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ÌÜèçìá 15

ÏÑÉÓÌÅÍÏ ÏËÏÊËÇÑÙÌÁ

- ÌÅÑÏÓ III ÅÖÁÑÌÏÃÅÓ

Óôï ÌÜèçìá áõôü èá äïèåß ìéá óåéñÜ åöáñìïãþí ôùí ïñéóìÝíùí ïëïêëçñùìÜôùí,

ðïõ êýñéá åìöáíßæïíôáé óôïí õðïëïãéóìü äéáöüñùí ÷ñÞóéìùí óôéò èåôéêÝò

åðéóôÞìåò ìåãåèþí.

15.1 Åìâáäüí åðßðåäïõ ó÷Þìáôïò

ÁíÜëïãá ìå ôéò óõíôåôáãìÝíåò ðïõ ÷ñçóéìïðïéïýíôáé ãéá ôçí ðåñéãñáöÞ ôçò

åîßóùóçò ôçò êáìðýëçò áðü ôçí ïðïßá äçìéïõñãåßôáé ôï ó÷Þìá, äéáêñßíïíôáé

ïé ðáñáêÜôù ðåñéðôþóåéò.

15.1.1 Ïñèïãþíéåò óõíôåôáãìÝíåò

Åßíáé Þäç ãíùóôÞ óôïí áíáãíþóôç áðü ôï ÌÜèçìá 13 üôé ãåùìåôñéêÜ ôï

ïñéóìÝíï ïëïêëÞñùìá ðáñéóôÜíåé åìâáäü. Óáí óõíÝðåéá áõôÞò ôçò ãåùìåôñéêÞò

éäéüôçôÜò ôïõ Ý÷ïõìå ôïí ðáñáêÜôù ïñéóìü ôïõ åìâáäïý.

Ïñéóìüò 15.1.1 - 1 (åìâáäü ó÷Þìáôïò). ¸óôù üôé ç óõíÜñôçóç f(x) åßíáé

ïëïêëçñþóéìç óôï [á; â] êáé f(x) ≥ 0 ãéá êÜèå x ∈ [á; â]. Ôüôå ôï åìâáäüí

ðïõ ðåñéêëåßåôáé áðü ôïí x-Üîïíá, ôéò åõèåßåò x = á, x = â êáé ôçí êáìðýëç
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Ó÷Þìá 15.1.1 - 1: Åßíáé f(x) > 0 ãéá êÜèå x ∈ [a; b], ïðüôå E =
b∫
a
f(x) dx

y = f(x) äßíåôáé áðü ôïí ôýðï (Ó÷. 15.1.1 - 1)

E =

â∫
á

f(x) dx: (15.1.1 - 1)

Ãåíéêüôåñá, üôáí äåí åßíáé ãíùóôü ôï ðñüóçìï ôçò f(x), éó÷ýåé ï åîÞò

ïñéóìüò ôïõ åìâáäïý.

Ïñéóìüò 15.1.1 - 2. ¸óôù üôé ç óõíÜñôçóç f(x) åßíáé ïëïêëçñþóéìç óôï

[á; â]. Ôüôå ôï åìâáäüí ðïõ ðåñéêëåßåôáé áðü ôïí x-Üîïíá, ôéò åõèåßåò x = á,

x = â êáé ôçí êáìðýëç y = f(x) äßíåôáé áðü ôïí ôýðï (Ó÷. 15.1.1 - 2)

E =

â∫
á

|f(x)| dx: (15.1.1 - 2)

Óôéò ðåñéðôþóåéò üðïõ ôï ó÷Þìá ðåñéïñßæåôáé áðü äýï êáìðýëåò, ôüôå ôï

åìâáäüí ïñßæåôáé ùò åîÞò:
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Ó÷Þìá 15.1.1 - 2: Åßíáé f(x) ≥ 0 ãéá êÜèå x ∈ [á; 
] êáé f(x) ≤ 0 ãéá êÜèå

x ∈ [
; â]. Ôüôå E =

∫
a
|f(x)| dx+

â∫


|f(x)| dx =


∫
a
f(x) dx−

â∫


f(x) dx

Ïñéóìüò 15.1.1 - 3 (ãåíßêåõóç åìâáäïý ó÷Þìáôïò). ¸óôù üôé ïé óõíá-

ñôÞóåéò f(x); g(x) åßíáé ïëïêëçñþóéìåò óôï [á; â]. Ôüôå ôï åìâáäüí ðïõ

ðåñéêëåßåôáé áðü ôéò åõèåßåò x = á, x = â êáé ôéò êáìðýëåò f(x), g(x)

äßíåôáé áðü ôïí ôýðï (Ó÷. 15.1.1 - 3)

E =

â∫
á

|f(x)− g(x)| dx: (15.1.1 - 3)

ÐáñáôÞñçóç 15.1.1 - 1 (åìâáäüí êýêëïõ)

