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Mdabnua 5

ATANYXMATIKOX
ATAPOPIKOY. AOT'TXMOX

5.1 Ewcayoy

Y10 udbhnua autéd Sivovtal ol Bacuxéc évvoleg tou Awavucuatixot Awgoptxol
AoyiouoU, nou elvar oyetinég ue Tig fabuntéc 1 Tic Stavuouatixés cuvapThoeLg
UL A TEQLOGOTERWY UETABANTOV %ol OL OTOLEC OFE OPLOUEVEC TEQLTTOOELS
v v

Oewpolvtal cav uia YEVIXEUOT) TV UEYPL TARA KBY YVOOTOV GTOV avayVOoTH

avtiotolyny xavéveyv tou Awgopixol Aoyiouod.

5.1.1 3Xrtouyela Awavuopatixol Aoyiopol

Kplvetal oxémipo oto onuelo autd va yiver uia uneviiuien oplouévmy otolyeloy

e ’ A /A 7
g bewplag Tou Awavucuatixold Aoyiouos

Opiowésg 5.1.1 - 1. Aéyetar npocavatolopévn eubela 7j dZovag uta culela,
éotw €, otny onmola Eyer opiotel éva otalepd onueio O, éva evfiypauuo
tunua OA nov to unxoc tou Gewpeltar oay povdda uétenonc, dniady (OA) =

1 xat Getrixrj n gopd and to O mpoc to A (Xy. 5.1.1-1).

Oplopés 5.1.1 - 2 (dravbopatog). Opiletar oav Sidvuoua xdle npocavatoAt-

ouévo evbiypauuo tufua exi Tou € 1 napdAAniov mpoc autov.
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Yyfua 5.1.1 - 1: npocavatohiouévn evbela 1 dZovog

Yyfua 5.1.1 - 2: cuufohioude Slavuoudtey

Yo e&¥ic, extdg av StapopeTind Yedpetal, Ta Staviouata Ha cuuforilovra
, ; -
ue éviova ypduuatd, 67eg a, b x.Ax., avtl Tou sugBohiouot @, b xx. (Xy.
5.1.1 - 2)
r z 7 7 z 7
Eotw éva opfoxavovixd clotnua ouvtetayuévoyv Ozyz. Téte yio v
TapdoTaor evOg SLavicUATOC GUVIPTRGEL TV GUVTETAYUEV®Y TOL dlaxplvovTal

oL TapUXdTw dVO TEPLITMOELS:

i) H apyn tou Siaviouatog va oLURInTEL UE TNV apy’ TV GUVTETAYUEVWLY
O xot to téhoc Tou va elvan éva onueto M (z,y), avtlotorya M(z,y, 2).
Yy neplntwon auth To didvuoua autd Aéyetal didvuopa Béomng A

davuopatixy axtiva tou onuelou M xal ouuBoiiletar ye r(z,y),
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avtiotowya r(z,y, z) fanhd r (Xy. 5.1.1 - 3). Téte oL ouvtetayuévee
Tou T optlovtal and Tic TEoBoréC TOU 6TOUS AEOVES GUVTETAYUEV®DY XAl
elvar mpogavee ou mpayuatxol aplfuol x, y, aviiotouya z, y z, eV

ouufoluxd yedpetat
r=r(z,y) = (r,y), avilotoya r=r(z,y,2)=(z,y,2).

Elugova ue Tov xavéva Tou taparinhoypduuou to dbpoloud Twv GUVLGTL-

o6y davuoudtey i, yj xar 2k Oa opllel 1o didvucua r, Snhad?
r=zi+yj, oavietoya r=zi+yj+ zk, (5.1.1 - 1)

eV T0 UETPO TOU T LoOUTAL UE

ro= |r|= /x2+y2:(x2+y2)1/27

avtiotolya (5.1.1-2)
r o= ]r]:\/WZ(x2+y2+z2)l/2-
r=<1.2,0.9>
y
0.8
0.6
o.4}
0.2

0.2 0.4 0.6 0.8 1.0 1.2

Yydua 5.1.1 - 3: 7o didvuoua Béong r =< 1.2,0.9 >
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ii) Tevixd, 6tav 1o a elvat éva tuybv Sidvuoua tou N3 ue apyh 1o onueio

A(x1,y1,21) xa téhoc 10 B (m2,y2, 22), 6uota ue v nepintwon (7)

o. ouvtetayuéves tou opllovtol and Tic mpofoléc tou oTouc dZoveg
OULVTETAYUEVWY Xau Elval ou mpayuatxol apluol a1 = z9 — 21, ag =

Y2 — Y1 XA a3 = 2o — z1. LUUPOAS YedeTal 6Ty nepinTwon auTy 6T

a=afa,az,a3) =a(rs —T1,Y2 — Y1,22 — 21) ,
eVE 1 avohuTer €éxgpaot| Tou elval

a = aji+asj+ask

= (.’Eg—.’El)i—l-(yg—yl)j—l—(ZQ—Zl)k. (511 - 3)

To uétpo tou dtaviouatoc a = a (ay, az, as) CUVAPTAOEL TWV GUVTE-

TAYUEVWY LooUTaL 0TNY TERINTWoY AUty Ue

a=l|al =/a? + a3 + d}. (5.1.1 - 4)

Avtiotolyec exgpdoeig e tic (5.1.1 — 3) o (5.1.1 — 4) woylouv

Yo To didvuoua a = a (a, az)

Oplowéeg 5.1.1 - 3. BEorw a tuyaio Sidvuoua ue a # 0. Tote opiletar oay
wovadiaio drdvuopa 7 dravuopatixy| kovada xatd 7 Siedbuvon Tou a xat

ovufolriletar ue n to Sudvuoua (Xy. 5.1.1 - 4)

n= (5.1.1 - 5)

Ava=ajitazj+ask = (ay,as,as), 161€ To povadiaio didvuoua toovTol Ue

_ali—l—agj—i—agk_ 1

[ 2 2 [ 9 2 2 (a1, a2, 03) .
aj + a3 + aj aj + a3 + aj

(5.1.1 - 6)



Babpwtd xar dravuopatixd nedio

a=<1.5,-1>

2-Of

1.0

0.5¢

1 L T BT Lo L I Lo T | X
0.5 1.0 1.5 2.0 2.5 3.0

YyfAua 5.1.1 - 4: to Sidvuoua a =< 1.5, —1 > ye xdxxivn xaL To aviloTolyo

’ e z
uovadialo n ue medowvy yeauut

5.1.2 Bafuwtd xau dravuopatixd nedio

I va yilvouv meplocdtepo xatavontéc ov évvoleg Tou Babuwtol xal tou
dtavuopatixol nedlov, Bewpeltal 6tL o TUYGY onuelo, éotw M, Tou ybpou

mou uag TeplBdAAeL avTioToLy0UY
MG TER X

- évag mpayuatixog aptiude, éotw T, nou cuuBohiilel tnv Ty tng Oepuo-
xpaoloc xau (Xy. 5.1.2 - 1a)

- éva dudvuoua, €otw v, mou cuuPoiilel Ty TayV¥TNTA TOU AVEUOU GTO

onuelo autd (y. 5.1.2 - 1b).

