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Mdébnua 1

YEIPA FOURIER

Ot mepLodixéc 6UVaRTAOELS GUYVAVTAVTUL GUY VA o€ BLdpopa TEOBANUATI EQUPUO-
yov. H mpoorndfeia va exgpactolyv oL cuvaptioel autéc Ue 6poug anA®v
TEPLOBLXDY GUVOPTAGEWY, OTWS ELVOL OL GUVAETAGELS TOU NULTOVOU XAl TOU
oLVNULTOVOU, EYEL UEYAAT onuacia o1 UEAETN TWV CUVARTHCEWY AUTAYV, 011
Moo dLdpopwy LopPKY SLapopxdV eELEGoEWY, € TROBAAUAT TEOGEYYIoEDY
x.An.  Anodewvietar ota yabnuatixd 6TL 6NV TERITTWON TOV TEQLOBLXGOY
ouvapTACE®Y, 1 TPoGéYYLon auth elvar 1 xakltepn Suvaty (best approxima-
tion), dnhadh n onowdhnote dAANS UOPPHC TEPOGEYYLOY TN GLVAETNONS EXEL
ueyalitepo opdhua. H viornoiney| tng npoondfeiac autic, nou Eexivnoe and
tov Fourier, ocuveyiletar axdéua xar ofjuepa, ouuBdiloviag otn Abor TOAAGDY

7 7 ’ A 1
TEPOB)\Y“J.O(T(DV ATO TLC TARATAVW TEQLNTWOELS .

1.1 Ewcayowywxég évvoleg

2 , , , , , ’ .
Kplvetar oxémipo oto onuelo autd vo yiver wa uneviduion oplouévov

0pLOUAY XL LOLOTATOY TGV TEGLOBLUAY GUVUPTAGEMY ATACALTNTWY 6T ETOUEVA.
pLoi P P pattn M

Oplowés 1.1 - 1 (nepLodixyic ouvdptnons). Mia ouvdptnon f(t) ue nedio

optouol to N Aéyetar neplodixyj, otay vrdpyer T € R ue 1 # 0, éro dote va

1O avayvéotng Yo nepoatépw puehétn napanéunetal otn Piiloypapia xat eldnétepa 610
BBiio A. Mrpdtooc [1] Kepdhaio 2.
’H Hapdypagoc 1.1 dev avixel oty efetactéa UAr,.



2 Yeipd Fourier Kab. A. Mrpdtoog

Loy UeL

ft+1)=f(t) yia xdbe teR. (1.1-1)

O eldyrotoc Betixde aplBudc t ya tov onolo woyler 1 (1.1 — 1) Aéyeton
Oepellddng meplodog xar cuuBohriletor cuvifwg ue T, evéd o aplbude T

Aéyetal anhd neplodog.
Hopddetypa 1.1 - 1

H cuvdptnon
f(t) = |sinwt| émov w >0

elvat neploduxy ue Beuehddn neplodo T' = 7/ w, evéd 1
ft)y=t, o6tav —nm<t<m xou f(t+2m)=f(t) ywxdbe teR

elval mepLodunt| ue Beuehddn neplodo T' = 27.
Y11g meplntioeLg mou 1) ouvdptnon dev oplletat oe 6ho to R, o napandve

oploude ypdpeTaL:

Optopés 1.1 - 2. Mia ouvdptnon f(t) ue nedio optouod to D Aéyetar nepiodixi,

oray undpyet T € R ue 1 # 0, éror dote va toyUet

ft+1)=f(t) yia xdbe t, t+t€D.

