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ÌÜèçìá 11

ÐÑÏÓÅÃÃÉÓÇ ÌÅÑÉÊÙÍ

ÄÉÁÖÏÑÉÊÙÍ ÅÎÉÓÙÓÅÙÍ

11.1 ÅéóáãùãéêÝò Ýííïéåò

Óôçí ðáñÜãñáöï áõôÞ èá ôáîéíïìçèïýí ïé äéáöïñéêÝò åîéóþóåéò ìå ìåñéêÝò

ðáñáãþãïõò 2çò ôÜîçò êáé èá ãßíåé ìéá õðåíèýìéóç ôùí ôýðùí ðñïóÝããéóçò

ôùí ðáñáãþãùí.

11.1.1 Ôáîéíüìçóç åîéóþóåùí 2çò ôÜîçò

Ïñéóìüò 11.1.1 - 1. Ç ãåíéêÞ ìïñöÞ ìéáò äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò

ìå äýï áíåîÜñôçôåò ìåôáâëçôÝò, Ýóôù x êáé t, åßíáé

a
@2u

@x2
+ b

@2u

@x@t
+ c

@2u

@t2
= e (11.1.1 - 1)

üðïõ u = u(x; t) ìéá åðáñêþò äéáöïñßóéìç óõíÜñôçóç êáé a, b, c, e åßíáé

óõíáñôÞóåéò ôùí x, t, u, @u=@x êáé @u=@t, áëëÜ ü÷é ôùí 2çò ôÜîçò ðáñáãþãùí

ôïõò.

¸óôù üôé

p =
@u

@x
; q =

@u

@t
; r =

@2u

@x2
; s =

@2u

@x@t
êáé w =

@2u

@t2
:

1
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Ôüôå ç (11:1:1− 1) ãñÜöåôáé

ar + bs+ cw = e: (11.1.1 - 2)

Áí ïé óõíáñôÞóåéò u, p êáé q åßíáé ãíùóôÝò óå êÜèå óçìåßï (x; t) ìßáò ëåßáò

êáìðýëçò ôïõ åðéðÝäïõ, ôüôå ïé ôéìÝò áõôÝò èá ðñÝðåé íá åðáëçèåýïõí ôç ó÷Ýóç

ðïõ åêöñÜæåé ôï ïëéêü äéáöïñéêü ôçò u, äçëáäÞ ôçí

du =
@u

@x
dx+

@u

@t
dt = p dx+ q d t: (11.1.1 - 3)

¼ìïéá ïé p êáé q ôéò ó÷Ýóåéò

dp =
@p

@x
dx+

@p

@t
dt = r dx+ s d t; êáé (11.1.1 - 4)

dq =
@q

@x
dx+

@q

@t
dt = s dx+ w d t: (11.1.1 - 5)

Ïé åîéóþóåéò (11:1:1−3) - (11:1:1−5) ïñßæïõí Ýíá óýóôçìá ôñéþí åîéóþóåùí

ìå áãíþóôïõò r, s êáé w. Ôï óýóôçìá áõôü äå èá Ý÷åé ìßá áêñéâþò ëýóç

óå êÜèå óçìåßï (x; t), üôáí ç ïñßæïõóá ôùí óõíôåëåóôþí ôùí áãíþóôùí åßíáé

ìçäÝí, äçëáäÞ üôáí ∣∣∣∣∣∣∣∣∣
a b c

dx d t 0

0 dx d t

∣∣∣∣∣∣∣∣∣ = 0: (11.1.1 - 6)

Áðü ôçí (11:1:1− 6) ðñïêýðôåé ç åîßóùóç

a

(
d t

dx

)2

− b

(
d t

dx

)
+ c = 0: (11.1.1 - 7)

¸óôù D = b2 − 4ac ç äéáêñßíïõóá ôçò (11:1:1− 7). Ôüôå ç (11:1:1− 7), áí

• D > 0, ëÝãåôáé üôé ïñßæåé ìéá õðåñâïëéêÞ,

• D = 0, ìéá ðáñáâïëéêÞ, êáé

• D < 0, ìéá åëëåéðôéêÞ åîßóùóç.

Óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò èá åîåôáóôïýí ìüíïí ïñéóìÝíåò ÷áñáêôçñéóôéêÝò

ìïñöÝò ìïíïäéÜóôáôùí ðáñáâïëéêþí åîéóþóåùí.1

1Ï áíáãíþóôçò ãéá ìéá åêôåíÝóôåñç ìåëÝôç ðáñáðÝìðåôáé óôç âéâëéïãñáößá [12, 15, 16].
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11.1.2 Ôýðïé ðåðåñáóìÝíùí äéáöïñþí

Åßíáé Þäç ãíùóôü áðü ôï ÌÜèçìá 6 ôýðïò (6:1:2− 2) üôé ï ôýðïò ôïõ Taylor

ãéá óõíÜñôçóç ìéáò ìåôáâëçôÞò, Ýóôù f(x), ãñÜöåôáé

f(x+ h) ≈ f(x) +
h

1 !
f ′(x) +

h2

2 !
f ′(x) + : : :+

h�

� !
f (�)(x);

üôáí h > 0 ç áýîçóç ôçò ìåôáâëçôÞò x.

ÅðïìÝíùò ãéá ôç óõíÜñôçóç u = u(x; t) ìå ðåäßï ïñéóìïý, ÝóôùD, üðïõD

åßíáé Ýíá êëåéóôü äéÜóôçìá óôï ïðïßï ç u åßíáé óõíå÷Þò êáé Ý÷åé ðáñáãþãïõò

ìÝ÷ñé êáé �-ôÜîç óõíå÷åßò óõíáñôÞóåéò, áíÜëïãá ôüôå èá éó÷ýïõí

u(x+ h; t) ≈ u(x; t) +
h

1 !

