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Mdabnua 11

ITPOXEITIXH MEPIKQN
ATAPOPIKON EZIXQXYEQN

11.1 Ewcayoywxéc EVvoleg

Yty mapdypago auth Oo tadivounfoly ol Slagopixés eflo®oelg Ue UEPIXES
Tapaydyoug 2ng td&ng xon Oa ylvel uio urevBiuien twv TOTWY TEOGEYYLOTS

TOV TUPAY DY V.

11.1.1 Toa&wvounor e€iovoswy 2ng tdng

Oprowds 11.1.1 - 1. H yevixij uoppn utas dtagopixiic eélowone 2n¢ tdéne
ue 8o aveldptnrec uetafintéc, éotw x xar t, eivat
*u 0*u *u

—_— _— —_— = 11.1.1-1
Yoz T arar T ¢ ( )

orov u = u(x,t) wa enapxdc Stagoplown ovvdetnon xat a, b, ¢, e elva

ouvaptioelc Twv x, t, u, Ou/0x xar Ou/ot, aAdd Syt twv 2n¢ tdénc mapaydywy

TOUC.
'Eotw 61
ou ou 0%u 0%u 9%u
= q > = 7, I'=%55, $§= oL w = —=.
P= % 17 & 912 Bt a2
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Téte n (11.1.1 — 1) ypdgpetar
ar +bs 4+ cw = e. (11.1.1 - 2)

Av oL ouvapthoelc u, p xau ¢ elvar Yvwotéc oe xdfe onuelo (z,t) plog helag
XxaunOANG Tou emmédou, T6TE oL TLég auté Ba mpénel va enainedouy 1 oyéon

Tou ex@pdlel T0 OAXS dlapopxd NS u, SNAAdH TNV

ou du

== —dt = ) 11.1.1 -
du . dx + 5 dt =pdx +qdt ( 3)
‘Ouola oL p XL g TS OYEGELS
9p 9p
= — —dt = 11.1.1-4
dp 9 dx + ot dt =rdr +sdt, xou ( )
dq = %dm+@dt:3dﬂc+wdt. (11.1.1 - 5)
oz ot

Oueliodoerg (11.1.1—3) - (11.1.1 —5) opllouv éva olotnua TpLdv eELoHoEWY
ue ayvootoug 7, s xa w. To oldommua autd de Oa €yel ula axpBodg Aiom
oe x&0e onuelo (z,t), btav 1 0pllouoa TV CUVTERESTAY TV AYYHAOTHY Elval

undév, dnhady 6tav

a b ¢
de dt 0 |=0. (11.1.1 - 6)
0 dx dt

Ané my (11.1.1 — 6) npoxdntel v e&lowor
a<;l;)2—b(3;> +e=0. (11.1.1 - 7)
‘Eotw D = b — 4ac 1 Swxpivouca tne (11.1.1 — 7). Téte n (11.1.1 = 7), av
o D >0, Myeton 611 opllel o umepBoix,
o D=0, wa nopaBoiixr, xoL
o D <0, wa ehhetntiny| eélowon,.

Y1n ouvéyeta Tou Yaliuatog Do e€eTaaTo0Y UOVOY OPLOUEVES YORAXTNELOTIXES

U0ppEC LOVOILLGTATOVY TopaPohxdy eElodoewy.!

'O avayvdotg vl ula extevéotepn uehétn nopanéunetol ot BBhioypastia [12, 15, 16].



Eicayoyixéc évvoleg

11.1.2 Tirol ReEncpACUEVLDY DLAPOREY
Eivar %81 yvwoté anéd 1o Mébnua 6 tiroc (6.1.2 — 2) 61w 0 tinog tou Taylor
Yo ouvdpTnoy wog petaBintic, éotw f(z), ypdpeta