IdL6tnTeg MEPLOBLXGY CLUVAPTHOEWY

Eyetnd ue Tig TepLodinés GuVapTHOELS Loy UouY:

1) 1o dudypouua wac teplodixfic ouvdptnong oe ula teplodo héyetal xGua

1) XURATOROPYN,

i) av n yetafinth uac reptodixfic ouvdptnone ouuBolilel to Sudotnua,

té1e 1) Teploddg g Aéyetal wixog xUpatog xal cuufoiiletal ue A,
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iii) x&fe nepLodixr| ouvdptnon f(t) ue Deuehddn neplodo T yivetal teploduxy

ue Oeuehiddn neplodo 27, Hétovtac
(1.1 -2)

iv) av T elvar n Bepehiddne meplodoc, t6te opiletar we ouyvéTnTta v 0

aplhude
1
== 1.1-3
V= (11-3)
XOL S XUXALXY oUYVOTNTA O
2n
= — 1.1-4
0= (11-4)

v) oplleton oav appovixr xdfe cuvdptnon tng poperc
f(t) =acos(wt+6) % f(t) = asin(wt+ 6). (1.1-5)

IdL6tnTeg approvixrc cuvdetnong
YYeTd e TNV apUovLXY) cUVAETNOY LoYYOUY:

a) To ddypauud tne elvar ulo nuUITovoewc xauniin 7, énwg cuvihing
Aéyetal, ApRovix6 xOUA,

b) é€yel xuxhuei ouyvétnta w ue Beuehddn neplodo T = 27/ w,
c) éyel TA&Tog a, Tou TaELeTAVEL xoL TN Uéytotn T e f,
d) éyeL pdomn wt + 6 ye apywer yovia 6.

Eniong woydouv ou napaxdte mpotdoelc.

Hpéraon 1.1 - 1. To dbpotoua 600 1j TeptocOTERWY APUOVIXDY CUVAPTHOEWY
ue Ty (Bt xuxhixyp ouyvotnta, éo0tw o, elvar enions apuovixy ouvdpTnon

ue Ty [Bra xuxAixyj ouyvoTyTa.
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Hopddetypa 1.1 - 2

To dbpotoua Ty apuovixdy cuvapthoewy f(t) = sint xau g(t) = /3cost,

6mou w =1, dlvel
1 3
h(t) = sint +v/3cost =2 <§sint+ %cost) = 2c0os (t _ %) 7

dnhadn uta apuovixr cuvdptnomn ue TNV Bl xUXAX cUYVOTNTA ©.

Ipétaon 1.1 - 2. To dbpoioua dUo 1j TeptooOTERWY APUOVIXGDY CUVAPTHOEWY,
mov ) xdbe uia €yet xuxAixij ouyvoTnTa axépato TOAAATALOLO utag ouyYvoTyTAC,
€otw wo, elval ula mepLOBdLX] - YEVIXA Un AOUOVIXT) - CUVEQTNON UE CUYVOTNTA

TI) UIXEOTEQY OUYVOTNTA TWY QAOUOVIXGY OUVAQTHOEWY.

Ipétaon 1.1 - 3. To dbpotoua 6o 1j teptocTepwY ApUOVIXDY CUVALTHOEWY,
Tov oL oUYVOTNTES Toug Eyouy avd SUo mnAixo pntéd aptbud, eivar neptodixij

- YEVIXA U QouovIXT) - ouvdpTnOol).

YrevBupilovtar tdpa oL mopaxdtew évvoles and 11 Bewpla TV oelpdvs.

'Eoto N 10 alvolo Twv guowdy aplfudy. Tote:

Optopés 1.1 - 3 (axoloubioag). Kdbe uovooijuavry anetxévion tov ouvéiov

N twv guoxdy aptfudy oto olvoro Ty mpayuatixdy aptbudy tne uopeic
a: N — R:v — a(v) (1.1 -6)
opllet wia axorovfia twy mpayuatixdy aptGudy.

Yy (1.1 —6) ta tpdtuna, dnhads oL puowxol apluol v, Aéyovtal delxtec,
eV oL edveg toug a(v) bpol tne axolovbioc. H éxgpaon a(v) ouufoliletol
oLVHBLC UE @, xaL AEYETUL 0 V-06TOC 1) 0 YEVIXOC 6poc TN axohoublag, dnhady
ay = a(v) yw xdfe v € N. Mo axohoubia Ha ovufohriletar e (a,), v € N #

avohutixd a,; v =1,2, ... .

