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Mabnua 3

ITOAYQNYMIKH
ITAPEMBOAH

3.1 Ewaynyq

Eilval yvooté 611 ota Sudgopa mpofARuata TmV EQUEUOY®Y TS TEQLOGOTERES
popéc napovstdlovial GLYAPTHOELS, TOU TEPLYPIPOVTAL AT TOAUTAOXOUS TU-
Toug, dnAadr TUTOUS 6TOUC OTOLOUC UTELGERY OVTAL TRLY WVOUETEWXES, EXDETIXECS,
avtiotpogeg TpLYwVoueTEéS, hoyaplBuxée, x.At. cuvaptioelg. Téte 1 Ao
Tou tpoPAfuatoc elval SUoxokn xal Ti¢ TEpLoGOTERES Yopés adlvatr. Enouévec
dueoa dnulovpyeltal 1 avayxn TNC AVIXATAOTACNS AUTOY TWV GUVIPTACEWY
ue dhheg amholotepeg, €ToL GOTE v ylvel duvatrh 1 AUOT TV TOEATIVE
npofAnudtoy.  Xtnv xatnyopla auth mpootifevtol xal oL TEQITMGELS TOU
xatd To mAeloTov eugaviCovtal 6T eQapuoYéc xat elval autég, mou o Tinog
e ouvdptnong, éotw f(z), elvar dyvwotog ol ov ubvec TANpogoplec Tou
undpyouv Yo TV f elvan 6Tl yvwpllovye €va 6Uvolo TGV TNg, dniadh to
onuela (z, f (z3));i=1,2, ..., n.

Y10 udfnua autd, oL cuvapthoelc Tou Ba yenoluonotndoly yud TS TPOGEY-
vioewg autée, Ou elvar ow tohvwvupixés. Ta theovexthuata Tng TpoGéyYLoNg
ULag oUVAETNONS UE Eva TOAUGVULUO Elval TOANS Xt eVOEXXTIXG avaPERETAL OTL
N Topdywyog, To ohoxAfpwua x.AT., unohoyilovtal euxohdtepa ue 1 yeron

TOU TOAL®YVUOL avTi TNC GUVAETNOTGE, EVE Ta anoTEAEcUAT Toug elval enlong
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rtoAudvuua. Enouéveg yivetal dueca avudnmtd 1 avdyxn avalrtneng autol

Tou €ld0oUg NS TEOGEYYLOTS.

3.1.1 Xyetwxol optopol xor Bewpruata

Eilvar yvwoté ota pabnuoatixd éti n tpocéyyion uag cuveyolc cuvdptnong

ue éva Tohu@dvuuo, €0tw P, Babuod n tng uoperc

1

P,(z) =apx" +ap_12"" "+ ... +ay, 6tava, €R;i=0,1,...,n

elvor mdvtote Suvath xat e dor axplPBela xdbe popd Cnteitar.

Yuyxexpluéva Loy Vet

Ocedpnpa 3.1 - 1 (Weierstrass). Av f elvar ula ouvdptnon optouévy xau

ouveyrc oto [a,b], téte yia xdbe € > 0 undpyet éva nolvdvuuo P, étol dote
|f(z) — P(z)| <e vy xdfe x € [a,b]. (3.1-1)

To Oedpnua 3.1 - 1 avagépetal 6Ny Unapén tou tohuwviuou P, 3 divel buwg

Tov TUMO TOU Xat EROUEVKS Exel Ualbnuatind Bewpntind ubvoy evdiagépov.
M mpdTn andvinon 6Tov npocdloploud Tou TUTOU Tou Toluwviuou P

dlvetar and 1o mohudvuuo tou Taylor, aviietoiya tou Maclaurin, nov énwc

elvar %00 yvwotd, Sivovial and Toug Tinoug

f@) ~ P =10+ L )+ Tl (o gy
(n)
+...+fn!(§)(:c—§)", (3.1-2)

6tav 1o onuelo £ avixer oto medlo opiouol g f xa opllel to xévipo tou

TAUEATAVE AVITTUYUATOS, avTloToLya

f10) . f"0)

fl@) =~ Pu(w)=f0)+ o+
+...+f(”)'(0)a:”, (3.1-3)
n.

otay 1o ®évtpo elval oty nepintwon auth 1o 0. To mapandve moludvuua
dlvouyv téte TN SuVaTOHTNTA VoL €Y OLUE Ul TOAUWVLULXT, TEOGEYYLOT, ULaS GUVERTNONG

f oe éva ouyxexpluévo onuelo.
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Eyel anodeuybel newpapatind 611 1o moAudvuuo tou Taylor, aviioTouya

touv Maclaurin:

e dev mapouctdler axplfela mou vo auidvetar TAVTOTE avIAOYA UE TOV

Babud n tou ToAuwviuoy,
o amottel TN Yvhorn Tou xévtpou &,

e 1 npocéyylon elval axpPric uévov yia Twég Tou = mAnclov tou &,
Hopddetypa 3.1 - 1