@u

@x
+
h2

2 !

@2u

@x2

+ : : :+
hn

n !

@nu

@xn
; (11.1.2 - 1)

üôáí h > 0 ç áýîçóç ôçò ìåôáâëçôÞò x ôïõ äéáóôÞìáôïò, åíþ, üôáí ç ìåôáâëçôÞ

óõìâïëßæåé ôï ÷ñüíï t êáé ` > 0 ç áýîçóÞ ôçò

u(x; t+ `) = u(x; t) +
`

1 !

@u

@t
+

`2

2 !

@2u

@t2

+ : : :+
`n

n !

@nu

@tn
: (11.1.2 - 2)

Ìå óõëëïãéóìïýò áíÜëïãïõò ôïõ ÌáèÞìáôïò 6 áðü ôçí (11:1:2−1) ðñïêýðôïõí

ïé ðáñáêÜôù ðñïóåããßóåéò ôçò @u=@x:

•
@u

@x
≈ u(x+ h; t)− u(x; t)

h
(11.1.2 - 3)

ðïõ ïñßæåé ôçí ðñïò ôá åìðñüò ðñïóÝããéóç (forward-di�erence for-

mula),

•
@u

@x
≈ u(x; t)− u(x− h; t)

h
(11.1.2 - 4)

ôçí áíÜäñïìç ðñïóÝããéóç (backward-di�erence formula), êáé
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•
@u

@x
≈ u(x+ h; t)− u(x− h; t)

2h
(11.1.2 - 5)

ôçí êåíôñéêÞ ðñïóÝããéóç (central-di�erence formula).

Åðßóçò áðïäåéêíýåôáé üôé

@2u

@x2
=

u(x+ h; t)− 2u(x; t) + u(x− h; t)

h2
(11.1.2 - 6)

ðïõ ïñßæåé ôçí êåíôñéêÞ ðñïóÝããéóç ôçò @2u=@x2.

11.2 Åîßóùóç äéÜäïóçò èåñìüôçôáò

11.2.1 Ïñéóìüò êáé ìïñöÞ óõóôÞìáôïò ëýóçò

Ïñéóìüò 11.2.1 - 1. Ç åîßóùóç äéÜäïóçò èåñìüôçôáò óå ìßá äéÜóôáóç ïñßæå-

ôáé ùò åîÞò:2

@u(x; t)

@t
= �

@2u(x; t)

@x2
üðïõ a < x < b êáé t > 0; (11.2.1 - 1)

üôáí � èåôéêÞ óôáèåñÜ êáé u(x; t) ìéá åðáñêþò äéáöïñßóéìç óõíÜñôçóç.

ÐáñáôçñÞóåéò 11.2.1 - 1

• Ç ìåôáâëçôÞ t óõìâïëßæåé ôï ÷ñüíï êáé ç x ôï äéÜóôçìá.

• Óôç öõóéêÞ ç óõíÜñôçóç u ðåñéãñÜöåé ôç ìåôáâïëÞ ôçò èåñìïêñáóßáò.

• Ï � åßíáé ï óõíôåëåóôÞò èåñìéêÞò äéÜ÷õóçò (thermal di�usivity) êáé

óôï åîÞò èá èåùñåßôáé üôé åßíáé � = 1.

Ç åîßóùóç èåñìüôçôáò åßíáé èåìåëéþäïõò óçìáóßáò óå äéÜöïñïõò ôïìåßò

ôùí èåôéêþí åðéóôçìþí üðùò: óôá ìáèçìáôéêÜ ùò ôï ðñüôõðï ôçò ëýóçò

ðáñáâïëéêþí PDE's, óôç èåùñßá ðéèáíïôÞôùí, óôá ïéêïíïìéêÜ ìáèçìáôéêÜ

ê.ëð.

2ÂëÝðå âéâëéïãñáößá êáé http : ==en:wikipedia:org=wiki=Heat equation
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Ãéá ôçí ðñïóåããéóôéêÞ ëýóç ôçò (11:2:1 − 1) èåùñïýíôáé ïé ðáñáêÜôù

óõíïñéáêÝò óõíèÞêåò (boundary conditions)3

u (a; t) = u (b; t) = 0 üðïõ t > 0; (11.2.1 - 2)

åíþ ùò áñ÷éêÞ óõíèÞêç (initial condition) ç

u(x; 0) = u0(x) = g(x) üðïõ a ≤ x ≤ b; (11.2.1 - 3)

üôáí g(x) åßíáé ìßá ãíùóôÞ óõíå÷Þò óõíÜñôçóç ôïõ x, ðïõ óõíÞèùò óõìðßðôåé

ìå ôç èåùñçôéêÞ ëýóç, üôáí t = 0.

ÐáñáôÞñçóç 11.2.1 - 1

Äåí åßíáé ðÜíôïôå ãíùóôü áí u0 (a) = 0 Þ u0 (b) = 0, ðïõ óçìáßíåé üôé åßíáé

äõíáôü íá õðÜñ÷ïõí áóõíÝ÷åéåò ìåôáîý áñ÷éêþí êáé óõíïñéáêþí óõíèçêþí.

