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Mdabnua 11

ATANYXMATIKEX
YXYNAPTHXEIX

[ v xatavénon tev evvoldy tou pabffuatog o avayvidotng meénel va

yvweilet To Mdabnuo 1.

11.1 Ewcaywywxéc éVvvoleg

11.1.1  Oploudg BLAVUCUATIXNS CUVAETNONS

Mo guxohio urevbuulletol 0 0plouds NS TEAYUATIXHSC CUVAETNONS ULIG TEOLY I
g UETABANTh, mou moAlés @opéc ot ouvéyela Ba Aéyetan emlong xou

Babuwtr cuvdptnoy.
Oplopés 11.1.1 - 1 (ouvdptnong). Eotw D xau T Sdo tuydvra un xevd

vrootvoda tov . Tote Adyerar ovvdptnon ue nedlo optouol to D xar nedlo
ey to T, ula povooiuavty arcxdvion, éotw f, tou ouvérou D oto T,
Snhadr

Doz — y=f(x)eT (11.1.1 - 1)
1 ouvtoudtepa ouvdptnon f|D ue nedio tudy T 1 xat ouvdetnon f(z), x € D
ue tuéc oo T.

Hoyéony = f(z), nou woyler ywa xdle z € D, opilet tov tino tng ouvdptnorg,

To Ypduua x TV aveldptnTn peTaBAnTh 6To D, eved to y v elopTnuévn
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2 ALAVUOUATIXES GUVADTHOELS Kaf. A. Mrpdtoog

uetafinty oto T. Téte o tinog tng ouvdptnomng expedlel Tov TEOTO UE TOV
orolo cuvdéovtar ol yetafAntéc ¥y xaw x. Enouéveg 1 ouvdptnon ue tov tono
y = f(z) = 22, nov éyeL nedlo opiouod D = R, Ou anewxovilel 1o otouyeta
1,3,5,...0ta 12,32 52, ..., %

Fevixebovtag tov mapandve nopddeltypo Hewpolue 6Tl elvor duvatéy va
optotel enlong pLa wovooRuoavty anewdvion (cuvdptnon) twv otoyelwv 1, .. ..3,

.5 D, ... 0T

(12,13), ...,(32,33), ...,(52,53), - (11.1.1 - 2)

Tou yGpou N x N = N2, avtictorya ota
(12,13,1), ...,(32,33,3), ...,(52,53,5), . (11.1.1 - 3)

Tou R X R x R =RN3. Téte o t0rog ¢ ouvdpTnome Yo T otouyeta (11.1.1 —
2) mpémet va elvon e wopeic (22, 13), evéd yw ta (11.1.1 — 2) tng wopgic

3

(:zQ,x‘ ,:z), 6tav z € R. 'Eyovtac tépa un’ éduv tic oyéoeg (1.4 — 1) xou

(1.4 —2) tou Mubfjuatog 1 ta napandve otovyela elvon Suvatéy va fewpnbody

OOV OL CUVLGTGHOES THY SLAVUOUITOY

<12,13>,...,<32,33>,...,<52,53>,...,

avtiotolya

<12,13,1>, ...,<32,33,3>, ...,<52,53,5> R
dnhadn

12i4+1%j, ..., avtioTolya 12i+13j+k, ...
Enouévwe o tinog tng ouvdptnong, Tou Teplypd@eL TG TUPATAVE TEQLRTOOELS,
TPENEL VO EYEL TN LOPYPY

F(z) = F (m2, :U3) =22i+2%j, avilotoua

F(z) = F(wQ,x?’,x) =22i+23j+zk, (11.1.1 - 4)

6tav x € R. Ou ouvapthoelc autég npoc didxpion Twy ouvapthoeny (11.1.1 —

1), Myovtaw 6NV meplnTwon auth dlvuopatiés ouvapThoeLs ULag UETUBANTAS,



Oproupdg dravuopatixng cuvdeTnomng 3

evéd YL TN PETAPANTH TV ypnowonoteitar ouvibwg oto cuuBolioud Tng
netaSAnTAC To yeduua t - tou cuvhlwg TapLoTdveL To Ypovo - AVl Tou .

