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Mdabnua 9

ITPOXEITIXH YYNHOON
ATAPOPIKON EZIXQXEQN -
MEPOX 1

Etvar 481 Yvwoté 610y avayvhotn 6t 1) enlhuoy TV TeplocbTepnY TpoBAnud-
TV TV fetixdy emoTnudy odnyel oty Adon wag Swgopuic elowong 1
evog ouoThUaTog dtapopxtdy eilohoeny. H Abon auth elvar duvatdy va
unohoylotel Bewpntind UOVOY GE OPLOUEVES TIEQLTTOOELS, EVE OTA TEPLOGOTEQN
TV tpolAnudtey 1 Aben yivetal ubvov mpoceyYloTind, dnhady ue aplbur-
Tweée uebddoug, oL onolec moAAéC popéc e€axohovfoly va ypnoluomolovvTal
xa 6Tay axéua elval Yveoth 1 Bewpnti Aon.!

Ot Suapopunés e€iodoeig elvol Buvatdy va Y weloToby 6T TopaxdTe dUo

Baowég xatnyoples:

o Tic ouviiflelc dragopxéc eClodoec § ODE’s (ordinary differential equa-

tions), étav 1 dyvwotn ouvdptnon eZaptdton and ulo ueTaAnT, o

o Tic dlaopixéc elodoelg ue uepnéc napayonyous ) PDE’s, 6tav e€aptd-

TOL Ané MEPLOGHTERES TNG ULag UeTAUBANTES.

'O avayvéotng v pio extevéotepy Uehétn mopoméunetal o1 BuBAloypagla xal oTo
BBro A. Mrpdtoog [2] Kegp. 10.



2 Hpooeyyiotixy Aion ODE’s Kaf. A. Mrpdtoog

Yto udbhnua auté, mou eéetdletol 1 mpooeyyloTx Abon Twv cuvibwy
Srapopn®dy e€lodoewy Ing tédéng, yivetal apywxd ulo avagopd otny Urapdn
Aong xou otr ouvéyewa dlvovTal ou xupldtepeg UEDOSOL TPoGEYYLoNg TWV
ANoewy, mou Poacilovtal otov tomo tou Taylor. Xto e&fic ywr euxoila Ou
yenowonoteltal o 6pog dagopxy e€lowar), avtl Tou dpou cuviiing dragopxn

eZlowon,.

9.1 Ewcaywoyweég évvoleg

Yty napdypago autrh o doboly opiouevol yeriowuol oplouol xal Hewehuota
ané v Avdhuon, nou eacpaiilouv TNy Vnopln Xl TO LOVOGHUOVIO TNG

Aoong Ty dlagopuxty eflodoeny Ing tdng.

9.1.1 Ogiouol

Kelvetar oxémuo oto onuelo autd va dobolv ol Bacixdtepol oprouol. O
avayveoeTng Yo wa extevéatepr Dewentint ueAET oY cuvhiny dagopxdy

eZLodoELY 0 AvaYVHOTNG Topanéunetal o1 Sielhuven:

https://eclass.teiath.gr/modules/document
/document .php?course=T0P112
Evypaga -> MAPAADYXEIYX MAGHMATOL

Optowds 9.1.1 - 1. H yevixij uopyn uiac Stagopixiic eélowone 1nc tdéne
elvau

F(tyy)=0 (9.11-1)
émov 5 dyvwotn ouvdptnon y = y(t) opiletar oe éva Sidotnua tne uopeic
(a,b) C R xau undpyer ny'(t) yia xdbe t € (a,b).

Téte n Mon y(t), epboov elvan duvatdv va tpoadioprotel, Bo opller T hom
e (9.1.1 —1).

Optowés 9.1.1 - 2. Mua Stagopixii eélowon 1nc tdéne tnc popeic (9.1.1—-1)
Qo Aéyetar 6t yodyetar oe Nogévy (explicit) uopyr, dtay

y' = ft.y). (9.1.1 - 2)
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Ye xdfe dhn nepintwon 1 (9.1.1 — 1) Oa Aéyeton btL opiletal ye Tenhey eV,
(implicit) yopg.