%0 VALY VOGNS Yol TEpULTERW UEAETH Tapanéunetal otn Bhioypapla xat eldixdtepa 6T0

BBrlo A. Mrpdtooc [2] Keg. 5 yia tnv axolouBla xou Keg. 10 yio tic oetpée.
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HHopddetypa 1.1 - 3

'Eoto n axoloubia ue yevixd épo

v
W=7
Alvovtag 670 v Swadoywxd Tic Twéc 1, 2, ..., v, ... TROXUTTOUY OL TUpAXAT
bpol e axoloubiog
1 1 v
25 AT

IHopatneroeLg

: ’ 4 z ’ ’ ’ z z ’
i) 'Aueoa mpoxtntel 6t ula axohoubla elvar oplouévr, étav divetal o

YEVLXOS TS 6p0C a,.

ii) Mia axolouBia elvar eniong optouévr, 6tav divovtol enapxelc bpol tng
xoL €Vog avaywywég tomog 1 avadpoulxy| oYEcT, TOU ERLTEENEL TOV
UTOAOYLOUS TOU 6POU a, and TOV a,_1 1 YEVLXOTERA and OpLOUEVOUC

7 7
TEONYOVUEVOUS TOU.

iii) Elvow duvatdy oe opouévec nepintdoeic oL twwéc tou delxtn v va apyilouy

aré to 0.

Optowés 1.1 - 4 (oepds). Foww (a,); v € N ula axorovbia npayuatixdy

aptbudv. Téte opilovtar enaywyixd ta napaxdtew abfpolouata

S1 = ag,
So = aj+as xar yevixd
Sy41 = Syt ayr1 yiaxdfev=1 2 ....

Ta napandve abipolouata eivar uovooijuavia optouéva xar opilovy ula véa
axodovbia, éotw (s,); v € N, nov elvar ta abpolouata twy dpwv tn¢ axorovbiag
(ay); v € N, nou éyet oav yevixé dpo otny nepintwon auti tov s, =
aitag+. . .4a,. Haxolovbia (s,); v € N, nou fa ovuforiletar ue aj+as+. ..

1} ouvtoudtepa
“+o00
> ay (1.1-7)
v=1

ba Aéyetar ocipd Twy moayuaTIXdy dptOudy a,.
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Kdébe dfpooua s, Oa Aéyetor xau mepuxd dbporopa ¥ TUARA NS oelpdc
(1.1 = 7), eved oL mpaypatixol aplfuol a, bpot tne oepdc. Ilodhéc popéc 7

Y

aplBunon tov dpwv TN oepdc apyilel and tov dpo ue delxtn 0, dnhadf €youue

+o0
Zan:ao—l—al—l—ag—l—... .
n=0
H oepd Y75 a, o avtifeon pe ta abgoiopata Yb% a,, 5% a,, %z

dev ouyxhivel mdvtote, dnhady) Sev npoxUntel ndvtote and v dbpoion évag

Tpayuatixdg apliuds. Yuyxexpuuéva Loyvouy oL Tapaxdte TEPLRTOOELS.

Optowés 1.1 - 5. H oeipd 25 a, Aéyetar 611 ouYNVEL 0T0Y ToayUaTLXG

“+oo

aptué s xar ovuPoliletar auté ue Y )2

a, = S TOTE xar Uovov, OTay

axodovbia Twv uepixdy abjpotoudtwy s, ovyxiivet otov aptuc s, dnladi

+o00o
ZGV = s, dtay (1.1 - 8)
v=1
v
Jdim =l e ) =t S e

O apLBude s Ba héyetar xal dbpoloua tng oelpdc.

Opiopég 1.1 - 6. H oeipd 25 a, Aéyetar 61t anewpileton fetixd, avtioTtolya
apvnTind xar oupforiletar auté ue Y125 a, = 400, avtiotoya Y055 a, =
—00 TOTE xat uévov, étay n axodovbia Twv ueptxdy abipotoudtwy s, anciplletat

Petixd, avriotolya apvntixd, SnAads)

lim s, = lim (a14+a2+...4+ay)

v — 400 v — 400

v
= Vll)lilm;ak = +o00, avtiotoiya —oo. (1.1-9)

Yy neplntworn auth AMyetaw enlong 61l 1 oelpd cuyxAivel xat’ exdoy.