Alvetar 0Tn GUVEYELXL 0 0PLGUOS TNE BLAVUCUATIXAC GUVAETNOYS.

Opiowés 11.1.1 - 2 (dravuopatixy| ouvdetnoy). Eotw D C R xa T C
R2, avtiotoya T C R 8o tuyala up xevd ovvola. Tére opiletar oav
Stavvouatixy ouvdptnon (vector function 1j vector-valued function) utac ueta-
BAntiic ue medio optouod to D xar medio tiudy to T, ula novoohHuaviv

anewxovioy, éotw F, tou ouvéiov D oto T, Snrady
D>t — F(t) = y=(h(t) fo(t) €T SR,

avtiotoya (11.1.1 - 5)

y = (f1(t), f2(t), f3(t)) € T C R?

émov xdbe fi(t) ue i = 1,2, aviiotorya i = 1, 2, 3 eivar ula ouvdptnon ue

uetafAnti t, mou Aéyetar cuviotdoa (argument)t tpc F.

Yougwva ye tov Optoud 11.1.1 - 2, av Ozy elvar éva opfoydvio clotnua
aZOVeY Tou YOpou TV 2-dluotdoewy, avtiotolya Ozyz Tou YOEOU TV 3-
dwotdoewy, tote 11 F exppdletal oTic Mepnt®doe autés GUVIPTHOEL TOVY

CUVLOTOOGY 0¢ &N
F(t) = fit)i+ f2(8)j, ovtlotoya
F(t) = fi)i+ fo(®)j+ f3(0)k, (11.1.1 - 6)

otav i, j xau k o wovadiata Staviouata xatd uixog twv alévwy 0z, Oy xo

0z avtioTouya.

TloAéc popéc, GTav amoLteltal, YeNoULOTOLELTOL X0l 1) TUPAGTAGT TWY GUVLGTOGGY UE

nivaxa didvuopa, Snhady

D>t — F(t) = y=[fit), L) €T CR?,
avtloTolya

y =[f1(t), f2(t), fs(t)] " € T C R®

(Bréne BBhoypapla xar A. Mrpdtooc [2] Keg. 3).
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Ynuetwon 11.1.1 - 1

O rnpoodiopioude Tou nedlov oplouol D tng F Sev Sagépel and exelvov g
ouvdptnone f(z), epbéoov tehxd ouverdyetal Tov UToloYLoUS TV TEdlWV

0pLo0s x4he Yog GUVLOTAGUC? AL 6TH GUVEYELE TV XOLVOY TOUC ONUELY.
IMopdderypa 11.1.1 - 1

"Eotw n dwvuopatixd ouvdptnon (Ey. 11.1.1 - 1)

J1() fa(t)
— =
F(t) = Vtcosti+sintj= fi(t)i+ f2(t)].

Téte t0 nedlo oplouol g
f1(t) =Vt cost elvavto Dy = [0, +00),

eVl TNg
fa(t) =sint o Dy =R.

‘Apa to nedlo optouol D e F elvan

D=DiNDy= [0,+OO).

IMopdderypa 11.1.1 - 2

"Eotw n dwvuopatixd ouvdptnon (Zy. 11.1.1 - 2)

fi(t) fa(t) f’@
= —~ 1
t

F(t) = sinti+costj+ k

= fil®)i+ f2()j+ f3(t) k.
Té1e t0 nedlo oployol TwV
f1(t) =sint, fo(t) = cost elvarto Dy =R,
eV NG
fol) =7 o Dy=R—{0}
‘Apa 1o medlo opiopol D e F elvar D = Dy N Dy = R — {0}.

*Tlou elvai 1 181 YVOOTH 6TOV AvayvOOTH GUYEETNOT UL TEAYUOTIXAC UETABANTHC.