2 v
Fleth) & f(m) + 1 @)+ oy @)+ [ @),

6tav h > 0 n alddnorn tne uetaBintic .
Enopévec yia ) ouvdptnon u = u(z, t) ye nedlo opiopol, éotw D, énov D
elval éva xhelotéd ddotnua 6To onolo N u elval GUVEYTC XaL EYEL TAPAYDYOUG

uEyeL xaL v-T1dEn ouveyelc ouvapthioels, avdloya téte Oo Loy ouy

h Ou k% 8%u
U($+h,t) ~ U(SL‘,t)‘i‘F% gw
h™ 0"u
et — 11.1.2-1
+ +n!6x"’ ( )

6tav h > 0 n alnon g wetaPAntic £ Tou SlaoTRUUTOC, eV, dTay 1) LeTABANTY
ouuPBoiilel To ypovo t xon £ > 0 1 ad&not| tng
¢ ou % 9%
U(.%',t'i‘g) = U(J},t) + i E + ? ﬁ

n n
oot (11.1.2 - 2)

Me ouhhoyiouolc avéhoyous tou Mabhuatog 6 and Ty (11.1.2—1) tpoxdntouy

oL Tapuxdtw Tpooeyyloewg tne du/d:

[ ]
ou  u(z+h,t) —u(z,t)
RPN 11.1.2-3
oz h ( )
mou opilel v mpog o eunpbds npocéyylom (forward-difference for-
mula),
[ ]
t) — —h,t
Ou , ulz,t) —ulz = h?) (11.1.2 - 4)

oz h
Vv avddpoun npocéyyiom (backward-difference formula), xou
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ou _u(z+h,t) —u(x —h,t)

— R 11.1.2 -
oz 2h ( 5)
Vv xeviplxy npocéyyloy, (central-difference formula).
Enlong anodewxvietar 6t
®u  u(x + h,t) — 2u(z,t) +u(z — h,t)

Tou optler TV xeVTpue npocéyyLlon tne 0%u/dx?.

11.2 E&lowor diddoong Bepudtntag

11.2.1  Oplopdc %ol popyn cueTHLATOS ABoTS

Oprowdg 11.2.1 - 1. H elowon diddoonc Oepudtntag oe uia Sidotaon opile-
AL WC 55;7’;'2

ou(z,t) N 0?u(x,t)

ot C 022

émov a<x<b xa t>0, (11.2.1-1)
oray « Getixdj otalbepd xar u(x,t) uia endpxdc Stagoplowun ouvdetnon.
IMapatnerosig 11.2.1 - 1

o H uetafinti ¢t ouuPolilel 10 ypbévo xaL 1 & T0 dSdoTNUA.

e 31N guolxt| 1 ouVAETNOY U TEPLYEAQEL TN ueTABOAY Tng Oepuoxpaciog.

e O « elvan 0 ouvteheothc Bepuixtic dudyvong (thermal diffusivity) xou

070 e&hc Ou Bewpeltar 6TL elvan av = 1.

H e&lowon Oepudtnrac elvon Beuehuddoug onuaciog oe Sudgopouc Touelc
TV OeTxdy emloTnudY 6w ota palnuoatid wg 1o mpdTuno g AvoTg
rapaBoixdy PDE’s, o1n fewplo mibavotitwy, ota owxovoulxd uabnuotixd
X.ATL

?Béne BBhloypapla xou http : //en.wikipedia.org/wiki/Heat_equation
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T v mpooeyyotued Aon e (11.2.1 — 1) Bewpodvtar ov mopoxdte

cuvopLaxég ouvhrixeg (boundary conditions)?
u(a,t) =u(b,t) =0 ébnou t>0, (11.2.1 - 2)
eved wg apyLxr) ouvOYixy (initial condition) 7
u(z,0) =up(z) = g(x) 6mov a <z <b, (11.2.1 - 3)

6tav g(x) elvon ula yvooti cuveyfic ouvdptnon Tou &, Tov cUVABKS cUUTINTEL

ue ™ Dewpntiny Mo, étav t = 0.
Iopatrenon 11.2.1 - 1

Aev elvor névtote Yvwoté av ug (a) = 0 % ug (b) = 0, tou onualver bt elvon

duvatd va undeyouy aoLVEYELES UETAED APYXADY XAl GUVORLAXDY GUVINXGY.