Opiowds 9.1.1 - 3. Mia Avuévy Stapopixi elowon 1nc tdéne Oa Adyetat
ot 0pilel éva mpbPANLA apyLxic TLwAhs (initial value problem 7§ IVP), étay
n Aoy tne emadnfeler pia apyixii T, dnAadi

y(t) = f(t,yt)) ue nedio optopos D C R x N =R2

xat yo =1y (to), drav (to,yo0) € D. (9.1.1 - 3)

Opiopwés 9.1.1 - 4. Mia ouvvdptnon f(t,y(t)) ue nedio opiouod, éotw D
6rov D C R?, Myetar 6t ixavorotel ula ouvBixn tou Lipschitz oc npoc

) uetefAntyi y, dtay vrndpyet uia otafepd L tétowa, dote
1f (yn) = f (G y2)l < Ly — w2 (9-1.1 - 4)

yia xdbe (t,y1), (t,y2) € D.
Téte 1 otabepd L Ho Aéyetar xav otabepd Tou Lipschitz yio v f.
IHopddetypa 9.1.1 - 1
"Eotw n ouvdptnon f(t,y) = tly| ue nedlo oplouol

D={(ty)|1<t<2 —3<y<4}.
Téte v xébe (t,y1), (t,y2) € D éyovue

f@Gy) = F (L)l = [tlyal = tlyell = [t ya] = [vell
< 2’y1_y2|7

ondte 1 otabepd L tou Lipschitz v ) ouvdptnon f Oa elvar L = 2, enedn

eUxoAa amodELXVOETOL OTL

1£(2,1) = f(2,0)| = 2= 0] = 2[1 - 0] = 2.
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9.1.2 Ocuelddeg Bedpnua

To napaxdtw Oedpnua, mou anedelydn and tov Henrici ([8], oehida 328),
Oewpeltar Oeuehiddeg, emewdr) Slvel tic ouvlrixeg, mou mpénel va mhnpol ula
ouvdptnon f(t,y(t)), étol dote pla Ing tdEng Auuévry dagopwnt| e&loworn va

€yel plo xaL povadixr Ao,

Oedpnpa 9.1.2 - 1 (Henrici yia ODE’s).  ‘Eotw 1t 5 f(t,y(t)) elva

uia ouveyiic ouvdptnon oto D, émou
D=A{(ty)l a<t<b, yeR},

Tote, av n [ vcavorotel ula ouvdixny tov Lipschilz w¢ mpoc tn uetafAnti y,
T0 mEdfAnua apyixic T

y = flty); telab] pe

yo = yl(to), ©drav (to,y0) € [a,b] (9.1.2-1)
Eyer axpifdc ula Aoy yia xdbe t € [a, b].
IMagatrenon 9.1.2 - 1

Y10 €&€v¢ otic aoxnoelg Tou pabfuatog Ouo elvon tg = a, ondte 1 apyxr T

yo Oa ooltan ue yo =y (to) = y(a).
IHopddetypa 9.1.2 - 1
"Eotw to npdfAnua apytxic tiunc
y =1+tsin(ty) émov 0 <t <2 xa y(0) = 0.
Téte Bewpdvtag o t otabepd and 1o Oedenua g Méong Twdc v ™

ouwvdptnon f(t,y) = 1 + tsin(ty), npoxdntel 6t yia xdfe y1 < yo2 undpyel

5 € (y17 y?); €TOL BOTE

t2cos(ft) — af(tay) — f(t7y2) _f(tvyl) )

dy Y2 — Y1

‘Apa
1F (o) = £ (t,y0)| = Iy — w1 [#2 cos (£0)| < 4ly2 —
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dnhadh 1 ouvdptnorn f wavonowel ula ouvbixn Tou Lipschitz wg npog T
uetaSAnTh ¥ ue otabepd tou Lipschitz L = 4 xau, enewdr) npogavag 1 f elvon
ouveyfc v x8fe t € [a,b] xau y € N, odugpwva e 10 Oedpnua 9.1.2 - 1 fa

umdpyeL axplB®e ula AboT Yol TO Topandve TeéBAnU apytenc TULAS.

