

x2
= + : : :+ f (�)(0)� ! x� (9.1.6 - 2)ðïõ åßíáé ãíùó�üò óáí �ýðïò �ïõ Malaurin, åíþ ïé áñéèìïß f(0), f ′(0),: : :, f (�)(0) åßíáé ïé óõí�åëåó�Ýò �ïõ ðïëõùíýìïõ.�áñÜäåéãìá 9.1.6 - 1Ìå �ïí �ýðïMalaurin íá õðïëïãéó�åß �ï ðïëõþíõìï � - âáèìïý ðïõ ðñïóåããßæåé�ç óõíÜñ�çóç f(x) = e−ax.Ëýóç. ¸÷ïõìåf(x) = e−ax f(0) = 1f ′(x) = −a e−ax f ′(0) = −af ′′(x) = a2e−ax f ′′(0) = a2... ...f (�)(x) = (−1)�a�e−ax f (�)(0) = (−1)�a�.¢ñá e−ax ≈ 1− ax+

a2
2 !

x2 − : : :+ (−1)� a�� ! x�
=

�∑k=0

(−1)k akk ! xk:



20 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 9.1.6 - 2¼ìïéá ìå �ïí �ýðï Taylor ãéá � = 1 �ï ðïëõþíõìï �-âáèìïý ðïõ ðñïóåããßæåé�ç óõíÜñ�çóç f(x) = ln x.Ëýóç. ¸÷ïõìåf(x) = ln x f(1) = 0f ′(x) = x−1 f ′(1) = 1: : : : : :f (4)(x) = −2 · 3x−4 = −3 !x−4 f (4)(1) = −3 !: : : : : :f (�)(x) = (−1)�−1 (� − 1) !x−� f (�)(1) = (−1)�−1 (� − 1) ! :¢ñá
ln x ≈ x− 1− (x− 1)2

2
− : : :+ (−1)�−1 (x− 1)��

=
�∑k=0

(−1)k−1 (x− 1)kk : (9.1.6 - 3)Èá ðñÝðåé åðßóçò ó�ï óçìåßï áõ�ü íá ãñáöåß ü�é �ï ðïëõþíõìï �ïõ Tayloráí�ßó�ïé÷á �ïõ Malaurin, ü�áí ÷ñçóéìïðïéåß�áé ãéá �çí ðñïóÝããéóç ìéáòóõíÜñ�çóçò, ðáñïõóéÜæåé êõñßùò �á ðáñáêÜ�ù ìåéïíåê�Þìá�á:i) äåí Ý÷åé áêñßâåéá ðïõ íá áõîÜíå�áé ðÜí�ï�å áíÜëïãá ìå �ïí âáèìü �ïõðïëõùíýìïõ,ii) áðáé�åß�áé ç ãíþóç �ïõ êÝí�ñïõ �,iii) áðáé�åß�áé ï õðïëïãéóìüò �ùí ðáñáãþãùí, êÜ�é ðïõ üìùò äåí åßíáéåýêïëï íá ãßíå�áé ðÜí�ï�å.¢óêçóçÄåßî�å �á áíáð�ýãìá�á �ïõ �ßíáêá 9.1.6 - 1.



Ôýðïé �ùí Taylor êáé Malaurin 21�ßíáêáò 9.1.6 - 1: �ùí êõñéü�åñùí áíáð�õãìÜ�ùí êá�Ü Malauriná/á óõíÜñ�çóç áíÜð�õãìá1 tan x x+
x3
3

+
2x5
15

+
17x7
315

+ : : :2 tanhx x− x3
3

+
2x5
15

− 17x7
315

+ : : :3 tanhx x− x3
3

+
2x5
15

− 17x7
315

+ : : :4 sin−1 x x+
1

2

x3
3

+
1 · 3
2 · 4

x5
5

+ : : :5 esinx 1 + x+
x2
2

− x4
8

− x5
15

+ : : :6 ecos x e(1− x2
2

+
x4
6

− 31x6
720

+ : : :)7 ex sin x x+ x2 + 2x3
3

− x5
30

− x5
90

+ : : :8 ex cos x 1 + x− x3
3

− x4
6

+ : : :9 sinx �∑k=0

(−1)k x2k+1

(2k + 1) !10 cosx �∑k=0

(−1)k x2k
(2k) !11 ln(1 + x) �∑k=1

(−1)k−1xkk12 ax �∑k=0

(x ln a)kk !13 sin2 x �∑k=1

(−1)k+1 2
2k−1

(2k) !x2k14 cos2 x �∑k=1

(−1)k 22k−1

(2k) !x2k15 tanh−1 x �∑k=0

x2k+1

2k + 116 1

1− x �∑k=0

xk



22 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïò9.1.7 �áñÜãùãïò óõíÜñ�çóçò ìå ðáñáìå�ñéêÞ ìïñöÞ¸ó�ù ü�é ç óõíÜñ�çóç y = f(x) Ý÷åé �çí ðáñáêÜ�ù ðáñáìå�ñéêÞ ìïñöÞ:x = ö(t)y = ø(t); ü�áí t ∈ [a; b] (9.1.7 - 1)üðïõ ïé óõíáñ�Þóåéò ö, ø åßíáé óõíå÷åßò êáé ðáñáãùãßóéìåò ãéá êÜèå x ∈
(a; b)6. Ôü�å áðïäåéêíýå�áé ü�é éó÷ýåé ï ðáñáêÜ�ù �ýðïòdydx =