2 2 “+o00 7 3 , 7 ,
Opwopds 1.1 - 7. H cepd 3 )2 a, Aéyetar o1t amoxhivel 7 xvpalveTtot
TOTE X Ubvov, otav 5 axorovlia twy uepixdy afjpoioudtoy s, Sev ouyxAive

TEOC £V CUYXEXPLUEVO ToQYUaTIXG aptbud, oUte aneipiletar Getixd 1j apynTixd.
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Alvovtar ot ouvéyela uepxd YVwoTtd oTov avayvehotn mopadelyuota
OELRMY UE TO avTioTolyo uepwxd dbpotoua, 6Tou autd elval Suvatdy va UToAoYLoTEL,
tovilovtag OTL 6T TEPLOGOTEREC TMEPLNTMOELS O UTOAOYLOUOS TOU UERLXOU

abpolouatoc elvar Tohd dvoxolog B xat adlvatoc.
Hopddetypa 1.1 - 4

1. 'Eotw 7 oepd

Hapatnpolue dtL ot bpol e opllouy uta Yewuetpxr Tpdodo (YEWRETELXY]

oelpd) ue Abyo w = 1/2, onéte 10 dhgotoud tng fu woolTon ue o =

[0]
1
=13 = 2
Tia T yeouetpueh oepd 3 120 w” urevhuuiletal 6L To ueptxd dhpoloud

e dlvetat and Tov tino

Sy = 6Tav @ #£ 1.

l-w’
Téte Sraxplvovtal oL tapaxdtew TEPINTAOELS:

i) |o| < 1, n oepd ouyxhivel otov aplué - (Optoude 1.1 - 5),

l1-w
i) o> 1, anewpiletor Betind, eneldn, dnwe anodewxvietal,  axohovbio
TV UEpX@V afpoloudtoy elvat abZovoa xat un gpayuévn (Opltopds
1.1-6),

i) o < —1, anoxAivel (Oploudg 1.1 - 7).

2. H appovixr oepd

Ry | 1 1

Y =144+
v 2 3

v=0

7 7 ’ z
anodetxvietal 6Tl anetplletol Betixd.

3. H oepd
+o0

(=) =1-1+1—...

v=0
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)\I z ’ B 7 B ’ /4 /e e
ATOXALVEL 1) XUUALVETAL, ETELOY] OEV OPLCETO(L JovooTuavTa TO AUQOLGUA

e s (Oploude 1.1 - 7). EWluxdrepa

0 av n=2k
1 av n=2k+1, o6tavk e N.

O éleyyog e oUyxhiong 1 Un o oelpds oL Oyl 0 UTOAOYLOUOS TOu
afpolopatdc e mou elval T neploadtepec Qopéc adUvatog, YlvETaL UE Ta
Aeyoueva xpLthpla 6UYXALGTC YLo TO OTOLo O AVAYVHOTNG TULATEUTETAL GTT)
BBhoypapia. Alvetol éuwc 6to onuelo autd o mapaxdte Hedpnuo, mou Ou

xenowonownlel ota endueva.

Oeoenua 1.1 - 1. Av 5 oepd ovyxidiver, 161€ 0 yevixdc ¢ dpoc opilel
pea undevixyj axodovfia, dnlads av

“+00

Z a, =a, 16t lim a, =0.
1 v — 400

v=

To avtiotpogo Tou Oewpriuatoc dev Loyvel TdVTOTE, dTWS AUTO QalveTal 6TNY

400 +o00
VIR o1 P y 1
apuovLxy oeLpd E — omou VEIEOO = 0, eved elvan 731N Yvwotéd 6T E o=
V:]. V:l

+oo (ITupdderyua 1.1 - 4: - nepintwon 2).
‘Eoto tdpa fy(z) ue z € D xoavv =1, 2, ... ula axohoublo ouvapticeny,

dnhadh éva olvolo ouvapthoewy tne popyfc fi(z), fa(x), ..., fu(x), ... ue
xowv6 tedio oplopol D. Téte olugpwva ue Ta TponyoUUEVY 1) OELPL CUVAPTHOEWY