9.1.3 Xvyfolicuol

'Eotw 611 t0 mpdAnua apyenic Twunc

v =ft,y); tela,b] ue yo=y(a) (9.1.3-1)

emaAnfevel Tig unobéoeic Tou Oewphuatog 9.1.2 - 1, ondte undpyet axplPodg
wo Mo y = y(t) v xébe t € [a,b]. Tére, epboov vrdpyet 1 Bewpntind
Aoom tou mpoPhfuatog, N ouvdptnon y(t) npoodiopiletar epapudélovtag wa
xATIAANAY uéhodo.

Y1 mepuntdoeg 6mou 1) fewpntind Ao elvan dyvwotn, ue Tov 6po moooéy-
yion ¢ Adonc evvoeiltal 0 UTOAOYLOUOG UE XITOLO TROGEYYLOTIXG TUTO, TOV
oplletan xdle popd and v aviiotolyn aptbuntixy wébodo, 1wV TUGY TNg
Mong apywd ota eowtepxd onuela Tou [a, b] o Tehxd Tng g oTo onuelo
b, dnhadyy tne y(b).

I v mpooeyyotxh) Ao to ddotnua [a,b] urodiupelton e N to

mihfog oo urodlrothuata ané to N + 1 onuete?

a=ty<t1 <...<ty_1<ty=b

b—a

N
Egéoov ue y(t) ovuBoriletar n Dewpntind| AMon tou npohiuatos apytxic
)

e (9.1.3 — 1
TpaypaTdTNTA 1) Yehon g aptbuntixic uebédou de Bu ddoel T BewpnTixd

ThdToug £ = (Xy. 9.1.3-1). Téte npogavag elvar t; = a + i L.
, N T tne oto onuelo ¢ elvan tpogaves Ny (¢). Ly

avapevouevn Twh y (t;), ahhd xdmota AN TpooeyyLotiny tou Ha ouuPohileton

2Nty nepintwon 6mou N uetofinth t cuuBolilel to ypdvo, To £ Ha Méyetor Brue
Tou ypdvou (time step). Elvow #dn yvwotés otov avayvdot) avdhoyes dwopepioels g
wetaBANTic « Tou dwothuatog (space step) and v npocéyyion twy tapaydywy (Mdabnua
6) xat toug alvhetoug xavéveg ohoxhipwong (Mdbnua 8).
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a__ _ LA . b
b i i i1 In
Y v Yy v Y

Yo Y1 Vi Yin YN-1 N

Syfua 9.1.3 - 1: 7 drapéprom 0 tou deothAuatos [a,b] and o onuela t; =
a+1l, 6tav £ = tip1 — t; xou oL aviloTolyec TEOGEYYLOTIXES TUWES Ui & =
0,1,..., N, 6tav

otoelficue yi; ¢ =1, 2, ..., N. Téte mpogavde undpyet éva 6@diua UTOLOYL-
ouol e i ¥ (¢) and v ¥, Tou wolta pe e = |y (t;) — y;| (andhuto
opdipa).

T Swadueaota e apluntinic Mong tne (9.1.3—1), 1 uéfodog epapudle-
Taw Stadoywd ywo ¢ = 1, 2,..., N oe xd0e éva and 1o onuela t; TG TopATAVE
drauépromng d - axpBéotepa, 6tav to t cuuPolrilel To ypbdvo, oe xdbe eninedo
¥povou (time level) - Sivovtag xdle @opd v avtiotolyn tpocéyyion y;. L
OUVEYELN PE YVWOTYH TNV TpooeyYLon y; unohoyiletal and 1o enduevo onuelo
tit1 M Tpooéyyion yir1 (6o Xy, 9.1.3 - 1) xon tehuxd  wf yy =y (tny) =
y(b).

IHopatrenon 9.1.3 - 1

Yuvifog n apywr tpooeyYloTx TN Yo LoolTtal Ue Ty avtioToyn Hewentixt
y(a). Av auté dev woylel ¥ otic tepuntdoes mou 1 Bewpntuer, Ao elvan
Gyvwotn, T0Te LTdpyEL €va apyxb G@dAUd ot Aior, mou auidvel Ue T

draduxasia egapuoyhc tng apBuntueic puebddou.