'Eotw A 1o olvoho e otouyela Tic Tiwéc e Oepuoxpactiag, aviiotorya
TNe TayVTNTAC 0Ta Topandve onueta M Tou yopou. Téte, onug elval Yvwoté
and 1t Puowr, enedy) o Twéc e Oepuoxpacioc xar e taydtnrac 1 Ha

z /7 ’ z z 7 ’
uetafdiiovtal X Oa elvar otabepéc oe oplouéva and ta onuela tou M, to
oVvoro A Oa anoteleltol and Siagopetind ev YEVEL oTolyela, Tou Elval 6NV
npdTn mepintwon oplfuol xar oty deltepn Swavdouata. Téte ou Twwéc a1o
A elvar Suvatéy va Bewpnbolv cav ou tiwée (nedlo Tipdyv) wag ouvdptnong

f(r,y,2) vy tnv mpdtn, wac Stavuouatixfic ouvdptnone F(z,y,z) v
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Yyfua 5.1.2 - 1: (o) H Gepuoxpactia T (Babuwtd nedio) xau (b) n taydtnta

v ota Sudgopa onueia M tou ydHeou (davuouatixd tedlo)

Sevtepn nepintoont.

Yiugpova ue ta toapandve, étav teptypdgetat éva Bafuwtd uéyebo, 6nmg
etvaw 1 Bepuoxpacia, Bu Aéyetar 67t éxouue éva Pabprwntd tedlo (scalar field)?
xaL 1 ouvdpTnon mou To neplypdgel Bubunth cuvdptnon ¥ arnhd yia euxolla
070 e€1ic suvdptno, mou Ba cuuBoliletal ue f, g x.An. eV, bTav tEpLYpdpeTAL
dravuouatind uéyefog, 6mwe elvar 1 taydtnta, Ho Aéyetol 6TL €youue davuowa-
%6 medlo (vector field) ® xau n cuvdptnon Tou To TEpLYPdoEL SlavuouaTIXY

ouvdptnon xat o cuuBohiiletan ue F, G x.Am.

Av tdpa Ozyz etvan éva ophoydvio clotnua alévev Tou yobpou N3, téte
n ouvdptnot f yedgetal cuVIRTACEL TV UETUBANTOV =, ¥ %o 2z wg f =
f(z,y, 2), evd 1 Swavuouatixd, cuvdptnon ws F(z, y, 2), tou oe avtiotoiyla ue

TNV avaAuTLX ExQpaot) Tou dlaviouatog a = ag i+ag j+asz k tne Hoapaypdgpou

'H dravuouatixr cuvdptnon dVo UetaBAntdy, aviiotouya tpldy YeTaBAntdy, Dewpeltal
ooy enéxtaot g KON Yvwothc and 1o Mdbnua: Alavuouotix Buvdptnon utag LeTafAnThc.
H napaydylon twv Savuouotixdy ouvaptAcewmy TOAGY UeTafAntdy yivetal duolo UEe
exelvoy tng ulag yetafinthc, uévov nmou 1 ol tapdywyos F'(t) avixablotatar otny
neplntwon auth and v uepr tapdywyo yia xdfe wo and g yetafintéc.

*http : [ /en.wikipedia.org/wiki/Scalar_field

*http : [ /en.wikipedia.org/wiki]V ector_field
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5.1 Oa ypdgpetor we e€nc:
F=F(z,y,2) = P(z,y,2) i+ Q(z,y,2)j + R(z,y,2) k, (5.12-1)

6tav P, @ xau R elval oL 6uVLeTOOES WS Tog ToV T, ¥ ol z-dova. Oo npénel
va onuelwbel 6To onuelo autd 6TL oL TLéc 1660V Tou BubumTol 660 Xal Tou
Stavuouatixoy nedlou elvat aveZdptntes and TNV EXAOYT TOU GUOTAUATOSC TWV
aZOVLV.

H avtiotouyn éxgpaon tne (5.1.2 — 1) oto R? elva

To uétpo % n anéhuty T e Swvuouatixfc cuvdptnorne (5.1.2 — 1)
optletan t6t€ amé tn oyéon [F| = (P? + Q2 + R2)1/2, eve e (5.1.2—2) and
w [F| = (P2 + Q)%

Hopdderypa 5.1.2 - 1
Yougova pe v (5.1.1 — 1) 1o dévuoua Béorne
r=zi+yj+zk=F(z,y,z),

elvat uta Stavuouatixt] cuvdptnomn TeLdY UETABANTOY, eV T0 UETREO Tou

1/2
r= (:U2+y2+22) / = f(z,y,2)

uta Babuwth ouvdetnon. ‘Alha tapadelypata Slavuouatixdy cuvapthoenmy Hu

dobolv o1n cuvéyela Tou uabruatog.

5.2 Kateubuvdpevn nopdywyog

5.2.1 Ewocaywyuxéc EVvvoleg

Eilval 1810 yvoot6 6Ttov avayv@oetn 6Tl 1 Tapdy®yYog Ulig cuvapTnong uiag
ueTaBAnThc B xou Yevix6tepa TOAGY UETAPANTAY, €0Tw f(z,y), aviiotoiya
f(z,y, 2), opilel o ouvteheoth weTaBolYs e f we mpoc Tov avileTolyo
dZova ouvteTayuévemy, Snhadh n fr ©¢ tpog Tov z-dZova, x.At. X TNV napdypeapo

auth] O yivel ula yevixeuon tne uetaohric autig, Bewpdvtag 6t oL uetaSAnTéc
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x, y, avilotowya z, y, z uetafBdiiovtal tautdyeova. H évvola tng tautdypovng
uetaforfic dev onualver amapaltnta 1L 1 uetaBolr elvar 1 Sl yia xdbe
uetaBAnTY, dnAady elvar duvatév va €youue Stagopetixéc ueTaSohéc wg mpog

T, Y XL 2.
HHapdderypa 5.2.1 - 1
'Eotw éva uhixé onuelo mou xuveltal 1o ydpo and To onueto
A (70,90, 20) = A(1,-2,3)
oTO
B (z1,y1,21) = B(zo + Az, y0 + Ay, z0 + Az) = B(2,0,6) .