AvapépLon

[ty npooeyyotxd Mior e (11.2.1 — 1) 1o ddotnua

e [a, b] tnec uetafhntiic x unodatpeitar o N+1 loa unodlaothuata thdtoug
h (Zy. 11.2.1 - 1), xou 70

e [0,T] tnc t, 6tav t = T ouuforilel v tehxd) ypovixt otyurh Abong
e (11.2.1 — 1),* oe unodiusthuata Thdtoug L.

Tére navowtd teployh Q = (a,b) x (0, T e to 6vvopd tng €2, mov anotelelton
ard tov dfova t = 0 xou tic eubelec £ = a xow x = b, xohdmTeTAL And Eva

opboydvio clotnua onuelowv (grid), éoto G (Xy. 11.2.1 - 2), 1o onola €youv

OUVTETAYUEVES Ty, = a + mh, 6tav m = 0,1,..., N + 1 xa ¢, = nf 6tay

n=20,1,....

T cuvoptaxég auvBfixeg Préne Mdbnuo 6 Tlapdypapog 6.2.
“Béne avilotouyn ypovui oty tn = b oto Mdfnua 9 Tlapdyparog 9.1.3.
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a h b
[, \ 4 \ 4 \ 4 \ 4 ®
Xo X Xm  Xm+1 XN XN+

Eydupa 11.2.1 - 1: H dwapépron tou daothiuatoc [a, bl: ta cuvoplaxd onuela
o = a, TN41 = b xou T ecwTEPLXA onuEla x1, ..., TN 6Tou unoloylleton 1)
Mon tne (11.2.1 - 1)

Grid [a,b]x[0,T]

t=T

t=n{

Xo X Xm Xm+1 XN XN41

Syfuo 11.2.1 - 2: Ta onueto (mesh) tne dtapéprone (grid) G tou Swaothpatoc
[a,b] xau tou ypbévou [0,T]. To olvopo I opileton and tny eulela £ = 0
(xapé) xou e © = a, b (xdxuvec) eufelec. To (T, tn) anexoviletal 670
npdowo onuelo, eved 1 el ypovixh otiyud Aong e (11.2.1 — 1) ané v

npdowvn evlela t =T
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time level t=n{

a__ LU b
Xo Xy Xm  Xmi1 XN XN+t
n n n n
U1 Um m+1 UN

Yyfua 11.2.1 - 3: Xuufohiouds Twv Micewy: 6Ta cuvopLaxd onuela To = a
xou ry+1 = b Aovew e (11.2.1 — 2) elvar U = UR; = 0. H npoceyyiotunh
Non UT, UY ...,Uy e (11.2.1 — 1) unoloyiletar ota ecwteptxd onuela

L1y, ---3 TN

YupPohiopds Aooewy
Yta emdueva
o 1 Bewpntinh Mot u (X, ty) 6t0 onuelo (2, tn) o cuuBoiiletar ye ull,,
xor
o 7 aptBuntued Mor ue U (Ey. 11.2.1 - 3).
Eupwvo UE TOV Tapandve cuUPOAcUS e dedOUEVY) Ypovixn oTiyuh t =
tn, = nl 1 Bewpntued Non u (z,t,) T (11.2.1—1) ota onpela 1, 22, ..., TN

Bo elva
w(z1,tn), w(za,tn), ..., u(xN,tyn)

xo Oa mpooeyyileton and Tig TLUEC
n n n
vy, Uy, ..., Uy.
Téte oL npooeyyioeig autée elvat Suvatdy va Bewpnboly cav oL ouvtetayuéveg
evog Staviouatog, éotw U™, 6nou

Ut =[Up, Uy URT (11.2.1 - 4)
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[, 2 \ 4 \ 4 \ 4 \ 4 ®
Xy X Xm-1 Xm Xms1 XN-1 XN

Syfuo 11.2.2 - 1: EZlowor Oepudtntog: umohoyLouds TN TEoseYYLoTIXYg

Aoong oTta EcwTERLXd onuela x1, ..., TN ot exinedo ypovou t = nf

To 8évuoua autd Oa Myetar oto e€fc xat dtdvuopa AMoewy e (11.2.1-1).

