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Mdbnuo 6

I'PAMMIKH AATEBA

6.1 Ilivaxecg

H erliuon Stapdpwy npofAnudtony tov wadnuoatiedy xal YevixéTtepd Twy Q-
PUOCUEVOY ETLGTNUGY 081y oE UETAEY TV GAAWY 6TV avdY X ouadonolnong
oV SLapbpny dedouévwy. Kiplog 6tdyoc tng opadorolnong autrc ftay agevog
ev 1 eUX0A mpbdofuch o auUTd xal aQETEPOU 1 EUXOAlD TV UETAY TOug
npdlenmy. LNy neplntwor nou ta dedouéva autd elvon tpaypatixol 1 yevixdte-
pa uyadueol aplbuol, 1 mapandve ouadornoinoy ylveton pe TNy €vvola Tou
Tlvaxa, YL EVvoLa Tou eLodYETAL GTY) GUVEYELX auToU Tou uabfuatog, evéd yio
ula YevdTeRn AVTIMETONLON TOU TROBAAUATOC O AVAYVMDOTNG TUPATEUTETAL

otn PBhoypapio.

6.1.1 Opiouol

Opiopwés 6.1.1 - 1 (nivaxa). Aéyetar nivaxac (matriz) tdénc (m,n) uia
Sidraén mn otoiyelwy and to ovvodo N 7 1o C, nov elvar Statetayuéva oe
m-yoauuES xat n-otijec, £tor dote xdbe otolyelo Tnc va avixer axplBoc
oe ula yoauun xar uia otiiy.

Ou nivaxeg Ba ouuBoAilovtal oto e€fic ye xeahala ypduuata, 6nwg A,
B, C x.x., evé évag nlvaxac A ue otowyela ané 1o R t8Eng (m,n) Ba

ovuPohlileton e A € R™X" xaw ye A € C™X", btav €yel otouyela and to

C.



HHopddetypa 6.1.1 - 1
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ovue 6TL 0 Tlvaxag

+— 1n yoouyur
<_

— elvat 8&ng  (3,2),

eneldn) €yel 3 yeouues xol 2 6THAEC.

Y10 napandve nopddetyua av ta ototyela tou nivaxa A cuuBolioToly pe

TO Ypduud, £€6Tw a, ToTe Y va xafoplaToly Ta oTolyelo autd oTic enl Uépoug

Béoeic Tou mivaxa, anowtovvtal 8Yo delxteg, mou 6 évag va Selyvel T youuut

e /7 ! z Z ’ ’ 7
xaL 0 Ghhog T 6T 6Ty omola aviixel To xdbe atolyelo. Av deybolue 6TL 610

eZfic o TpdTog delntng, éotw 4, Oa ouuPBolilel Tig yYpouuée (rows) Tou mivoxa

xal o deltepog, €0Tw j, T othiec (columns), t6te 0 mapandvew wivaxag A

yedpetal wg e€Rg:

A=

-3

4

-2
)
-1

aii
a21

aszil

a2 )
) 1 = 1,2, 3 xat
a2 :(aij); oTay
j = 1,2
as2

Cevuxdiepa évac mivaxac A 18&ng (m, n) ypdpeton

a1l

a21

am1

a2

a2

am?2

Q1n

a2n

Omn

=(ay); 1<i<m,1<j<n (611-1)

Av n = 1, dnhady) undpyel uLa L6vo oThAN, TéTE 0 Tivaxog Afyetol mivaxag

dLdvuopa 1) anAd dLdvuoua.



IMivaxeg

Ilopddetypa 6.1.1 - 2

O mapaxdtew nivaxeg

b11 b1
a a
A= R ! =d=a xu B=|by | =] b :?:b
as ai
bs1 b3

elvan nlvaxeg Swavdouota tédine (2,1) o (3,1) avtiotoya.
Av m = n, t61e o nlvaxag Aéyetal TETPAYWVLXOS ivaxas t¢ing (n,n)

1} €V ouvTopla Td&ng n.
Iopddetypa 6.1.1 - 3
O rapoxdte mivaxeg

bi1 b2 bis
ain a2
A= xaw B =1 by bay bo3

a1 a
bs1 b32 b33

elvar tetpayovixol télng 2 xou 3 avtiotoiya. Téte ypdgetor A € R2*2

xar B € N33 6tav 10 otoiyela Ty mvdxev elval mpoypatxol aptbuol,

avtiotouya yedoetar A € C2*2 xau B € C3*3, étav elvar puuyadixol apLiuol.
Ta otouyela a1, a2, ..., Anp €VOS TETPAYWVLXOU Tvaxa téEne n opilouy

Y %0pLA | TEWTEVOLGA LAY DVLO, EVE TA A1p, 2,1, - - -, (Gpl T1) SEUTERED-

ouoa JLAYOVLO.

Iopatrenon 6.1.1 - 1

Y10 e€1¢ oTig SLdgopeg egapuovEs Ha yonowonoteital ubvov 1 xbota Sty dviog.

Iopddertypa 6.1.1 - 4

Y1ov TeTpaymvixd mivaxa

[ ail a2 ai13 ]
N\ e
A= | an a2 a3
Ve N\
| a3l as2 ass |
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T oTOLYElX a11, @22, a3z opllouv TNV XVl XL TA @13, a2, a31 TN deutepevouca
Ly dvio.

Optowég 6.1.1 - 2 Eotw A = (a;j) € ™" retpaywvixde nivaxas. Tote
To dfpotoua twy ototyelwy TN xUptac diaywviou opiler to iyvog (trace) tov
A, nov ovuPoriletar ue tr (A) = trace (A), prady

tr (A):a11+a22+...+a,m.

Enouévwce, av

-1 3 1
A= 0 2 4|, =t6te tr(A)=—-14+2+5=6.
-2 1 5

Optowég 6.1.1 - 3 (draydviog nivaxag). Forw A = (a;5) tetpaywvixds
rivaxag t@énc n. Av ai; = 0 yia xdbe © # j, t6t¢ 0 A Aéyetar Staydviog

(diagonal) xar ouuforiletar ue A = diag(ai;); i =1,2,...,n.