ÄéáìÝñéóç

Ãéá ôçí ðñïóåããéóôéêÞ ëýóç ôçò (11:2:1− 1) ôï äéÜóôçìá

• [a; b] ôçò ìåôáâëçôÞò x õðïäéáéñåßôáé óåN+1 ßóá õðïäéáóôÞìáôá ðëÜôïõò

h (Ó÷. 11.2.1 - 1), êáé ôï

• [0; T ] ôçò t, üôáí t = T óõìâïëßæåé ôçí ôåëéêÞ ÷ñïíéêÞ óôéãìÞ ëýóçò

ôçò (11:2:1− 1),4 óå õðïäéáóôÞìáôá ðëÜôïõò `.

Ôüôå ç áíïéêôÞ ðåñéï÷Þ Ω = (a; b)×(0; T ] ìå ôï óýíïñü ôçò @Ω, ðïõ áðïôåëåßôáé

áðü ôïí Üîïíá t = 0 êáé ôéò åõèåßåò x = a êáé x = b, êáëýðôåôáé áðü Ýíá

ïñèïãþíéï óýóôçìá óçìåßùí (grid), Ýóôù G (Ó÷. 11.2.1 - 2), ôá ïðïßá Ý÷ïõí

óõíôåôáãìÝíåò xm = a + mh, üôáí m = 0; 1; : : : ; N + 1 êáé tn = n` üôáí

n = 0; 1; : : : :

3Ãéá óõíïñéáêÝò óõíèÞêåò âëÝðå ÌÜèçìá 6 ÐáñÜãñáöïò 6:2.
4ÂëÝðå áíôßóôïé÷ç ÷ñïíéêÞ óôéãìÞ tN = b óôï ÌÜèçìá 9 ÐáñÜãñáöïò 9:1:3.
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æ æ æ æ æ æ

x0 x1 xm xm+1 xN xN+1

a h b

Ó÷Þìá 11.2.1 - 1: Ç äéáìÝñéóç ôïõ äéáóôÞìáôïò [a; b]: ôá óõíïñéáêÜ óçìåßá

x0 = a, xN+1 = b êáé ôá åóùôåñéêÜ óçìåßá x1; : : : ; xN üðïõ õðïëïãßæåôáé ç

ëýóç ôçò (11:2:1− 1)

æ æ æ æ æ æ

x0 x1 xm xm+1 xN xN+1

t=0

t=1

t=n {

t=T

ææ

Grid @a,bD´@0,TD

Ó÷Þìá 11.2.1 - 2: Ôá óçìåßá (mesh) ôçò äéáìÝñéóçò (grid) G ôïõ äéáóôÞìáôïò

[a; b] êáé ôïõ ÷ñüíïõ [0; T ]. Ôï óýíïñï @Ω ïñßæåôáé áðü ôçí åõèåßá t = 0

(êáöÝ) êáé ôéò x = a; b (êüêêéíåò) åõèåßåò. Ôï (xm; tn) áðåéêïíßæåôáé óôï

ðñÜóéíï óçìåßï, åíþ ç ôåëéêÞ ÷ñïíéêÞ óôéãìÞ ëýóçò ôçò (11:2:1− 1) áðü ôçí

ðñÜóéíç åõèåßá t = T
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æ æ æ æ æ æ

x0 x1 xm xm+1 xN xN+1

U1
n

U
m

n
U

m+1
n

U
N

n

a h b

time level t=n {

Ó÷Þìá 11.2.1 - 3: Óõìâïëéóìüò ôùí ëýóåùí: óôá óõíïñéáêÜ óçìåßá x0 = a

êáé xN+1 = b ëüãù ôçò (11:2:1− 2) åßíáé Un
0 = Un

N+1 = 0. Ç ðñïóåããéóôéêÞ

ëýóç Un
1 ; U

n
2 : : : ; Un

N ôçò (11:2:1 − 1) õðïëïãßæåôáé óôá åóùôåñéêÜ óçìåßá

x1; : : : ; xN

Óõìâïëéóìüò ëýóåùí

Óôá åðüìåíá

• ç èåùñçôéêÞ ëýóç u (xm; tn) óôï óçìåßï (xm; tn) èá óõìâïëßæåôáé ìå u
n
m,

êáé

• ç áñéèìçôéêÞ ëýóç ìå Un
m (Ó÷. 11.2.1 - 3).

Óýìöùíá ìå ôïí ðáñáðÜíù óõìâïëéóìü óå äåäïìÝíç ÷ñïíéêÞ óôéãìÞ t =

tn = n` ç èåùñçôéêÞ ëýóç u (x; tn) ôçò (11:2:1−1) óôá óçìåßá x1; x2; : : : ; xN

èá åßíáé

u (x1; tn) ; u (x2; tn) ; : : : ; u (xÍ ; tn)

êáé èá ðñïóåããßæåôáé áðü ôéò ôéìÝò

Un
1 ; Un

2 ; : : : ; Un
N :

Ôüôå ïé ðñïóåããßóåéò áõôÝò åßíáé äõíáôüí íá èåùñçèïýí óáí ïé óõíôåôáãìÝíåò

åíüò äéáíýóìáôïò, Ýóôù Un, üðïõ

Un = [Un
1 ; U

n
2 : : : ; Un

N ]T : (11.2.1 - 4)
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æ æ æ æ æ æ æ

x1 x2 xm-1 xm xm+1 xN-1 xN

h

Ó÷Þìá 11.2.2 - 1: Åîßóùóç èåñìüôçôáò: õðïëïãéóìüò ôçò ðñïóåããéóôéêÞò

ëýóçò óôá åóùôåñéêÜ óçìåßá x1; : : : ; xN óå åðßðåäï ÷ñüíïõ t = n`

Ôï äéÜíõóìá áõôü èá ëÝãåôáé óôï åîÞò êáé äéÜíõóìá ëýóåùí ôçò (11:2:1−1).