Tore

Ar = z1—20=2—-1=1, Ay=y1—y=0—(-2)=2 xu

Az = 21 —2=6—-3=3, dniadi Az # Ay # Az.

Yougova ue v Hopdypago 5.1, n uetafory| tng Béong tou onuelov and

0 A 010 B Ou opiletat and tn dievBuvern tou dtavicuatog
a=i+2j+3k=1(1,2,3).

Enewdn duwe undpyouy drewpa Staviouata tou €youv tny (S StevBuven ue
To dudvuoua a, o axpBric xaboploudes e Sievluveng tne tapandve ueTaBoAtc
yivetal yovooruavta ubévov and 1o aviietolryo uovadialo Sidvuoua, é0Tw n
Tou a, dnAadr ot cuyxexpluévny TeplnTwon and To didvucua
1

1
n = —— (i+2j+3k)= — (i+2j+3k
Vs arg e (T2 =T (2 ak)

= <n1:n2:n3> = <nazanyanz>-
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Ynuelwon 5.2.1 - 1

Yougwva pe to Hapdderyua 5.2.1 - 1, av A (ro,y0), B (z1,y1) aviiotoiya

A (20,90, 20), B (w1,y1,21) elvar 3o Stagopetind onuela Tou N2, aviiotoya
3 , , , -

Tou R* nou Beloxovtal oe andotoaoy s, 161, av a = AB', olugwva ye v

(5.1.1 — 6) To povadialo didvucua n xotd tn devbuven AB" Ba opiletat and

™ oyéon

W AB _a _a
“[im|

5.2.2 Oplouoég

‘Eyovtac tdhpa un’ 6guv xar toug aviloTolyoug oplouols TeV TopAYEYKY
OLVAETNONG ULAC 1 TEPLEGOTER®Y UETABANTAY, N TARAY®YOS TN GLVARTNONS
f oto onuetlo A xatd tn SietBuven tou wovadiaiou Siavicuatog n oplletal v

eric:
Oplowés 5.2.2 - 1 (xatevBuvopevy nagdywyos). Eotw 5 ouvdptnon
f(z,y)| S C R, avilotoya  f(x,y,2)|S C R3

ue S avouxtd ovvoro, mou vrotifletar 6ti 1 €xet mpdtng Tdne UepIHEC Tapayd-
youc oto S. Av A(xo,y0), B (x1,y1) avriotorya A (zo,yo,20), B (r1,y1,21)
’ 7 . / / 7 -
elvat 8Uo Siagopetind onuela tou S, nov Boloxovrar o anéotaon s = ’AB ‘ =
la| xatn = (ng, ny), avriototya n = (ng, ny,n,) 1o povadiaio didvuoua xatd
. a0’ p p . . N
) Stevbuvon AB” = a, 5 xateubuvduevy napdywyoc (directional derivative)
¢ f oto onueio A ovuforiletar ue (Dnf) 4 xat opiletar and tny napaxdtw
optaxij T

f(zo 4+ sngz.y0 + sny) — f (z0,y0)

D, — 4 .
( f)A 511_>1110 5 ,
avtiotolya (5.2.2 - 1)
(Duf)4 = lim f (o + sng. Yo+ sny, 20 + snz) — f (0. Yo, 20)
nJ/A s—0 s ’

epéooy undpyet.

“hittp : [ /en.wikipedia.org/wiki/ Directional_derivative
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IoodUvaua o napandve oploude yedpetal:
Oplowég 5.2.2 - 2 (xateubBuvépevy napdywyos). Eotw n ouvdetnon
f(z,y)| S C R, avilotoya f(x,y,2)|S C R3

ue S avoixté olvolo, mouv unotifetar 6tL 1 €yet mpdtne TdEns UEPIXES TaPA Y-
youc ato S. Av A(xo,y0), B (z1,y1) aviiotorya A(xo, Y0, 20), B (21,41, 21)
elvar 3Uo Siagopetind onuela tou S, nov Boloxovtal o anéotaon s = ‘AB =

/ . / 7 - 7
|a| xat n to povadiaio didvuoua xatd ty Stevbuvon AB" = a, 5 xatevfuvduevy

napdywyoc tne f oto onuelo A ovuforilerar ue (Dnf), = % L
opiletar and tnv napaxdtw optaxij TLUl 7
o df o . f (l‘layl) - f ('IEO:yO)
(an)A - E A = sh—>InO B )
avtiotolya (5.2.2 - 2)
d —f(
(an)A _ _f —  lim f (zlaylyzl) f (IE(]:yO:zO) ’
ds|n, A 520 s

epéooy undpyeL.

Optopég 5.2.2 - 3. ‘Eotw n ouvdptnon f(x,y) |S C R2, aviiotoya f(x,y, 2)
|S C R3 ue S avouxté oUvodo, mou umotibetar 6t n Eyer mpdtne tdénc
uepxés mapaydyous oto S. Av n xatevfuvduevy napdywyoc tne f undpyet
oe xdbe onuelo A(xg,yo), aviiotorya A (zo,yo,z0) ToU S, TdTE AdyeTan ot
undpyet n xatevbuvduevy napdywyoc (directional derivative) tnc f oto S xau

ovuforiletar autd ue

Dynf = (Z—ﬁ)n (5.2.2 - 3)

IMapatnprioelg 5.2.2 - 1

i) H (5.2.2 — 2) opllet to ouvteheoth yetaforic e f oto onuelo A xoatd

0 SiedBuvern tou povadiatou Stavicuatog n.
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ii) O tekeotiic % OTNV TEPITTOOT AUTH EYEL EQUNVELX AVENOYT) TWV TEAEGTAV
d

T5 nou %7 ev® 1o amelpooTo d s, 6nwg to aviietolyo dx, oplletal and
10 6pLo lim, o s (BAéne yewueTpxr| epunvela Tapaydyou cuVEETNoNC
uag ueTafAnthc).

iii) H (5.2.2—1), avtiotouya n (5.2.2 —2) elvow mpaypatixol aptBuotl, evd
n (5.2.2 — 3) ouvdptnoy (Préne Hopdderyua 5.3.2 - 3).

Yy enduevrn mopdypago Ho yiver o unoloyiouds tne xateubuvouevng

TURAYDYOUL.