30 avayvdotng Yo i extevEaTERY AVAAUGT TWV SLapdp®Y GPOALATOY TOU TPOXUTTOUY

oTL¢ TEpLTOOELS AUTES, Topanéuneton oto Mdbnua 1.
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‘Aoxnon

No ecetaotel av woyder 1o Oedpnpa 9.1.2 - 1 ot nopuxdte mpolifuata
APYLXDY TULDY
i)y =ycost; 0<t<1, y(0)=1,

i)y =2t +17e; 1<t<2, y(1)=0,

3
_ A <<,
L+t -

/

i)y

9.2 Mcéebodol nou Paciloviow 611 oepd Taylor

9.2.1 MEé6odoc tou Euler

Av xou 1 uébodog auth Sev €yel ofuepa UEYAAES TRAXTIXES EQUEUOYES, EE0XONOU-
el va mapousidlel evduapépov oty aplBuntied Aot ey cuvhey SlagopLxdy
ellodoewy, enedt| anotehel ) yevvATela wéBodo (predictor method) todhédv
Ghhwv axpBéotepwy Uehddmy.

‘Eotw étL 1 ouvdptnon y = y(t) elvar  Mior tou tpofhiuatog apyixifc
e (9.1.2 — 1), dnhadf tou

y'=f(t,y), o6tav t€la,b] pe yo=yla) (92.1-1)

XL OTL N Y EYEL TAPAYWYOUS TOUAGYLOTOV Ueyel xal 2ng Tdéne ouveyelg
ouvapthoelg 6To ddotnua [a,b], evéd to [a,b] éyel unodupelel oe N to

mhiboc loa unodlaothuata and ta N + 1 onuela (Xy. 9.1.3 - 1)
a=ty<t1<...<ty=b, (9.2.1 - 2)

6mou £ elvan To mhdtog xdfe vnodlaeThuaTOC.

Elvaw #3071 yvooté 61, av f|[a,b] elvar uia ouvdptnon éyel tapaydyoug
uéypt xou v - té4én oto [a,b], téte, av £ € [a, b], woyler o napaxdte TOTog TOU
Taylor

Fe)

7€) 6, gy

(t=+ 5 ="+ ..+

'
1!

@) =~ f©)+
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Av o7ov Tapandve tono o t avixatactabel and 1o t + £ ye £ > 0 xaL 10

7 /7
¢ ané 1o t, t6H1e

l 2
fe+) ~ fO)+ 5O+ O+ + S0,

on6te, av y(t) = f(1), Tehnd éyovue

yt+0) ~ yt)+—y' )+ 579" (1)

14

+..+ ;y(”)(t). (9.2.1 - 3)

HMaparelrovrag otny (9.2.1—3) 6houc Touc bpoug Tou £ Babuod ueyaldtepou

Tou lou mpoxinTel 6TL
y(t+0) = y(t) +ty'(t),

dnhadn

(1) ~ YD D) MZ —v), (9.2.1 - 4)

Avtuafiotdvtag Ty (9.2.1 —4) oty (9.2.1 — 1) éyovue
y(t+0) = y(t) +Lf(t,y). (9.2.1 - 5)

H aptBuntued Mon e (9.2.1—1), Snhadf  tpooéyyion e wwihic y (tn) =
y(b), mpoxinter 6tav n (9.2.1 — 5) egapuootel oty (9.2.1 — 1) oe xdbe
éva onueto tng dapéplong (9.2.1 — 2).1 Tére, enedl olugwva ye Toug
ovuPohouolc tne Hapaypdpou 9.1.3 elvan y (t) = yi xou y (tit1) = yit1,

€youue TeEAxd TNV tapaxdte aplbuntixy| uébodo
Yie1 =i +0f (ti,yi) yaxdfe i=0,1,..., N—1. (9.2.1 - 6)

H péfodoc auth elvan yvowotr oav pébBodog tou Euler (Euler’s method), eved
o timog g oav 1 Yevvhtela oyéom (predictor formula) Tou Euler, eneuds,
Oomwe NON €xeL Ypagel oty apy TN TapAYpdPou auThg, XeNOLLOTOLELTAL 6T
dnurovpyia dAAeY aplBuntixdy uebdodwy. H dwdixactia tng uebdédou tou Euler

nepLypdgetatl atov Alyéetbuo 9.2.1 - 1.