11.2.2 IIpooeyyiotixég AdoeLg
M¢é6odog tou Taylor

T v mpooeyylotxd Mon tne e€lowone (11.2.1 —1) npéner oe x&be ypovixt
oTiyuht = £, 24, ... nuepwt TApdY®YOS KOS TEOG T1) UETUPANTH T VAL AV TLXATA-
otafel oe xabéva and ta N eowtepind onuelo (Xy. 11.2.2 - 1) tne Sapépromne

G.5 H npooéyyion auth bu npoxddel and tov yvwoté tono (11.1.2 — 6)

Pu(z,t) _u(z+h,t) —2u(z,t)+ u(z —h,t)
oz h?

520p(pmvoc ue v Hopdypago 11.2.1 ot tic cuvopLaxés ouvbfxes (11.2.1—2) - cuvBrixec
Dirichlet - n aviatdotaon g Hepic TapaY@dYOU ®G TPOS & OTA cLvoplaxd onuela
To = a, avtlotoua Ty, = b amowtel va elval yvwotéc ou Tiég g Aong ot onuela
-1 = a — h, avtlotouya Ty, = b+ h. O Tiuég duwg autés dev elvar Yvwotés oto

CUYXEXELUEVO TPOBANUAL.
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Dewpdvtag yia ) ypovixh otiyun t elvan t = &, = nl xaL epoapudloviag Tov
Topandve THno ot xdbe éva ecwTepxd onuelo, dnhady

0%u(x,t)
dz?

U (T + hytn) — 20 (T, tn) + u (m — hyty)
n2

Q

t=tp,c=Tm

U (Tt tn) — 20 (T, tn) + w (Tm—1,tn)
h? ’

6tavm = 1,2, ..., N. Exouévwq éyovtag urn’ 6div xot ue Toug suuforiopoic

¢ Hapayedgou 11.2.1 npoxintel 6T

O*u(x,t)

m+1 — 2Un +Up 4
22 '

e (11.2.2- 1)

t=tn,c=Tm
Apa 1 (11.2.1 — 1) obugova pe v (11.2.2 — 1), étav egapuootel oe
x&be éva eowtepnd onuelo z1, ..., oy (Xy. 11.2.1 - 3), opilel t0 napaxdtw

ocvotnua N Swagopxdy e€lodoewy Ing tédéng

avy Uy —207 + U3
dt h? ’
auy, up =20, +U]
= =2 .. -1
dt h2 ‘YLCX m ) 37 ) N )
dUy Uy —2U8 + UK,
at h?

10 onolo, eneldr oVuPpwva ue TLc suvoplaxéc ouvlrxes (11.2.1-2) elvar Uf = 0

xaw Uy, = 0, tehxd ypdopeTar

AUy —207 + UB
dt h? ’
v no—oun UL
dtm = 2 uC yiaum=2,3,..., N—1,
dm UR_, - 2U%
= . 11.2.2 -2
dt h? ( )

To obotnua (11.2.2—2), étay yenowwonowmbel to didvuoua Twv Moewy (11.2.1—

4), yebdpetar ye yphion mvexwy e dlavuouatinl wopet og ehg:

dU(t
dt() = AU(t) ue U=g, (11.2.2 - 3)
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omou o A elvar évag tpdlaydviog tivaxag g Lop®nc

-2 1
1 -2 1
A=h2 (11.2.2 - 4)

HOoL T
g=U"= U, Uf,.... U

TO SLAVUOUA TOY APYLXGY TLLGY TNG TPOGEYYLOTIXNS AYGTG, TOU TPOoXUNTEL
ané Ty apyxeh ouvBrxn (11.2.1 — 3).
'Eotw
d
dt
D= (11.2.2 - 5)

d
dt

évag Slaydviog mivaxag td&ng N nmou ouuPolilel to Swagopxd tekeoth Ing
tééne yw to ovotnua (11.2.2 — 3). Téte to clotnua (11.2.2 — 3) tehwnd
YedpeTol