¸óôù üôé æçôåßôáé íá õðïëïãéóôåß ôï åìâáäüí ôïõ êýêëïõ ìå êÝíôñï ôçí áñ÷Þ

ôùí áîüíùí êáé áêôßíá r, ðïõ üðùò åßíáé ãíùóôü ç åîßóùóç ôùí óçìåßùí ôçò

ðåñéöÝñåéÜò ôïõ äßíåôáé áðü ôïí ôýðï

x2 + y2 = r2: (15.1.1 - 4)

Ãéá ôïí õðïëïãéóìü ôùí Üêñùí ïëïêëÞñùóçò óôïí ôýðï (15:1:1− 3), ðñÝðåé

íá ðñïóäéïñéóôïýí ôá óçìåßá ðïõ ï êýêëïò ìå åîßóùóç (15:1:1 − 4), ôÝìíåé
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Ó÷Þìá 15.1.1 - 3: Åßíáé f(x) ≥ g(x) ãéá êÜèå x ∈ [á; â]. Ôüôå E =
â∫
á
[f(x)−

g(x)] dx

ôïí x-Üîïíá, äçëáäÞ üôáí y = 0. Ôüôå

x2 = r2 Þ |x| = |r|; ïðüôå x = ±r:

¢ñá x ∈ [−á; á].
Áðü ôçí åîßóùóç (15:1:1 − 4) ðñïêýðôåé ôüôå üôé y = ±

√
r2 − x2, ïðüôå

Ýóôù

y1 = f(x) =
√
r2 − x2 êáé y2 = g(x) = −

√
r2 − x2

üðïõ ðñïöáíþò åßíáé y1(x) ≥ y2(x).

ÅðïìÝíùò óýìöùíá ìå ôïí ôýðï (15:1:1−3) ôï æçôïýìåíï åìâáäü E, ðïõ

óýìöùíá ìå ôï ãíùóôü ôýðï ôçò Ãåùìåôñßáò åßíáé E = �r2, èá éóïýôáé ìå

E = �r2 =

r∫
−r

[y1(x)− y2(x)] dx

=

r∫
−r

[√
r2 − x2 −

(
−
√
r2 − x2

)]
dx
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Ó÷Þìá 15.1.1 - 4: Ç Ýëëåéøç x2

á2 + y2

â2 = 1

= 2

r∫
−r

√
r2 − x2 dx: (15.1.1 - 5)

Áðü ôçí (15:1:1− 5) ðñïêýðôåé üôé

a∫
−a

√
a2 − x2 dx =

�a2

2
: (15.1.1 - 6)

Ï ôýðïò áõôüò èá ÷ñçóéìïðïéçèåß óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò.

ÐáñÜäåéãìá 15.1.1 - 1 (åìâáäüí Ýëëåéøçò)

Íá õðïëïãéóôåß ôï åìâáäüí ðïõ ðåñéêëåßåôáé áðü ôçí Ýëëåéøç (Ó÷. 15.1.1 - 4)

x2

á2
+

y2

â2
= 1: (15.1.1 - 7)

Ëýóç. ¼ìïéá üðùò êáé óôçí ÐáñáôÞñçóç 15.1.1 - 1 ï ðñïóäéïñéóìüò ôùí

Üêñùí ïëïêëÞñùóçò óôïí ôýðï (15:1:1−3) õðïëïãßæåôáé èÝôïíôáò óôçí (15:1:1−
7) y = 0. Ôüôå

x2 = á2 Þ |x| = |á|; ïðüôå x = ±á: ¢ñá x ∈ [−á; á]:
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Áðü ôçí åîßóùóç (15:1:1− 7) ðñïêýðôåé üôé

x2

á2
+

y2

â2
= 1; ïðüôå y = ± â

√
1− x2

á2
:

¢ñá

y1 = f(x) = â

√
1− x2

á2
êáé y2 = g(x) = −â

√
1− x2

á2

üðïõ ðñïöáíþò åßíáé y1(x) ≥ y2(x). ÅðïìÝíùò óýìöùíá ìå ôïí ôýðï (15:1:1−
3) ôï æçôïýìåíï åìâáäüí E èá éóïýôáé ìå

E =

á∫
−á

[y1(x)− y2(x)] dx =

á∫
−á

â
√
1− x2

á2
−

−â

√
1− x2

á2

 dx

= 2 â

á∫
−á

√
1− x2

á2
dx =

2 â

á

á∫
−á

√
á2 − x2 dx

óýìöùíá ìå ôïí ôýðï (15:1:1− 6)

=
2 â

á

�á2

2
= �áâ:

ÐáñÜäåéãìá 15.1.1 - 2

Íá õðïëïãéóôåß ôï åìâáäü ôçò ðåñéï÷Þò ðïõ ðåñéêëåßåôáé áðü ôï ãñÜöçìá ôçò

óõíÜñôçóçò f(x) = x(x− 2)(x− 3) êáé ôïí x-Üîïíá (Ó÷. 15.1.1 - 5).