11.2.2 ÐñïóåããéóôéêÝò ëýóåéò

ÌÝèïäïò ôïõ Taylor

Ãéá ôçí ðñïóåããéóôéêÞ ëýóç ôçò åîßóùóçò (11:2:1−1) ðñÝðåé óå êÜèå ÷ñïíéêÞ

óôéãìÞ t = `; 2`; : : : ç ìåñéêÞ ðáñÜãùãïò ùò ðñïò ôç ìåôáâëçôÞ x íá áíôéêáôá-

óôáèåß óå êáèÝíá áðü ôá N åóùôåñéêÜ óçìåßá (Ó÷. 11.2.2 - 1) ôçò äéáìÝñéóçò

G.5 Ç ðñïóÝããéóç áõôÞ èá ðñïêýøåé áðü ôïí ãíùóôü ôýðï (11:1:2− 6)

@2u(x; t)

@x2
≈ u(x+ h; t)− 2u(x; t) + u(x− h; t)

h2

5Óýìöùíá ìå ôçí ÐáñÜãñáöï 11.2.1 êáé ôéò óõíïñéáêÝò óõíèÞêåò (11:2:1−2) - óõíèÞêåò

Dirichlet - ç áíôéêáôÜóôáóç ôçò ìåñéêÞò ðáñáãþãïõ ùò ðñïò x óôá óõíïñéáêÜ óçìåßá

x0 = a, áíôßóôïé÷á x
N+1 = b áðáéôåß íá åßíáé ãíùóôÝò ïé ôéìÝò ôçò ëýóçò óôá óçìåßá

x−1 = a − h, áíôßóôïé÷á x
N+2 = b + h. Ïé ôéìÝò üìùò áõôÝò äåí åßíáé ãíùóôÝò óôï

óõãêåêñéìÝíï ðñüâëçìá.
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èåùñþíôáò ãéá ôç ÷ñïíéêÞ óôéãìÞ t åßíáé t = tn = n` êáé åöáñìüæïíôáò ôïí

ðáñáðÜíù ôýðï óå êÜèå Ýíá åóùôåñéêü óçìåßï, äçëáäÞ

@2u(x; t)

@x2

∣∣∣∣∣
t=tn; x=xm

≈ u (xm + h; tn)− 2u (xm; tn) + u (xm − h; tn)

h2

=
u (xm+1; tn)− 2u (xm; tn) + u (xm−1; tn)

h2
;

üôáím = 1; 2; : : : ; N . ÅðïìÝíùò Ý÷ïíôáò õð' üøéí êáé ìå ôïõò óõìâïëéóìïýò

ôçò ÐáñáãñÜöïõ 11.2.1 ðñïêýðôåé üôé

@2u(x; t)

@x2

∣∣∣∣∣
t=tn; x=xm

≈
Un
m+1 − 2Un

m + Un
m−1

h2
: (11.2.2 - 1)

¢ñá ç (11:2:1 − 1) óýìöùíá ìå ôçí (11:2:2 − 1), üôáí åöáñìïóôåß óå

êÜèå Ýíá åóùôåñéêü óçìåßï x1; : : : ; xN (Ó÷. 11.2.1 - 3), ïñßæåé ôï ðáñáêÜôù

óýóôçìá N äéáöïñéêþí åîéóþóåùí 1çò ôÜîçò

dUn
1

dt
=

Un
0 − 2Un

1 + Un
2

h2
;

dUn
m

dt
=

Un
m−1 − 2Un

m + Un
m+1

h2
ãéá m = 2; 3; : : : ; N − 1;

dUn
N

dt
=

Un
N−1 − 2Un

N + Un
N+1

h2

ôï ïðïßï, åðåéäÞ óýìöùíá ìå ôéò óõíïñéáêÝò óõíèÞêåò (11:2:1−2) åßíáé Un
0 = 0

êáé Un
N+1 = 0, ôåëéêÜ ãñÜöåôáé

dUn
1

dt
=

−2Un
1 + Un

2

h2
;

dUn
m

dt
=

Un
m−1 − 2Un

m + Un
m+1

h2
ãéá m = 2; 3; : : : ; N − 1;

dUn
N

dt
=

Un
N−1 − 2Un

N

h2
: (11.2.2 - 2)

Ôï óýóôçìá (11:2:2−2), üôáí ÷ñçóéìïðïéçèåß ôï äéÜíõóìá ôùí ëýóåùí (11:2:1−
4), ãñÜöåôáé ìå ÷ñÞóç ðéíÜêùí óå äéáíõóìáôéêÞ ìïñöÞ ùò åîÞò:

dU(t)

dt
= AU(t) ìå U0 = g; (11.2.2 - 3)
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üðïõ ï A åßíáé Ýíáò ôñéäéáãþíéïò ðßíáêáò ôçò ìïñöÞò

A = h−2



−2 1

1 −2 1

. . .
. . .

. . .