'Eotw n ouvdptnon

f(z) =sinx.
To moludyvuo tou Maclaurin Bafuod 3, avtictouya 5 elvat
3 3 5
x ) - "
Ps(z) =z — 570 @viloToya Ps(z) =x — 3 + =

Ané to Xy. 3.1 - la elvor npogavég 6tL, av . — 0, To Slaypduuata ToVv
f, P53 o Py ouuninTtouy xal anoxilvouv, 6tay 1o ¢ anouaxplvetol and

70 0.

f(x)
4 L

(@

Syfuwa 3.1-1: (a) Suvdptnon f(x) urnke, P3 x6xxivn xou Ps npdoivn xaumnih.
(b) 'Ouota g(z) unhe, Po xbxxevn xou Ps mpdoivn xaunihn

Avéhoyn mapathienon toyvel yia ) ouvdptnon (Xy. 3.1 - 1b)

g(z) =e
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Syfua 3.1 - 2: Tuvdptnon f(x) unhe, Py x6xxivy xou Py npdowvn xoundin

6tav npooeyyiletal and Ta mapaxdte tohuvdvuua tou Maclaurin
\

zt 28

Py(z) =1—2°% aviiotoa Pg(z)=1—2°+ ? -5

Hopddetypa 3.1 - 2

'Eotw 1 ouvdptrnon
f(z) =In(z —1).
To nohudvuuo tou Taylor ye xévtpo & = 2 Pabuot 2, avtiotouya 4 elvat
(2 — 2)?
2

(z—-27  (@-2° (z-2)°
5 T3 T 1

Py(z) = z—-2-—

aviloTolya

Py(z) = z—-2-

Anéb to Ey. 3.1 - 2 npoxintel 6tL, av z — 2, ta Swypduuata Ty f, Po

xou Py ouunintouy xau anoxAlvouy, 6tav 1o ¢ anopaxplvetal and To 2.

o Anatteltal 0 UTOAOYLOUOS TOY TARAYGAYWY TNC f, TOU GUWS TLC TEPLEGO-

TepES QopEg elval SUoxohog 1 oL adlvatog, xal
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e 0 tinoc (3.1 — 2), avtlotorya (3.1 — 3) dev eqapudletar, btav n f
elvar yvooth uévov oe évav aplfud onuelov tou nedlou oplopol tng,
drapopetind, 6mwe ouuPalvel 0TI TEPLOGOTERES EQURUOYES, dTaV dev

elvatl Yvwotég o avalutixdg tng tUnog.

3.2 Ocopnua touv Lagrange

Mo yevixdtepn avIWUETGNLOT TOU TUEATAVE TEOBARUATOC TROGEYYLOTS ULAg
oLVdpTNoNC, tou Lenepvd TiC Suaxohiec Tne Tpornyoluevng tapaypedgou, Slvetal
OTY) GUVEYELDL.

Apyuxd opiletar 1 évvora g mapeufolnc we egnc:

Optowés 3.2 - 1 (nrohvwvuuxrs napepBorvs). Fotw dut xg, 1, ..., Tp
elvat n+1 Siagopetind uetal touc onuela evéc diaotiuaroc [a,b] xar f(x)
ula mpayuatixij ouvdptnon ue nedlo optouoy enione to [a,b] xar tnc onolac
elvar yvwotéc ot twéc f (z;) yia xdbe i =0, 1, ..., n. Tdre n noAvwvuurxy
rapeufolrr (polynomial interpolation) opiletar and éva moAvdvuuo, éotw P,
Babuot < n, éror dove P, (v;) = f (zi) yia xdfe i =0,1, ..., n (Zy. 3.2 -
1).

O napandve oplouds yevixeletal Yo xde olvoro onuelov (z,y;); 1 =
0,1, ..., n, 6Tav Ta z; elvol Slou@opetixd ueTall TOuC.
Yyetxd pe v Unapén xal T0 LOVOGHUAYTO TOU TOAUGYUUOU TapeUohhc

P, (z) woyleL:

Oedpnpa 3.2 - 1 (napeuPoris touv Lagrange). Eotw dtt xg, 1, ..., Tp
elvar n+ 1 Siagopetind uetalt toug onuela evic Siaotiuartoc [a,b] xar f(z)
ula moayuatixy ouvdptnon tyc onolac elvar yvwotéc ot Twéc f (z;) yia xdbe
i=0,1,...,n. Tdre undpyer axpifdc éva molvdvuuo Py(x) Pabuod < n,

wou Slvetal and tov TUTo

Pu(z) = lo(@)f (vo) +l(2)f (z1) + ... + ln(2)f (20)

= > L) f (a:) (3.2-1)

1=0



6 HHoAvwvupixy Hogepfoln Kab. A. Mrpdtoog

P(x)
f(x)

2.0
15/
1.08
05"