Iopddetypa 6.1.1 - 5

O rlvaxeg
20 0 0
1 0 0
00 0 O
Ai=102 0|, A=
00 -1 0
0 0 -3
00 0 -2
elva Staydviot, eved ol wlvaxeg
20 0 0
10 2
00 -1 0
Bi=|0 2 0], Bx=
00 -1 0
0 0 -3
00 0 -2

dev elval.
H dnurovpyio ue to MATHEMATICA evég Swaydviou nivaxa, éotw tou

Ao yivetol ye TV mapaxdTw eVION:



IMivaxeg
DiagonalMatrix[{2,0,-1,-2}]1//MatrixForm

Optowdcs 6.1.1 - 4 (povadiaiog nivaxag). ‘Evac daydvioc mivaxac A =
(a;j) tdénc n Oa Aéyerar uovadiaioc (identity) xar Ga ovuforilerar ue Iy, 7

amdd 1, 6tav a;; =1 yia xdbe i =1,2, ..., n.

Erouévwe ot nivaxeg

1 000
1 00
10 0100
[=1= ,I=Ii=10 1 0|, I=L=
0 1 0010
0 01
0 001
elvat povadialor, eved oL nivaxeg
1 0 0 2
1 00
0100
010/,
0000
0 00
0001

dev elvat.
"Ouota 1 dnuLovpyla evég wovadiatou nivaxa tédéne, éotw 3, ue to MATH-
EMATICA yiveton ye tnv eviohy:

IdentityMatrix [3]//MatrixForm

6.1.2  AlyeBewxn doun

Alvetar ot ouvéyewa 1 ahyePpwery Sour) 610 GUVOAO TV TLVAXWY.

Io6tnta

Optowég 6.1.2 - 1. ‘Eotw ot nivaxec A = (ai;) xaw B = (byj) tdéne (m,n).
Ot mivaxec A xat B Qo elvar (oot téTe xar uévoy, étav a;j = bj yio xdbe

1=1,2...omxat 3 =1,2,... . n.
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‘Apa, av

a b -1 0 ) a = —1 b = 0
= , TOTE
c d 3 2 c = 3 d = 2
Elvaw mpogavéc 6t 1 wobtnta opllel 610 6Uvoro Tov mvéxwy téding (m,n)
uta oyéomn wooduvautag.

ITivaxeg dragopetixol

Octowds 6.1.2 - 2. Eotw ot nivaxec A = (aij) xat B = (b)) tdéne (m,n).
Ot nivaxec A xar B Oa elvar Stagopetixol xar o ovyfolrilerar auté ue A #
B téte xar ubvov, orav a;; # bij yvia éva tovddytotov i = 1,2,...,m

i=1,2,....n.

Enoyévwg, av

A=

-1 1 -1 0
xau B = , 16t A#B.
3 2 3 2

ITapatrenon 6.1.2 - 1

H évvola g Budtagng, dnhadh tng >, avitiotowya e <, Sev oplletar 6ToUg
Tlvoxeg.

Ilp6c0eom

Ogtowds 6.1.2 - 3. Eotw ot nivaxec A = (ai;) xaw B = (b;j) tdéne (m,n).
Téve opiletar oav dfpotoud touc o nivaxac A+ B = (¢;j) duota tdénc (m,n)

omov cij = ajj +bij yia xdbe i =1,2,...,m xar j=1,2,...  n.

13 2 1
A = xaw B = , TOTE
-2 1 3 5

[ 142 341 1 4
A+B = - .
243 145

Enouévwg, av




IMivaxeg

Youpwva pe Tov oploud g npdabeone o Hewpdvtag 6t oL nivaxeg elvon
e Blag tééne, amodewevioviol oL TapaxdTe BLoTNTES.
IdL6tnTeg
i) avupetabetind (commutative) A+ B = B+ A,
ii) mpooetawplotind| (associative) (A+B)+C=A+ (B+C),

iii) undpyet évag axpBde mivaxag, éotw M, mou Aéyetar undevixdg (null
matrix) xat Tou onolou ta otouyela elvan Gha loa pe to Undév tétoog,

oote A+ M = A v xdbe nivaxa A,

iv) Yo xd0e nivaxa A undpyet axplBde évag nlvaxac, tou Méyetal avtifetog
Tou A xo. ouuPohiletar ye —A, étoL Hote A+ (—A) = M.

1 -2
5 3|

v) av A+ X =B+ X, t6t1e A= B yw xébe nivaxa A, B o X (vépog
™S draypagrs),

‘Apa, av

A=
5 =3

vi) v xdfe nivaxa A, B xav X 7 eZlowon A+ X = B éyel axpde ulo
ANoontn X = B—A. H Mo g e€lowong Aéyetal dLapopd tou nivaxa
B ané tov A, evé 1 mpdén ue v onola unoroyiletar 1 dapopd auth

AyeTtan apaipeo.

Enouévoc, av

(1 -2 3 -1
A = xau B = , T10TE
) 3 —2 4
1+(-3) —-2+1
542 3+ (—4)

H anédeln tov Wothtey agrivetal oav doxnon,.
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IHoAharhacraowds aptBuol we mivaxa

Opiowés 6.1.2 - 4. Forw o nivaxac A = (a;;) tdéne (m,n) xa A € R
avtiotoya A € C. Téte 1o ywvduevo AA opiletar ot elvar o nivaxac MA =

Alayj) = (hagj) tdénc (m,n) yea xdbei=1,2,....m xar j =1,2,... n.

Enouévwce, av

2 4
A = xoar A=3, ToTE
-5 1

[ 342 3*(4)] [ 6 12]
| 3% (—5) 31 ~15 3

O mapandvw oplouds yevixetvetal av To A avuxatactabdel pe éva Pabuwtd
uéyebog, éotw ¢(x).
‘Ouota Bdoel tou oplopol xou Bewpdvtag 6TL oL mhvaxeg elvar e (Blag
T4ENG, anodexviovTal oL TapaxdTe WLHTNTES.
IdL6TnTeg
i) 1A=Axn04=M,
ii) emyueptotind wc mpog Ty npdobeon mvdxwy A(A + B) = AA + AB,
iii) empepLotinh wg npog Ty npbofean aplbudy (A + u)A = AA + uA,
iv) mpooetalptoTih 0 Tpog To YLvouevo aptfudy A(uAd) = u(AA) = (Au)A.

7 7z /4 7z
H anédelln tov WBlotitwy aghvetal ooy doxnor.