1 −2 1

1 −2


(11.2.2 - 4)

êáé

g = U0 =
[
U0
1 ; U

0
2 ; : : : ; U

0
N

]T
ôï äéÜíõóìá ôùí áñ÷éêþí ôéìþí ôçò ðñïóåããéóôéêÞò ëýóçò, ðïõ ðñïêýðôåé

áðü ôçí áñ÷éêÞ óõíèÞêç (11:2:1− 3).6

¸óôù

D =


d
d t

. . .

d
d t

 (11.2.2 - 5)

Ýíáò äéáãþíéïò ðßíáêáò ôÜîçò N ðïõ óõìâïëßæåé ôï äéáöïñéêü ôåëåóôÞ 1çò

ôÜîçò ãéá ôï óýóôçìá (11:2:2 − 3). Ôüôå ôï óýóôçìá (11:2:2 − 3) ôåëéêÜ

ãñÜöåôáé

DU(t) = AU(t) ìå U0 = g: (11.2.2 - 6)

ÐáñáôçñÞóåéò 11.2.2 - 1

i) Ôï óýóôçìá (11:2:2 − 6) Ý÷åé áíÜëïãç ìïñöÞ ìå ôï ðñüâëçìá áñ÷éêÞò

ôéìÞò (9:1:1− 3) ôïõ ÌáèÞìáôïò 9.

ii) Ç ðáñáðÜíù ìÝèïäïò ðñïóäéïñéóìïý ôçò ëýóçò åßíáé ãíùóôÞ óáí ç

ìÝèïäïò ôùí åõèåéþí (method of lines Þ MOL Þ NMOL).7 Óýìöùíá

ìå ôç ìÝèïäï áõôÞ ç ëýóç ôïõ ðñïâëÞìáôïò ðñïóåããßæåôáé óå êÜèå

÷ñïíéêÞ óôéãìÞ t - åõèåßåò t = `, : : : (Ó÷. 11.2.1 - 2) êáé ôåëéêÜ

ç ðñïóåããéóôéêÞ ëýóç äßíåôáé ìå ôç ìïñöÞ åíüò óõóôÞìáôïò óõíÞèùí

6ÂëÝðå áíôßóôïé÷ç áñ÷éêÞ y0 = y(a) = y (t0) óôá ÌáèÞìáôá 9 êáé 10, áëëÜ êáé áíÜëïãåò

áñ÷éêÝò ôéìÝò ðïõ ÷ñçóéìïðïéÞèçêáí óôá ÌáèÞìáôá 1 êáé 2.
7ÂëÝðå âéâëéïãñáößá êáé http : ==en:wikipedia:org=wiki=Method of lines.
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äéáöïñéêþí åîéóþóåùí áíÜëïãïõ ôçò ìïñöÞò (11:2:2− 6), üðïõ ç ôÜîç

ôïõ óõóôÞìáôïò åîáñôÜôáé áðü ôçí ôÜîç ôùí ìåñéêþí ðáñáãþãùí ùò

ðñïò t. Äéåõêñéíßæåôáé üôé óôçí (11:2:2 − 2), åöüóïí ç ìåôáâëçôÞ x

áíôéêáèßóôáôáé áðü ôéò ôéìÝò xm; m = 1; : : : ; N , ç U åßíáé óõíÜñôçóç

ôïõ t, ïðüôå ç ðáñáãþãéóç èá óõìâïëßæåôáé ìå dU
d t

áíôß ôçò @U
@ t
.

Áðü ôï óýóôçìá (11:2:2− 6) ðñïêýðôåé ôüôå üôé

D = A (11.2.2 - 7)

ðïõ ïñßæåé êáé ôçí ðñïóÝããéóç ôïõ ôåëåóôÞ D ãéá ôï ðñüâëçìá (11:2:1− 1) -

(11:2:1−3). Ç Ýêöñáóç áõôÞ èá ÷ñçóéìïðïéçèåß óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò.

Áðü ôï áíÜðôõãìá ôçò U(t+ `) êáôÜ Taylor

U(t+ `) ≈ U(t) +
`

1 !
DU(t) +

`2

2 !
D2U(t) + : : :+

`�

� !
D�U(t); (11.2.2 - 8)

áí ðáñáëåéöèïýí ïé üñïé O
(
`2
)
, Ý÷ïõìå

U(t+ `) = U(t) + `DU(t)

ðïõ óýìöùíá ìå ôçí (11:2:2− 7) ãñÜöåôáé

U(t+ `) = U(t) + `AU(t);

äçëáäÞ

U(t+ `) = (I + `A)U(t) (11.2.2 - 9)

üôáí I ï ìïíáäéáßïò ðßíáêáò ôÜîçò N .

¸óôù p = `=h2 : Ôüôå ãéá ôç ëýóç ôïõ ðñïâëÞìáôïò (11:2:1−1) - (11:2:1−
3) áðü ôçí (11:2:2− 9) ðñïêýðôåé ç ðáñáêÜôù áíáëõôéêÞ (explicit) ìÝèïäïò

ôùí 4 óçìåßùí

Un+1
1

Un+1
2

...

Un+1
N

 =


1− 2p p
p 1− 2p p

. . .
. . .

. . .
p 1− 2p p

p 1− 2p





Un
1

Un
2

...

Un
N

 ;
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äçëáäÞ ∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

Un+1
1 = (1− 2p)Un

1 + pUn
2 ;

Un+1
m = (1− 2p)Un

m + p
(
Un
m−1 + Un

m+1

)
ãéá m = 2; 3; : : : ; N − 1;

Un+1
N = pUn

N−1 + (1− 2p)Un
N :

(11.2.2 - 10)

ÐáñáôÞñçóç 11.2.2 - 1

Áðïäåéêíýåôáé üôé ãéá ôç ëýóç ôïõ ðñïâëÞìáôïò (11:2:1− 1) - (11:2:1− 3) ìå

ôç ìÝèïäï áõôÞ áðáéôåßôáé íá éó÷ýåé ç óõíèÞêç

` ≤ 1

2
h2: (11.2.2 - 11)

Áõôü Ý÷åé óáí áðïôÝëåóìá üôé ôï âÞìá ôïõ ÷ñüíïõ ` ðïõ ÷ñçóéìïðïéåßôáé,

ðñÝðåé íá åßíáé ðïëý ìéêñü. ÅðïìÝíùò ç ìÝèïäïò áõôÞ, áí êáé áðëÞ óáí

áíáëõôéêÞ, áðáéôåß Ýíá ìåãÜëï áñéèìü ðñÜîåùí ãéá ôïí õðïëïãéóìü ôçò ëýóçò

ôç ÷ñïíéêÞ óôéãìÞ t = T .