DU(t) = AU®t) ue U’=g. (11.2.2 - 6)

Hopatnenoerg 11.2.2 - 1

i) To obotnua (11.2.2 — 6) €yel avdhoyn popph ue To mEbBANUa apyxfc
Tiwhc (9.1.1 — 3) touv Mabruarog 9.

ii) H nopandve uébodog mpoadiopiouol tng Adong elval yvwotd cav 1
wéB0dog Ty gubeldy (method of lines ¥ MOL # NMOL).” Sduowva
ue N uébodo auth 1 Adom Tou mpofifuatog mpooeyyiletal oe xdbe
xpovixh, otyuh t - evbelec t = £, ... (My. 11.2.1 - 2) xou tehnd

1 TpooeYYLoTix) Ao Slvetar ue T Loppt| evog ouoThuaTog cuvibwy

5Biéne avtlotouyn apyxh yo = y(a) = y (to) ota Mabfuata 9 xow 10, adhd xow avdhoyeg
apywés TLéc Tou ypnowonowinxay ota Mabiuoata 1 xou 2.
"Béne BBhloypapla xou http : //en.wikipedia.org/wiki/Method_of lines.
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dtapopxdyv e€lotoewy avdloyou e wopghc (11.2.2 — 6), 6mou 7 té&n
Tou ouoTAUTOC e€upTdTaL amd THY TAEYN TV UEQXOV TULUYOYOY ©S

npog t. Awuxpwiletor 6t oty (11.2.2 — 2), epboov 1 petafinth

avixabiotatal and tg TWéS xy; m =1, ..., N, n U elvon ouvdptnon
Tou t, onote 1 napaydyron Ha cuufoiiletal pe ’fi—({ avtl g %—({.

Ané 7o obotnua (11.2.2 — 6) npoxintel TéTe 6TL
D=4 (11.2.2 - 7)

mou opllel xau Ty npocéyylon tou teheoth D yio to npdPinua (11.2.1 —1) -
(11.2.1-3). H éxgpaocy auth Ha ypnowwonowmbel ot ouvéyela touv wabfuatoc.
Ané 1o avéntuyua e U(t + £) xatd Taylor

14 2 i

musz@+ﬁmeaﬂ%m+m+EDW@,mzw&
av mapaketpholy ot bpor O (£2), éyouue
U(t+¢)=U()+¢DU(t)
Tou olugwva ue tny (11.2.2 — 7) ypdpeton
U(t+6) =U(t) + LAU(#),
dnhadh
Ut+40)={I+A)U(1) (11.2.2-9)

6tav I o povadiatog mivaxag téing N.

'Eotw p = £/h? . Téte yia ) Mo tou mpoPhfuatog (11.2.1—1) - (11.2.1—
3) and v (11.2.2 — 9) mpoxinter 1 nopoxdte avalutixy (explicit) uébodoc
v 4 onuelwy

+1 ] I
Uy 1-2p P Uy
Uyt pool=op Uy
p 1=2p p
U]T\Lf+1 P 1-2p U

11



12 Ilpooeyyiotiny Mooy PDE’s Kaf. A. Mrpdtoog

dnhadn
Uptt = (1-2p)Up +pUY,
Uptt = 1 =2p)Up +pUp_y +Ujia)

(11.2.2 - 10)
yeo m=2,3,...,N—1,

UN™ = pUR_y+(1—2p)Uf,.
Hopatrhenon 11.2.2 - 1

Anodewvietar dTL yLor Ty Aon tou npofhfuatog (11.2.1 —1) - (11.2.1 —3) ue

N uébodo auth anartelton va Loyvel 1 ouvbrxn
Lo
< §h . (11.2.2 - 11)

Auté €yel cav anotéhecua 6Tl o Bua Tou yedévou £ Tou yenouronoteita,
mpénel va elvon mOAG uxpd. Enouévwc n uéfodoc autr, av xar amhh cov
avohuTixt], anattel Eva ueydho aplbud npdéemy Yio ToV UTOAOYLOUS TS AUGTG