“Bréne Ty. 9.1.3 - 1 tne Hopaypdpou 9.1.3.
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AlyépLbupog 9.2.1 - 1 (neB6dou tou Euler)

Aedouéva a, b, N xow n apywa ouviixn yo
'Eotw ¢ =(b—a)/N,t=a, y=1yo
lNai=0,1,..., N—-1

y:=y+Lf ()

t:=t+/¢
y=y
TENOC 1@
0 0.1 02 ¢ 03 0.4 0.5
E - - - = =)
fo t b Iy ty I5

Yo 14 Yo Y3 Ya Y5

Yyfdua 9.2.1 - 1: n Swauépron tou Hapadelyuatog 9.2.1 - 1, dtav £ = 0.1 xou
ot avtiotolyeg Twéc y;; ¢ = 0,1, ..., 5, dtav t; = 4. H apywen iur elvan
yo=y(to) =y(0) = [t+e], =1
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Hopddetypa 9.2.1 - 1

Na hubel ue ™ uéhodo tou Euler to mpdfinua apyxhc tLurc
y'(t)=—y@t)+t+1 ue t€[0,05], étav £=0.1, (9.21-7)
xau vo yiver aUyxplon Ty arnoteAecudtony ue 1 Hewpntiny Aoy
y(t) =t +e L.

Yn ouvéyewa va hubel to nedPhnua, étav £ = 0.01 xou va cuyxplbody ta
ANOTEAECUOATA TOY TPOGEYYLOTXAOY Moewy Yo ¢ = 0.1 xou £ = 0.01.

Avor. Erewdf f = 0.1, to Sudotnua ohoxhfpwong [0, 0.5] npénel va umodianpebel
oe 2279 = 5 vnodothuata. Apa N =5 (Zy. 9.2.1 - 1).

Yuyxplvovtoag v (9.2.1 — 7) ue o mpdfinua apywhc Twihc v = f(t,y)
ot oyéon (9.2.1—1) tpoxnTel GTL YL TO GUYXEXPULEVO TOREDELYUA 1) GUYAETN-
on f(t,y) elvon

flt,y) =—y+t+1

‘Apa obugpova ue Tov tono (9.2.1 — 6) n uébodoc tou Euler ypdgetal

Yirr = yi+Lf (i)
= Y+ 01(—yi+ti+1)
= 09y +0.1¢+0.1, (9.21-38)
6mou elva t € [0,0.5], ondte a =tg =0 xou t; =a+ il =il
Enewd?) elvar yvoot| i Bewentixy Adon tou npofhiuatog, alugponva xal Ue

v Hapathpnorn 9.1.3 - 1, elvar duvatédy va Bewenlel ooav apywed Twuh yo g
Aoong ) avtiotouyn Oewentind, Snhady

yo = y(0) = [t+ '] o= L
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IMivaxag 9.2.1 - 1: Ioapdderypa 9.2.1 - 1: 1o anoteréopata tng uebhsédou tou

Euler, 6tav £ = 0.1

ti Yi y (t) ei = lyi —y (ti)|
0.0 1.000 000 1.000 000 0.0

0.1 1.000 000 1.004 837 0.004 837

0.2 1.010 000 1.018 731 0.008 731

0.3 1.029 000 1.040 818 0.011 818

0.4 1.056 100 1.070 320 0.014 220

0.5 1.090 490 1.106 531 0.016 041

Egapuélovtag ty (9.2.1 — 8) Swdoywd vy i =0, 1, ..., 4 éyoupe:
vy 1=0; yor1= w1 =09y +0.1£5+0.1
=09%x1+01x0+01=1, ev&d clvar

y(t1) = y(0.1) =0.1+e % =1.004837

izl; Y141 = Y2 :0.9y1—|—0.1t1+0.1
=09%x1+0.1%x0.140.1=1.01, ev& elvor

y(ta) = 3(0.2) =024 92 =1.018731

i=4; ya= ys =...=1.090 490

y(ts) = 5(0.5) =0.54e 95 =1.106531.