ÌÝèïäïò ôùí Crank - Nicolson

Ïé Crack8-Nicolson9 (1947) ðñüôåéíáí ìéá ìÝèïäï, ðïõ ðåñéïñßæåé ôïí áñéèìü

ôùí õðïëïãéóìþí êáé åßíáé äõíáôüí íá ÷ñçóéìïðïéçèåß ãéá Ýíá ìåãÜëï åýñïò

ôéìþí ôùí h êáé `, áêñéâÝóôåñá üðùò áðïäåéêíýåôáé ôïõ ëüãïõ

r =
`

h
:

Óýìöùíá ìå ôç ìÝèïäï ç åîßóùóç (11:2:1− 1), äçëáäÞ ç

@u

@t
=

@2u

@x2
;

8JOHN CRANK (1916-2006): ¢ããëïò ìáèçìáôéêüò, ãíùóôüò êõñßùò ãéá ôçí ïìþíõìç

ìÝèïäï.
9PHYLLIS NICOLSON (1917-1968): Áããëßäá ìáèçìáôéêüò, ãíùóôÞ ãéá ôçí ïìþíõìç

ìÝèïäï ìå ôïí Crank.
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æ æ æ æ æ

æ æ æ

æ æ

x0 x1 xm-1 xm xm+1 xN xN+1

t=n {

t=n + {�2

t=Hn + 1L {

ææ

Ó÷Þìá 11.2.2 - 2: ÌÝèïäïò ôùí Crank-Nicolson

ðñïóåããßæåôáé óôçí

åíäéÜìåóç ôùí t = n` êáé t = (n+ 1)` ÷ñïíéêÞ óôéãìÞ;

äçëáäÞ ôçí

t =

(
n+

1

2

)
`;

åíþ ç @2u
@x2

ðñïóåããßæåôáé áðü ôï ìÝóï üñï ôùí ôéìþí ôçò óôéò ÷ñïíéêÝò

óôéãìÝò t = (n+ 1)` êáé t = n` (Ó÷. 11.2.2 - 2). ¢ñá

@U
n+ 1

2
m

@t
=

1

2

(
@ 2Un+1

m

@x2
+
@ 2Un

m

@x2

)
: (11.2.2 - 12)

ÅðåéäÞ óýìöùíá ìå ôçí (11:1:2− 5) åßíáé

@u(x; t)

@t
≈ u(x; t+ `)− u(x; t− `)

2`
;

ç åöáñìïãÞ ôçò óôçí (11:2:2− 12) ãéá t+ `=2 äßíåé

@u
(
x; t+ `

2

)
@t

≈
u
[
x;
(
t+ `

2

)
+ `

2

]
− u

[
x;
(
t+ `

2

)
− `

2

]
2 `

2

=
u(x; t+ `)− u(x; t)

`
:
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ÅðïìÝíùò

@U
n+ 1

2
m

@t
=

Un+1
m − Un

m

`
: (11.2.2 - 13)

Åßíáé Þäç ãíùóôü áðü ôçí (11:2:2− 1) üôé

@2u(x; t)

@x2

∣∣∣∣∣
t=tn; x=xm

≈
Un
m+1 − 2Un

m + Un
m−1

h2
: (11.2.2 - 14)

Ç (11:2:2 − 14), üôáí åöáñìïóôåß ãéá ôç ÷ñïíéêÞ óôéãìÞ t = (n + 1)`, äßíåé

ôçí ðñïóÝããéóç

@2u(x; t)

@x2

∣∣∣∣∣
t=tn+1; x=xm

≈
Un+1
m+1 − 2Un+1

m + Un+1
m−1

h2
: (11.2.2 - 15)

¢ñá ôåëéêÜ ç (11:2:2 − 12) óýìöùíá ìå ôéò (11:2:2 − 14), (11:2:2 − 15) êáé

(11:2:2− 13) ãñÜöåôáé

Un+1
m − Un

m

`
=

1

2

(
Un+1
m+1 − 2Un+1

m + Un+1
m−1

h2
+
Un+1
m+1 − 2Un+1

m + Un+1
m−1

h2

)
äçëáäÞ

Un+1
m − 1

2
p
(
Un+1
m+1 − 2Un+1

m + Un+1
m−1

)
= Un

m

+
1

2
p
(
Un
m+1 − 2Un

m + Un
m−1

)
(11.2.2 - 16)

üðïõ åðßóçò åßíáé p = `=h2 : Ç (11:2:2 − 15), üôáí åöáñìïóôåß óå êÜèå Ýíá

åóùôåñéêü óçìåßï x1; : : : ; xN (Ó÷. 11.2.1 - 3) ôçò äéáìÝñéóçò G, Ý÷ïíôáò

õð' üøéí êáé ôéò óõíïñéáêÝò óõíèÞêåò (11:2:1 − 2), ïñßæåé ôçí ðáñáêÜôù

ðåðëåãìÝíç ìÝèïäï ôùí 6 óçìåßùí∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

(1 + p)Un+1
1 − 1

2
pUn+1

2 = (1− p)Un
1 +

1

2
pUn

2 ;