Optopdg dLavuopatixns cuvdeTnomng

Sy 11.1.1 - 1t Hopdderypa 11.1.1 - 1: n xaundin ye tapauetewt] e&lowon
F(t) = v/t costi+sintj ue nedio opiopod D = [0, +00), étav t € [0, 27]

Yyfua 11.1.1 - 2: Tlopdderypo 11.1.1 - 3: 7 xoaunVAn ue nopauetexy eélowon
F(t) = sinti+costj+ 1 k ue nedlo opropot D = R—{0}, 67av ¢ € 27, 27].

H euBela avtiotoiyel otny ©wwi ¢t =0
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Oprtaxn T

Ynohoyiletar dpowa and v oplax?) T TOV GUVLGTOOMY GUVIRTACEWY 6

e€nic:

lt11_}111‘t1() F(t) = ltli_>III‘tlo fit)i+ tli_)ngo fo(1)j avtioTowya
(11.1.1-7)
Jim F(t) = lim f(0)i+ lim f()j+ lim ok,
6tav tg € D C R.
IMogdderypa 11.1.1 - 3
"Eotw 7 Swavuouatixy cuvdptnon
F(t) = (3-22) i+ej+ (cost — 1)k
Térte, av to = 0, odugova ye Ty (11.1.1 = 7) éyouue
ImF(t) = lim (3-21%) i+ Jim e j + lim (cost — 1)k
= 3i+j+(1-1)k=3i+j+0k=3i+].
Yuvéyea
H ouvéyeia oe éva onueio tg € D oplletar and ) ouvhixy
lim F(t) = F (to), (11.1.1 - 8)

t—to

6tav o unohoyioude tou limy 4, F () yiverow and tyv (11.1.1 = 7).
IMopdderypa 11.1.1 - 4

"Eotw 71 dwvuouatixy cuvdptnom

1
F(t) =In (9 —?) i+ it Vitik
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Mpogavde xdle cuviotdoa elvor cuveyhc oto nedlo optopot e, ondte n F(t)
Ba elvan ouveyrc oto xowd medlo opLopol Ty, £0Tw D, 6mou mpogaveg Ha

wyver 7 (11.1.1 — 8). Téte, enedh n

fi(t) =1In (9 - t2) éyel nedlo oplopod 1o Dy = (—3,3),

1
1
fQ(t) = ﬁ TO D2 = (*OO, 2) @] (27 +OO)
XL M
f3(t)=v1+t 1o D3=][-1,+00),
TPETEL

D=DiNDyNDs=[-1,2)U(2,3).

11.1.2  TTapoetpixr) TApdoTAGY) XAUTUAGY

O Yvwotég uéypl Tthpa TeoadLoplodg TNE avaAuTixhc e€lomang uag xaumiing,
éotw O, 670 ybpo N2, avtlotorya N3 pe xapteotavéc ouvietayuévee, Snhadt
oe oboTnuo ouVTETAYUEVLY Oxy Tou YHPou TV 2-3laoTdoeny, aviioTolya
Ozyz Tou YOEOL TV 3-3laoTdoenY, TOAES Qopéc dnuLoupYel SuoXOAEC GTOV
UTOAOYLOUO BLapdowy PUaKGY peYeldy. o va avTiueTwTLoTOVY oL Suaxohieg
autée avalnteltal évag dhhog Tpdnog meplypapnc tng e&lowang tng C.

’ ’ 7 7
YrevOuuileton oto onuelo autd otu:

Opiowés 11.1.2 - 1. "Eva vAxé onueio xivoluevo oto ydpo xair éxoviag
éva PBabud erevbepiac Staypdpet yevird ula xaumlAn yoauuy, evd étay éyet
8o Balbuolc elevlepiac uta emtpdveta.