05

—1.0F

Yyhua 3.2 - 10 Enueta {0,1},{1,0},{3,2}, {5, —1}

li(z) = (x—z0)(x—21) (. —2i1) (x —2i01) - (2 — 2p)
i (xi — o) (xi — 1) -+ (x5 — wiz1) (T — @ig1) -+ (i — Tp)

n

- I == (3.2 - 2)

j=0ue i TE T Y

7 ’ ’ ’ 7
xat 10 onolo ovuninter (tavtiletar) ye v f(x) ota onuela ©; yia xdbe
i=0,1,...,n

O tirog (3.2 — 1) elvar yvwotde oav tinog napewBol¥s tou Lagrange,
evod ta tohvdvuua li(x); i =0, 1, ..., n, mov opllovtat ye Tov tino (3.2 —2),

Aéyovtal mohudvupe magerBoArg tou Lagrange yio ta onueta ¥ x6uPoug

(nodes) xg, 1, ..., Tn.
Hopatrpnoeig 3.2 - 1
Az tov tino (3.2 — 2) npoxintouy to e&hc:

i) otov aplBunth xébe éva and ta tohudvuua l;(z) €yer Ghoug Toug Tapdyo-
viec extoc and tov = —z; (Stagopetind av toug elye 6houc Ba tpoéxunte

nohudvuuo n + 1 Babuo),



Ocoenua tou Lagrange 7

ii) o napovouaothc npoxUntel and Tov aptBunth avixabloTtdvTac To T UE

T0 x;. Apa 0 mapovouaotic elval otabepd.
i e povou < e

IMépiopa 3.2 - 1. Ta norvdvuua li(z); i =0, 1, ..., n elvar faGuod n xa
emmnAéoy

1 av 1=3
l; (x]) = 82']' = 0 ' 7& ' (3.2 - 3)
ay 1 # .

Anédely. 'Eyovtac un’ 6duwv v Hopatfenon 3.2 - 1(i) xdbe éva and ta
rohudvuua l;(z) otov aplBunty éxer 6houc Touc Tapdyovies extés and Tov
r — x;. Apa, enedr n aplbunon apyiler and o 0, undpyouv n Siagopetixol
napdyovieg, on6te o PBafudec Tou xdbe evéc nohuwvduou xat cuVETGS Ghwv ba
elvat n (o napovouaothc elval otabepd).
Entomng elvon
(zi — o) (wi — 1)~ (% — wiz1) (i — Tig1) -+ (20 — Tn)

l; ('Ez) = (Tz — -TO) ('Ez _ -Tl) L. (Tz _ -Ti—l) (Tz — "Ei—l-l) L. (Tz — Tn) =1.

'Eotw yia evxolhia 7 =0 xavw 2=1, omnbte

(2 — 30) (= 29) -~ (& — )

l1 (xg) =
(o) (z1— o) (w1 —@2) -~ (21 — Tp) | ey,
0
—_——
_ (zo — o) (w0 — 2) -~ (w0 — ) -0
(w1 —mo) (w1 —m2) -+~ (w1 —wn)
"Ouota Yo Toug YevixoUg delxTeg 4, J. .

MMopdderypa 3.2 - 1 (yYpapwixy] noperBoAr)

Zneltanr va tpoodloptotel 1o tohudvupo napepfohlic P(z) tne ouvdptnongc
f(x) vy ta onuela g, 2.
Adom. Enewdr o aplfudc twv onuelwy napeufohic elvar 2, npénet 1o {ntoduevo

nohudvuuo va elvar lou Babuol, dnhadh olugwva e tov tino (3.2 — 2)

P(z) = Pi(z) = lo(z) (z0) + () (z1).
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P1(x)

gy

Yyhua 3.2 - 20 Enuela {1,2.5}, {4, —1.5}

To rohudvuua napeuBolic lo(z), I1(x) odugpova ue tic Mapatnphoec 3.2 - 1

urohoyllovtat and tov tino (3.2 — 1) wc efc:

_.T—.Tl _.T—.TO
lo(x) = p— xau li(z) = p——
‘Apa
Pr(a) = o f wo) + 2 f (1)
1(@) = o o)+ T )
dnhadt
Pﬂx)z%(m—xo)—l—f@o) (3.2 -4)

mou elvar YVootéc oL oav 0 TUTog e Yeawixrs TapelBolYs (Xy. 3.2 -
2).