Ta anoteréouata divovtar atov Hivaxa 9.2.1 - 1 xaw n yeapux Tov tapdotacy
oto0 Yy. 9.2.1 - 2. 'Onwc mpoxVntel and to ATOTEAEGUATA, UTAQYEL ULd
abgnon Tou opdhuatog e, xalog o ypdvog TAncldlel TEog TN YoVt GTLIYUN
t=0.5.
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y lel
110} . 0.015
1.081
1.061 ) 0.010
1.04¢

0.005
1.02¢
=i+

T s 6 ()

Syfuoa 9.2.1 - 20 Mapdderyuor 9.2.1 - 1, étav £ = 0.1. (a) Ta unke
onuelo opllovv Tic Bewpntixée twwéc y(t); ¢ = 0, 1, ..., 4 xon To xbxxiva

g apBunuunés y;. (b) H ypagud napdotaon twv aviiotolywy cQoludtoy e;

H rapandve Abor unokoylotnxe entong pe Briua yedvou £ = 0.01, ondte 10

0.5-0 _
0.01 —

50 vrodwaothuata. Apa N = 50, evéd elvar duvatdyv va yivel uvnodiaipeon

dudotnua ohoxhfipwong [0,0.5] urodiatpeltal otny nepintwon auth oe

avéhoyn tou Xy. 9.2.1 - 1 Bétovtag otn cuvtetayuevn 0.5 ta 50 xou Yso
avil Twv t5 xou y5. Ta anoteréopoata Slvoviar otov Ilivaxa 9.2.1 - 2 xau
N Yeupwr, Twv mapdotacy oto Xy. 9.2.1 - 3. Auyecoa t6Te mpoxUnTEL OTL
evd Ta anoteréouata oe oUyxpon ue o aviioTouya tou Ilivoxa 9.2.1 - 1
elvar axpBéotepa, Suwg xoL oty meplntwon auth eaxohoulel vo undpyel
woe aténon Tou oPIALATOC Ue TNV Tdpodo Tou ypdvou. H olyxpion twv
OQPINLETOY TOU TEOXVUTTOUY and TNV eqapuoyh e uehddou, étav £ = 0.01
xat £ = 0.01, diveton oo Xy. 9.2.1 - 4.

lel

110} 0.0015
1.08f
106l 0.0010
e 0.0005
1020 e
et ‘ ‘ ‘ i VAT U
10 20 30 40 50 (a) 10 20 30 40 50 " (b)

Syfua 9.2.1 - 3: TMoapdderypa 9.2.1 - 1, 6tav £ = 0.01. (a) Ta unie onuela
optlovv Tic fewpnuixée tuée y(¢); ¢ = 0,1, ..., 50 xav ta xbxxiva T

aptbuntixés y;. (b) H ypagui napdotacy twv avilotouywy c@aludtey e;



MébBodor nou Bacilovtar o1y oelpd Taylor 13

IMivaxag 9.2.1 - 2: Iopdderypa 9.2.1 - 1: 1o anoteréopata tne uebédou tou
Euler, 6tav £ = 0.01

ti Yi y (i) ei = |yi — y (L)
0.00 1.000 000 1.000 000 0.0
0.01 1.000 050 1.000 000 0.000 030
0.02 1.000 199 1.000 100 0.000 010
0.03 1.000 446 1.000 299 0.000 147
0.5 1.195 006 1.106 531 0.001 525
el
0.015
0.010
0.005+
S S B S S S B |+1

10 20 30 40 50

Yyfua 9.2.1 - 4: Tlopdderyuo 9.2.1 - 1. H xapé xaumdhy Selyvel ta opdiyota

lei], 6tav € = 0.1 xau n moptoxahl, étav £ = 0.01



14 Ilpoceyyiotixy, Aony ODE’s
‘Aoxnon
Me ) péfodo tou Euler va umohoyiotel n hion tov nopaxdte teofAnudtny
apyLxhc TYhC
i)y =sint+et; 0<t<05 y=y(0)=0, ébtavl=0.1xu
y(t) =2 —e ! — cost.
i) o = —ty+y?; 1<t<15 étav£=0.1,0.05,

1

T 43 xow  yo = y(1).

y(t)

Na yivel 1 ypaguer nopdotaon tng Aong xot Twv aviloTolywy cQaAUdToY.

9.2.2 Meé6odog tou Taylor td&ng n

"Eyovtac ur’ 64y ) uébodo tou Euler nou npoéxude and tov tono (9.2.1—3)
tou Taylor vy n = 1, elvon npogavég étu ula ueyahitepng axpifBetag uébodog
elval Suvatéd va mpoxider avidvovtag o n.