'Eoto todpa 611 {ntelton o npoadloplouds tne e€lomaong wag xaunving C
tou R3. Ay Oxzyz elvon éva opboydvio clotnua alévey xou My (zo, Yo, 20)
Tuy 6V onueto g xaurding C, 16T 6T0 oNUELD AUTO AVTLETOLYEL axEL3HS Eva

dudvuoua Béong, €0Tw Iy, 6OV

I'():l‘oi—i-yoj-f—Zok (11.1.2— 1)
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xau avtlotpoga oto ro aviiotolyel 1o onuelo Mo (xo, Yo, 20). '‘Ouota ot éva

dhho onueto My (21,91, 21) g C B avtiotouyel o Sudvuoua Héong
rn=x1i+yj+=nk (11.1.2 - 2)
xaL yevxd oto tuydv onueto M (z,y, 2), to
r=zit+yj+zk (11.1.2 - 3)

'Eyovtac un’ 6y xat tov Optoué 11.1.1 - 2 ta dtaviouata rg oty (11.1.2—1),
r1 oty (11.1.2—2) xon yevixd r oty (11.1.2—3) elvor Suvatdy va Bewpnfolv
oay oL TYES ULag xatdhhnine dtavuopatixfs cuvdetnong, éotw (Uy. 11.1.2
1)

r(t), otav te€ [a,f],

Ue TNV évvola 6Tl oy
o t =tg, t6te N r(t) =r(to) O oovTaw ye v (11.1.2 — 1),
o t=ty,nr(t) =r(t) ve v (11.1.2 — 2), xaw yevxd
o t=t,nr(t) pe v (11.1.2 - 3).
H avahutued éxgpaoy tne Slavuepatixfic ouvdptnone r(t) elvol
r(t) =z(t)i+yt)j+2(t)k, étav € fa,f] CR (11.1.2 - 4)

H (11.1.2 — 4) Bo Aéyetoar t61e 610 opller Ty nopapetpixr eElowon e
xauniing C ue napdueteo t.
Me 6uorov tpémo optletan 1 napaueText) e€lowman uag entnedng xaunding

C w¢ edic:
r(t) =z(t)i+y(t)], étav t € [a, ). (11.1.2 - 5)

O nopauetpxéc eELoGOELS TOY XAUTUADY EYOUY UEYEAN eQapuoyh aTn Puowd,
xuplwg 6Tay 1 mapduetpog t ouuPBoiiler To ypodvo.
Alvovtol o1n GUVEYELN OPLOUEVES TUPAUETEXES TUPAGTAGELS YENOWWY

HAUTUAG Y.
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Mg

(Lg)

Yyfua 11.1.2 - 1: napaueteud Topdotooy XaumuAdy

Evfetla

Av M elvan éva tuy6v ornpuelo g eubelag mov Suépyetat and to onuelo My (z1, y1, #1)
xav Ma (z2,y2, 22), T6TE, ened M1Ma = ry — r1, anodewvietor 6Tt oTny

neplntoon auth elva® (Sy. 11.1.2 - 2)
r(t) =tro+ (1 —t)ry, étav teR (11.1.2 - 6)

H (11.1.2 — 6) opiler tnv napapetpixy] e€lowaon tng eubelag mou Siépyetol

and 1o onueta My xow Ma. XonouylonoidvTag TG avaAuTIXES EXPRATELS
ri =x1i+y1j+ 21k xow ro = 20+ yoj + 22k,
n (11.1.2 — 6) tehxd ypdpeton
r(t) = [tea+ (1 —t)z1]i+[tya+ (1 —1t)y1]j
+[tza+ (1 —t)21] k, étav teR. (11.1.2-7)
Ynueiwon 11.1.2 - 1

H (11.1.2 = 7), edwxd 6tav t € [0, 1], opllel v napayetpxt| e&lowor tov
onueloy Tou evbliypapmou Tuiuwatog My Ms.

*Bléne BiBhoypapia xou BiBio A. Mrpdtooc [2] Keop. 1.
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Yyduo 11.1.2 - 2: Tlopddetyuo 11.1.2 - 1@ rmopayetpxr) nopdotaoy Tou
evbiypauuou Tufuatog My Mo
Hopddertypa 11.1.2 - 1

Na vnohoyiotel n mapauetewr) e€lowaon tou eubiypauuou tuhuatog MiMa,
btav My = (1,2,0) xou M2(2,4,3) (6o Xy. 11.1.2 - 2).
Avom. Zlugova ye ty (11.1.2 — 7) xav tyv apathenon 11.1.2 - 1 elvan

r(t) =(14+t)i+2(1+¢)j+3tk, étav te][0,1].