Hopddetypa 3.2 - 2
Na vrnokoyiotel to tohudvuuo nogeuBolfc yia to onueia
(zo, f (z0)) = (—0.5,1.5), (z1,f (z1)) = (0.8,2.0) »oun

(22, f (z2)) = (1.2, —1.5).
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Adom. Enewdr o aplfudc twv onuelwy napeuforic elvar 3, npénet 1o {ntoduevo

noAuGyLuo va elval 20u Babuol, Snhady

P(z) = Py(z) = lo(z) (wo) + i (x)f (1) + l2(2) f (22) -

‘Ouowa T tohudvuua mapeuBoric lo(z), li(x) xou lo(z) oduvwva ue T

Hapatneroeig 3.2 - 1 urohoyilovton and tov tino (3.2 — 1) we evc:

lo(x) T — T T — X9 r—0.8 r—12
X == =
0 ro—x1 290 —x2 —05—-08 —0.5—-1.2
= 0.434389 — 0.904977 x + 0.452 489 2%,
r—1Tp T — T r—(-05) z—-12
li(z) = =
1T —TopT1 — T 0.8 — (—05) 0.8—-1.2
= 1.153846 + 1.346 1542 — 1.923077 22,
b(z) — r—x9 t—x1  x—(-05) x—-038

Ty —xorg — w1 1.2 —(—0.5)1.2—-0.8
= —0.588235 — 0.441 177 x + 1.470, 588 22
Apa avixabiotdvrac tehxd (Xy. 3.2 - 3)
Py(z) = lo(z) 1.5+ 11(2)2.0 + l2(z)(—1.5)

= 3.841629 + 1.996 606z — 5.373 3032

Hopddetypa 3.2 - 3

No unoloyiotel To ohoxhipwua
1
I= /e_IQda:, (3.2 - 5)
0

7 ’ 71
otav T onuela TapeuBolrrc elval:

YElvaw TEOYAVES OTL 6TIC TERLTTAGELS aUTES Ao To onuela tapeuBolic TpéEneL Vo avixouy

670 SdoTnua oloxAipworg.
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P2(x)

f(x

i) 10=0, x1=0.5, z3=1.0, xu
11) ro = 07 r1 = 03/ Tro = 06/ r3 = 1.0.

Y1n ouvéyewa va Yivel oUYXpLoT TOV anOTEAEOUATWY Ue TN Dewpntued Tuuh
I =0.746 824.
Adom. Avdhoya ue to Hapdderyua 3.2 - 2 €youyue:

i) Enewd?) ta onuela elvar 3, to nohudvuuo napeufolvc elvat
Py(z) = lo(x) (w0) + L () f (x1) + l2(2) f (2) ,

oTav

r—xry r—x2 x—052—-10

lo(: = =
O(T) ro —T1 Ty — T2 0—-050-1.0
= 1-3x+22?%
r—x9 v—x2 v—0 z-10

14 (: = =
1(7) r1—xg 1 —xzo 05—-005-1.0

= 4z —42°,
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r—x9g v—x1 x—0 x—-05
xo —xo o —2z1 1.0—01.0—0.5

= —x+22°%

"Apa aviabiotdvtoc tehxd

P2 (T)

Enouéveg

I

€1

= Io(z)e® +11(z) e 05 4 la(x) e’

= 1-0.2526762 — 0.3794442°. (3.2 - 6)

1
/ Py(x) do ~ 0.747180  ue ogéhua
0

|0.747 180 — 0.746 824| = 0.000 356.

ii) Xty nepintwon avth ta onueia elvon 4, ondte To ToALGYLUO TapeUSolfc

elva

6Tay

Py(x) = lo(z) (wo) + li(x) f (x1) + lo(x) f (x2) + I3(x) f (23),

lo(x)

ll(T)

lo(x)

r—T1 T—T9 T —T3

Lo — I Lo — T2 To — L3

z—03x—06 z—1.0
0-030—-06 0-1.0

1 —6x+10.55556 22 — 5.555 556 23,

r—Ty T —XTo T — T3

Ty — &g L1 — T2 T1 — 3

r—0 zz—-06 =z-—1.0
03—003—-0603—-1.0

9.52381 2z — 25.396 83 22 + 15.87302 2>,

r—ryp rT—T1 T —T3

Tro —Xo g —T1 T2 — I3
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z—0 x—03 z—-1.0
06—-—006—-0306-1.0

= —4.166667z + 18.05556 22 — 13.888 89 3,

r—Ty T—X T —T2

ls(x) =

T3 — o L3 — L1 T3 — L2

z—0 x—03 z—-0.6
10-010-0310-06

= 0.642857x — 3.214286 2° + 3.5714292°
Apa aviabiotdvtoc Tehxd

Py(z) = lg(z)e® +11(x) e 03 4 lo(x) e06" 4 I3(x) et
(3.2-7)
= 1+0.0336162 — 1.24093 2% + 0.575195 z3.

1
L = /P3(.’E)d.’E ~ 0.746 963 ye o@dua
0

|0.746 963 — 0.746 824| = 0.000 139.

€2

Téte mpogavde ex < eq, nmou emadnfedel xau 10 Hewpntind avauevéuevo
anotéheoua, dnhadr 6tL 1 alidnon twv onuelwy mapeufohic auddvel xal TNy
axplfela g mpooéyyione. Xto Xy. 3.2 - 4a dlveton 1 ypaguxd napdotaot
TV TOAUOYOULY Py xat P3 ue ta avtiotoiya onuela tageuBolrc, eved oto Ly.