(1 + p)Un+1
m − 1

2
p
(
Un+1
m−1 + Un+1

m+1

)
= (1− p)Un

m +
1

2
p
(
Un
m−1 + Un

m+1

)
ãéá m = 2; 3; : : : ; N − 1;

−1

2
pUn+1

N−1 + (1 + p)Un+1
N =

1

2
pUn

N−1 + (1− p)Un
N :

(11.2.2 - 17)
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Ç ìÝèïäïò áõôÞ, ðïõ åßíáé ãíùóôÞ óáí ìÝèïäïò ôùí Crank-Nicolson,10

åßíáé ëüãù ôçò áêñßâåéáò (accuracy) ôùí áðïôåëåóìÜôùí ôçò ìéá áðü ôéò

ðåñéóóüôåñï ÷ñçóéìïðïéïýìåíåò ìåèüäïõò óôç ëýóç ðïëëþí Üëëùí ìïñöþí

ôùí PDE's.

Ç ìÝèïäïò ãñÜöåôáé åðßóçò ìå ÷ñÞóç ðéíÜêùí ùò åîÞò:

1 + p −p

2

−p

2
1 + p −p

2
. . .

. . .
. . .

−p

2
1 + p −p

2

−p

2
1 + p





Un+1
1

Un+1
2

...

Un+1
N



=



1− p
p

2
p

2
1− p

p

2
. . .

. . .
. . .

p

2
1− p

p

2
p

2
1− p





Un
1

Un
2

...

Un
N


;

Þ ôåëéêÜ ùò(
I − 1

2
`A

)
U(t+ `) =

(
I +

1

2
`A

)
U(t); (11.2.2 - 18)

üôáí ï ðßíáêáò A äßíåôáé áðü ôçí (11:2:2− 4).

ÐáñáôçñÞóåéò 11.2.2 - 2

• Ï ðñïóäéïñéóìüò ôïõ U(t+ `) óôçí (11:2:2− 18) áðáéôåß ôç ëýóç åíüò

óõóôÞìáôïò, üðïõ ï ðßíáêáò ôùí áãíþóôùí
(
I − 1

2`A
)
åßíáé ôñéäéáãþíéïò.

• ÐïëëÝò öïñÝò ãéá ôïí ðåñéïñéóìü ôùí ðñÜîåùí ÷ñçóéìïðïéåßôáé ï ðáñáêÜôù

ôñüðïò õðïëïãéóìïý ôçò ëýóçò U(t+ `):(
I − 1

2
`A

)
U∗ = 2U(t)

U(t+ `) = U∗ −U(t):

10ÂëÝðå âéâëéïãñáößá êáé http : ==en:wikipedia:org=wiki=Crank − nicholson method
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Ï õðïëïãéóìüò áõôüò áðáéôåß ôç ÷ñÞóç åíüò âïçèçôéêïý äéáíýóìáôïò

U∗, áëëÜ Ý÷åé 3N − 2 ëéãüôåñåò ðñÜîåéò áðü ôçí áðåõèåßáò ëýóç ôïõ

óõóôÞìáôïò (11:2:2− 18).

• Óýìöùíá ìå üóá Ý÷ïõí ãñáöåß óôçí åéóáãùãÞ, ç ìÝèïäïò åßíáé äõíáôüí

íá ÷ñçóéìïðïéçèåß ãéá Ýíá ìåãÜëï åýñïò ôéìþí ôïõ ëüãïõ r = `=h :

¸÷åé áðïäåé÷èåß11 üôé ãéá íá õðÜñ÷åé ìéá ëåßá óõìðåñéöïñÜ ôçò ëýóç

ðëçóßïí ôùí óõíïñéáêþí ôéìþí x = a; b, ðñÝðåé íá éó÷ýåé

r =
`

h
<

k

�
;

üôáí k êáôÜëëçëç óôáèåñÜ.

ÐáñÜäåéãìá 11.2.2 - 1

Ç ìÝèïäïò ôùí Crank-Nicolson åîåôÜóôçêå óôï ðñüâëçìá

@u

@t
=

@2u

@x2
üðïõ 0 < x < 2 êáé t > 0 (11.2.2 - 19)

ìå óõíïñéáêÝò óõíèÞêåò

u (0; t) = u (2; t) = 0; üôáí t > 0 (11.2.2 - 20)

áñ÷éêÞ óõíèÞêç

u(x; 0) = 1; üôáí 0 ≤ x ≤ 2 (11.2.2 - 21)

êáé èåùñçôéêÞ ëýóç

u(x; t) =
+∞∑
k=1

[
1− (−1)k

] 2

k�
sin

(
1

2
k�x

)
exp

(
−1

4
k2�2t

)
: (11.2.2 - 22)

Ôá áðïôåëÝóìáôá ãéá ôéò äéÜöïñåò ôéìÝò ôùí h êáé ` óå ÷ñüíï t = 1 êáé ìå

ìÝôñï ìÝôñçóçò ôùí óöáëìÜôùí ôï ∥unm − Un
m∥∞ = maxm=1; 2; :::; N |unm − Un

m|
äßíïíôáé óôïí Ðßíáêá 11.2.2 - 1, åíþ ç ãñáöéêÞ ðáñÜóôáóç ôçò èåùñçôéêÞò

êáé ôçò ðñïóåããéóôéêÞò ëýóçò óôï Ó÷. 11.2.2 - 3, üðïõ Üìåóá ðñïêýðôåé üôé

ôï ìÝãéóôï óöÜëìá ôçò ìåèüäïõ åßíáé ðëçóßïí ôùí Üêñùí ôïõ äéáóôÞìáôïò

[0; 2].