N yeovu otyun t =T

Mé60doc twv Crank - Nicolson

Ot Crack8-Nicolson® (1947) npétewvay pwa pébodo, rou teplopilet Tov apthué
TV UTOAOYLOUOY o elvat Suvatédy va yenowonoinfel yia éva ueydho edpog
TWOV oY h xo £, axplBéotepa 6Twe anodelxvieTal Tou AGYou

¢
-

r =

Youpova ue ) uéhodo 1 ellowon (11.2.1 — 1), dnhady 7

ou  0%u

at  0a?’

8JOHN CRANK (1916-2006): ‘Ayyhog pafnuatixée, yvootée xupleg yio Ty opdvuun

uébodo.
9PHYLLIS NICOLSON (1917-1968): AyyAiSa pofnuatinds, yYvwoth yio Ty opdvuun

uéfodo ye tov Crank.
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t=n+ 1)/
—o—o

|

1

I

l t=n+1{/2

1

|

|

1

I t=n{
—e —b—o *—o
X X Xm-1 Xm  Xmti XN XN41

Yyfua 11.2.2 - 2: MéBodog twv Crank-Nicolson

npoceyylletal oty

evdldueon twy t=nl xa t=(n+1){ ypovuxt otiyut,

1

eVl M ‘g%‘ npooeyylletal and 10 k€GO GO TV TWAV NS OTLS YPOVLXES
otywéc t = (n+ 1)l xou t =nl (Sy. 11.2.2 - 2). Apa

dnhadnh v

n+3
oum'® 1 (92untl  aun
=3 < o 523 > (11.2.2 - 12)

Ened? olugova pe ty (11.1.2 — 5) elvan
du(z,t) u(x,t+€) —u(z,t—1)
ot 20 ’
1 egapuoyh e oty (11.2.2 — 12) yio t + £/2 dlver

oufetrs) | ufetrs)+s]-ufe(trs) -4
ot ~ 2%

u(z,t +4) —u(z,t)

13
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Enouévwg
1
oun':  untl_yn
= . 11.2.2 - 13
ot ¢ ( )
Elvaw %87 yvwoté and my (11.2.2 — 1) étu
0%u(z, 1) Un,, —2U% + UL
- ~ . 11.2.2 - 14
dx? h? ( )
t=tn,T=Tm

H (11.2.2 — 14), 6tav egapuootel yia ) ypovxt| ottyunr ¢ = (n + 1)¢, divel
TNV TPOGEYYLOT,
*u(z,t)

oz

Ut - 20 + U,
h2

~
~

(11.2.2 - 15)

t=tn4+1,T=Tm
Apa tehxd 0 (11.2.2 — 12) odugpova ye wg (11.2.2 — 14), (11.2.2 — 15) xau
(11.2.2 — 13) ypdpeTon

Up' —Up _ 1 ( e = 20t A UG UG — 205+ U:;i)

L 2 h? h?
dnhadn
n+1 1 n+1 n+1 n+1 n
Um - 5]7 (Um+1 - 2Um + Um—l) = Um
1
+ 5P (Up =200 + U, ) (11.2.2 - 16)

émou emtong elvar p = £/h?. H (11.2.2 — 15), étav egapuootet ot xdbe éva
gowtepwd onuelo zy, ..., xy (By. 11.2.1 - 3) e dwpépone G, éyovrac
v’ 6y xaL Tic ouvoplaxés ouvihxes (11.2.1 — 2), opllet tnv napaxdtew

nenheykévy uébodo twv 6 onuelwy

1 1
(L+p)U™ = SpUs ™ = (1= p)UT + 5p U3,

1
(L4 p)U = Sp (Ut + Ut

1
= (1 =p)Un + 5p (Un—1 + Unia) (11.2.2 - 17)

yio m=2,3,...,N—1,

1 1
_§pU]T\Lft11 + (1 +p) Uyt = SPUN—1 + (1—-p)Uy-
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H uéfodog auth, mou elvar yvooth cav wébodog twv Crank-Nicolson,”
elvat Aéyw g axpiBewac (accuracy) TV anoTEAEOUITOV TG UL And TLC
TepLoa6TERD Yenoonololueves Uehddoug otn Adon TOAGY GAAWY ULop@®Y
twv PDE’s.