ITepupépeia xOxAou

'Eotw apywd 6L 10 xévtpo tou xbxhou ouunintel ue TNy apyn Twv a6veV.

Téte 1 elowon Twv onuelwy g mepLpépetag elvon
2? +y* = R~
OétovTac

z = KRecost xu y=Rsint



Hopapetplxr) napdoTaoy xAUTLUAGY 11
€YOUUE TNY TAUEAUXITW TAPAUETELXY) e€lowam Twv onuelwy Tng TepLpépetag
r(t) =R costi+ Rsintj ue te€]0,2m). (11.1.2 - 8)

Av 10 %évtpo Tou xixhou elval To onuelo (o, ), téte 1 elowon Ty onuelny
¢ mepLpépetag elvat
2 2 2
(r—a)"+(y—p)" =R,

ondte oTNY TEPITTWOT AUTYH EYOVUE GAV TUEAUETEXY) EEloman TNy
r(t) = (¢4 Rcost)i+ (B+ Rsint)j pe tel0,2n). (11.1.2 - 9)

"ENAeudm

‘Ouoia v Ty EMhewn ue edlowon

2 2
|
a? B2
€YOUUE OOV TAPAUETELXY) eElowar TNV
r(t) =acosti+fsintj ue te0,2r). (11.1.2 - 10)

IapaBoin
Av 7 e€loworn tne napaforic elvon
y = s’

t6Te pla Tapauetouxr eClowoh e mpoxvntel Bétovtac T =t, ondtE Yy = o
popeTpLr €8 e 6 t, y = at?

oL X0TH GUVETELY
r(t) =ti+at’j ue teR (11.1.2 - 11)
Ynuetdoelg 11.1.2 - 1

i) Avelvar yvooti n e€lowon tne xaundhng o€ xUpTECLUVES CUVTETAYUEVES,
TOTE OL GUVTETAYUEVES TNG TapaUeTELXTS e€lowarng tou Ha ntpoadlopLoTet,

Tpéner va enainfetouy Ty apyxt| eglowon Tng xaumding.
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ii) Ané my nopauetpuet] e€lowon tne xounding elvol Suvatéy va tpoadlopt-
otel 1 avtiotowyn eglowon o xapteclavég ouvtetayuéveg, Bétovtag
r=uz(t), y=yt) xu z=2z()
xoL anohelgpovtag TNy nopdueteo ¢, epécoy autd elvar Suvatdy.
IHHopddetypa 11.1.2 - 2
'Eotw n xaundin mou divetol ue napauetewnt) elloworn wg e&hc:
r(t) = (1 +cost)i+ (2+sint)j ue te€[0,n].
Oétovtac
r=14cost, y=2+4sint,

OT6TE
r—1=cost, y—2=sint
XAl ATAAELPOVTIG TNV TAPAUETEO ¢, TEoxUnTEL OTL 1) eElOWOT OE XAPTEGLAVES
oUVTETAYUEVES ElvolL
(=12 +(@y-2°=1
Erewd?| t € [0, 7] npdxeitar yio 10 dvew pépog NS TEPLYERELAC, TOU EXEL XEVTPO
t0 onuelo (1,2) xow axetiva 1 (Zy. 11.1.2 - 3).

11.2  Tlopdywyog SLavuoUATIXH S CUVAETNONS

11.2.1 OpLopdg TopayHYoU

O opioude g mapaydYou wag ouvdetnong tou Mabfuatog 9 emextelvetol

XAl OTNY TEPITTOON TV SLAYUOUATIXGOY GUYARTACELY 0 ENG:

Optowés 11.2.1 - 1 (xMong). ‘Eotw n dtavuouatixyj ouvdptnon F|(a,b)
xau onuelo to € (a,b). Tote yia xdbe t € (a,b) — {to} ue tov tino
F(t) - F (to)

K () = = — 0 (11.2.1-1)

opiletar ula Siavvouatixij ouvdptnon, tou Aéyetar mnAixo Stapopdy 1 xAion

¢ F oto onuelo ty.