5.3 KA\lon ocuvdetnorg
5.3.1 Xyetuwxol opiouotl
Yougova pe v (5.1.1 — 1), av
ra=xzoi+yoj+ 20k = (ro,v0,20)
T0 didvuoua Béorne tou onuelou A (zo, Yo, 20), T6TE éxovtac un’ by oL Tov
xavova Tou Tapahhnhoypduuou v Ty tpocleon Slavuoudtey To Sidvucuo
Béonc rp tou onuelou B (r1,y1, z1) o dlvetar and tn oyéon
rg=ry+sn
7 ’ ’ ’ ’ -
btav n = (ng,ny,n;) 10 yovadiato didvuoua xatd t devbuvon AB" = a xou
s = ’AB ‘ ‘Apa (Bréne Ty. 5.3.1 - 1 yia v avtiotoyn tepintwon ato R?)
r = rg=ry+sn (5.3.1-1)

= (CCO +5n$)i+ (yO +5ny)j + (zO +5nz)k

= w(s)i+y(s)j+z(s)k =r(s).
Tére and v (5.3.1 — 1) npoxdntel 61u

ﬁ—i(r—i—n)
ds_dsAs

d d d
= E ($0+Snm)i+ﬂ (yo—i-sny)j—kﬁ (zo—i-snz)k

= ngi+nyj+n.k=n. (5.3.1-2)
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1.5

0.5

L L T BT Lo L I Lo T | X
0.5 1.0 1.5 2.0 2.5 3.0

Yyduwa 5.3.1 - 1: H EZlowon (5.3.1 — 2) oto R? énou T4 T0 x6%00v0, 1 10

TEdOLVO XAl @ TO UTAE SLdvuoua

Egapuélovtac tov tino (5.3.1 — 4) tou Oewphuatog 5.3.1 - 1 yia tov

ahuowTé xavéva mapaydylone ovvletne ouvdptnong® xou unobétovtag 6T

"Bréne aviiotoyo timo (4.2.4 — 2) tou Oswphuatog 4.2.4 — 1 tou Mabfatog 4. To

Bedenua tou ahuodwtol xavéva napaydylong dlvetal otn cuvéyela UE s avtl Tou t.

@cdpnua 5.3.1 - 1 ‘Eotw 5 ouvdptyoy f (z,y) | S C R?, avilotoya f (z,y,2) | S C R3
xar v = z(s), y = y(s), aviiotorya v = z(s), y = y(s), z = z(s) yia xdfe s € A C R,
drnou A avoixtd alvolo ue tic avtiotolyes tiués s f va avijxovy orto S yia xdfe s € A
xat eni nAéov dt undpyet § napdywyos e f oto (z(s),y(s)), aviiotorya (z(s),y(s), z(s))
via xdfe s € A. Téte 5 ovvdptnon f(z(s),y(s)) = f(s) napaywyiletar oto s xar toyde

df(s) _ Ofde dfdy , d dy
Is = dods Toyds s gy (5:3.1-3)
avtiororya n f(x(s),y(s), z(s)) = f(s)
df(s) _ Ofdx Ofdy Of dz
ds  Oxds ' Oyds  0Ozds

. dx dy dz
= L ds+fy ds+fz ds’ (5.3.1 - 4)
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n [ éyel toukdytotov Ing tdéng uepxéc mapaydyous 610 S U@V Xal UE
e (5.3.1 — 1) xou (5.3.1 — 2) éyovue

d f(s) _ Ofdua(s)  Ofdy(s)  9fdx(s)
(ds)n 0 ds +3_yds +£ds

_ (6_fi+ 8_f_+ afk> _ (dx(s)i+ dy(s).+ dz(s)k>

ox By‘] 9z ds ds 9 ds

. [( ; . . ) ; . (5.3.1—.1)
- [(Ls a_yﬁak) f] = o) i+ y6)i + 2()K)

(5.3.1-2)

dr(s)
ds

|

= (V) =(Vf)n (5.3.1 - 5)
6mou 1o aVuPBolo V opiletar we e&c:

Oplowés 5.3.1 - 1 (drapopixds tehecthic). Opiletar oav Stagopixdc tele-
otiic (del) b oo R? o

0 0 o 0
= — i+ —j=(-=— = 3.1 -
v 6xl+6yj <6x’6y>’ (5:3.1-6)
avtiotorya oto R o
0 0 0 o 9 0
= —i+—j+—k=(—, — — ). 53.1-7
v 8ml+8y‘]+8z <8m’8y’8z> ( )

Azé v (5.3.1 = 5) xou i (5.3.1 — 6), avtiotowya (5.3.1 — 7) éyouye tov

TapaxdTe TOTO LROAOYLOWOU NG XATEVHUVOUEYNS TapAY B YOU

d
Dnf = (d_i) = (V) n=fu, fy) (na,ny)
= fmnm+fyny; (5.3.1 - 8)

avtloTolya

Shttp : //enwikipedia.org/wiki/Del
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d
Daf = (SL) =V n= et ) g )

To avddeita V (nabla), elvot éva ouufohixé Sidvuoua ue TohhéC EQapuoyéc
oTNV TEPLYRAPT, TV EELOAGEWY SLa@domY TEOBANUATLY OTWS TOU NAEXTROUAY VY-
o0 nedlov (eZlodoeic Tou Maxwell)” | udpoduvauuefc, xupatinic, X AT, oL
€YEL WOLOTNTEC AVANOYES UE EXELVEC TWV YVWOTOY SLAVUOUATOV.

Yougova téhpo xat we Toug tonoug (5.3.1 — 8), avtiotoya (5.3.1 — 9) 7

xhion evog Babuwtol nedlov oplletar otn cuvéyela wg edrg:

Opiopég 5.3.1 - 2 (xhiom). Eotw novvdptpon f(z,y)|S C R2, aviioTtoiya
f(z,y,2)|S C R3 ue S avoixté ovvolo, mou éxer tovddytotov lpc tdénc
uepixéc mapaydyovc ato S. Téte opiletar oav xAlon (gradient)® tpc f 7

Stavvouatixy ouvdptnon

grad f =V f = foi+ fyj={fo,fy), (5.3.1 - 10)

avtiotolya

gradfzvf:fmi+fyj+fzk:<fmafyafz>- (5-3'1'11)

Hopatnproelg 5.3.1 - 1

i) Yougova ue tov Optoud 5.3.1 - 2 1 xhion epapudletar oe Babuwth
ouvdpTnor, dnhadr cuvdptnon nou neplypdget Babuwtd tedio xat dnutou-
evel ) dwavuouatind ouvdptnon V f, dnhadr ocuvdpetnom mou TepLypdpel
Sravuouatixd nedlo. Elval npogavéc btu n xhiorn oe onuelo V f|, elvan

dudvuoua.