Ëýóç. Ôï ãñÜöçìá ôçò óõíÜñôçóçò ôÝìíåé ôïí x-Üîïíá óôá óçìåßá üðïõ

f(x) = 0; äçëáäÞ ôá x = 0; 2; 3:

ÅðåéäÞ äåí ãíùñßæïõìå ôï ðñüóçìï ôçò f(x), üôáí x ∈ [0; 2]∪[2; 3] ÷ñçóéìïðïéåßôáé
ï ôýðïò (15:1:1− 2), ïðüôå ôï æçôïýìåíï åìâáäüí èá åßíáé

E =

2∫
0

|f(x)| dx+

3∫
2

|f(x)| dx: (15.1.1 - 8)

Ôï ðñüóçìï ôçò f(x) õðïëïãßæåôáé óôïí Ðßíáêá 15.1.1 - 1.
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Ó÷Þìá 15.1.1 - 5: ÐáñÜäåéãìá 15.1.1 - 2

Ðßíáêáò 15.1.1 - 1: ÐáñÜäåéãìá 15.1.1 - 2

−∞ 0 2 3 +∞

x - + + +

x− 2 - - + +

x− 3 - - - +

f(x) - + - +
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ÅðïìÝíùò, åðåéäÞ

f(x) ≥ 0; üôáí x ∈ [0; 2] êáé f(x) ≤ 0; üôáí x ∈ [2; 3];

ï ôýðïò (15:1:1− 8) ãñÜöåôáé

E =

2∫
0

|f(x)| dx+

3∫
2

|f(x)| dx

=

2∫
0

x(x− 2)(x− 3) dx −
3∫

2

x(x− 2)(x− 3) dx

=

[
3x2 − 5x3

3
+

x4

4

] 2

0

−
[
3x2 − 5x3

3
+

x4

4

] 3

2

=
8

3
−

(
− 5

12

)
=

37

12
:

ÐáñÜäåéãìá 15.1.1 - 3

Íá õðïëïãéóôåß ôï åìâáäü ôçò ðåñéï÷Þò ðïõ ðåñéêëåßåôáé áðü ôéò êáìðýëåò

y1 = 2x2 + 10 êáé y2 = 4x+ 16; üôáí x ∈ [−2; 5] (Ó÷. 15:1:1− 6):

Ëýóç. Áñ÷éêÜ õðïëïãßæïíôáé ôá óçìåßá ôïìÞò ôùí êáìðõëþí

y1 = 2x2 + 10 êáé y2 = 4x+ 16 (15.1.1 - 9)

ùò åîÞò:

y1(x) = y2(x); ïðüôå 2x2 + 10 = 4x+ 16; äçëáäÞ

2x2 − 4x− 6 = 0: ¢ñá x = −1; 3:

¸óôù ã(−1; 0) êáé ä(3; 0). Ôüôå óýìöùíá ìå ôïí ôýðï (15:1:1 − 3) ôï

æçôïýìåíï åìâáäüí åßíáé

E =

−1∫
−2

|y1(x)− y2(x)| dx+

3∫
−1

|y1(x)− y2(x)| dx
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Ó÷Þìá 15.1.1 - 6: ÐáñÜäåéãìá 15.1.1 - 3

+

5∫
3

|y1(x)− y2(x)| dx: (15.1.1 - 10)

Ãéá íá õðïëïãéóôïýí ôá ïëïêëçñþìáôá óôçí (15:1:1−10), ðñÝðåé íá áðáëåéöèïýí

ôá áðüëõôá. Áõôü ãßíåôáé åîåôÜæïíôáò ôï ðñüóçìï ôçò äéáöïñÜò y1(x)−y2(x).

¸óôù

y1(x)− y2(x) ≥ 0 Þ ëüãù ôçò (15:1:1− 9) (x+ 1)(x− 3) ≥ 0;

äçëáäÞ

x ≤ −1 Þ x ≥ 3:

Ôüôå ç (15:1:1− 10) ãñÜöåôáé

E =

−1∫
−2

[y1(x)− y2(x)] dx+

3∫
−1

[y2(x)− y1(x)] dx+

5∫
3

[y1(x)− y2(x)] dx

=

−1∫
−2

(
2x2 − 4x− 6

)
dx+

3∫
−1

(
−2x2 + 4x+ 6

)
dx+

5∫
3

(
2x2 − 4x− 6

)
dx

=

[
2x3

3
− 4x2

2
− 6x

]−1

−2

+

[
−2x3

3
+

4x2

2
+ 6x

]3
−1

+

[
2x3

3
− 4x2

2
− 6x

]5
3
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Ó÷Þìá 15.1.1 - 7: ÐáñÜäåéãìá 15.1.1 - 4. Ç ìðëå êáìðýëç ïñßæåé ôçí y1(x) =

x2

=
14

3
+

64

3
+

64

3
=

142

3
:

ÐáñÜäåéãìá 15.1.1 - 4

¼ìïéá ôï åìâáäüí ôçò ðåñéï÷Þò ðïõ ðåñéêëåßåôáé áðü ôéò êáìðýëåò

y1(x) = x2 êáé y2(x) = 8− x2 (Ó÷. 15:1:1− 7):

Ëýóç. Ôá êïéíÜ óçìåßá ôïìÞò ôùí äýï êáìðõëþí õðïëïãßæïíôáé èÝôïíôáò

y1(x) = y2(x); ïðüôå x2 = 8− x2: ¢ñá x = ±2:

Óôç óõíÝ÷åéá õðïëïãßæåôáé ôï ðñüóçìï ôçò äéáöïñÜò y1(x)− y2(x).

¸óôù

y1(x)− y2(x) ≥ 0 Þ 2x2 − 8 ≥ 0; ïðüôå (x+ 2)(x− 2) ≥ 0:

¢ñá

y1(x)− y2(x) ≤ 0; üôáí − 2 ≤ x ≤ 2:
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Ó÷Þìá 15.1.1 - 8: ÐáñÜäåéãìá 15.1.1 - 5. H êáöÝ êáìðýëç äåß÷íåé ôï ãñÜöçìá

ôçò y2(x) = x, ç ìðëå ôçò y1 = 8x êáé ç êüêêéíç ôçò y3(x) =
1
x2

Ôüôå óýìöùíá ìå ôïí ôýðï (15:1:1− 8) ôï æçôïýìåíï åìâáäüí éóïýôáé ìå

E =

2∫
−2

[y2(x)− y1(x)] dx =

2∫
−2

(
8− 2x2

)
dx = 8x− 2x3

3

∣∣∣∣∣
2

−2

=
64

3
:

ÐáñÜäåéãìá 15.1.1 - 5

¼ìïéá ôï åìâáäüí ôçò ðåñéï÷Þò ðïõ ðåñéêëåßåôáé áðü ôéò êáìðýëåò

y1(x) = 8x; y2(x) = x êáé y3(x) =
1

x2
(Ó÷. 15:1:1− 8):

Ëýóç. Ôá êïéíÜ óçìåßá êáé ôùí ôñéþí êáìðõëþí õðÜñ÷ïõí ìüíï ãéá x ≥ 0,

åíþ ç óõíÜñôçóç y3(x) ïñßæåôáé ãéá x ∈ ℜ − {0}. Ðñïöáíþò ïé êáìðýëåò

(åõèåßåò) y1(x) êáé y2(x) ôÝìíïíôáé óôï óçìåßï (0; 0), äçëáäÞ ôçí áñ÷Þ ôùí

áîüíùí. Ôï êïéíü óçìåßï, Ýóôù A, ôçò y1(x) êáé y3(x) õðïëïãßæåôáé èÝôïíôáò

y1(x) = y3(x) Þ 8x =
1

x2
; ïðüôå x =

1

2
;

(ïé Üëëåò äýï ñßæåò äåí ëáìâÜíïíôáé õð' üøéí), åíþ ôï êïéíü óçìåßï, Ýóôù B,

ôçò y2(x) êáé y3(x) èÝôïíôáò

y2(x) = y3(x) Þ x =
1

x2
; ïðüôå x = 1
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üðïõ üìïéá ïé Üëëåò äýï ñßæåò äåí ëáìâÜíïíôáé õð' üøéí.

¸óôù E = E1 + E2 ôï æçôïýìåíï åìâáäüí. ÅðåéäÞ ôï óçìåßï x = 0 äåí

áíÞêåé óôï ðåäßï ïñéóìïý ôçò y3(x), ôï E äåí èá ðñïêýøåé áðü óõíäõáóìü

ôçò y3(x) ìå ôçí y1(x) Þ ôçí y2(x) êáé Üêñï ïëïêëÞñùóçò ôï 0. ÅðïìÝíùò

- ôï åìâáäüí E1 èá ðñÝðåé íá ïñßæåôáé áðü ôçí y1(x) = 8x êáé ôçí y2(x) =

x ìå x ∈ [0; 0:5] üðïõ ðñïöáíþò y1(x) ≥ y2(x), äçëáäÞ

Å1 =

0:5∫
0

[y1(x)− y2(x)] dx = 7

0:5∫
0

x dx =
7

8

- êáé ôï åìâáäüí E2 èá ïñßæåôáé áðü ôçí y3(x) =
1
x2 êáé ôçí y2(x) = x

ìå x ∈ [0:5; 1] üðïõ ðñïöáíþò y3(x) ≥ y2(x), äçëáäÞ

Å2 =

1∫
0:5

[y3(x)− y2(x)] dx =

1∫
0:5

(
1

x2
− x

)
dx =

[
−1

x
− x2

2

] 1

0:5

=
5

8
:

¢ñá E = E1 + E2 =
3

2
.