H uébodoc ypdgetal enlong ue yehomn mvixwy wg egnig:

) ) o _
1 —I—pp —5 , U{H'l
g v
5 TP Ty Upt
p p
oy _r
; TP T3
I —g 1+p Uit
] » o
1 —p 5 U{L
Pyl
2 2 Uy
p p
o9 £
2 pp 2
i 3 L-p || Uy ]
1 Tehxd ©¢
1 1
(1 - Qm) Ut +0) = (1 + 2m> U, (11.2.2 - 18)

6tav o mivaxac A dlvetaw and v (11.2.2 —4).

Iapatneriosig 11.2.2 - 2

e O npoodioptopée touv Ut + £) oty (11.2.2 — 18) anattel tny Ao evic

OUGTAUATOS, OTIOU O TVAXAS TOY AY VOO TWY ( - %EA) elvon TpLdLaydviog.

o lloAAéc Popéc YLo TOV TERLOPLOUS TWV TREEEWY YENOLULOTOLELTAL O TUPAX AT
Tp6T0C UTohoylouol tne hone U(t + £):

(1 _ ;&4> Ut = 2U@)

Ut+6) = U -U®).

19Brére BuBhoypagpla xau http : //en.wikipedia.org/wiki/Crank — nicholson_method
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O urnohoyioudg autdg amattel ) yerorn evog Bondntixod Siaviouatog
U*, add éyer 3N — 2 Ayodtepeg mpdielc and tny aneubelag Alor Tou
ovothuatog (11.2.2 — 18).

o Jlugwva Ue 6ca €youy yeagel oty etoaywyn, 1 uébodog elvar Suvatdy
va yenowsonownbel yu éva ueydho elpog TLwdv tou Aéyou 1 = (/h.
’ 111 2 7 ’ 7 ’
Eyev anodetyfel’’ 611 yio va undpyet pior Aeta ouunepipopd tng Avon
TAnolov TV cuUVoELAXGY TWGY T = a, b, Tpénel va Loy Vel
14 k
r=-< -,

h T

6tayv k xatdhinin otabepd.
Mopdderypa 11.2.2 - 1

H uéfodoc twv Crank-Nicolson eZetdotnxe oto npdBinua
ou_ o
ot Ox?

ue ouvopLaxés ouvirixeg

omov 0 <z <2 %o t>0 (11.2.2 - 19)

w(0,t) =u(2,t) =0, 6btav t>0 (11.2.2 - 20)
apywer oLV
u(z,0) =1, ébtav 0<z<2 (11.2.2 - 21)

xau Oewpntied Adon

u(z,t) = io - (-1)*] 2 i <1k7rgc) exp (1k27r2t> . (11.22-22)

’ = km 2 4
To aroteréopata yia Tig Sdpopeg TWES Twv h xaw £ og ypévo t = 1 xau ue
uétpo uétpnomne Tov opaiudtwy to ||luy, — Ul = max =12, ~ |u), — U}
divovtar otov IMivaxa 11.2.2 - 1, evéd 7 ypagun napdotacn tng Oewpntintc
xaL TNg mpooeyyloTxg Abong oto Xy. 11.2.2 - 3, 6nou dueca npoxUnTEL 6TL
To U€YLoTo o@diua g uebodou elvar minolov TV dxpwy TOU BLAGTAUATOS

[0,2].