IToAharmhacLachdg mLvdxwy

Optowés 6.1.2 - 5. 'Eorw o mivaxac A = (ai;) tdénc (m,n) xar o mivaxac
B = (bi;) td¢énc (n,p). Tote opiletar oav yivduevd touc o mivaxas AB =
(cij) tdéne (m,p) dmov

n
Cij = [aila Ai2, ... 7ain] [b1j7 ij, R ,bnj]T = Z aikbkj.
k=1



IMivaxeg

Enouévwe odugpwva ue tov oploud Ha €youue

4 1
3.1 2
2 1
-1 40
3
(2,3)

(3,2)

3.441-24+2-(=3) 3-1+41-142-2
—1-444-240-(=3) —1-14+4-140-2

(2,2)
EE
a3

O vrnoloyloude tou mapandve mapadelyuyatoc ue to MATHEMATICA

yivetar wg e€rg:

A={{3,1,2},{-1,4,0};
B={{4,1},{2,1},{-3,2}};
A.B//MatrixForm

Ozwpdvtag 6Tl oL nivaxeg €youv Tdlrn, TéTtow Gote va elval duvatdv
vat 0ploTolv oL avtioTolyeg mpdlelg, anodetxvieTal 6Tl Loy YOUY Ol TUPUXAT
WBLOTNTES.

IdL6TtnTeg

1) mpooeTapLoTIXY

A(BC) = (AB)C,
ii) emueprotind (distributive) wg mpog v npdobeorn mvdxwy
AB+C)=AB+ AC »xu (B+C)A=BA+CA,

iii) mpooetaploTXh WS TPOS TOV ToMahaotaoud ue aptiud

MAB) = (A A)B = A(\B),
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iv) 070 6UVOhO TV TETPAYOVXGY TVEXwWY TEENS 1, URdpyEL axplBds éva
0udETepo oToLyElo Tou ToAhaTAAGLAGUOY, T elval 0 Lovadiatog Tivaxag

I, % ev ouvtoula I, dnAadh
AT=TA=A vyuw xdbe tetpaywvxd nivaxa A.

Enouévwe, av

A = ,  TOTE

R e

v) H oyéon AB = M, 6nov M o undevixde mivaxog, dev cuvendyeton

navtote 61t A = M {4 B = M, 6nng auté Qulvetdl 0T0 TAQUXATO

IR

H anédelln tov Wothtey agrivetal ooy doxnon.

TARASELY UL

IMagatrenon 6.1.2 - 2

Fevixd dev woydet ) avtwetabetuad Wibtnta, dnhadh AB # BA.

6.1.3  Alvaurn nivoxa

EOUpevA UE TOV 0pLGUS TOU YLYOUEVOU TWV TLVAXWY XOL TNHY TROCETALPLOTLXT

WLoTNTA Tou 1 dYvaun evég mivaxa oplleTal wg eEng:

Optopds 6.1.3 - 1. 'Eotw A tetpaywvixdc nivaxac. Tote emaywywd oplle-
tat ) Sdvaun AY we eijc:

AV = AVYA yia xdbe v=2,3,...,

drav Al = A. Eiduxd opiletar 61t A° =1, drnov 1 o povadialoc nivaxac.



IMivaxeg

Iopddetypa 6.1.3 - 1

Av
1 3
A = To1e
—2 0]
) 13 13 -5 3
AP = AA= - ,
-2 0 -2 0 -2 -6
AP = APA=

5 3 1 3] [-11 15
2 6 || -2 0 10 -6 |

Yto Ipbdypaupa 6.1.3 - 1 vnoroyilovial oL mapandved SUVAUELS UE TO
MATHEMATICA.

IMpéypappa 6.1.3 - 1 (npdypappa utohoYLowoU dovauns nivaxa)

A={{1,3},{-2,0}};

MatrixForm[A]
MatrixPower[A,2]//MatrixForm (2n d3%vaun tou A)
MatrixPower[A,3]//MatrixForm (3n d%vaun tou A)

Iopddetypa 6.1.3 - 2

‘Ouota, av
-1 0
A = , TbtE
0 3]
1 0][-10 (12 0
A* = AA= _ | Y :
0 3 0 3 0 32
B A (-1)2 0 -0 _ (-1)3 0
0o 3 0 3 | 0o 3
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2oL YEVUIXS
W g (=)=t 0 -1.0 | _ (-1)” 0 |
0 3wt 0 3 0o 3
IdL6TnTeg
[ %dfe tetpaywvixd mivaxa A xav v, =1, 2, ... woybouv

i) AVAH = AVTH,
i) (AV)H = Ave,
IHopathenosts 6.1.3 - 1
i) Lougova ue tov Optoud 6.1.3 - 1 1 dbvoun tivaxa ye dwapopetind aptbud
YeAUUGY xaL 6TNAGY Sev oplletol.

ii) Avuvduels pe apvntixois f xow xhaouotixols exbéteg dev opllovtaL.

6.1.4 Ilivaxeg ewduxis popprhc

Alvovtor tipa oL oplouol Tvdxwy eWbwhc Lopphic Tou elvon yprowwol oTa

enduevaL.

Optowég 6.1.4 - 1 (draydvia oplopévog). ‘Fotw A = (a;j) tetpaywvixds
nivaxac td@énc n. Tote o A Aéyerar Siaydvia oprtouévoc (diagonally domi-

nant), étay

|| ZZ|ai]’| yia xdbe i,7 =1,2,... n.
JFi
Optowés 6.1.4 - 2 (auotned daydvia optowévos). Eotw A = (a;j) te-
Toaywvixds nivaxas t@éne n. Tote o A Aéyetar avotyed dtaydvia optouévog

(strictly diagonally dominant), dray

lag;| > Z|aij| yia xdbe i,j =1,2,...,n.
J#i

IHopddetypa 6.1.4 - 1



IMivaxeg

E0upova Ue TOUG Tapdndvw oploUols 6aTov mivaxa

3 -2 1 lai1]| > |a12] + |ais]
A= 1 -3 2 woyder  |age| > |a2i| + |azs]
-1 2 4 lags| > |as1| + |asz|

2z ’ 7 z 7 r
dnhadh o A elvar Slaydvia oploUévog, EVe 6ToY Tlvaxa

-4 21 |b11] > |b12] + |b13]
B = 1 6 2 LGXOEL ‘bgg’ > ’b21| + ‘1)23‘ )
1 -2 5 |b33] > |b31] + |b32]

ondte o B elval avotnpd Sty dvia opLouévoc.

Oplowés 6.1.4 - 3 (Betixds). Eotw A = (a;5) € R™*™. Tore 0 A Aéyerau

fetixde (positive), dray a;j > 0 yia xdfei=1,2,....m xae j =1,2,... 1.