Oplowdg mapayayou

L L L L L L L L L L L L L L L L t
0.5 1.0 1.5 2.0

Yyfua 11.1.2 - 3: Tlopdderypo 11.1.2 - 2: 7 xoaunVAn ue nopauetexy eClowon
r(t) = (14 cost)i+ (2 +sint) | R, étav ¢ € [0, 7]
Av t =19+ At, onde
At =t—ty ywxdbe te (a,b)—{to}, (11.2.1 - 2)

t61e 0 tonog (11.2.1 — 1) ypdpetan

f (to + At) — f (to)
At

Oplopés 11.2.1 - 2 (napaydyov). ‘Eotw n davuouatixy ouvvdptnon F

K, =

. (11.2.1 - 3)

| (a,b) xat onuelo to € (a,b). Tére ba Aéyerar 6t n F napaywyiletar oto
onuelo tg € (a,b) téte xar udvov, éray n opraxi Tl

F(l)—F
lim K, () = lim )~ F () (11.2.1 - 4)
t—to t—to t—to

undpyet.
H (11.2.1 — 4) 6o Aéyeton t61e 1 Ing td&ng Sravuouatixn) tapdywyos tne F
oo to xa o ouuPoliletan pe F (¢p).
‘Eyovtoag v’ éduv v (11.2.1 — 2), 7 (11.2.1 — 4) wooddvaya ypdpeton
F(t) —F (t)
t—to t— to

_ lim F (to + At) - F (to) .
At—0 At

F'(to) =

(11.2.1 - 5)

13
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Optowés 11.2.1 - 3. Eotw 5 ouvdptnon F | (a,b) Tére Ou Aéyerar év n F
rapaywyiletar oto (a,b) téte xar udvov, drav vndpyet n rapdywyoc F (to)

via xdbe to € (a,b).

Yty meplntworn auth oupBolund yedgeTal

_dF(1)

F'(t) = FO(F) —

D'F(t) = DF(t) (11.2.1 - 6)

6mou buow to aluforo (tehesthc) D = D' = £ ouuBorilet tny Ing 168ng
napdywyo e F ye uyetafint] .
IMopatrenosig 11.2.1 - 1
Ané toug Opiouoic 11.2.1 - 2 xon 11.2.1 - 3 npoxintovy ta e&g:
i) n F' (t0), epbdoov undpyet, elvar dLdvuopa, eved

ii) n F’ (¢) elvon dravuopatixr cuvdptnon.

Optopds 11.2.1 - 4. 'Eotw du ¢ ovvdptnone F|(a,b) vrdoyer n F'(t)
yia xdbe t € (a,b). Tére Oa Aéyetan dti undpyet 1 2ng TAENG napd ywyos Tn¢
F oto (a,b) tdve xar udvoy, dvay undpyet 5 napdywyoc tne F' (t) yia xdbe
t € (a,b).

Yty meplntworn auth ouuBolind yedgeTal

d

F(1) = PO (1) = & (

dF(t)> _ d?F(t)

= D’F 11.2.1 -

6mou buota 10 D? = % oupfohrilel tov tekeath g 2ng TéENC mapAYOYOU
e F ue yetafintd £.
Avéhoya opllovton oL napdywyoL:

3ng Tagmg:
d (d’F(t) d3F(t)
F"(1) =FO(1) = — = = DF(t 11.2.1 - 8
() =FO) = (50 ) = O )
6mov 10 D3 = 2% ovuuPohilel Tov teheoth Tng 3ng TEENg mapaydyou, xal

yevurd 1)



Kavéveg napaydyiong
v - TagNg:
d (d"7'F(t) dF(t)
FWp) = = = = D'F 11.2.1 -
®) dt < dgr=1 ) dtv ®) ( 9)
omou ouoln o teleothic DY = % ovuPoiiler Vv v-tdéng Topdymyo ULag
GUVARTNONG UE UETABANTY T.
EWwxd oplletal 61
FO (1) = F(2). (11.2.1 - 10)