T

3.2 - 4b 1 ypagu napdotaon tng e ’ ue 6o ta ypnoluonobéva onueta.

3.3 Awupepéveg dapopés. Tinog tou Newton

To mohudvuuo nageuBoric P, (z) tou Lagrange, nou opiletar and tov 1010
(3.2 — 2), anowtel vy Tov unoloyioud Tou évav ueydho aplBud mpdlewv.
Yuyxexpluéva, 6tav o unohoylouds tou yivetar ue HY, apywxd unoloyileton

n nopdotaon (z — o) (x — 1)+ (x — xp) xaL 01N oLVEYELW T TOAUDVLUL



Avopepéveg dLagopés. Tinog Tou Newton
P() f00
o9 109
0.9} e
Y
0.8}
0.7}
0.6}
0.5}

02 04 06 08 " (a) 02 04 06 08 " (b)
Syfuwa 3.2 - 40z € [0,1] (a) Iohudvuuo Py xéxxivy (omuelo unhe), Ps
rpdowvn xounihy (onueta x6xava) xa (b) ouvdptnon %

Li(z); i =0, 1, ..., n ue xatdhhnhec dapéoelc tne tapdotaong authc. 'Onwg

€yeL Ndn mpoxdel xat and to Hapddelyua 3.2 - 3, yio vo auénbel n axpiBela tne
npocéyylomg, meénel va yenowuonolndel xdbe popd xar ueyaiitepog apliude
onuelowv napeuforic ;. Autd duwe T6TE €yl cav anoTéhesua Ulo aviloTouy
aténon tou Pafuol tev avilotoywy tolvwviuwy rapeuforfc Pi(x), evd,
6noe npoxintel and tov tUno (3.2 — 2), 610V UTOAOYLOUS TV TOAUGVIUGY
Pi(x) 8¢ hauBdvetal un’ 6y 1 uéypet 6t Yvdon tov tohueviyny Py, P,
.., Pi—1, pe anotéheoua o tnog autdéc va odnyel xdfe gopd xar oe €va
ueydho opllud enovohauPavouevony nedlewy. XUuvolxd, autd €youv cov
Hey pLoi ! M e : ; X
anotéleoud 0 TEAXGS UTOAOYLOUGS Tou Tohuwviuou Pj(x) va elval apxetd

’ 7 z e z ’ z
eninovog agevog xar agetépou ue morhd Adfn otpoyyvionoinong. Enouévec
oe éva tpéPBhnua ue ueydho aptbud dedouévwy To Tohudvuuo Tou Oo tpoxiet,
de Oa Siépyetor amd ta onuela, dnradrn Oa undpyer opdhua, ye 6TL autd
ouvendyeTal 6Ty nepattépw Ao Tou tpofAruatoc.

Yy npoondbewa neploptouol tou aptBuol Ty tpdiewy Tou anatTovvTal

YL TOV Tpoadloptoud Tou Tohueviuou tageufolfic P, (x), To onolo Siépyetat

and ta onuela x;; ¢ = 0,1, ..., n, 10 {nroduevo ToAUGVUUO YRAPETIL K
e&nic:
Py(x) = Ao+ Al (z— o) + A2 (x — xo) (x — 1)
+.. 4+ A (z—x0) (2 —xpH_1). (3.3-1)
Ytovtino (3.3—1) ta A;; 1 =0, 1, ..., nelval oL tpoodloplotéol GUVTENEDTES

Tou Tohuwviuou. e avtibeon e tov YVwoté tino tev duvduewv (power

13
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form)

P,(z) = apx" + an_12" ' 4 ..+ a1z + ao,
6tav a;; 1 =0,1,...,n ouvtekeotéc ue ap # 0 xawn =0,1, ..., o ténoc autde
haufdver ur’ 6y ta onueta tapeuforic To, T, ..., Tp_1.

AvoLpe€VeS dLaPOpPES

Yy (3.3 — 8) 0 unoloylouds 1wy ouvieheotdy A;; i =0, 1, ..., n yivetow
eUxoha Ue TNV eLoay YY) TNS évvolag Tng dLatperévng dLagpopds, tou opiletal
011 GLUVEYELWL WS EERC: AV g, X1, ..., Tp Elvarl 1+ 1 SwapopeTind yeTtadl Toug
onuela evég dwaothuatog [a,b] xau f(z) ula tpayuatind cuvdptnon ue nedlo
optouot exnlong To [a, b] xai tne onolag elval yvootéc ou twée f(x;) yio xbe

1=0,1,..., n, té6t€

Opiowég 3.3 - 1. H diawpeuévy Siagpopd yndevixnig tding oto onuelo x;

ovuforilerar ue f ;] xar toodtar ue

fla] = f(xi). (3.3-2)

Optopdg 3.3 - 2. H diaipeuévy Siagopd 1ng tdEng ota onuela x;, i1
ovuPoriletar ue fxi, xiz1] xaw tooUtar ue

f@ivy) = f(2i)