11Lawson, J. D. and Morris, J. LI., The extrapolation of �rst order methods for parabolic

partial di�erential equations. I, SIAM J. Numer. Anal. 15(6), (1978), pp. 1212{1224.
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Ðßíáêáò 11.2.2 - 1: ÐáñÜäåéãìá 11.2.2 - 1

ÌÝèïäïò ` h e = ∥unm − Un
m∥∞

0.1 0.1 0.56E-01

0.025 0.55E+00

0.01 0.1 0.31E-03

0.025 0.67E-04

Ó÷Þìá 11.2.2 - 3: ÌÝèïäïò ôùí Crank-Nickolson. Ç äéáêåêïììÝíç êáìðýëç

äåß÷íåé ôçí áñéèìçôéêÞ êáé ç óõíå÷Þò ôç èåùñçôéêÞ ëýóç ôïõ Ðáñáäåßãìáôïò

11.2.2 - 1
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ÁóêÞóåéò

1. Íá ëõèåß ôï ÐáñÜäåéãìá 11.2.2 - 1 ìå ôç ìÝèïäï (11:2:2− 10) êáé íá ãßíåé

óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôá áíôßóôïé÷á ôïõ Ðßíáêá 11.2.2 - 1.

2. Ðáñáëåßðïíôáò ôïõò üñïõò O
(
`3
)
óôï áíÜðôõãìá êáôÜ Taylor ôçò U(t+`)

äåßîôå üôé ïñßæåôáé ç ðáñáêÜôù ìÝèïäïò ëýóçò ôçò (11:2:1− 1)

U(t+ `) = (I + `A+
`2A2

2
)U(t):

üôáí ï ðßíáêáò A äßíåôáé áðü ôçí (11:2:2 − 4) êáé I ï ìïíáäéáßïò ðßíáêáò

ôÜîçò N .

Åöáñìüóôå ôç ìÝèïäï áõôÞ óôç ëýóç ôïõ Ðáñáäåßãìáôïò 11.2.2 - 1 êáé

óõãêñßíáôå ôá áðïôåëÝóìáôá ìå ôá áíôßóôïé÷á ôïõ Ðßíáêá 11.2.2 - 1.

3. Ç ãñáììéêÞ ìïñöÞ ôçò åîßóùóçò äéÜ÷õóçò-ìåôáöïñÜò (di�usion-convection)

óå ìßá äéÜóôáóç Ý÷åé ôç ìïñöÞ

@u

@t
=

@2u

@t2
− ì

@u

@x
üðïõ 0 < x < X êáé t > 0 (11.2.2 - 23)

üðïõ ì > 0 åßíáé ç ðáñÜìåôñïò ìåôáöïñÜò (convection parameter).

Ç áñ÷éêÞ óõíèÞêç ôïõ ðñïâëÞìáôïò åßíáé

u(x; 0) = g(x) ìå 0 < x < X (11.2.2 - 24)

êáé ïé óõíïñéáêÝò óõíèÞêåò

u(0; t) = v(t) ìå t > 0 (11.2.2 - 25)

@u(X; t)

@x
= 0 ìå t > 0: (11.2.2 - 26)

i) Ìå êáôÜëëçëç äéáìÝñéóç ôïõ äéáóôÞìáôïò [0; X] äåßîôå üôé, üôáí ç

åîßóùóç (11:2:2−23) ìå ôéò ðñïóåããßóåéò (11:1:2−5), (11:1:2−6) êáé ôéò

óõíïñéáêÝò óõíèÞêåò (11:2:2−25), (11:2:2−26) - äçëáäÞ Un
N+1 = Un

N−1

- åöáñìïóôåß óôá N åóùôåñéêÜ óçìåßá ôçò äéáìÝñéóçò óå åðßðåäï ÷ñüíïõ

t = n` üðïõ n = 1; 2; : : :, ðñïêýðôåé ôï ðáñáêÜôù óýóôçìá ôùí N

äéáöïñéêþí åîéóþóåùí

dU1

dt
= − 2

h2
Un
1 +

1

h2

(
1− 1

2
ìh

)
Un
2 +

1

h2

(
1 +

1

2
ìh

)
vt;
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dUn
m

dt
=

1

h2

(
1 +

1

2
ìh

)
Un
m−1 −

2

h2
Un
2 +

1

h2

(
1− 1

2
ìh

)
Un
m+1

ãéá m = 2; 3; : : : ; N − 1;

dUn
N

dt
=

2
(
Un
N−1 − Un

N

)
h2

ðïõ ãñÜöåôáé åðßóçò óå äéáíõóìáôéêÞ ìïñöÞ ùò

dU(t)

dt
= AU(t) + b ìå U0 = g (11.2.2 - 27)

üðïõ

A =



−2 1− 1

2
ìh

1 +
1

2
ìh −2 1− 1

2
ìh

. . .
. . .

. . .

1 +
1

2
ìh −2 1− 1

2
ìh

2 −2


êáé b = h−2

[(
1 + 1

2ìh
)
Ut(n`); 0; : : : ; 0

]T
. Äþóôå ôç ìïñöÞ ôçò ìåèüäïõ

(11:2:2− 10) ãéá ôçí ðåñßðôùóç áõôÞ.

ii) Ðïéá åßíáé ç ìïñöÞ ôçò ìåèüäïõ ôùí Crank-Nicolson ãéá ôç ëýóç ôïõ

ðñïâëÞìáôïò (11:2:2 − 23) ìå óõíïñéáêÝò óõíèÞêåò (11:2:2 − 25) êáé

(11:2:2− 26);

12

12Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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