Optowég 6.1.4 - 4 (un apvnuxds). Forw A = (a;5) € R™*". Tore 0o A
Aéyetar un apvnrixds (non-negative), dtay a;; > 0 yia xdbe i =1,2,...,m

xat g =1,2,...,n.

13

Oplowés 6.1.4 - 5 (avdotpogog). Eotw o mivaxac A = (a;j) tdénc (m,n).

Téte oplletan oav avdotpopoc (transpose) nivaxac o AT = (b;;) wdénc (n,m)

omov bij = aj; yia xdbei=1,2,... . m xatj=1,2,... n.

‘Apa ou ypaupée Tou A elvon oL othkeg Tou AT

Iopddetypa 6.1.4 - 2

Av
1 3
1 —4 2 .
A= , Tt AT =| -4 -2
3 -2 5
2 5

O unohoyiouédg tou nopadetyuatog ue 1o MATHEMATICA yiveton ye tig

EVTONEC:

A={{1,-4,2},{3,-2,5}};Transpose[A]//MatrixForm
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Optowds 6.1.4 - 6 (ovppetpnds). O tetpaywvixdc nivaxac A ue A €
RXN Qéyetan ovuuetpxdc (symmetric), étay A= AT,

IMopdderypa 6.1.4 - 3

Ay
1 3 5
A= |3 -5 2|, 161€ TPOYAVES AT = A,
5 2 4

O éheyyoc pe to MATHEMATICA yivetat ¢ e€fc:

A={{1,3,5},{3,-5,2},{5,2,4}};
SymmetricMatrixQ[A] (true)

Ogtowds 6.1.4 - 7 (aviiovppetpixds). O tetpaywvixde nivaxac A ue A =

(aij) € R™™ Aéyetar avriovuuetpixdc (skew-symmetric), étav A = —AL.

IMopatrenon 6.1.4 - 1

Souewve pe tov optous, av AT = (b;;), npénel bjj = —a;; yw xdbe i, j =
1,2,...,n. AN\ and Tov oploud Tou avdoTeopou Tivaxa TeoxUntel 0Tt bij =
aj;, OROTE aj; = —a;; Y %x80e i, j = 1,2 n. Téte buwe yio i = j Ba
Jty Jt Z]Y »J 9 Sy ey Il {J'Q‘Y J

elval a;; = —aj;, dnhadh a; = 0. Emouéveg ta otouyela tng xopuag draywviou
eVOC avTLoUPUETELX0Y Tiivaxa elvar undéy, evd ta atolyela mou Peloxovtal oe

oupueTet) Béon wg mpog TNV xdpra dtaydvio elval avtibeta.

Optoudg 6.1.4 - 8 (ouluy¥g). Av A = (ai;) € C™*", 1téte opiletar cav
ovluyrc (conjugate) o mivaxac A = (a;;) € Cmxm,

‘Apa 0 A anotehetton anéd to 6uluyH ototyela Tou A.
Iopatrenon 6.1.4 - 2

Av elvar A = A, 161e npogavic o A €yel otovyela mpayuatixols apliuoie,

evo, av elvan A = —A, o A éyel otouyeta paviacTixole apfuolc.



IMivaxeg

Opiowég 6.1.4 - 9 (ovluyYig avdotpoposg). Fotw A = (a;;) € C™ ™.
_\T
Tote opiletar oav ouluyiic avdotpogoc (conjugate transpose) A* = (A) =

AT 1} Bouttiavée avdotpopog (Hermitian transpose) AH o nivaxac
AT = 4 = (Eﬁ) ecnxm,

Yuvernde ot yoauuée tou A elvar othhec Tou AT xan emimiéov o AT amotehelton
Y e

ané ta ouluyn uryadxd otolyela Tou A.

Iopdadetypa 6.1.4 - 4

Ay
[ 14i =i 0
A = , TOTE
2 3—21 ¢
_ _1—1 1 0
A = oL
2 3+27 —g
1—14 2
A = (Z)T:ﬁ: ) 342
0 —1

O unoloyioudg pe to MATHEMATICA yivetow ye tig eviohée:

A={{1+I,-1,0},{2,3-2I,1I}};
Conjugate[A]//MatrixForm
ConjugateTranspose[A]//MatrixForm

Optowés 6.1.4 - 10 (Eppetiavés). O tetpaywvixde mivaxag A ye A =
(aij) € C"*™ Aéyetau Epuitiavée (Hermitian), éray AH = A.

‘Aueca TEOXUTTEL TOTE OTL @ = Gy; YL x&be ue i = 1,2, ..., n, dnhadn o6TL

Ta otouyela g xVprag Stoywviou Tou elvan mpayuatixol aptbuol.
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IMopdderypa 6.1.4 - 5
Eoupeva Ue Tov oploud, av

1 i 1+ 1 i 14
A=| —i -5 2—j|,wweAl=| i 5 2-i|=A
1—4¢ 24i 3 1—4i 24i 3

O éheyyoc ue to MATHEMATICA yivetow ue tnyv eviohs:

A={{1,I,1+1},{-1,-5,2-T},{1-1,2+1,3}};

HermitianMatrixQ[A] (true)

Optowés 6.1.4 - 11 (avtieppritiavés). O tetpaywvixde mivaxac A ue A €

C™¥" Méyetar avtiepuitiavoe (skew-Hermitian), étay AT = — A,
IMopdadertypa 6.1.4 - 6

Ay

i A+
A= , t6te AT =—-A

—4+7 2

Optopés 6.1.4 - 12 (tpLywvixdg dvw). Fotw A = (a;j) tetpaywvixdc
mivaxac tdéncn. Tote o A Adyetar dvw 1 Seéud totywvixde (upper triangular)
xat ovufolriletar ovviibwc ue R 1 ouviifoc ue U, étay a;j = 0 yia xdbe i > j.

‘Apa 6Ny mepintwon auth To oTouyela Tou BeloxovTal aploTepd xoL XdT® NG

nVpLag draywvlou elval (oo e To undév.

Optowég 6.1.4 - 13 (avotned telywwxés dvw). Fotw A = (a;j) tetpa-
yovixde nivaxac tdénc n. Tote o A Aéyetar dvw ToLywvixog (strictly upper

triangular), étav a;; = 0 yia xdfe i > j.