Ti41 — T4

flzizipa] = (3.3-3)

Opiowég 3.3 - 3. H Staipeuévy Stagopd 2ng TAENG oTa onUElX T, Tiy1, Tiy2
ovuforilerar ue f[ri, Tit1, Tiyo] xau tooltar ue
flzivr, wigo] — f [2i, 2iq1]

flzisiv1, Tigo] = : (3.3 - 4)
Tiya — T;

Ievixd oplleta 61u:
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Opiowdsg 3.3 - 4. H Siawpeuévy dtagopd k-tdng ota onuela x;, Tit1, ...,

Tivk ovuforiletar ue flxi, Tit1, ..., Tipk| xou toovtar ue
flmi, miva, o, ik
_ Sl tivo, - wik] — s i Tigk] (3.3 - 5)
Tipk — Ti

Arnodewvietal 611 Loylel To Tapaxdte Hedenua:

Ocedpnpa 3.3 - 1 (Bedpnua vToAOYLOWOU dLatpeRévmy dagopdv). Fotw
érixi;i=0,1, ..., nelvarn+1 dtagopetixd onuela evéc Staotiuaroc [a,bl.
Tére toyvel:

f [:Elme:' s 7'IETL] — f [:E(]:',El: s >-Tn—1]
T '

(3.3 - 6)

f [-To,.Tl, L. ;-’En] =
Ynueiwon 3.3 - 1

Ou rnapandve oprobeloes Stagopéc otn BiAoypapla elval YVwotéc oav oL tpog
Ta eunpdc Slapeuéves Stagopéc. Yto udlnua autd Ou dwutnenlel yia euxolia

anhd o bpog Sotpeuévn Swagopd (BAéne enlone ‘Aoxnon 3).
Hopddetypa 3.3 - 1
No uroloyiotolv ol Suaipeuévec Stagopéc ota onueta
(0.3,1.5) xo. (0.8,2.5).
Abor. 'Eotw
r0=03, f(ro)=1,5 xu x1 =08, f(z1)=2,5.

Téte Swadoyxd éyovue

fleo] = £(03)=15 xa flri]=f(0.8) =25
_ f(z1) — f(x0) _25—-15
flzo,m1] = T T 0803 9.



16 IHoAuvwvupixy HogenBoin Kaf. A. Mrpdtoog

IMivaxag 3.3 - 1: Iopdderypa 3.3 - 1: unohoyioude Siapeuévne dlagopdc

1-td&ne
flzo,v1] = % =2
z; =0.8 flz1] =25

Ta napandve anoteréoupata unoroyilovta eniong ue tn Stadixacio tou Hivaxa
3.3 -1

IHapddetypa 3.3 - 2
No unoloyiotolv ol Suaipeuéveg Stagopéc ota onueia

(1.0,2.0), (1.5,28) xar (1.7,3.5).

Y

Abom. AxohouBdvrag avdroyn Swaduxactia ue exeivn tou Hoapadelyuatog 3.3
- 1 éyouue Ta anoteréouata tou Hivaxa 3.3 - 2.

Yrov Ilivaxa 3.3 - 3, avtiotoiya 3.3 - 4 divovtal oynuatixd oL utoloylouol
ToV SLapeUévey dtagopdy 3ne, aviioTtolya 4nc-téing, evd atov Ahyoplbuo 3.3

- 1 o tpbémoc unoloyLouoY TOV YEVLXA.
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Iivaxag 3.3 - 2: Ilapdderyua 3.3 - 2: unohoyiouds Satpeuévng dragpopdc

2-t8&nc
f w0, z1]
2.8 —-2.0
~_15-1.0 L6
f ['7’107'7"17'7"2]
_ [z, z2] — f [0, 1]
To — Iy
z1 =1.5 1| = 2.8
! f e 35-16
1.7-1.0
= 2.714 286
f[xlvx?}
3.5 —2.8
- 17—15 35
29 =17 flza) =35
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ITivaxag 3.3 - 3: unohoyioude Satpeuévng Slapopds 3nc-1éne
€Zg f[xl] f[,] f[::] f[777]
o | [ [zo]
/ [mval]
_ fE)-f(=0)
L1—T0
f w0, 71, 72
| flo] — [flzrma]—flzo,mi]
To—1X0
f 1, 2] f [0, 21, 72, 73]
_ [lz2)—f(21) _ [flwi,we,w3]—flwo,wr o]
To—1T1 T3—1T0
flz1, 2o, 23]
w2 | flwa] _ fleo.as]—flwr o]
T3—x1
/ [l'?vx?)]
_ [f(3)—[(z2)
T3 —T2
z3 | f[2s]
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Iivaxag 3.3 - 4: unoloyloudc Satpeuévng dlagopdc 4ne-tééng

zi | f @] /1] ;] o] floso]
zo | f [xo]
[ o, 1]
v1 | f[21] f o, w1, m2]
f a1, o] f o, w1, w2, 73]
v2 | f [22] [l w2, m3] flzo, 21,22
, T3, T4]
(09, 23] f [0, 9, 3, 4]
v3 | f [v3] f w2, w3, 74]
[ w3, z4]
v | f [24]