ii Me tn Borfewa tng xhiong ot avayxalec ouvlrixeg vy Ty Unopn axpdtatwy

e ouvdptnone f(z,y) avilotoya e f(z,y, z) yedpovra

Vi = {fa: fy) =0,

"Béne BBhoypanio xou Biffhlo A. Mrpdtooc [1] Keg. 4.
Shttp : [ /enwikipedia.org/wiki/Gradient
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avtloTolya
Vf = <fa:afy:fz>:0-

5.3.2 IduétnTES %O EQARUOYES

‘Eotw f, g|S € R2, avtiotowya £, g|S € N3 xar A € R otabepd. Tore:

Kateubuvouevng napaydyov Khiiong

1. Dof=0 Vf=0,6tav f otabepd
2. Du(f+9)=Duf+Dng V(f+9)=Vf+Vy
3. Du(f9)=fDng+gDnf V(f9)=fVg+gVf
4. Dy (Af) = \Dnf V(Af)=AVf

pu(L) =Dt tD0s (1) _0¥I 1%

, 0Tay g (x) # 0.
9 g 9 &)

H anédelln tov Wlothtwy aghvetal ooy doxnon.
Hopddetypa 5.3.2 - 1

Av

Fx,y,2) = 3a%y —y°2?,
va unohoytotel 1 xhlon oto onuelo P(1, -2, —1).
Abor. Eivau

fz =6y, f,= 322 — 3222w f, = —23z
Apa (Ey. 5.3.2 - la)
Vf= 6xyi+3(x2 —y2z2) j— 2432k,
onéte (Sy. 5.3.2 - 1b)

Vipa o 1) =121 —9j— 16k = (~12, -9, ~16).



16  Awavuopatixds Aragoptxés Aoyiopég Kaf. A. Mrpdtoog

(b)

Syhdua 5.3.2 - 1t (a) H ypagu nopdotaon tne xhiong Vf = 6zyi +
3(2? —y?2?) j — 2022k, 6tav 2,9,z € [-1,1] xu (b) o ddvuoua
VfP(l,—Q,—l) - —12i - 9j - 16k == <_12/ —97 —16>

Hapdderypa 5.3.2 - 2

‘Ouota, av
f(z,y,2) = In]r|,

6mou r dudvuoua Béong, vo utohoyiotel 1 xhion e f.

Abor. Enewdt
s o o2 1 2,2, 2
|I‘|:T:(CC +y +Z) glvat f(zc,yaz):iln(r Ty +Z)

Tore
2x
| (249 +27) .
_ T _
fl‘ 2 m2+y2+22 $2+y2+22’
eV Aoy w e ouuuetplac g f avdhoyol tinot unoroyilovTal yio Tig Tapay dyoug

fy xav f,.




K\iom ocuvdptnorng
‘Apa . .
Vi= it fisfk= TR L
Hopddetypa 5.3.2 - 3
Nao vnohoyiotel 1 xatevfuvéuevn nopdywyog Tng cuvdpTnong
fz,y,z) =2 + 2y + 322
oo onuelo P(2,1,3) xatd tn devBuvor tou dlaviopatog o =1 — 2j.
Abom. Apywxd urnoloyiletol ) xhlon e f wg ehic:
Vi=feit+ fyi+ fok=2i+4yj+6zk=(fo fy [2), (1)

onéte oto onuelo P(2,1,3) fa éyovue

To uovadiaio didvucua n xatd ) dedbuvorn tou diavicuatog o elval

o i—2j+0k_<1 2 >

n = —=-—-""*_(__ _ % 9
Rl T VEr2 \V5 VB

= (ng,ny,ng). (3)

Enouévoc olugova ue ty (5.3.1 —9) and tic (2) xau (3) npoxintel

(an)P(2,1,3) = falp 12+ fylpny + folp nz
4.1  4-(-2)
= —F=+ +18-0
Vi V5
4
= —— =~ —1.78885,
\/5 J

dnhadh ovugova xa ue tic Hapatneoeig 5.2.2 - 1 (iii) npayuatixée aptbude.

17
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‘Eoto tdpa 1t {nteltal 1 xateubuvouevn napdymyog xatd tn dielbuvon
Tou Swaviouatoc o = i — 2j yevixd xal 6yl oe ouyxexpluévo anuelo. Tote

6uowa ané v (5.3.1 — 9) olugova pe v (1) xaw v (3) éyouue
Dnf = feng +fy"y + fan,

2.1  4dy-(-2)

VAR

2
= %(x—‘ly);

dnhadi) duoLa olugpeva ue tic Hapatnehoeg 5.2.2 - 1 (iii) uia Babuwth ouvdptnon.

+62-0

]
Hapddetypa 5.3.2 - 4

‘Ouota tng ouvdptnong
flz,y) =ze™ +y

oto onuelo P(2,0) xatd tn devBuvon e yoviag § = 27/3.

Adom. T tov utoloyioud tne xhion tng f €youvue

1 L
~ /—/UH
fo = () €™+ (2y), " = (1 +2y) ™,
T
2
fy = z(vy)ye™ +1=x€"Y4+1, onbte
Vi = (1+azy)e™i+ (xzemy + 1) j

‘Apa ot0 onuelo P(2,0) Ou elvar
Vilppg =0 +0)ei+ (1+2%°) j=i+5j=(1,5) = (ful, . fy,)-

To Sudvuoua xatd ) Sielbuven tne yoviag 6 = 27/3 elvar

2 27 1, V3 1 V3
fr— 6. 1 0.: —. 1 —.:——. —.: _— —
a=cosfi+sinbj cos31—|—sm3J 21+ 2.] < 5 2>
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2 2
6mou Tpogaveg |al = (— %) + (73) = 1. Té7e 1o uovadialo didvuocua n

e 7 ’
xatd 1 Sievbuven Tou a elvan

Tl 2t T T\ Ty T el

w

Enouévoc olugova ue ty (5.3.1 — 8)

(an)P(2,0) = falpna+ fylpny

1 —1
_ . (_5) i5. <§> . % ~ 3.830127.

Ynuelwon 5.3.2 - 1

Fevixdtepa to Sidvuoua a xatd ) dievBuvon tne Ywviag 6 elvon
a=cosfi+sinfj= (cosb,sinh)

6mou npogavée |al =1, ondte To povadialo didvuoua n = a.