"Ouota oplletar 0 xdto B aplotepd tptywvixde (lower triangular) nivaxog,
otay a;j = 0 v xdbe ¢ < § xau ovuPBoriletor ouvifwe ue L, avilotoiya o

xaBopd xdtw Terywwixds, étay a;; = 0 yio xdbe i < 7.
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‘Apa o nlvaxeg

ullr w12 o Ulp i
Uz -+ U2p ) lor 122
U= ] , avtlotowya L =
i Unn | i lpt 2 o lan ]

elval dvw, aviloTolya xdTe TeLywvlxol, evéd ol

01 -3 4 0

- 0o 1 -3 - 30
U= , avtloTowya L =
0 -2 -3 2 0
0 -1 4 -5 0

elval avotned dvw, avtiotolya avetned xdtw TeLywmvixol.
Ou mapaxdtw evioréc dnuovpyolv ue to MATHEMATICA évav dvw

TelY oo avtiotolya évay xabaed dve teLymvixd mivaxa tédEng 3:

A={{al11,a12,a13},{a21,a22,a23},{a31,a32,a33}};
UpperTriangularize[A]//MatrixForm
UpperTriangularize[4,1]//MatrixForm

‘Ouola évay xdtw Tplywvixd, avilotoiya évav xabupd xdte TELy®vixd

mivoxa

A={{al1,al12,a13},{a21,a22,a23},{a31,a32,a33}};
LowerTriangularize[A]//MatrixForm

LowerTriangularize[A,-1]//MatrixForm

H nopaxdtew evtord Snuiovpyel évay x4te Tplywvixd mivaxo Ue Uovadeg

oTY) SLYGVLO

A={{al1,a12,a13},{a21,022,023},{a31,a32,a33}};
LowerTriangularize[A,-1]
+IdentityMatrix[3]//MatrixForm
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Aoxfoeig

1. Av A, B tetpaywvixol nivaxeg tdng 3, del&te ot
i) tr(kA+AB) =ktr(A) + Atr(B), étav k, A otabegéc,

ii) tr(AB) =tr(4) tr(B),

i) tr (AT) = te(A).
2. 'Eotww A, B tetpaywvwxol nivaxes t¢éne 2. Egetdote av woylel (AB)? =
A?B? xou duxoroloyrhote v andviney cac. XTn ouvéyewr umoloyiote To
avantiypata (A + B)? xa (A + B)3.
3. Av A, B tetpaywvixol nivaxeg tédéng 2 xau AB = BA 3ei&te 6t

(A+B)(A—B)=A? - B?, (AB)*= B%A%

4. 'Eoto x,y € R avtlotoya x, v € C3. Aelfte 61!
y Y X Y

X y=XYy.
5. Av A, B € 13%3 3elfte 6
T
i) (A+B)T = AT + BT iii) (AT) =4
ii) (AA)T =24T ye A€ R iv) (AB)T = BT AT,
6. 'Ouota, av A, B € C3*3 61
H
i) (A+B)H = Al 4 pH iii) (Af)" =4
ii) (A =3A" yerecC iv) (AB)Y =pBHAH,

7. Av A € R Jellte 6t o mivaxee A + AT AAT elvan ouppetpuot xou
o A — AT avtiouypetpixde, evéd av A € C™X" | téte o nivoxag A + AP elvan
Epurtiavée xor o A — AT avtiepuiniavée.

8. Na deuyfel bt %dbe tetpaywwvinde mivaxag A ye A € R™" ypdgetar wg

A:%(A—AT)Jr%(AJrAT),

CTZXR

eve av A € , TOTE

A:%(A—AH)+%(A+AH>.

'Bléne ecwtepnd yéuevo Mdbnua 1 apdypagog 1.5.



Optlovoeg

9. Acite 611 6ha Ta oToLyEld EVOS avTiepuLTLavoy Tvaxa elvor gavtaoTtixol
aptbuol.

10. Na deuyfel 6T xdbe Epuitiavog mivaxag, éotw A, ypdgetar o1n pnopen
A = B+ 11D, 6mouv B elvar évag ouyuetpixdc xar D évag aviiouupetpixde
Tivaxoc.

11. Av A, B avtiepuittiavol nivaxeg, 8et&te 6tu o ntvoxag kA +AB elvat duola
avTieptTiovog v xdfe k, A € .

12. Av o A elvan évac avtiepuutiavoc nivaxae, del&te 6Tl o nivaxag 4 elvon
Epuitiavéc, evé o AY elvar Epuitiavog, av o v elvan dptiog xat avtiepuittavoe,
av o v elvat meptttdg aptbude.

13. Noa npoodiopiotoly ta «, B xoL v, €161 GoTE 0 Tlvaxog

-1 o —B
3 — 51 0 Y
i 2+4 2
va elva Epuitiavog.

14. Aei&te 6T o mapaxdtw nivaxeg Tou Pauli

0 1 0 —i 1 0
A= , B= xaw C =
10 i 0 0 -1
enalnfetouy T oyéoec A2 = B> = C* =1, BC = —CB = iA, CA =
—AC =1iB xo. AB = —-BA =iC.

6.2 Opilovosg

H évvora tne optloucag elvar Beyehiddoug onpaciag yia to tpofhiuata g
Dpoupindc ‘AhyeBpag, emedr) n yvoon tng divel Ao o€ TOAAG and autd, 6Teg
elval uehétn Vnopdng AoNS YROUUUXGY GUGTNUATWY X.AT., EVO YL XAl GAAES

YEVIXOTERES EPUPUOYES OTIS DETUXEG EMOTAHUES.

6.2.1 Opiouoég

Opiowég 6.2.1 - 1 (opioucag). Fotw A = (a;j) évag tetpaywvixds niva-
xac td@énc n. Tote n opllovoa (determinant) tov A ovuPoriletar ue |A| ¥

19
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det (A) xat tooUtar ue tov apiiud ?

det (A) = ‘A’ = Z(—l)iJrjaij Mz‘jy (6.2.1 - 1)
j=1
bravi=14742, ... fn, aviiotorya 3
n - .
det (A) = |4 =) (=1)"*a;; My, (6.2.1 - 2)
i=1
drav j=1142,...71n xa M elvar  eNdocova, opilouvoa (minor deter-

minant) Tou otoyelov a;; mou mpoxUntel, dtay Staypagel 1 i-yoauul xat n

J-othAn tou mivaxa A.
‘Otav n = 2 1 opllouca Loovtal ue

ailr ai2
’A| = = a11G22 — @12021, (6.2.1 - 3)

a1 a22

evo v n = 1 elvan |A| = aq;.