AhyéelBuog 3.3 - 1 (unoloyLowol Tou Tivaxa TOV JLAUEPEREVLY dLAPOp®Y)

AdPoacezi; 0 =0,1,...,n

Yrohéyioe f (z;) = flx];0=0,1,...,n

lNek=1,2,...,n
lNat=0,1,...,n—k

flwivr, - @igk] — f 7, Bk
Tit+k — T

[l wig1, i) =
TéNOC 1

téhoc k
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Tonog napepforric Tou Newton

Arnodewvietar 6t ue ) Porfea Twv dtalpeUévwy dtapopdy, T0 TOAUGVUUO

(3.3 —1) ypdyeton

Py(z) = flzo] + flz1,20] (x — w0)
+f [0, x1, 2] (¥ —20) (x —21) + ... (3.3-17)
+f [wo, w1, @] (@ —20) -+ (2 — wn—1).

O tinog (3.3 — 7) elvar yvwotéc o oav tOnog napeiBolvc tou Newton
(Newton interpolation formula).

Téte and tov tino (3.3 — 7) npoxintouy

YL T = T
P, (z0) = flzo) +0 = f (20) .
YL T = 11
Py (z1) = flzo]+ fz1,20] (x —20) +0
= S+ L) oy~ ) e,

dnhadh enahnbetetol bt o P (z) otn wopeh auth Suépyetar and ta onuela
ri;1=0,1, ..., n.
Me Sadoyxi| egopuoyh tou tinou (3.3 — 7) éyouye:

yian =1

Pi(z) = [lzol + f 1, zo] (& — o) (33-8)
Tou Looltat Ue tov TUno (3.2—4) tne ypauulxic tapeuBoiic touv Hapadelyuatog
3.2-1,
Yoo n =2

Py(z) = flwo]+ flz1, wo] (x — w0)
+f [xo, 1, 22| (x — x0) (x — 21) , (3.3-9)

Yy n =3

Py(z) = flzo] + f[x1, 0] (z — z0) (3.3 - 10)
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IIivaxag 3.3 - 5: IHoapdderyua 3.3 - 3

2o = 1.0 1.0
f w0, 71]
_ 0.778801—1.0
= T 05-0
= —0.442 398
[ w0, 1, 2]
r1 =15 0.778801 — 0821848 (0442 395)
= —0.379444
f 71, 2]
_ 0.367879—0.778 801
= 1.0-0.5
= —0.821 843
r9g = 1.8 0.367 879

+f [xo, 21, x2] (2 — o) (x — 21),

+f [xo, 21,22, 23] (T — 20) (¥ — 71) (T — 22) .
‘Ouota 6tav n > 3.
Hopddetypa 3.3 - 3

Znteltan vo unohoylotel To toludvuuo tapeuforric 2ou Babuol nou npooeyyilel
™y ohoxhnpwtéa ouvdptnon f(r) = e tou [Moapadetyuatog 3.2 - 3, 6Tav
T onuela elvar g = 0, 21 = 0.5, xav z9 = 1.0.

Abom. Enewdr ta onuela elvar 3 o {ntoduevo nokudvuuo elval 2ou Babuol
xat dlvetar and tov tino (3.3 —9). T'a tov urohoyioud tou aratteitar 1
dnutovpylo tou Iivaxa 3.3 - 5.

‘Apa

Px) = 1.0 0442398z — 0.379 444 z(z — 0.5)
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= 1-0.2526762 — 0.379444 22,
dnhadn to anotéheoua (3.2 — 6).
IHapdderypa 3.3 - 4

Zteitol vo utoloyloTel To Tohudvuuo TapeuBolrc 3ou Babuol g ouvdpeTn-

onc f(x), 6tav ta onuela x; xou ow twwéc f (x;) divovraw otov Iivaxa 3.3 - 6.

Avom. Egupuélovtag tov tino (3.3 — 13) éyouue
P3(x) = 0.585 —0.270(z — 1.0) 4+ 3.650(z — 1.0)(z — 1.5)
—7.985(x — 1.0)(z — 1.5)(z — 1.8)

= 23.391 — 47.309x + 30.829 2% — 6.319 3.

O urohoyloués tou mohuwviuou P3(x) ue to MATHEMATICA vyivetau
oto Ipbypauua 3.3 - 1.

