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Mabnua 7

TPIITAA OAOKAHPOQMATA

7.1 Oplopdg ot WdLOTNTES

7.1.1 Oplonodg

14 z I4 7. 7 z z b
Elvay /81 yvwoté otov avayvéoety 6t 1o oplouévo ohoxhfpwua [ f(x)dx
YEWUETEE TaploTdvel To euPaddv mou mepuxheletol and TNV xaunUAn Yy =

f(z), nc eubelec = = a, b xau tov z-dZova (Xy. 7.1.1 - 1), evd and to

rponyoluevo udbnua étL to Sithd ohoxhfpwua [ [, f(z,y)drdy tov éyxo
ToU oTepeEoy Tou mepuxheleTal and Ty empdvela z = f(x,y), To nedlo oplouol
D xou tou omolou ou axuég elvar tapdhinhes npog tov z-dfova (Xy. 7.1.1 -
2).

Enextelvovtog tic noupandve YEWUETELXES EQUNVELES €0Tw 1) GUVAETNOT

f(z,y, z) ue nedlo oplouoy
D = [a1, b1] x [ag, ba] x [ag, bs] C R

nou vrotifetol 6t elvan ppayuévn yua xdfe (x,y,z) € D. Av otnv neplntwon

/7 7 ’ ’ 7 ’
auth 0 ténoc D unodiatpetfel and to onuela

z; €la,b]; i=1,2,...,n ue mAdtog dauéplomng Ax,
yje[ag,bg]; j=12 ....m Ay,
ZkG[ag,bg]; k=1,2,...,p Az,
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f(x)

Yyhuo 7.1.1 - 11 yewuetpwr] epunvela Tou 0ploUévou OAOXATEGUATOC

[P f(x) da

Yyduwa 711 - 20 yewuetpxrp epunvelo Tou  Smhol  0AOXANEGUATOC
I Jp f(w,y) dudy



OpLowég 3

t61e, €0tw AA = Ax Ay Az o 6Y%0g Tou otolyelddouc ophoywviov tapalin-
Aemnédou tne mapandve Siauéoiong. H anewxdvion oe d&ova cuvtetayuévoy
e T f (x;k, y; zZ) yivetar tpochétovtoc oTic O Yvwotéc tpelg Slaotdoelg
z, y, z wa enl TAéov tétapty ent mAov Sidotaot. Téte €xel évvola To TopaxdTe

dbpoloua:
Vaflahy, ) A+ +f (rnymzp) AA. (7.1.1-1)

Arnodewvietal oty Avdduon 6T, 6Tay 1) SLoy GVLOC TV TApATdve Tagohhy-
Aemnédwy telvel oto undéy xafde 1o n, m p — 400, 10 dbpooua (7.1.1 —1)
ouyxAivel mpog évay aplud, éotw I, mou elvor aveZdptntoc and tny emhoyt
TV onuelov (24, Y), zk). Lougova ue to topandve Slvetal oTn GUVEYELX O

nopaxdTw oplopde.!

Oplowés 7.1.1 - 1 (Tpinhol ohoxhnpduatog). Opiletat oay totnAd olox-
Mpoua e f(z,y,2) oto D = [ay,b1] x [az, bo] X [az, bs] n oprexf T

I = ///Df(a:,y,z)dscdydz

s
Il
—
=
Il
—
B
Il
—

epéooy undpyeL.

O nopandve oploude yevixeletal yia xdbe gpayuévo nedlo optouol D tng

I'ewpetpixr epunveia

Av 7 tétoptn dudotaoy cuuPorilel To yebdvo t, 16te akhdlovTag TN oERd TOVY
UETABANTOY, €0Tw 6TL 1] GUVAETNGT TOU OAOXATEGVETAL Elval Ue UeTaBANTéC
x, y, t xou 1 étaptn didotaoy elval 1 z. YroBétovtag étu ou yetaPintéc x,
y elvon enlong ovvapthoec tou t, T6Te dlvovtag ua T oto t, éotw to, TO
ohoxhfpwua e z = f (x,y,t0) Oa opiler olugwva o ue T YE@UETELXT
epunvela Tou Simhold ohoxAne®uaTog Tov 6YX0 Tou aviiotolyou opboywviou

napohAnieminédou. And ta nopandve tpoxUnTel 6L

'B\éne enlong http : //enwikipedia.org/wiki/Triple_-integral
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pétaon 7.1.1 - 1. To tpiwAé oroxAfjpwua ovuPolriler yewuetpued Ty Tiul)
ToU Gyxou, mou Snuiovpyeltal oe dedouévy ypovixr otiyunt ané ta avtiototya

(,y,2) € D.

7.2 Id6tneg

Ou onuavtixdtepeg elvat:
| PES

1. I‘pauu(_xy’]
///[kf(x:yaz) + Ag(x,y, 2)| dxdy
D

:k//D/f(x,y,z)dmdydz—l—)\//D/g(x,y,z)dmdydz,

6tav k, A € R.
IT. Méong Tus

///f(x’y’z)dxdydzZf(xmyo,zo)A
D

6mou A o 6yxoc Tou téToU D.