Ay tépa Ozy, aviliotouya Ozyz elvan éva ophoydvio clotnua a&dvey,

t61e v xG0e t € (a,b) obugpwva ye v (11.1.1 — 6) elvon

F(t) = filt)i+ f2(t)j, oavtlotowya

F(t) = A@)i+ f(0)]+ f3t)k (11.2.1 - 11)
Amodewxevieton 6T

IMpétaoy 11.2.1 - 1. HF Ga éyer 1yc tdénc napdywyo oto (a,b) tdre xau
uévo, érav urdpyouvy oto (a,b) ot 1npc tdénc mapdywyor Twv ouVAPTHOEWY

J1(t), fa(t) xar f3(t).
Sty meplnteon auth wylet
F'(t) = fil)i+ f3(t)j, aviloToya
F'(t) = fiO)i+fa()i+fs(H)k (11.2.1 - 12)

v xdbe t € (a,b).

11.2.2  Kavoveg mapay@dyLong

'Eotw o dwvuouatixég cuvapthoeg F, G xau W ue xowé nedlo opiouot D
xau tapayoylowes oto (a,b). Téte, av ¢ elvon ula npayuatued cuvdptnon ue
nedlo oplouol buowa 1o (a,b), anodewxvietol 6Tt LoyYvouY oL TUAPAAATE® XAVOVES

TAEAYDYLONG:
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16 IMapdywyog dlavuopatixrg cuvdptnorng  Kab. A. Mrpdtoog

Av F = ¢ otabepd, t61e F/ =0

F+G)=F+G

kF) = kF’ étav k otabepd

F-G)=F -G+F -G

FxG)=F xG+FxG'

oF) = ¢'F + ¢F' étav ¢ Pabuwth cuvdptnon
F-GXxW)=F-GxW+F -G xW+F .-GxW

viii) [Fx(GxW) =F x (GxW)+Fx (G xW)+F x(GxW).
O Wiétntee (ii)-(iv) yevixebovtat yio v-to TAhog ouvapthoeLc.

(
(
(
(
(
(

IHopddetypa 11.2.2 - 1
"Eotw 1 Stavuouatixy cuvdptnon
F(t) = costi+sin®tj+tk.

Téte otpgpwva ue v Mpdtaon 11.2.1 - 1 xat Toug Yvwotols THTOUS TUPAYBYLONG

o¥vheTwVY ouvapTHoELY Elvat

sin 2¢
/ e e
F'(t) = (cost)i+ (sim2 t) j+t'k=—sinti+2sintcost j+k,
F’(t) = —(sint)i+ (sin2t)j+0k = —costi-+2cos2tj, xAm.

IHopddetypa 11.2.2 - 2

‘Opola, €6Tw oL BLAVUOUATIXES GUVIRTHOELS
F(t)=ti+2j xau G(t)=t3i+t].
Téte oluguva ye tov xavéva tapaydyione (iv) elva
F-G)Y = F-G+F-G
= (+0-j) (Fit+t])+ti+2))- (3871 +])

= (1840 1)+(t-32+2.1) =4 +2



Kavéveg napaydyiong

Aoxnoeig

1. Tov nopaxdte SLyuoUATIXGOY CUVIETACEWY YA UTOAOYLGTOUY oL Ing xol

oL 21 T4ENng mupdywyoL

i) costi+ 2sintj iv) e ! (costi+ sintj)
i)t — 1% v) In(1+¢3)i+sint®j+tk
iii) e 3 — cos 2tj vi) tant?i+eUj+ k.

2. Aei&te 611 1 SwavuopaTixy ouvdpeTnoT
F(t) = pe* + ae™,
6tav o, B otabepd druviouata, enainfedel tn dwagopwxr e€lowon
F"(t) — A*F(t) = 0.
3. Av
F(t) =t%i—cos2tj+sin2tk xoa G(t) =ti+sin2tj— cos2tk,
VO UTOAOYLGTOUY OL TopdywYoL

(F-G), FxG)" xu (F-F).