‘Ouora, €6T0 10 TEOBANUA apytxhc TUNS
y = f(t,y), o6tav te€a,b] ye yo=uyla) (9.2.2-1)

6mou 1 y €yeL Tapaydyous 6To [a,b] uéypel xau n tédln ouveyelc ouvapthoelg
xaL 6Tt 1o [a,b] éyer unodupebel oe N to mhifog loa unodiasthuata and to
N + 1 onpela®

a=ty<ti<...<ty=b (9.2.2-2)

mhdtouc L. Téte and tov tino (9.2.1 — 3) touv Taylor npoxintel 6t

62
y(t+10) ~ y(t)+fy’(t)+gy”(t)
&
oty ™ (). (9.2.2 - 3)

SBléne 6pota By. 9.1.3 - 1 tne Hopaypdpou 9.1.3.



MébBodor nou Bacilovtar o1y oelpd Taylor
AlydbpBpog 9.2.2 - 1 (weB6dou tou Taylor taZnc n)

Aedouéva a, b, N xou 1 apyws; suviixn yo
"Eotw £ =(b—a)/N, t =10, y =10
Yrohéywoe T =T (¢, t,y)
[aei=0,1,...,.N—1

yi=y+ LT
=t+ /4
y=y
TéhoC @

Enewdn n ouvdptnon y(t) enanbeler to npdPfhnua apyific twwhc (9.2.2 — 1),

€youue

y(t) = f(ty@)
y'(t) = fty®)

: : (9.2.2 - 4)
y ") = FI ),

onéte avixabotdvrac oty (9.2.2 — 1) npoxdnrter 1 mopaxdte apHuntid

uébodog
2 " e
Yirr = i+ it S et — 1Y (9.2:2- 5)
v xdfe i =0,1,..., N =1 ue fl-(n) = £ (¢;,4;), Tou elvan YVOOTH oav 1)

wé€bodog tou Taylor td&ng n. H dwadixacio tne uehddou nepiypdgpetar atov
Adlyéplbuo 9.2.2 - 1, mou yua euxoiia €yel yenowonownlel o teheothic T, ue
wwh T; oty @ - emavahndn

€2 Enfl

37 .

¢ - .
TiZfiﬂLgf{Jr fi(" V. y=0,1,...,N—1.

n!

15



16 IHpooeyyiotixy Aion ODE’s

To Baowd uetovéxtnua tng uebddov tou Taylor elvan ot v va elvan 7
uéfodoc axpPric, amonteltal 1 1€ TN va elvan apxeTd PUEYAAT), TOU GnUalveL
TOV UTOAOYLOUS TV TapayOdywv aveteens t6ine e f(t,y), xabde enlong
xoL TG avtloTolyes dpywés TLUES TOU AVTLOTOLYOUY 08 AUTES, XATL TOU OEV
elval mdvtote eixoho, emedn o tonog g f TIC TEPLECOTEPES QPORES elval

TOAOTAOXOC.
IHopddetypa 9.2.2 - 1

Me ) pébodo tou Taylor tédéng 2 va hubel to npdBinua apyixhic Tuc (Llapdder-
yua 9.2.1 - 1)

y(t)=—yt)+t+1 pe te€[0,05], étav £=0.1 (9.2.2 - 6)

xal va yivelr olyxplon twv arnoteAecudtoy Ue T Bewpntind Aborn xau tnv

avtioTtowyn Aon tng uebédou tou Euler. H Bewentiny Abon elvan
yt)=t+e "
Avom. 'Ouota, enedf £ = 0.1, To Sildotnua ohoxifpworc [0, 0.5] urodrarpelton
5 (N = 5) unodwothuata (Sy. 9.2.1 - 1).
Sougova ye v (9.2.2 — 5) n uéfodoc tou Taylor oty nepintwon auth
6mou n = 2 ypdgeTat
g?
Yitr1 =i + € f (ti, vi) + gf’ (tiyi); i=0,...,4, (9.22-7)
btav n f(t,y) npoxdntel and v (9.2.2 — 6) xou tooltal ye

fty)=-y+t+1, (9.2.2 - 8)

evd 1 f(t,y) vroroylleton and tn oyéon f(t,y) =y ue n dadaocta (9.2.2—
4) we e&ic:

o2z
fty) = v =) = (—y+t+1)
(9.2.2—6)
= —y+1 = —(~y+t+1)+1

= y—t. (9.2.2 - 9)
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Elvar t € [0,0.5], onéte a = tg = 0 xau t = a+ il = il. "Apu
aviabotdvrag pe e (9.2.2 — 8) xow (9.2.2 —9) oty (9.2.2 — 7) éyoupe