15.1.2 ÐáñáìåôñéêÞ ìïñöÞ

Ïñéóìüò 15.1.2 - 1. Áí ìßá êáìðýëç ïñßæåôáé ìå ðáñáìåôñéêÝò åîéóþóåéò

ôçò ìïñöÞò x = x(t) êáé y = y(t) üôáí t ∈ [t1; t2], ôüôå ôï åìâáäüí E

ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ ðïõ ïñßæåôáé áðü ôçí êáìðýëç, ôéò êÜèåôåò

åõèåßåò x = á, x = â êáé ôïí Üîïíá ôùí x, éóïýôáé ìå

E =

t2∫
t1

y(t)x′(t) d t; (15.1.2 - 1)

üôáí y(t) ≥ 0 ãéá êÜèå t ∈ [t1; t2] êáé ïé ôéìÝò t1 êáé t2 ðñïêýðôïõí áðü ôçí

åîßóùóç x = x (t).

ÐáñÜäåéãìá 15.1.2 - 1

Íá õðïëïãéóôåß ôï åìâáäüí ôçò Ýëëåéøçò ðïõ åêöñÜæåôáé ìå ôç âïÞèåéá ôùí

ðáñáìåôñéêþí åîéóþóåùí ôçò ìïñöÞò

x = á cos t êáé y = â sin t: (15.1.2 - 2)
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Ó÷Þìá 15.1.2 - 1: ÐáñÜäåéãìá 15.1.2 - 1. Ôï ðñþôï ôåôáñôçìüñéï ôçò

Ýëëåéøçò x2

9 + y2

4 = 1

Ëýóç. Ëüãù ôçò óõììåôñßáò ôçò Ýëëåéøçò áñêåß íá õðïëïãéóôåß ôï åìâáäüí

åíüò ôåôáñôçìïñßïõ áõôÞò (Ó÷. 15.1.2 - 1) êáé ôï áðïôÝëåóìá íá ðïëëáðëáóéá-

óôåß åðß 4.

ÈÝôïíôáò óôçí 1ç åîßóùóç (x = á cos t) ôçò (15:1:2− 2) äéáäï÷éêÜ x = 0

êáé x = a ðñïêýðôïõí óáí üñéá ïëïêëÞñùóçò ôá t1 = �=2 êáé t2 = 0, åíþ

åßíáé y > 0 ãéá êÜèå t ∈ [0; �=2]. Ôüôå óýìöùíá ìå ôïí ôýðï (15:1:2 − 1)

åßíáé
0∫

ð=2

â sin á (− sin t) d t = áâ

ð=2∫
0

sin2 t d t =
ðáâ

4
:

¢ñá E = �áâ.

ÐáñáôÞñçóç 15.1.2 - 1

Ï ðáñáðÜíù ôñüðïò õðïëïãéóìïý ôïõ åìâáäïý ôçò Ýëëåéøçò ìå ôç âïÞèåéá

ôçò ðáñáìåôñéêÞò ðáñÜóôáóÞò ôçò åßíáé åìöáíþò åõêïëüôåñïò ôïõ áíôßóôïé÷ïõ

ôñüðïõ ìå ïñèïãþíéåò óõíôåôáãìÝíåò (ÐáñÜäåéãìá 15.1.1 - 1). Áõôü åßíáé ìéá

áðüäåéîç ôçò ÷ñçóéìüôçôáò ôùí ðáñáìåôñéêþí ðáñáóôÜóåùí ôùí êáìðõëþí.
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Ó÷Þìá 15.1.3 - 1: åìâáäüí ó÷Þìáôïò óå ðïëéêÝò óõíôåôáãìÝíåò

15.1.3 ÐïëéêÝò óõíôåôáãìÝíåò

Ïñéóìüò 15.1.3 - 1. ¸óôù üôé r = r(è); è ∈ [è1; è2] åßíáé ç åîßóùóç óå

ðïëéêÝò óõíôåôáãìÝíåò ôïõ ôìÞìáôïò (Ó÷. 15.1.3 - 1) ðïõ ïñßæåôáé áðü ôçí

áñ÷Þ ôùí áîüíùí êáé ôá óçìåßá A (r; è1) êáé B (r; è2). Ôüôå ôï åìâáäüí E

ôïõ ó÷Þìáôïò AOB äßíåôáé áðü ôï ïëïêëÞñùìá

E =
1

2

è2∫
è1

r2(è) dè: (15.1.3 - 1)