ITI. Av n mepoyf) D anotelelton and tic ywpiotéc neployée D xou Do,
dnhadr) D = Dy U Doy, t61€

[ [renadnis = [ ] [ 1@asaya
D Dy
+///f($ay)d$dydz.
Do

7.3  YnoloyLoudg %ol EQURUOYES

7.3.1 MEébBodoL urtoroyLouol

O urnohoytoude tou tpimhol ohoxinpduatos (7.1.1 — 2) elaptdtar and
uoppt, tou nedlov oplouol. Anéd tig undpyovoes uelddoug urtoloyiouol Ha

’ 7 7 8 72
EEETO{O’TOUV UOVOV OL TORAXATW OVO.

20 VALY VOGNS Yo EXTEVEGTERY UEAETY Topanéunetat oty BiBAoypadpia.



M¢ébBodot unoloyLopot

I. D={(z,y,2) €eR3: a1 <ax<b, ar<y<by, a3<z<bs}

Téte o unohoyioude yivetar olugwve UE To TopaxdTtw Bedpnua:

Ocdpnpa 7.3.1 - 1. Ay povvdptnon f(x,y,z)| D ue D = [a1, bi] X [ag, ba] X
[ag, bs] C N3 elvar odoxdnpdown oto D, téte

///f(xaylz) dilfdydz _ { b2 —7f($,y:z) dZ- dy} dx
D Las
= { —?f(xayaz) dil?_ dz} dy

1 [ b2 b
/f(:(:,y,z) dy dx} dz.
Laz

S s

o
V]
=l
w

=l
w

To Bedpnua autd elval ula yevixeuorn tou aviiotolyou bewpfuatog tou Fubini
Yo TOV UTOAOYLOUS TV SITADY OhoXATewUdTwY. XVugwva ue to fedenua 7

T Tou TELtA0Y ohoxAneduatog elval aveEdpTn Ty and 11 eLpd OMOXATPWOTC.
HMopdderypa 7.3.1 - 1

Nao vrnokoyiotel to ohoxhfpwua

1= /Sxyzdxdydz,

oTay
D:{(m,y,z)é%g 2<r<3, 1<y<2, ngﬁl}.

Adorm. Elugova ue tov tino (7.3.1 — 1) éyouue

[ ] frmeieavae= | {/ lgyd} , }dy

1 2
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2 3 L 2 3

= /{/ {413}22}0(&} dy:/ [/4mydm dy
1 2 1 L2
2 2

9 3

= /{21 y}zdm:/wydyzla

1 1
II.
D={(z,y,2) €R®: a1 <w<by, $1(z) <y < da(z)

Téte oy e
I = /f(x,y,z)dxdydz (7.3.1-1)
D

by [ ¢2(z) | z2(zy)

:/ / /f(x,y,z)dz dy 3 dw.

ar \¢1(2) |ea(vy)

dnhadn n ohoxhfipwon yivetol tedTa and tn uetafinth, mou eCoptdtol and Tig
Ghhes dvo uetafhntéc (Hlpogavde undpyouy didol Yo tinol tapdotacrc Tou

té6mou D oty xatnyopla auth).
Hopddetypa 7.3.1 - 2

Na vrnokoyiotel To oloxhpwua

I= /x3y22 dx dy dz,
D

6Tay

D:{(m,y,z)é?ﬁ3 0<z<1, 0<y<u, nggxy}.



M¢ébBodot unoloyLopot

Adorm. Elugova ue tov tino (7.3.1 — 1) éyouue

Hopddetypa 7.3.1 - 3

‘Ouota To ohoxhipwua
I — / (2 + 47 — 22) dwdy =,
D

oty

Dz{(m,y,z)é?ﬁ?’: r+y+z2<1, =z y,zZO}.

Ador. 'Ouota pe tov tino (7.3.1 — 1) éyouue

I = /(m2+y2—z2) dx dy dz
D

z [ 1—z—y

ST

(m2+y2—22) dz] dy} dx
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1
2 4
T 3 T 1
- N ST [ M
/(2 T+2> =60
0

7.3.2 Eq@QopUoYEg TV TELTADY OAOXANEOUATOLY
Yroloyiopds 6yxwy

Av o0 téroc D elvar xhewotéd xa gpoyuévo oteped, ToHTE 1 TLWY TOU TELTAoU

///1da:dydz (7.32-1)
D

ohoxAnpduaTog

toovtal ue Tov 6yxo tou D.

Yrnohoyiopds wdloag

Av p(z,y, z) ve p(z,y, z) > 0yiaxdbe (z,y, z) € D nopotdvel tny tuxvétnta
¢ udlog, Tou xaTavEUETAL UE GUVEYY| TpéT0 6T0 D, tdH1E 1] SLUVOALXY wAla

M Touv D dlvetal and Tov tUNO

M = //D/p(x,y,z) dz dy dz. (7.3.2 - 2)

Yy neplntwon auth to xévtpo Bdpoug (2o, yo) dlvetar and Tig oyéoelc

[ [ [xp(z,y, 2)dedydz
D

M,
T M T T [y, 2)dudydz
D

A T Jyplz,y, 2)dedydz
= —y: D
O M T T ey ) dedydz
D
S [ zp(a,y,2)dedydz
Mz D
zZo =

M ffgp(m,y,z)dmdydz
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6Tou oL

M, = ///xp(x,y,z)dxdde, My:///yp(x,y,z)dxdydz, oL
D D

M, = ///zp(m,y,z)dmdydz
D

elvat oL pomég Ing td&ng tou D.

3 Anayopeldetar 1 avadnuooicuoy ¥ avamapayeyY Tou Tapéviog 6to GOVOAG Ttou ¥
TunUdTeY tou ywels ™ yeanth ddewa tou Kafl. A. Mrpdtoou.
E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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