Hpétaoy 5.3.2 - 1. H uéyioty nur e xatevbuvduevne mapaydyov Dy f
utac ouvdptnone f xatd tn dedbuvon n toodtar ue |V f | xar ovuPaiver,

otav ta V f xar n eivar oudppona.

An6dely. 'Eotw 6 7 yovie tov V f xaw n. Téte and v (5.3.1 — 5),

oVUQWVOL XAl UE TOV 0pLGUSG TOU ECWTERLXOU YLVOUEVOU €Y OUUE
Dnof=Vf-n=|Vf||nlcosf =|V f|cosb. (5.3.2-1)

‘Apa o Yéyloto ouuPatvel, 6tav cos =14 6 = 0, dnhadh ta V f xoL n elvar
oubppona xaL 1 uéyloty T tpogava woltal ue |V f . n

Hopddetypa 5.3.2 - 5
Av 7o Gdog h evog Aogou divetal and tov TURO

h = 1000 — 0.012% — 0.02y2,
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va unohoytotel i Siedfuvor e uéylotne petafohfc oto onueio (60, 100) xoL

1 TLY Tou.
Abom. 'Eotow
f(z,y) = 1000 — 0.01z% — 0.02y>.

Téte obugwva ye v Ilpbdtaon 5.3.2 - 1 n uéyiotn uyetaPortr yivetol oty

detBuvon

or6te oto onuelo (60,100) 7 devBuvon elvar

V£l 60,100 = V.f(60,100) = —1.2i — 4j = (~1.2, —4)

ue Twh [V £(60,100)] = /(—1.2)2 + (—4)2 =~ 4.176. .
Hopddetypa 5.3.2 - 6
‘Ouota tTng ouvdptnong

flr,y,2) = (@ +9)° + (y +2)* + (2 + 2)?

oto onuelo (2,—1,2).
Abom. 'Eyovue f, = 4o + 2y + 2z xou Aoy tne ovpuetplac e f Oo elvon
fy =4y + 22+ 2z xou f, = 4z + 22 + 2y. "Apa

Vi=fei+ fyi+ f2k= 4z +2y+2z,4y + 22 + 2x,42 + 22 + 2y) ,
onéte 670 onuelo (2,—1,2) n dievBuvorn elvon
Vf(2,~1,2) = 10i+4j+ 10k = (10, 4, 10)
e Th [V £(2,-1,2)| = V102 + 42 + 102 ~ 14.69694. .

IMpéraom 5.3.2 - 2. To didvuoua tnc xAlone V f (zo,yo) elvar xdbeto otny
emgdveia f (x,y)—k = 0 oto onueio P (xo,yo), avtiotoya 1o V f (20, Y0, Z0)
oty f(z,y,2) —k =0 oto P (xo,y0,20). (Xy. 5.3.2-2)

‘Aueon ouvénea tng Hpdtaong 5.3.2 - 2 elvar to népLoua:
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Yyfdua 5.3.2 - 2: To dudvuoua tng xhlong elval xdbeto otnyv emtpdvela oL

070 QUNTOUEVO ETinEdO

IIépiopa 5.3.2 - 1.

e To epantduevo eninedo oty eMpdveLa

oto onuelo P (xq, yo) elvar x40eto oto Sidvuoua tnc xAionc V f (xo, yo)-

H etlowon tou epantduevou emnédov otny neplntwon auty elval
z=f(x —m0)+ fulp (z —20) + fylp (¥ — y0).

o To epantéuevo eninedo oty emipdveia

f(x,y,z)—kzo

oto onuelo P (xo, yo, 20) elvar xdfeto oto didvuoua tne xAlone V f (xo, yozo)-

H eélowor] tou elvat

fz|p(m_m0)+ fy|P(y_yO)+ fz|P (Z_ZO) =0.

Ylugova Ue 1o tapandve toploud anodetxvietal GTL:
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IMépropa 5.3.2 - 2. Eoww 1o eninedo n ue elowon f(x,y,z) = Ax+ By+
Cy+ D =0. Tére 1o dudvvoua Vf = (A,B,C) eivar xdbeto oto n.

HHapddetypa 5.3.2 - 7

Na SetyBet 611 1 xateufuvéuevn nopdywyoc tne g(r,y) = y?/z oe xdbe onueto
e éMewne 222 +y2 = 1, ue = # 0, otny xatevfuvern Tou yovadalou
dtaviouatog, mou elval xdfeto otny éhhewdn oto onuelo autd. elvor lon ue
undEv.

AvYom. 'Eotw P = P (x,yo) tuy6v onuelo tng éhhewdne. Lougova ye v
Hpétaon 5.3.2 - 2 1o ddvuoua e xhiome V f (2o, yo) elvar xdfeto oy
Enewbn f(z,y) = 222 + y* — 1 070 onueto auté. Tére, eneldi

Vf (x():y()) = <fxlf1/> = <4$0=2y0>7
T0 avtiotolyo wovadiaio n = (ng,n,) wolta ue

dxoi+2y0j  4xoi+2y0]
V1623 + 433 2403 +

= < 270 % > = (ng, ny) (1)

\/4$3+y8’\/4x%+ yt

H x\lon tne ouvdptnone g(z,y) oto onuelo (zo,yo) elvar

Vg (zo,90) = (9z, gy) = <—y—§2ﬂ> (2)

Ty To

Aré e (1) xou (2) oVugova xor ue Ty (5.3.1 — 8) - tinog utohoylouoy -

npoxUnTeEL OTL

219 Y Yo 2yo
(Dn9)p(agye) = F7——— (——°> + ——""=0,

2
VAdzd+ y3 Ty VAdzd + g3 To

Onhadn 1 anodeixtéa. =



Anéxhiom 23

Aocxfoeig
1. Na unohoyiotel 1 xAlon TwV TopAXdTE CUVIPTACERY
i) e¥siny vi) e —yl/?
i) In (2% 4y — 2?) vii)  sin (22 + y?) — 22

2. No unohoylotel 1) dteuBuvouevn TapdyY®wYoS TV ToEAXdTw GUVIPTHCEWY f

oto onueto P xoatd 11 dievhuven tou Slaviouatog a, dtav
l)f:,E2+y2+Z2/ P(1/273)7 a:i+j_k

a=i+2j

Y

i) f=ev, P0,-1)

i) f=e%cos2y, P(1,7,0), a=i+k.