“+o00
Z fu(z) yw xdbe z € D, (1.1 - 10)
v=1

epbooy ouyxAlVel, 1 oplax? tng Ty, éotw f(z), Oa mpénel va elvar wa

ouvdptnon ue tedlo opltouol to D. Apa otny neplntwon auth €youue

“+o00
Z fo(z) = f(x) vy xdbe z € D. (1.1-11)
v=1

Alvovtalr ot ouvéyela Ugpxd YVWOTE GTOV avayvehotn mopadelyuota

OELPOY GUVAPTHOEMVY.
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IMopdderypa 1.1 - 5 (oepd Maclaurin)

2 3 v +oo v
T _ _ _ _ — J—
e = ltotgtamto bt =)
v=0
3 5 2v+1
3 — _£ ﬂ_ _1\v+1 xr
sine = 3!—1—5' (-1 (2y+1)!+..
+ v
— ZOO( )I/+1 T2 i
= (2v+1)!
2 4 2v
T ettt
cosz = 1 2!—1—4! (-1 (2u)!+“'
+oo 41 ,E2V
— (=) — v xéfe x € R.
Vz:% (2v)!

IMopdderypa 1.1 - 6 (ospd Taylor)

(-1 (1) L 1y
1 -1- — (=) .
nw T 5 + 3 +(—-1) »
+oo
— 1y
Z (-1t g ue xévipo xo = 1.
n=1

‘Ouola, 6TwS xal 6TNY TERITTWON TWV GELEGY TEayUATXOV aptbudy, o

Eheyyoc tng oVyxhiong yivetar ye ta xpithpla olyxAong. XTny neplntwon

6ueC auth ya v elvon Suvatr 1 uetafiPaon Wothtey g axoloublag cuvapThoewy

friv=1 2 ..., oty opioxf ouvdptnom f, 6Twe 1 CUVEYELR, 1) TALAYDYLOT),

1 0NOXAfipWOT) X.AT., analTelToL Uit oUyxAton toyupdtepn TS amAljg, TOu

Myetor opahy (uniform) otyxhiont.

ETIg TEQUTTMOELS TNE 0UaAC GUYXALOTS GELRGY LoYYOUY:

Ocedpnua 1.1 - 2 (opahrh odyxiion xou cuvéyela). Eotw ot n axolovbia

ovvaptioewy f,; v =1, 2, ... ouyxAivet ouadd eni tou D mpoc¢ T ouvdptnon

“Bréne Bihoypapla xou BiBMo A. Mrpdtoog [2] Tapdypapog 10.4.
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[ Av xdbe ula ané t¢ ovvaptijoeic f,; v =1,2, ... elvar ouveyric oe éva

onuelo xg ue xg € D, téte xau 1 ouvdptnon f Ga elvar ouveyijc oto xy.

IapatnperioetLg

i) Yougwva ye to Oedpnua 1.1 - 2 oy el

Jim | lm f@)] =l (@) = £ (a0)
=l o) = i (o).

ii) To avtiotpogo dev toyvel tdvtote.

Héptopa 1.1 - 1. Av 5 oepd twv ouvaptijocwv > 025 f, ovyxAiver ouald
moo¢ ula ouvdptnon f eni tou D xai xdfe dpoc tn¢ oclpde elvar ula ouveyijc
ouvvdptnon oto onuelo xy ue xog € D, 16t xau n ouvdptnon f Oa elva

ovveYlic O0TO Xg.

Mapatienon
Mia dueon ouvénela Tou napandve toplouatog elval 1 eLaywyy Tou cuuféiou

Tou oplou evtdg Tou afipolopatoc e oelpde, Snhady

+o00 +oo +o00o
lim [Z fu(x)] = Z zh—{%o f,/(x) = Z fv (xO) :
v=1 v=1 v=1

T —rT0

Ocedpnpa 1.1 - 3 (opahr ovyxAion xou ohoxAfpwomn). ‘Eotw étt ) axorovbia
TWY ouveYBY ouvaptioewy f,; v =1, 2, ... ovyxAiver ouard el tov D, érou

D = [a,b], npoc tn ovvdptnon f. Téte toyvet

Jim /abfl,(:c)d:c:/abf(m)dm. (11-12)

vV — +00

IHopathenon

Yiugova ue to Oedpnua 1.1 - 3 Ho woylel

lim /ab fu(z)de = /ab [ lim f,,(sc)] dr = /abf(a:)da:, (1.1 -13)

v — 400 v — 400
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dnhadh emitpénetol 1 eLoaywyY Tou cuuBéiou lim, , 4 eVI6C TOU GUUPdhou

¢ ohoxhfpwong.