Ov timot (6.2.1—1) xau (6.2.1 —2) elval yvwotol cav ténot Tou Laplace.
H eldooova opllovoa M;; Méyetal xou 1n ehdocova opllovoa (first minor),
eve auTY TOU TEOXUTTEL Ue SLary papy) Y0 YeaUU®Y Xat 800 6TNAGY 21 eAdocova
(second minor) x.An. H td&n mge opilovoac opiletan lon ue v 18N tou
nivaxa A, dnhadh lon ue n, evd mpoavde 1 Tédén g Te®ING eAdocovag
optlovoag elval n — 1.

Enouéveg abugova ue tov Optopé 6.2.1 - 1 1o avdrntuyua uiag opllovoag
3nc té&nc we mpog ta otovyela e Ing ypauudc (i = 1) oe opllovees 2ng
Tédéne xaL oTn CUVEYELL 0 uTohoylouds NS olugeva ue Ty (6.2.1 — 3) Ou

elvat

ail aiz2 a3

Al = | a1 a2 a3

a3z1 a3z as3

2 Avémrtuypa wg mpog Ty 10 yeauus.
3 Avémtuyua we mpog v 1n oThAT.
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= (=D anMu + (=)' aaMig + (=1 a13Mi3

= a11Mi1 — a12Mi2 + a13Mi3

a22 a23 a1  a23 a21 G22

= a11 — 412 + a3

aszz2 a33 a3y as3 asyr a3z

= a1 (ageass — azzaszz) — a1z (a21a33 — az3asi) + a1z (ag1a32 — azzasy) .
Iopddetypa 6.2.1 - 1

Na vnohoyietolv ot opllovsec

) 3 -5 3
|A| = ‘ xuw [Bl=|2 1 -1
1
1 0 4
Adorm. Awdoyuxd éyovue
2 -3
Al = =2.12—(=3)-1=27,
1 12
3 =5 3
1 -1 2 -1 21
Bl = |2 1 —-1|=3 —(-5) +3
0 4 1 4 10
1 0 4

= 3(1-4—(=1)-0)+5(2-4—(=1)-1)+3(2-0—1-1) = 54,

O vurohoyioude tng napandve opllovoag ue to MATHEMATICA vyiveton

UE TLC EVTOAEC:

A={{3,_5,3};{2,1,_1},{1,0’4}};
Det [A]
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6.2.2 IduotnTeES TV 0pLlouody
Anodewxvietal 6TL Loy UOUY OL TaPUXITK BLOTNTES!

i) Av ot yoauuéc yivouy otiiec xar ot otiidec yoauuéc, téte n opilovoa
8¢ uetafdiietar.

IMapddetypa 6.2.2 - 2

130 1 2 -1
A=| 2 6 4|=-12=|3 6 o0 |=A"
1 0 2 0 4 2

it) Av avruerarefoly ddo yeauuéc 1j 8vo otijiec, téte n opilovoa aArdlet

meboNuo.
Hopdderypa 6.2.2 - 3

Evorhay?) Ing o 2ng ypauuns:

1 30 2 6 4
- 2 6 4 |=12= 1 30
-1 0 2 -1 0 2

iii) Av 8do yeauuéc 1§ dvo otidec eivar loec 1 avdroyee, tdte n opilovoa

tooUtar ue to undév (n egopuoyh agrvetar cav doxnon).

iv) ‘Otay ta ototyela utac yoauunc 1 utac otiine noAdandaotaotoly ue
tov [8iov aptlud, téte xar n opilovoa moAdarnaordletar ue tov aptué

auTov.
IMopddetypa 6.2.2 - 4
[Mohhamhaoiaoude Ing ypauuhc 1 2ng oThHing: av

1 2
4 3

A= — 5,




vi)

vii)
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161€E

1 3-2
4 3-3

—3.(=5) = —15.

Ay ta ototyela uiag yeauunc 1j utac othiine elvar dpotoua m mpocletéwy,
téte n opllovoa avarletar oe dfpotoua m dAAwy optlovody (buoa 1

eQupUOYTH a@rvetar cav doxnor).

Ay o€ yla yoauus 1 oty neooteboly ula 1j TEpIOCOTERES YOAUUES 1)
otiiAec mov n xabeuia noAdariacialetar ue tov (So aptbud, n opilovoa

Tov mpoxUmTeL glval (on uE TV dpyixi).

Iapddetypa 6.2.2 - 5

-6 21 =30 —-6+1-7 21-3-7 =30+5-7
1 -3 5| = 1 -3 )
2 7T —4 2 7 —4
1 0 5 1 0 5
= 1 -3 5|=|1-1 -3-0 5-5
2 7T —4 2 7 —4
1 0 5
1 )
2 -4
2 7T —4

‘Otay pla yoauurn 7 ula otjin elvar yoauuixi éxppacn tov dAAwy
Yoauudy 1 otnidy, téte n opllovoa toobtar ue to undév (6ol

EQUPUOYT, apriveTaL ooy doxnom).
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Aoxfoeig
1. No unohoyiotovy ot opilovoeg
16 22 4
) cosnf sinnd .
i) i) 4 -3 2
—sinnf cosnb
12 25 2
4 6 5 5 1 8
’LZ) 01 -7 ’U) 15 3 6
00 6 10 4 2
1 a a? b2+ 2 ab ac
i) |1 b b? i) ab A +a®>  be
1 ¢ ¢ ac be a’ + b?

2. Av A, B tetpaywvixol nivaxeg 1d&ng 2, avtiotolya 3, del&te 61U
|AB| = [A]|B|.
3. Av A, B tetpaywvixol nivaxeg tééne n dellte 6TL
i) [AT| = 4| iii)  [AA| = A"|A| ue A € R,

4. Av A = (aij) elvan évac v avtiotoya xdtw Tpryovinds tlvaxag téding 4,

deléte oTL
4
1Al =[] aa-
i=1

3. Acet&te 611 1 opllouoa evic Epuitiavod mivaxa tédéng 2, avtiotouya 3 elval

TpaypaTidg aptbude.

6.3 Avtioctpogog nivaxog

6.3.1 Opiouol

Optowég 6.3.1 - 1 (ahyeeixot ouunineduatos). Fotw A = (a;;) évag
tetpaywvixde mivaxas t@énc n. Téte 1o adyefeixd ovundiewua (cofactor)

Tov otoyelov a;; opiletar we o apibude

Cij = (=1)"7 M, (6.3.1-1)



AvticTpogog nivaxag
énov M;; n eddooova opilovoa Ttou a;j.