Y

3. Nu Bpebel  otalepd v, étol Hote oe xdbe onuelo Tourc 1wV dUo caLE®dY
(z—7)+y2+22=3, 22+@y—-1)7°+2=1

ta avtiotoya egantéueva eninedo va elvar xdfeta uetadl Toug.

4. No Peebel 0 yeouetpxdc t6T0C TV oNuElwy tNng emtpdvelas (y + 2)2 +
2 ’ ’ ’ 7 7 ’

(z —x)* = 16, ota onola 1 evbela nou elvar xdfetn oty entpdveia, va elval

TapdAAnAn oTo yz-eninedo.

5. Na Ppefolv ta a, b, ¢, é1oL GoTe oL 6palpeg
(=02 +(@y—b*+(z-c?=1 xu 2°+y*+22=1

va Téuvovtot xdfeta.

5.4 Anédxhiom

5.4.1 Opiowdg xaL WLétnTEg

Opiowos 5.4.1 - 1 (anbxiion). ‘Fotw éva dtavuouatixd nedio mov neptypd-
petar ané 1y Stavvouatixl ouvdptnon F = Pi+ Qj + Rk, dtav P, Q xa
R ot ouviotdoec ¢ F wc mpoc to opboydvio olotnua aéévev Ozyz xat

ot n F éyer tovddyiotov mpdtne talnc uepixnéc mapaydyous oe xdbe onuelo
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(z,y,2) Tou nediov optouoy tnc. Téte opiletar oav andxiioy (divergence)®
¢ F xar ovuforiletar ue divF 7§ 'V - F, n Babuwti ouvdptnon

. oP 0Q OR

(5.4.1-1)
AvtioTolyog oploudg Stvetar, 6tav F = Pi+ ().
Ynueiwon 5.4.1 - 1
Eivat V-F #F -V, Suagopetind to V - F elvar ouyBolioude xat Sev €yel tnv
€VVOLYL TOU EGOTEELXOV YLVOUEVOU.
IdL6TnTES TNg anéxAiorg

1)) V.-AF4+uG)=AV -F+uV -G yuxdbfe A, u e R (vpapumixr),

i) V- (fG)=(Vf) -G+ f(V-G), btav n f elvar fabuwnth ouvdpetnon.

Hopddetypa 5.4.1 - 1

Av F = 22zi + y%j — 2%k, va uroloyiebel n anéxhion oto onueio (1, —1,2).

3

A‘jG'f]. Elvow P(T7y/’z) = :1"227 Q(Tay/’z) = y2 na R(T/yaz) ==z, onoTE

V -F =222+ 2y — 322

Tote V . F(17_172) = —10. ]

5.4.2 Tekeotric Laplace

'Eotw 6t n ouvdptnon f(z,y, z) éyel uepxée mapaydyous Toukdylotov 2ng
T4&ng oe xdbe onuelo tou nedlou oplopol tne. Téte n xhion tng elvar
of . of. Of

=i+ = — Kk,
Vi 8ml+8y‘]+8z '

“http - [ /enwikipedia.org/wiki/ Divergence



Teleotric Laplace
OTHTE YL TNV ATOXALGT TN BLavuopauxﬁg ouvdpmong V f éyouvue
_ of 3f> (3f>
V-V = 5% (ar) +3y (ay 22 \az
o’ f O f  O°f
W—i—a—gﬂ_‘_@' (5.4.2-1)

Alvovtal 611 cuVEYELL Ol ToEAXdT® OpLoUoL.

Oplowés 5.4.2 - 1 (teheotvic Laplace). O rtedeotiic Laplace (Laplacian

operator) 19 elvar évac Stagopuxdc tedeotiic 2n¢ tdénc xau oplletar oTO R2
w¢
02 02
A=V?=_"- 4+ 5.4.2 - 2
avriotolya oto R3 wc
02 02 02
A=V?i= 4+ . 542 -3
Ox? * 0y? * 022 ( )

Yougova xou ue v (5.4.2 — 1) éyouue tov Tapaxdte optoud.

Oplowés 5.4.2 - 2 (Laplacian ouvdptnong). Eotw 5 ouvdetnon f(z,y)
IS C R2, aviioroya f(z,y,2)|S C R3 ue S avowxté ovvolo, mou éyet
TouAdytotoy 2n¢ tdénc uepixéc mapaydyouc oto S. Tdéte n Laplacian tnc
f opiletar we

62 9?
V- (V) =Vif =Af = f 7 + Byf (5.4.2 - 4)
avtiotolya

2 32f 32f o*f
V- (Vf)=Vf=A f— + - (5.4.2 - 5)

By 022

EWlwd, 6tav

Vif=0 (5.4.2 - 6)

n f Myetar appovixy xal 1 (5.4.2 — 6) opilel tnv e€lowomn tou Laplace

(Laplace’s equation)!'!.

Ohttp : [ Jen.wikipedia.org/wiki/Laplacian_operator
Yhttp : | /enwikipedia.org/wiki/Laplace%27s_equation

25
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5.5 X1pofilhiouog

5.5.1 Oplowdg xou WBLéTNTES

Oplowég 5.5.1 - 1 (otpofihiowds). ‘Fotw éva Siavuouatixd nedlo mou

meptypdpetar and 1y Stavvouatixy ouvvdptnon F = Pi+ Qj + Rk drnov

P, Q xat R ot owviotéoes tnc F wc mpoc éva opboydvio olotnua aédvwv

Oxyz xat yia Ty onola unotifetar 6Tt undpyovy TovAdytoTov ot medtne TdEne

uepxés Tapdywyol oe xdbe onuelo Tou nediov optouol tns. Tote opiletar oay

otpofirtoude (curl)'? tnc F xau ouufoliletar ue curl F 1ot F 7 xaw V x F,

n Stavuouatixij ouvdptnon

i J k

o 0 0

F=| — — —
VX or 0Jy 0z
P @Q R

Aré v (5.5.1 — 1) npoxintet 6t

VXF=(Ry—Q.)i+ (P, — Ry)j+ (Qz — P k.

I5L6tnTeg ToL oTPOfLAlopol
Ou neplocdtepo ypnoluonotolueveg elvat:
) Vx(F+G)=VxF+VxG,

i) Vx (AF) =2V xF yuxdébe 1 € R,

(5.5.1- 1)

(5.5.1 - 2)

iii) V x (Vf) =0, dnhadf o otpofLiiowids tns xAiong elvon undév,

iv) V- (V x F) =0 n anbéxhion tou otpofihiopol elval undéyv

H anédelln aghvetal cav doxnor.