Mépiopa 1.1 - 2. Av 7 ocpd >./25 f, twv ouvveydy ouvaptioewy el tou

D = [a,b] ouvyxAiver ouard enl tou D mpoc tn ouvdptnon f(z), téte

+00 b p [ oo b
v(r)de = s(z) | dr = ) dr. 1.1-14
3 [ #to) /G[I;f()] | t@) (11-14)

Ocedpnua 1.1 - 4 (oparr odyxiion xou napaydylon). Av ula axolovbia
ouvaptiioewy f,; v =1, 2, ... ovyxAiver oe éva onueio xg ue xo € D dnou
D = (a,b), vrdpyet 1 napdywyoc twv dpwv tne axorovbiac oto D xau enl
mAéov 1 axorovbia twy dpwy TtNc ouyxAiver ouadd mpoc ula ouvdptnon g(x)

enl tov D, téte

i) n axodovlia twy ovvaptioewy f,; v =1, 2, ... ouyxAiver ouadd mpoc

ula ovvdptnon, éotw f,
ii) undpyet n mapdywyoc ' tnc oplaxijc ouvdptnone xar toyve

f'(x) =g(x) yia xdbe x € D. (1.1 -15)

Iapatrpnon

Yougova ye to Oetdpnua 1.1 - 4 woy et

lim fy(x)],: lim f,/(z) = f'(x). (1.1 - 16)

v — 400 v — 400

IIégiopa 1.1 - 3. Ay
i) n oepd 3125 f,(z) ovyxdiver yia éva xg € D érou D = (a,b),
i) undpyer n mapdywyoc fl(z); v=1,2, ... yia xdbfe x € D,

i) 1 oelpd Y42 fi(x) ovyxdiver ouadd eni tou D,
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téte 9 oepd Y025 fu(T) ouyxdiver ouadd mpoc ule ouvdptnoy, éotw f(r)

enl tou D, ¢ onolac urndpyet 5 napdywyoc f'(x) xat toyUet

+00
Z fi(x) = f'(z) yia xdfe z € D. (1.1-17)
v=1

H oyéon (1.1 — 17) ypdgpetar

+o0 oo
d_(.lx [ny(x)] -3 d f,(z)

v=1 v=1 d

] yw xéfe x € D (1.1-18)

xoL anoTeAel Yevixeuon yia oelpéc ouvapTAoELY TN Nd1 YVWoThc oyéong YL

abpolouata
k

k
ny(x)] = d"i’l’im) . (1.1 - 19)
v=1 -

v=1

d

dx

1.2 Oplopdg xaL unohoylopds tng oetpds Fourier

Optopés 1.2 - 1 (tprywvopetewxy) oewpd). Opiletar oav tptywvouetoxy]
oelpd xdfe oclpd THC LOPPIC

% + (arcost + Pisint) + ... + (o, cosnt + By, sinnt) + ...
a9 X
= —O+Z(ancosnt+ﬁnsinnt), (1.2-1)
2 n=1
oravt e R xa o, a;, Bi € R; i =1,2, ... o1 SUVTIENEGTES T7)¢C OELPdC.

Ané tov Opioué 1.2 - 1 npoxinter 6tL xdfe dpog tng oelpds elval ula
TepLodixt| cuvdptnon ue Beuelddn neplodo T' = 21, Tére, av 1 oepd (1.2—1)
ouyxAivel opadd oto R, Oo npénel oVugwva ue v Ioupdypago 1,  WLéTTa
¢ neptodxbtntac va vetaPiBdletol xal otny oplaxyh ouvdptnor, éotw f(t),
dnhadh 1 f(t) va elvar duota uia neplodixt| cuvdptnon ue Beuehddn neplodo
lonue T