O rivaxog v akyeBpxdv cuuminpwudtoy cuuBoiiletor téte ve C' xon

elvan enlong tééne n.

Iopddetypa 6.3.1 - 1

Na vnohoyiotel 0 GUUTANPOUATIXGS TivaXAS TOU
31

2 4 ] '

Abom. Apywd vrohoyilovial ta aAyeBpixd GUUTANEGUATA TOY GTOLYELOY

A=

Tou A.
'Eotw
A 3 1 _ ail  ai2 .
2 4 az1 G229
Tote
Ciu = (D) My; = an = 4,
Ciz = (-D)Y2M1p = —ann = -2,
Coy = (*1)2+1M21 = —a;p2 = —1,
Cop = (—1)2+2M11 = ay] = 3.
‘Apa
o Ci1 Cho _ 4 -2 .
Co1 O -1 3

O vurohoyiouds ue to MATHEMATICA vy évay nivaxa té€nc 2 yivetow e

TIC EVTOAEC:

A={{a11,a12},{a21,022}};
Needs[Combinatorica];Cofactor[A,{i,j}]

25
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Optowés 6.3.1 - 2 (oupninpopatixol nivaxa). Opiletar oav ouuninew-

patixéc mivaxac (adjugate 7§ adjoint matriz) tov tetpaywvixol mivaxa A

tdénc n xar ovuPforiletar ue adj(A) = C”T, o nivaxac

Cii Cxn -+ Cm
Cio Cop - C
adj (A)=cT=| 1 7% " (6.3.1 - 2)
L Cln CQn e Cnn ]

orav Ci;j ta adyefoixd ovunineduata twy ototyeiwy tou A.
Iopddetypa 6.3.1 - 2

Na unoloyiotel o ouuninpwuatixnds mivaxag tou A tou Iapadelyuoatog 6.3.1
- 1.

Aborn. Xiugova ye tov tomo 6.3.1 - 2 elvar

Ci1 Ci2 4 -2
e :[—1 3]’
onoTe
adj(4) = T = O On | [ 4 ] .
Ciz Cx -2 3

Ogtowds 6.3.1 - 3 (avtiotpogou nivaxa). O tetpaywvixde nivaxas A td-
Enc n O elvar avtiotpépruog (invertible 7 nonsingular) tdte xar uévov, étay
urdpyet dAdog¢ tetpaywvixds nivaxag (Siac tdéne, nou ovufoliletar ue A_l,

Z z
ETOlL WOTE

AAT =A"TA=1, =1L (6.3.1 - 3)

Ye xdfe dhhn neplntwon o A Ha Myetar un avtioteéduuog (singular).

IIpbtaom 6.3.1 - 1. O avtiotpogoc mivaxac tov A, dtay urndpyet, eivat

UHOVOOTILAVTA 0pLOUEVOS.
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Al = A= 471 (AA*) — (A*lA) Al =141

6.3.2 Ymnoloyioudg avilotpopou nivaxa

Bedpnua.

_ .
A7l = A adj(A).

|A| # 0, evd av |A| =0 un avrotpéduuoc.

Iopddetypa 6.3.2 - 1

Abor. Eivau

3 1]
A= ,
[ 2 4 -
eve olugwva ue to llapdderyua 6.3.1 - 2
Cii Ca |
adj(A)=cT=| " | =
Crz2 O | -

4 -1
A= Ly = = _
10 2 3

4
2

-1
3

0.4

-0.2

An6delin. 'Eotw A1, A™! 300 Swagopetixol aviiotpogor wivaxes tou A.
Téte AA™L = A14 = I, ométe

Yyetxd pe tov unoloyloud Tou aviloTpogou mivaxa LoyUEL TO TUPAXATE

Ocdpnua 6.3.2 - 1. Eotw A avriotpéfiuoc nivaxac. Téte

Na vrnohoyiotel o avtiotpogog nivaxag Tou Iapadelyuatog 6.3.1 - 1.

] |

Enewdn |A| = 10, olugwva ye tov Tov tno (6.3.2 — 1) O elvan

—0.1

27

IMépropa 6.3.2 - 1. O tetpaywvixdc mivaxac A Ga elvar avtiotpéduog, av

Y10 noapaxdte TpdYeauUa SivovToL oL eVTOAES UTOAOYLOUOU TOL aVTioTEOPOU

nivaxa tou Iopadetypatog 6.3.2 - 1 ue to MATHEMATICA.
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ITpéypappa 6.3.2 - 1 (aviiotpogou nivaxa)

A={{3,1},{2,4}};MatrixForm[A]

Inverse[A]l//MatrixForm (avtiotpogog Tou A)
IHopddetypa 6.3.2 - 2

‘Ouota Tou mivaxa

-3 6 11
A=1 3 -4 6
4 -8 13

Abon. Enewdt

Al = 10 # 0 obugova ye to Iépropa 6.3.2 - 1 vndpyet o
A7 Apyued o A ypdoetar we efc:

-3 6 -11 aijl a2 as
A= 3 -4 6 = | az1 a2 a3
4 -8 13 asl a32 G33

Y1n ouvéyewa vnohoyilovtal Ta aAyeBpind cUUTANEGUATA TV GTOLYElWY

tou A (Bhéne enlomne MMapdderypa 6.3.1 - 1). Awdoyixd éyovue btu:

—4 6
Cnn = ()" My = =4
-8 13
3 6
Cio = ()" My =— =15
4 13
3 —4
Cizs = (=13 Mz = =-8
4 -8
6 —11
Cyan = (—1)2+1M21:— =10
-8 13




AvticTpogog nivaxag

-3 11
Cyp = (=1)*"2 My, = =5
4 13
-3 6
Cos = (=1)*"3 Myz = — =0
4 -8
6 —11
Csr = (=1 My = = -8
—4 6
-3 -11
Czo = (—=1)3"2 Msp = — =-15
3 6
-3 6
Cs3 = (=1)°"% M3z = = —6.
3 —4
‘Apa
-4 —-15 -8
-8 —-15 —6
ondte olUPova ue Tov Tomo 6.3.1 - 2 elvat
-4 10 -8
adjA)=cT=| —15 5 —15
-8 0 —6
Téte and v 6.3.2 - 1 mpoxinTel O6TL
-4 10 -8 —-04 1.0 -0.38
1 1
A= —adj(A)=— | — —15 | = | - -
10 adj (A) 10 15 5 15 1.5 05 —-1.5