"Lawson, J. D. and Morris, J. L., The extrapolation of first order methods for parabolic
partial differential equations. I, SITAM J. Numer. Anal. 15(6), (1978), pp. 1212-1224.
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Ilivaxag 11.2.2 - 1: Topddetyua 11.2.2 - 1

MéfoSoc ¢ h e = llup, — Ul
0.1 0.1 0.56E-01
0.025 0.55E400
0.01 0.1 0.31E-03
0.025 0.67E-04
) 0. 1 1.5 2

Yyfeo 11.2.2 - 3: Méfodog twv Crank-Nickolson. H Siaxexouuévn xaumdin

delyvel Ty aptBuntied xau 1 ouveyhc t Bewpntix hMon tou Hapadelyuatog

11.22-1

17
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Aoxfoeig

1. No el to TMupdderypa 11.2.2 - 1 ye ) pébodo (11.2.2 — 10) xou va yivel
oUYXPLOT TV OTOTEAECUATOY Ue Ta avtioTouya Tou Ilivaxa 11.2.2 - 1.

2. Hapareiroviag touc bpoug O (£3) 670 avdmtuyua xatd Taylor tne U(t+4)
dellte 6Tt opiletal 1 tapaxdte péhodoc hone e (11.2.1 — 1)

2 A2

Ut +6) = (I + LA+ ——)U(t).

6tav o mivaxoag A dlvetal and v (11.2.2 — 4) xou I o povadiatog nivaxac
d&ng N.

Egapudote ) péfhodo auth otn hion tou Hapadelyuotog 11.2.2 - 1 xau
ouyxplvate to anoteAéopata pe o avtiotorya tou Ilivaxa 11.2.2 - 1.
3. H ypauuwxt, wopeh tne eZlowone dtdyvons-petagopds (diffusion-convection)

r e z 2
oe ula dudoTaoy Eyel T Lopen

0 0* 0
a—?za—;—ya—u 6mov 0 <z <X %ot >0 (11.2.2 - 23)
x

6mou u > 0 elvan 7 TapdUeETEOS LETAPOPdS (convection parameter).

H apyvxr) ouvbvxn tou mpofifuatog elvor
uw(z,0) =g(x) pe 0<z<X (11.2.2 - 24)

XL oL oLUVOPLAXES CLUVBTXES

w(0,8) = v(t) upet>0 (11.2.2 - 25)
WXty et (11.2.2 - 26)
oz

i) Me xatdhhnhn dwuéplon tou Swwothuatoc [0, X] dellte 6T, btav 1
eClowon (11.2.2—23) e tic npooeyyioeig (11.1.2—5), (11.1.2—6) xon Tig
ouvopLaxég ouvbiixes (11.2.2—-25), (11.2.2—26) - Snhadf Uy, = U _,;
- eapuootel ota N eontepd onuela g dwauépiong oe enlnedo ypdvou
t = nl 6mou n = 1,2, ..., ntpoxUnTEL TO TAPUXITL GUCTHUA TwY N

Slapopx@dy eEloGoEwY

dU, 2 1 1 1 1
o - Uit (1 B z«“h> Uit ge (”z“@ v
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auy, 1 1 2 1 1
ya m=2,3,..., N—1,
auy 2 (U]T\lf—l - Uz’&)
a h?

TOU YPAQETAL ETLONG OE SLAVUGUATIXY LORYT WS

dU(t)

7:AU(t)er ue U'=g (11.2.2 - 27)
oTov
— 1 -
1 1
14 = -2 1-=
+2guh 2guh

1 1
L+ 5uh —2 1—_uh

2 -2

T
xoub = h~2 [(1 + %Mh) Ui(nt),0,... ,0} . Adote ) wopen tne uehbdou
(11.2.2 — 10) vyt v nepintwon auth.

ii) Tow elvor 1 popy tne uwehddou 1wy Crank-Nicolson yia ) Adon tou

npoPhjuatog (11.2.2 — 23) ue ouvoplaxés ouvbrixes (11.2.2 — 25) xou
(11.2.2 — 26);

12

2 Anayopeletar 1 avadnuooicuon A avamdpaywyh Tou Tupdvioc 6To GUYOAS Tou
TunudTey tou ywels ™ yeanty ddewa tou Kafb. A. Mnrpdtoou.
E-mail: bratsosQteiath.gr URL: http://users.teiath.gr/bratsos/
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