62
Yir1 = yi+€f(tiayi)+§f/(fi,yi)

0.12
= Y+ 01(—gi+ti+1)+— (v —t;)

2
= 0.905y; +0.095¢; +0.1. (9.2.2 - 10)
Egapuélovtac tyv (9.2.2 — 10) dwadoywxd yra i =0, 1, ..., 4 tpoxintel
vy 1=0; yYor1= © =0.905yo + 0.095t9 + 0.1

=0.905%1+0.095 %04 0.1 =1.005, ev& elvan

y(t1) = y(0.1) =014 % =1.004837

1=1; Y141 = Y2 =0.905y; +0.095¢; +0.1
= 0.905 % 1.005 4+ 0.095 * 0.1 4 0.1

= 1.019025

i=4 y= s = ... =1.107 076.

Ta anoteréouata divoviar otov Hivaxa 9.2.2 - 1 xaw ) yeapux Tov tapdotacy
070 3y. 9.2.2 - 1. 'Oneg npoxntel and 1o ATOTEAEGUATY, UTdEYEL pia Lixpn
abgnon Tou opdhuatog e, xalhe o ypdvoc TAncldlel TEOg TN YEOoViXT GTUYUN
t=0.5.

Yto ¥y, 9.2.2 - 2 ylvetaw  obyxpion g LeBbdou ue Ty aviloTolyn Tou
Euler, é6tav £ = 0.1. Elvow npogavég i n uébodog tou Taylor mov e€etdotnxe,

€yel dwoel ueyalltepn axpifela oe obyxpLon ue tou Euler.
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ITivaxag 9.2.2 - 1: TMopddetypa 9.2.2 - 1: ta anoteréouata tng uehddou tou
Taylor, 6tav £ = 0.1

i Yi y () ei = lyi —y (ti)|
0.0 1.000 000 1.000 000 0.0
0.1 1.005 000 1.004 837 0.000 163
0.2 1.019 025 1.018 731 0.000 294
0.3 1.041 218 1.040 818 0.000 399
0.4 1.070 802 1.070 320 0.000 482
0.5 1.107 076 1.106 531 0.000 545

y lel
110y 0.0005
1.08¢ 0.0004
1.06¢ 0.0003
1.04¢ : 0.0002
1.02} . 0.0001

TR T () TR e T s e )

Syfua 9.2.2 - 1 Moapdderyuo 9.2.1 - 1, étav £ = 0.1. (a) Ta unke
onuela opllovy Tic Bewpnuixée twwée y(¢i); © = 0, 1, ..., 4 xon to xbuxwva

g apBunmués y;. (b) H ypagud napdotaon twv aviiotolywy cQoludtoy e;



MébBodor nou Bacilovtar o1y oelpd Taylor 19

lel

0.015|
0.010

0.005 |

Yy 9.2.2 - 20 Topdderypa 9.2.1 - 1, étav £ = 0.1. H xagé xaundin Selyvel

Ta opdhpata |e;| ue ) wébodo tou Euler xau v noptoxahl pe tou Taylor



20 IHpooeyyiotixy Aion ODE’s

‘Aoxnon

No Avbel 1 doxnon (i) e Hoapaypdpou 9.2.1 ue w uébodo tou Taylor 1é&ne
n = 2, avtiototya n = 3 xaL va yivel 6UyXpLoT UE Ta aVTLOTOLY O AROTEAEGUATA

g uebodou tou Euler.

S Anayopetetar 1 avadnuooieuon R avamapaywyh Tou TAEGVTOS 610 GUVOAG Tou
TUNUdTeY tou Ywels T yearth ddewa tou Kab. A. Mrpdtoou.
E-mail: bratsosQteiath.gr URL: http://users.teiath.gr/bratsos/
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