ÐáñÜäåéãìá 15.1.3 - 1

Íá õðïëïãéóôåß ôï åìâáäü ðïõ ðåñéêëåßåôáé áðü ôïõò ëéìíÞóêïõò ôïõ Bernoulli

(Bernoulli's lemniscate)1 (Ó÷. 15.1.3 - 2a) ìå åîßóùóç

r2 = a2 cos 2è:

Ëýóç. Ëüãù ôçò óõììåôñßáò ôçò êáìðýëçò õðïëïãßæåôáé ìüíï ôï åìâáäüí

1ÂëÝðå: http : ==en:wikipedia:org=wiki=Lemniscate of Bernoulli
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Θ
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0.5
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0.7

r

(b)

Ó÷Þìá 15.1.3 - 2: Ï ëçìíßóêïò ôïõ Bernoulli r2 = 2 cos 2è, üôáí (a) è ∈
[0; 2�] êáé (b) è ∈ [0; �=4]

ôïõ 1ïõ ôåôáñôçìïñßïõ (Ó÷. 15.1.3 - 2b), ïðüôå

1

4
E =

1

2

ð=4∫
0

a2 cos 2è dè =
a2

2

[
1

2
sin 2è

]�=4

0
=

a2

4
:

¢ñá E = a2:

15.2 ÌÞêïò ôüîïõ êáìðýëçò

¼ìïéá áíÜëïãá ìå ôéò óõíôåôáãìÝíåò ðïõ ÷ñçóéìïðïéïýíôáé ãéá ôçí ðåñéãñáöÞ

ôçò åîßóùóçò ôçò êáìðýëçò äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò.

15.2.1 Ïñèïãþíéåò óõíôåôáãìÝíåò

Óôçí ðåñßðôùóç áõôÞ ôï ìÞêïò ôçò õðïëïãßæåôáé ùò åîÞò:

Ïñéóìüò 15.2.1 - 1 (ìÞêïò êáìðýëçò). ¸óôù üôé ç óõíÜñôçóç f | [á; â]
åßíáé ðáñáãùãßóéìç ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå x ∈ [á; â]. Ôüôå ôï ìÞêïò

L ôçò êáìðýëçò ðïõ ïñßæåé ç y = f(x) áðü ôï óçìåßï á Ýùò êáé ôï óçìåßï â

(Ó÷. 15.2.1 - 1) äßíåôáé áðü ôïí ôýðï

L =

â∫
á

√
1 + [f ′(x)]2 dx =

â∫
á

√
1 +

[
df(x)

dx

]2
dx: (15.2.1 - 1)
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æ
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æ

Α Β

1 2 3 4
x
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fHxL

Ó÷Þìá 15.2.1 - 1: Ç êáìðýëç y = f(x)

ÐáñÜäåéãìá 15.2.1 - 1

Íá õðïëïãéóôåß ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 15.2.1 - 2)

y = f(x) = 2x3=2; üôáí x ∈ [1; 3]:

Ëýóç. Åöáñìüæïíôáò ôïí ôýðï (15:2:1− 1) üðïõ

f ′(x) = 2
3

2
x

3
2
−1 = 3x1=2

Ý÷ïõìå
√
1 + [f ′(x)]2 =

√
1 + 9x.

¢ñá

L =

3∫
1

√
1 + [f ′(x)]2 dx =

3∫
1

√
1 + 9x dx =

3∫
1

(1 + 9x)1=2 dx

=
1

9

3∫
1

(1 + 9x)′(1 + 9x)1=2 dx =
1

9

(1 + 9x)
1
2
+1

1
2 + 1

∣∣∣∣∣
3

1

=
4

27

(
28

√
7− 5

√
10

)
≈ 8:632541:
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Ó÷Þìá 15.2.1 - 2: Ç êáìðýëç y = 2x3=2, üôáí x ∈ [1; 3]

ÐáñÜäåéãìá 15.2.1 - 2

¼ìïéá ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 15.2.1 - 3)

y = f(x) =
1

3

√
x (x− 3); üôáí x ∈ [1; 9]:

Ëýóç. ¼ìïéá åöáñìüæåôáé ï ôýðïò (15:2:1− 1) üðïõ ç f ′(x) õðïëïãßæåôáé

ùò åîÞò:

f ′(x) =
1

3

[
x1=2(x− 3)

]′
=

1

3

[(
x1=2

)′
(x− 3) + x1=2(x− 3)′

]

=
1

3

[
1

2
x

1
2
−1(x− 3) + x1=2

]

=
1

6
x−1=2(x− 3) +

1

3
x1=2 =

x− 1

2
√
x
:

Ôüôå √
1 + [f ′(x)]2 =

√
1 +

(
x− 1

2
√
x

)2

=

√
1 +

(x− 1)2

4x
=

x+ 1

2
√
x
:

¢ñá

L =

9∫
1

√
1 + [f ′(x)]2 dx =

9∫
1

x+ 1

2
√
x
dx =

9∫
1

x

2
√
x
dx+

9∫
1

1

2
√
x
dx
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Ó÷Þìá 15.2.1 - 3: Ç êáìðýëç y = 1
3