IMpéypappa 3.3 - 1 (unohoylowol TOU TOALLYVUUOL TAREUBOAYC)

data = {{1.0, 0.585}, {1.5, 0.450}, {1.8, 1.245},
{2.5, -0.980}};
InterpolatingPolynomial [data,x]

3.3.1 Xyéom napepBoAYg %L ToEAYGYOU

Av i =0, arnd tov tino (3.3 — 3) npoxUinTeL

[ 1) = f (w0)

r1 — X

flzo, 1] = (3.3 - 11)

Toérte, ewboov 1 undpyel N mapdyoyos f/, and to Oedpnua tne Méornc Tiuhc
€y ouuE

[ lzo, 1] = f'(€), (3.3 -12)

étav € € (o, 21).
To mapaxdtw Oedpnua, mou elvar Yvwotd cav to Oedpnua tne Méornc

Twrc yia Soipeuéveg Slapopés, YeVXeUEL TO ANOTEAEGUA AUTO.
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Ilivaxag 3.3 - 6: Hapddeiryua 3.3 - 4

Z; f[l'z] f[a] f[] f[vvv]
o= 1.0 ] 0.585
f [l‘o, xl]
_ 0.540—0.585
- 1.5—1.0
= —0.270
f ['7:07 1, '7:2]
_ 2,650 (—0.270)
r1 =151 0.450 =370
= 3.650
flwy, 2o flzo, z1, w2, 23]
_1.245-0.450 _ —8.327-3.650
- 1.8—1.5 - 2.5—1.0
= 2.650 = —T7.985
f [',I"lv T2, :I:?)]
—3.179—2.650
ro = 1.8 | 1.245 = =5 Ts
= —8.327
f [.Tl, 1‘2]
_ —0.980—1.245
- 2.5—1.8
= -3.179
r3 = 2.5 | -0.980
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Ocedpnpa 3.3 - 2. Forw f(x) ula neayuatx) ouvdptnon ue nedio optouot
[a,b] xat tn¢c onolac undpyet n n-tdénc napdywyoc yia xdbe x € (a,b). Tore,
av To, L1, ..., Tn, elvar n+ 1 Stagopetixnd onuela tou [a,b], vrdpyer onuelo

€ ue & € (a,b), éror dote

e

n!

f[IEO,IEh/,ETL] (33_ 13)

Aoxfoeig

1. Me tov tino noapeuPorrc tou Newton va uroloylotel To toAudvuuo nou

€T

npooeyylleL TV ohoxhnpwtéa ouvdptnon f(z) = e~ * zou [Mopadetyuoatog 3.2
- 3, 6tav ta onueta elvar g = 0, 1 = 0.3, 2 = 0.6, xou 3 = 1.0. Noa yivel
oUyxplon tou anotehéouatoc Ue 1o avtioTtolyo tou tinou (3.2 — 7).

2. 'Eotw 611 ta onuela xg, 71, T2 oL x3 Woanéyouy, dnAadh h = x4 — x;

vy xdle i =0, 1, 2, 3. Acifte 612
f(zo) = 2f (z1) + f (22)

Z'f [.’E(],.’El,.’Eg] = n2 y (33 - 14)
1
31f [zo, w1, 22,23] = -5 [ (w0) +3f (a1)
=3[ (z2) + f (23)]. (3.3 - 15)
3 (mpoapetix?). ‘Eotw 6t ta onuela zg, x1, ..., T, Loanéyouv, dnhadt
h=zi41 —x;yoaxdbei=0,1,...,n—1 Toéte, avx = z¢ + sh, n Siapopd

r —x; ypdgetal x — x; = (s — 1)h, ondte and tov tino (3.3 — 7) npoxiintel
Pu(z) = P, (xo+sh) = f[xo] + shf [x1,z0] + s(s — D)2 f [wo, 21, x2]

+..o.4s(s=1) - (s—=n+1)A"f[zg,21,..., 2]

s(s—1)---(s—n4+1)0* flzg,x1,... 1]

Il
NE

>
Il
=)

s\ _ s(s—1)---(s—k+1)
k) k!

201 tomoL autol elvar UL Tpoaéyylon ng aviloTolyng tapaydyou 6to Oedenua 3.3 - 2.

Avohutoed uehétn Oa yiver oto Mdbnua AplBuntue Hoapaydyion.
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detlte 6TL to nohudvuuo P (x) tekxd ypdopetal
n
P,(z) = P, (zo + sh) :Z<>k'hf7:0,:c1 , Tk - (3.3 - 16)

Ewsdyovtag 1o ouuBolioud A yia tig mpog ta eunpds StotpeUéveg dapopé

we e&fc:?
flo.ml = W%Amo)
f[xo,ﬂ?l,xg] = % Af(Tl);Af(:CO) _ﬁA%f( )
flzo,x1, . ] = k'hkAkf( 0)

detlte enlone 6t o tinoc (3.3 — 16) ypdgeton

_ Zn: (Z) AR £ (). (3.3 - 17)
k=0

*Bréne Snuelwon 3.3 - 1.

*Anayopeldetar 1 avadnuooicuoy ¥ avamapayeyY Tou Tapéviog 610 GOVOAG Tou ¥
TunUdTeY tou ywels ™ yeanth ddewa tou Kaf. A. Mrpdtoou.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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