Phttp : [ [en.wikipedia.org/wiki/Curl_(mathematics)

*Baéne Avdtepa Mabnuatind I Naurnydy Mébnua 11: Awevucuatiéc SuvapthoeLe.
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Hopddetypa 5.5.1 - 1
'Eotw F = yzi+ zzj + 2xyk. Tote

P(z,y,2) =yz, Qz,y,2) =zx xu R(z,y,z) =2y,

onoTe
i j k
a 0 0
V F = —_— _— - = i— il 5
x oxr 0Oy 0z S
Yz xz  2xy

Onhad?| to dudvuoua V x F avixel oto zy-eninedo.

Aocxfoeig

1. Na unoloyiotel 0 61pofLhioudc Twy Slavuouatixdy Tediny tou teplypdgovTal

and Tig mapaxdtw Stavucuatiés ouvapthoelg F:

i) 2?14 y%j + 2%k,

i) xi+yzj— (22 +2%) k.

2. Aci&te 611 T0 Topaxdtw nedlo elval aotedBilo

F = 6zyi + (3.7:2 — 3y2z2)j — 232k

14

" Anayopetetar 1 avadnuooieuon # avamdpaywyh Ttou mupdvToc oto GUYONS TOU T
TunUdTeY tou ywels ™ yeanth ddewa tou Kafl. A. Mrpdtoou.
E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/






BiShoypapia

[1] Mrpdtoog, A. (2011),
Yroauovhn, Ab¥va, ISBN 978-960-351-874-7.

Egopuocuéva Mabnuatixd, Exdéoeic A.

[2] Mnpdtoog, A. (2002), Avétepa MabOnuatixd, Exdboec A. Xtauolin,

Y

Ab¥va, ISBN 960-351-453-5/978-960-351-453-4.

[3] Finney R. L., Giordano F. R. (2004), Anewootxéc Aoyioude 11,
[Movemotnuiaxéc Exdéoeic Kprtne, ISBN 978-960-524-184-1 .

[4] Don, E., Schaum’s Outlines - Mathematica (2006)
KhewdpLbuog, ISBN 978 960 461 000 6.

Exd6oeic

Y

[5] Spiegel M., Wrede R. (2006), AvéHtepa Malnuatixd, Exdéoeic Tloha,
ISBN 960 418 087 8.

Moabnpatixég fdoelg dedopévemy

http://en.wikipedia.org/wiki/Main_Page

http://eqworld.ipmnet.ru/index.htm

http://mathworld.wolfram.com/

http://eom.springer.de/

29



Avolktda Akadnuaika Madnquata

Texvoloyiko Ekmaudeutiko 16pupa ABRvag

TéAoc Evotntac

Xpnuatodotnon

To mMapov eKMALSEUTIKO UALKO €xeL avamtuxBel ota mAaiola Tou ekmaldeuTikol
£€pyou Tou dibaokovra.

To £pyo «Avolkta Akadnuaika Madnuata oto TEI AORvagy £xeL xpnUoTtoS0THOEL
HOVO TN avadlapopdpwon Tou EKMOLSEUTIKOU UALKOU.

To £pyo ulomoleitat oto mAaiolo Tou Emixelpnolakou Mpoypappoatog «Ekmaidevon
kal Awa Biou Mdabnon» kal ocuyxpnuatodoteital amd tnv Evpwrmaiki Evwon
(Evpwrmaikéd Kowwviko Taue'Lo) KoL amo eGVLKo()q Ttépouq.

ENIXEIPY 0 1 / 1A }
EKnAIAEYZH KAI AIA BIOY MAeHZH )E[Z,rJA
: / /' IJ
=] Jwéurevee ya v orieniy|
YNOYPTEIO NAIAEIAL KAl BPHIKEYMATON MAIKO KOINONIKO TANS
Evpwmaikr Evwon EIAIKH YNHPEEIA AIAXEIPIEH?
Eupawnaing Konvvesd Tapio

Me tn ouyxpnuaroddrnon e EAAGSag xat tng Evpwnaixr¢ Evwong



INUELWHOTA

Inueiwpa Avadopag

Copyright TEI ABrjvag, ABavaocloc Mmnpatoog, 2014. ABavaolog Mmpdtoog. «Avwtepa
MaBnuatika Il. Evotnta 5: Alavuopatikog Aladopikog Aoylopog». Ekdoon: 1.0. ABriva 2014.
AwaB£oipo amnd tn diktuakn SlevBbuvon: ocp.teiath.gr.

Inueiwpa Adelodotnong

To mapov UALKO SlatiBetal pe Toug 6poug tng adetag xpriong Creative Commons Avadopd,
Mn Eumopiki Xprion Napopota Atavopn 4.0 [1] A petayevéotepn, Alebvng Exdoon.
E€atpouvtal ta autoteln £pya Tpltwy m.x. dwroypadieg, Staypapparta K.A.1., Ta onola
EUTEPLEXOVTOL OE QUTO KOl Ta omola avadEpovral pall pe Toug 6poug XprHong Toug oTo
«Znueiwpa Xpnong Epywv Tpitwv».

0G0

[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epnopkn opiletal n xpron:

e 70U Oev TEPAOUBAVEL AUETO 1 EUUECO OLKOVOULKO OPEANOG IO TNV XPHOoN TOoU
£pyou, yLa To SLovopEa TOU €pyou Kal adslob0xo

o 1oV bev mepAapBAaveL olkovopLKr cuvaAlayn wg polndBeon yla tn xpron n
npoopacn oto £pyo

e Tt0U eV MPooTopilel GTO SLAVOUEN TOU £pYOU Kal aSEL080X0 EUUECO OLKOVOULKO
odehog (r.y. Stadpnuioelg) and tnv mpoBoAr] Tou €pyou oe SLASIKTUOKS TOTIO

O Sikaouyog pmopet va mapexel otov adelob0)o Eexwplotr AdsLa va XpNOLUOTIOLEL TO €pYO
yla pmoptkn xprion, eddécov auto tou IntnOel.

Awatipnon ZNUELWUATWVY

e Omoladnmote avamapaywyn n dlackeun Tou UALKOU Ba mpénel va
cupnepappavet:

e To Inuelwpo Avadopadg

e To nueiwpa Adslodotnong

e Tn &nAwon Alatpnong ZNUELWUATWY

o To Znuelwpa Xpnong Epywv Tpitwv (epooov untapyet) pall pe toug
OUVOOEUOEVOUC UTIEPOUVEETHIOUG.


https://ocp.teiath.gr/
file:///C:/Users/pantelis/Downloads/[1] http:/creativecommons.org/licenses/by-nc-sa/4.0/
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