√
x (x− 3), üôáí x ∈ [1; 9]

=

9∫
1

√
x

2
dx+

9∫
1

1

2
x−1=2 dx =

1

2

9∫
1

x1=2 dx+
1

2

9∫
1

x−1=2 dx

=
1

2

x
1
2
+1

1
2 + 1

∣∣∣∣∣
9

1

+
1

2

x−
1
2
+1

−1
2 + 1

∣∣∣∣∣
9

1

=
1

3
x3=2

∣∣∣∣ 9
1
+ x1=2

∣∣∣ 9
1
= 9 + 3− 1

3
− 1 =

32

3
:

ÐáñÜäåéãìá 15.2.1 - 3

¼ìïéá ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 15.2.1 - 4)

y = f(x) = ln
(
1− x2

)
; üôáí x ∈ [0; 0:5]:

Ëýóç. ÅðåéäÞ ç óõíÜñôçóç y åßíáé ëïãáñéèìéêÞ, ãéá íá ïñßæåôáé ðñÝðåé 1−
x2 > 0, äçëáäÞ (1 + x)(1 − x) > 0 êáé ôåëéêÜ −1 < x < 1. Ôï äéÜóôçìá

[0; 0:5] áíÞêåé óôï ðåäßï ïñéóìïý (−1; 1) êáé åðïìÝíùò ôï ðñüâëçìá ïñßæåôáé.

Áñ÷éêÜ õðïëïãßæïõìå ôçí ðáñÜãùãï ôçò f(x) ùò åîÞò:

f ′(x) =

(
1− x2

)′
1− x2

=
−2x

1− x2
;

ïðüôå óýìöùíá ìå ôïí ôýðï (15:2:1− 1) Ý÷ïõìå

L =

1
2∫

0

√
1 +

( −2x

1− x2

)2

dx =

1
2∫

0

√√√√(1− x2)2 + 4x2

(1− x2)2
dx
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Ó÷Þìá 15.2.1 - 4: Ç êáìðýëç y = ln
(
1− x2

)
, üôáí x ∈ [0; 0:5]

=

1
2∫

0

√
(1 + x2)2

1− x2
dx =

1
2∫

0

1 + x2

1− x2
dx (15.2.1 - 2)

2 ÅðïìÝíùò óýìöùíá ìå ôçí (15:2:1− 2) åßíáé

L =

1
2∫

0

1 + x2

1− x2
dx =

1
2∫

0

(−1) dx+

1
2∫

0

2

1− x2
dx = −x

∣∣∣∣∣∣∣∣
1
2

0

+

1
2∫

0

2

1− x2
dx

= −1

2
+

1
2∫

0

2

1− x2
dx = −1

2
+ 2

1
2∫

0

dx

1− x2
: (15.2.1 - 3)

2Ðñüêåéôáé ãéá ïëïêëÞñùìá ñçôÞò óõíÜñôçóçò üðïõ ï âáèìüò ôïõ áñéèìçôÞ åßíáé

ìåãáëýôåñïò Þ ßóïò áðü ôï âáèìü ôïõ ðáñïíïìáóôÞ, üðïõ, üðùò åßíáé ãíùóôü áðü ôï

ÌÜèçìá 12, áñ÷éêÜ ãßíåôáé ç äéáßñåóç. Óôçí ðåñßðôùóç üìùò áõôÞ, åðåéäÞ åßíáé ôïõ

ßäéïõ âáèìïý, ôñïðïðïéåßôáé êáôÜëëçëá ï áñéèìçôÞò þóôå íá äçìéïõñãçèåß ï ðáñïíïìáóôÞò,

äçëáäÞ

1 + x2

1− x2
=

−1 + 1 + 1 + x2

1− x2
=

−
(
1− x2

)
+ 2

1− x2
=

−
(
1− x2

)
1− x2

+
2

1− x2
= −1 +

2

1− x2
:
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Ôï ïëïêëÞñùìá ôïõ äåîéïý ìÝëïõò åßíáé ç ðåñßðôùóç ïëïêëÞñùóçò ñçôÞò

óõíÜñôçóçò üðïõ ï âáèìüò ôïõ áñéèìçôÞ åßíáé ìéêñüôåñïò áðü ôï âáèìü ôïõ

ðáñïíïìáóôÞ êáé õðïëïãßæåôáé áíáëýïíôáò ôç ñçôÞ óõíÜñôçóç óå Üèñïéóìá

áðëþí êëáóìÜôùí ùò åîÞò:

1

1− x2
=

1

(1− x)(1 + x)
=

A

1− x
+

B

1 + x
;