-8 0 -6 -0.8 0 -06
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6.3.3 Xyetuwxég mpotdoelg

Ilpbtaom 6.3.3 - 1. Av A, B avuotpédiuot nivaxes, téte

(AB) ' =B7t4L (6.3.3 - 2)

Anédely. Enewdd ou nivaxec A, B elvar avtiotpédiuot, and v (6.3.2 — 1)

avixabotodvtag 6nou A to A B dwdoywd €youue
AA =1 % AB(AB)'=1
HMoMarhactdlovtag THv Teheutaia LodTnTa and aplotepd pe A~ mpoxdnte
oTL .
1 1
ATABAB) '=A'I=4"1 4 BAB)'=4"
xaL buoto and aplotepd pe B! tehnd

I
——

B'B(AB)'=B1tA7! 4 (AB)'=BtAa!

dnhadn n anodeixtéo. .

H rapandvew npdtaocy yvevixeletal og eEhg:
IMpbtaon 6.3.3 - 2. Av Ay, Ag, ..., A, avriotpéduuor nivaxec, 161

(AjAg - Ay 1 Ap) P =A At AT AT (6.3.3 - 3)

"Ouota anodewvietal 6Tt Loy vouy oL TopaXdTe TEOTACELS.

Ilpbtaom 6.3.3 - 3. Av A, B tetpaywvixol nivaxec tdénc n, 161
i) adj(AB)=adj(B)adj(A4) i) adj(A)A=]|AI=4

iii)  |adj(A)] = |A"1 i) adj(AA) = A""Ladj(4); A eR.

ITpétaom 6.3.3 - 4. Av o nivaxac A ue A € C™*" eivar Eputtiavie, tote

xat o adj(A) elvar duota Epuitiavic.
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Aoxnoeig
1. No unohoyiotoly oL aviloTpogol Tivaxes Twv

-1 5 1 2 cosf sind
2 3 7 3 4 ’ —sinf cos6

2. 'Ouola TV TLVaxXwy

2 0 -1 0 0 ¢
5 1 0|, 0 b 0
0 1 3 a 0 O
3. Acite 6Tl
—1 -1
(A ) = A

4. Av A avtotpédruoc nivaxag, det&te 6Tl o mivaxoag elvar duon AA elvon
avriotpédipog xan toyter (AA) 1 = A71A7! yio x8fe A € R pe A # 0.
5. Av A = diag (ai;) pe a;i 0 yra xébe i =1, 2, ..., n, del&te 6T

A7l = diag (ai_il) .

*Anayopeleton 1 avadnuocieuon B avamopaywyh Tou Tupdviog 610 GUVOAG Tou T
TunudTey tou ywels ™ yeanty ddewa tou Kafb. A. Mnrpdtoou.
E-mail: bratsosQteiath.gr URL: http://users.teiath.gr/bratsos/
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Avolkta Akadnuaika Madnuata

TexvoAoyiko Ekmaudeutiko 16pupa ABnvag

TéAocg Evotntac

Xpnuatodotnon

To mopov ekmalbeutikd UALKO €xeL avamtuxBel ota mAaiola tou ekmalbeuTkoU
€pyou Tou dibaokovra.

* To épyo «Avoikta Akadnpaikd Madnpata oto TEI ABRvag» £xeL xpnuatodotroel
HOVO TN avadlapopdwaon Tou eKModeUTIKOU UALKOU.

To €pyo ulomoleital oto mAaiolo tou Emixelpnolakol Npoypappatog «Eknaidevon

kat Awa Biou Mabnon» kat cuyxpnuatodoteital amd tnv Eupwmnaikn Evwon
(Evupwraikd Kowvwviko Tapelo) kot anod eBvikoug mOpoug.
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INUELWHOTA

Inueiwpa Avadopag

Copyright TEI ABrjvag, ABavaolog Mmnpatoog, 2014. ABavaolog Mmpdtoog. «Avwtepa
MaBnuatika Il. Evotnta 3: Tpapptky AAyeBpa». Ekdoon: 1.0. ABrjva 2014. AlaBéotpo amo
Sktuakn dtevBuvon: ocp.teiath.gr.

Inueiwpa Adslodotnong

To mapdv UALKO SlatiBetal e Toug 6poug TG adelag xprnong Creative Commons Avadopad,
Mn Epmnopikn Xprion Mapopota Atavoun 4.0 [1] i petayevéotepn, Alebvng Ekdoaon.
E€atpouvtal ta autoteAn Epya Tpltwv T.X. dwroypadieg, dtaypdppata KA., Ta onola
EUTEPLEXOVTOL O€ QUTO KOlL Ta omoia avadEpovral pall e Toug OpouG XPrnong Toug oTo
«Znueiwpa Xpnong Epywv Tpitwv».

0G0

[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epmopiki opiletal n xprnon:

e 10U Oev MepNAUPAVEL AUETO I EUPECO OLKOVOULKO O0deAog ard Thv Xpron Tou
£pyou, YL TO SLOVOUEQ TOU €pyou Kal adelob0)o

e 10U Sev mepAapBavel owovopLkn cuvallayr wg poindBeon yia Tt xpron n
npooBacn oto £pyo

e T0U SeV MpooTopilel OTO SLAVOUEN TOU €pYOU Kal ASEL080X0 EUUECO OLKOVOULKO
odelog (r.y. dtadnuiosig) and tnv mpoPoAr) Tou £pyou o€ SLASIKTUAKO TOTO

O Sikaouxog pumopel va mapexel otov adelod0xo EexwpLotr AdeLa va XpNOLUOTIOLEL TO €pyo
yla epmopikn xpron, edécov auto tou IntnOel.

AwatApnon ZNUELWHATWY

e Omnoladnmote avamapaywyn f dlackeun Tou UALKOU Ba mpénel va
cupnepAappavet:

e To Znuelwpa Avadopdg

e To Inuelwpa Adelodotnong

e Tn &AAwon Alatipnong ZNUElWUATWY

e To Inueilwpa Xprnong Epywv Tpitwv (edpooov undpxel) pall Le Toug
OUVOSEVOUEVOUC UTIEPOUVEECLOUG.


https://ocp.teiath.gr/
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