dyd t d tdx =
dyd t 1dxd t =

ø′(t)ö′(t) : (9.1.7 - 2)�áñÜäåéãìá 9.1.7 - 1¸ó�ù ç ðáñáìå�ñéêÞ óõíÜñ�çóçx = 3cos ty = 2 sin t:Óýìöùíá ìå �ïí �ýðï (9:1:7 − 2) åßíáédydx =
2cos t
−3 sin t = −2

3
cot t:Áðáëåßöïí�áò �ï t ðñïêýð�åé ç Ýëëåéøçx2

9
+
y2
4

= 1:¢óêçóçÔùí ðáñáêÜ�ù ðáñáìå�ñéêþí óõíáñ�Þóåùí íá ãßíåé ç ãñáöéêÞ ðáñÜó�áóç êáéó�ç óõíÝ÷åéá ç ðñþ�çò �Üîçò ðáñÜãùãïò dy=dx6�éá ãåùìå�ñéêÝò åöáñìïãÝò �ùí ðáñáìå�ñéêþí ðáñáó�Üóåùí âëÝðå ÌÜèçìá 1.



�áñÜãùãïò ðåðëåãìÝíçò óõíÜñ�çóçò 23i) x = ln ty = t2 v) x = sin−1 ty =
(
1− t2)1=2ii) x = cos 2ty = sin2 t vi) x = t1=2y = t1=3iii) x = a (sin t− t cos t)y = a (cos t+ t sin t) vii) x = et cos ty = et sin t áí t = ð

4iv) x = a (t− sin t)y = a (t− cos t) viii) x = ln
(
1 + t2)y = t2 áí t = 0:

9.1.8 �áñÜãùãïò ðåðëåãìÝíçò óõíÜñ�çóçò¼�áí ç ó÷Ýóç ìå�áîý �çò áíåîÜñ�ç�çò ìå�áâëç�Þò x êáé �çò óõíÜñ�çóçò yäßíå�áé ìå �ç ìïñöÞ f(x; y) = 0; (9.1.8 - 1)�ü�å ëÝãå�áé ü�é Ý÷ïõìå ìßá ðåðëåãìÝíç óõíÜñ�çóç (impliit funtion). Håýñåóç �çò ðáñáãþãïõ ìéáò ðåðëåãìÝíçò óõíÜñ�çóçò ó�éò áðëïýó�åñåò �ùíðåñéð�þóåùí åßíáé äõíá�üí íá õðïëïãéó�åß ùò åîÞò:i) õðïëïãßæå�áé ç ðáñÜãùãïò ìå ìå�áâëç�Þ x ó�ï áñéó�åñü ìÝëïò �çò
(9:1:8 − 1), èåùñþí�áò �ï y ùò óõíÜñ�çóç �ïõ x, äçëáäÞ õðïëïãßæå�áéç ðáñÜãùãïò df(x; y)dx = 0 ; (9.1.8 - 2)ii) ëýíå�áé ç (9:1:8 − 2) ùò ðñïò y′.�áñÜäåéãìá 9.1.8 - 1¸ó�ù ç óõíÜñ�çóç x y + ey = 0; ü�áí y = y(x):



24 �áñÜãùãïò óõíÜñ�çóçò Êáè. Á. ÌðñÜ�óïòÔü�å ðáñáãùãßæïí�áò Ý÷ïõìåx′y + x y′ + y′ey = 0 Þ y + (x+ ey) y′ = 0ïðü�å ëýíïí�áò ùò ðñïò y′ ðñïêýð�åé ü�éy′ = − yx+ ey :¢óêçóçÍá õðïëïãéó�ïýí ïé 1çò �Üîçò ðáñÜãùãïé �ùí ðáñáêÜ�ù ðåðëåãìÝíùí óõíáñ�Þóåùíy = y(x)i) x3 + y3 = a3 vii) tan y = xyii) a cos2(x+ y) = â viii) x3 + x2y + y2 = 0iii) xy = tan−1

(xy) ix) ey = x+ y.7

7Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.E-mail: bratsos�teiath.gr URL: http://users.teiath.gr/bratsos/
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