ïðüôå ðïëëáðëáóéÜæïíôáò êáé ôá äýï ìÝëç ìå (1− x)(1 + x) ðñïêýðôåé

1 = A(1 + x) +B(1− x); äçëáäÞ (A−B)x+A+B = 1

ðïõ ãéá íá éó÷ýåé ãéá êÜèå x ∈ ℜ ðñÝðåé

A − B = 0

A + B = 1;
ïðüôå A =

1

2
êáé B =

1

2
:

Ôüôå óýìöùíá êáé ìå ôçí (15:2:1− 3) Ý÷ïõìå

L = −1

2
+ 2

1
2∫

0

dx

1− x2
= −1

2
+ 2

1
2∫

0

(
1

2

1

1− x
+

1

2

1

1 + x

)
dx

= −1

2
+

1
2∫

0

dx

1− x
+

1
2∫

0

dx

1 + x

= −1

2
+

1
2∫

0

−(1− x)′dx

1− x
+

1
2∫

0

(1 + x)′dx

1 + x

= − 1

2
− ln |1− x|

∣∣∣∣ 1
2

0
+ ln |1 + x|

∣∣∣∣∣
1
2

0

= −1

2
−

[
ln

(
1− 1

2

)
− ln 1

]
+

[
ln

(
1 +

1

2

)
− ln 1

]

= −1

2
− ln

(
1

2

)
+ ln

(
3

2

)
= −1

2
− (− ln 2) + ln 3− ln 2

= −1

2
+ ln 3 ≈ 0:598 612 3:
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15.2.2 ÓõíôåôáãìÝíåò ìå ðáñáìåôñéêÞ ìïñöÞ

¼ôáí ïé óõíôåôáãìÝíåò ôçò êáìðýëçò ïñßæïíôáé ðáñáìåôñéêÜ, ôï ìÞêïò ôçò

õðïëïãßæåôáé ùò åîÞò:

Ïñéóìüò 15.2.2 - 1 (ìÞêïò êáìðýëçò). ¸óôù üôé ç êáìðýëç ïñßæåôáé

ðáñáìåôñéêÜ, äçëáäÞ y = y(t) êáé x = x(t) ãéá êÜèå t ∈ [t0; t1]. Ôüôå

ôï ìÞêïò L ôçò êáìðýëçò óôï äéÜóôçìá [t0; t1] äßíåôáé áðü ôïí ôýðï

L =

t1∫
t0

√[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
d t: (15.2.2 - 1)

ÐáñÜäåéãìá 15.2.2 - 1

Íá õðïëïãéóôåß ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 15.2.2 - 1) ìå ðáñáìåôñéêÞ

åîßóùóç

x = x(t) =
1

3
(2t+ 4)3=2; y = y(t) =

t2

2
+ 1; üôáí t ∈ [0; 3]:

Ëýóç. Áñ÷éêÜ åßíáé

d x(t)

d t
=

1

3

3

2
(2t+ 4)

3
2
−1(2t+ 3)′ =

1

2
(2t+ 4)1=2 · 2 = (2t+ 4)1=2

d y(t)

d t
= t:

ÅðåéäÞ åßíáé t0 = 0 êáé t1 = 3, åöáñìüæïíôáò ôïí ôýðï (15:2:2− 1) Ý÷ïõìå√[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
=

√
(2t+ 4) + t2 =

√
(t+ 2)2 = t+ 2:

¢ñá

L =

3∫
0

(t+ 2) d t =
t2

2
+ 2t

∣∣∣∣∣
2

0

=
9

2
+ 2 · 3 =

21

2
:

3

3Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.
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æ

Α Β2 4 6 8 10
xHtL

1

2

3

4

5

yHtL

Ó÷Þìá 15.2.2 - 1: Ç êáìðýëç x = x(t) = 1
3(2t + 4)3=2, y = y(t) = t2

2 + 1,

üôáí t ∈ [0; 3] (á = x(0); â = x(3))

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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Ανοικτά Ακαδημαϊκά Μαθήματα 

Τεχνολογικό Εκπαιδευτικό Ίδρυμα Αθήνας 

Τέλος Ενότητας 
 
 
 

Χρηματοδότηση 
 

• Το παρόν εκπαιδευτικό υλικό έχει αναπτυχθεί στα πλαίσια του εκπαιδευτικού 
έργου του διδάσκοντα. 

• Το έργο «Ανοικτά Ακαδημαϊκά Μαθήματα στο ΤΕΙ Αθήνας» έχει χρηματοδοτήσει 
μόνο τη αναδιαμόρφωση του εκπαιδευτικού υλικού.  

• Το έργο υλοποιείται στο πλαίσιο του Επιχειρησιακού Προγράμματος «Εκπαίδευση 
και Δια Βίου Μάθηση» και συγχρηματοδοτείται από την Ευρωπαϊκή Ένωση 
(Ευρωπαϊκό Κοινωνικό Ταμείο) και από εθνικούς πόρους. 
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