*Anayopeleton 1 avadnuocieuon B avamopaywyh Tou Tupdviog 610 GUVOAG Tou T
TunudTey tou ywels ™ yeanty ddewa tou Kafb. A. Mnrpdtoou.
E-mail: bratsosQteiath.gr URL: http://users.teiath.gr/bratsos/
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Avolkta Akadnuaika Madnuata

Texvoloyiko Ekmaudeutiko 16pupa ABrvag

TéAog Evotntac

Xpnuatodotnon

* To mapov ekmaldeuTIKO UALKO €xel avamtuxBel ota mAaiola Tou eKMOLOEUTIKOU
£€pyou Tou dLbaokovra.

* To £pyo «Avolkta Akadnuaikd Madnuata oto TEI ABAvag» £xel xpnUaTtodoTHoEL
HOVO TN avadlapopdwaon Tou EKMALSEUTIKOU UALKOU.

* To €pyo vlomoleitat oto mAaiolo Tou Emixelpnotakol Mpoypappotog «Ekmaidevon
kat Al Blou MaBnon» kat ocuyxpnuatodoteitat and tnv Eupwnaikn Evwon
(Eupwmaikd Kowvwviko Tapeio) kat and eBvikoug népouq.

11X \KO NMPOrPAMMA
EKﬂAIAéYXH KAl AIA BIOY MAGHZH — EznA

YNOYPIFEIO NAIAEIAL KAl BPHIKEYMATON

EvpwmdixiEvwon EIAIKH YNHPELIA AIAXEIPILHI
Eupanaind Konvewved Tapsio
Me tn ouyxpnuaroddrnon e EAAGSag xat tng Evpwnaixr¢ Evwong



INUELWHOTA

Inueiwpa Avadopag

Copyright TEI ABrvag, ABavaclog Mmnpdatoog, 2014. ABavdaolog Mnpdtoog. «Avwtepa
MaBnuatika I. Evotnta 11: Alavuopatikn Zuvdaptnon». Ekdoon: 1.0. ABrva 2014. AtaBéoipo
amno T diktuakn SlevBuvon: ocp.teiath.gr.

Inueiwpa Adslodotnong

To mapov UALKO SlatiBetal pe Toug 6poug TG adelag xpriong Creative Commons Avadopa,
Mn Eumnopikn Xprion Napouola Atavoun 4.0 [1] ) yetayevéotepn, AleBvng EkSoon.
E€atpouvtal ta autoteAn €pya tpitwv T.Y. dwrtoypadisg, Staypdupata KA., To omoia
EUTIEPLEXOVTAL OE QUTO Kal Ta omoia avadépovtal pall e Toug 6poUG XPoNG TOUG OTO
«Znuelwpa Xpnong Epywv Tpitwv».

0G0

[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epmnopkn opiletal n xpnon:

e 10U 6ev mepAOUPBAVEL AUECO 1 EUUECO OLKOVOULKO OdENOC amo TV Xpron tou
£pyou, yla To Slavopéa Tou £pyou Kal adelodoxo

e 10U Sev meplhapPavel olkovouLkr cuvaliayn w¢ mpoilnobeon yla tn xpron n
npoofaacn oto £pyo

e 10U Sev MpooTmopilel oTo SLavopéan Tou €pyou Kal aSeL080X0 ELETO OLKOVOULKO
odelog (m.x. Stadnuioetg) anod tnv mpoPoAr] Tou £pyou o SLaSIKTUAKO TOTIO

O Sikalouxoc unopei va mapxel otov adelodoyo EexwpLoTr AdELa va XpnOLOTIOLEL TO £€pYO
yla epmoptkn xpnon, ebocov autd tou {ntnbel.

AwatApNon ZNUELWHATWY

e Omoladnmote avamapaywyn N Slaokeun Tou UALKOU Ba ipEneL va
oupneplhaupavel:

e To Inuelwpa Avadopdg

e ToInueiwpa Adeloddtnong

e Tn énAwon Alatnpnong ZNUELWHATWY

e To Inuelwpa Xpnong Epywv Tpitwv (epodoov undapyel) pall pe Toug
GUVOSEVOUEVOUC UTIEPCUVEEGHOUG.


https://ocp.teiath.gr/
file:///C:/Users/pantelis/Downloads/[1] http:/creativecommons.org/licenses/by-nc-sa/4.0/
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