Ta Baouxd epwthuata ToU dNULOUEYOVUYTAL OTIC TEQPLRTAOELS AUTES ElvaL:

i) moiec ouvBrixeg npénel va enaknfetovtal, étol hote wla neplodixy| ouvdptnon

VO AVATTUGOETAL OE TRLYWVOUETELXT OELRd,

ii) o unoloyloudc Ty ouvieleoTdy g oelpdc (1.2 — 1).
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Ynoloyiopds TV GUVIEAEGTOV NG OELPAS

Anodewvietor 6tL av 1 f(t) elvar ula tepodix ouvdptnon ue OBepehddn
neplodo T = 27 tétowa, Gote va elval Suvatd va mapactabel ue 0 vopen

e TpLYwvoueTpxfc oelpdc (1.2 — 1), téte elvau:

a = %/_7; f(t)dt, (12-2)
o = %/_7; f(t) cosnt dt, (1.2 - 3)
fn = %/_Zf(t)sinntdt (1.2 - 4)

v xdben=1,2, ....

Ou tinot (1.2 — 2) - (1.2 — 4), mov divouv TouC OUVTEAEOTEC TN OELPAC
(1.2 = 1), Aéyovtar xau torot touv Euler. H oepd (1.2 — 1) Aéyetan tdte 7
oepd Fourier yuwr tnv neplodue| ouvdptnon f ue ouvteleotéc Fourier toug
(1.2-2)- (1.2 —-4).

Abyw tne meproduixdnrac e f 1o ddotnua oloxhipwone [—m, m] elval
duvatd va avtixataotabel ue xdbe dhho didotnua thdtoug 27, énwc [0, 27],
%A1, 6tov autéd eCunnpetel 6TOV LTOAOYLOUS TWV GUVTEAEGTAOV TNG GELRAC.

Alvetol Tépa 1) andvINney 6To TpOTo epGOTRU e TN Borlela Tou TapaxdTw

Bewpfiuatoc:

Ocedpnua 1.2 - 1 (oeipdg Fourier). Eotw f(t) ula nepodudy ovvdptnon
ue OeueAtisdn nepiodo T = 27 mou elvar xatd tufuata ouveyic oto SidoTnua
[—7, 7] xar yia tpv onola undpyouy téoov ) apiotepd oo xai n Seid nAevpuxi]
rapdywyos o xdbe onuelo tou Staotiuatoc autol. Téte n oewpd Fourier
(1.2—-1), nou ot ouvteAeatéc tnc divovrar and tic oyéoeic (1.2—2) - (1.2—4),
ouyxAiver ouadd oto R xar to dfpotoud tnc elvar n f(t), extdc and éva
onuelo, éotw to, nov n f(t) elvar aouveyiic xar mov to dlpotoud tne elvar o

uéoog dpoc tou aptotepol xat Tou Seéol oplov T oto tgy, OnAadi

1 . .
5 t—l>1tr£1—0f(t) —I—t_l)lgl_m f(@)]. (1.2 - 5)
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‘Eoto tdpa 6t 1 ouvdptnon f(t) éyel ula tuyotoa Heuehiddn neplodo T'
xat TAnpol Tig unoBécelc tou Oewphipatoc 1.2 - 1. Oérovtac t = (T'/2m)x,
dnhadh © = (27 /T)t xau, vnobétovtag 6T t € {_TT %}, o elvan z € [—m, 7],
evd n f, 6tav Oewenbel cav ouvdptnon tou x, Oa elvar duola mepLoduxt| ue

Hepelddn neplodo 2w, o tinog (1.2 — 2) ypdgetal

=t [ ()] o=z [0 F a1 [ 0

Me éuoto tpémo amodetxvietar 6TL oL cuviekeotég Fourier otnv mepintwon

auty dlvovtal and Toug TapaxdTw TUTOUC:
T/2
o
04 = — 5
0 T . )
~T/2
2 e 2
wm = / f(t)cos (%t) dt, 6tovn=1,2 ... (1.2-6)
T2
2 " 2
By = 7 / f(t)sin (%t) dt, 6tTaovn=1,2, ...
~T/2

xoL Aéyovtat extong TUnoL Tou Euler yia toug cuvtedeotée tne oeipdc Fourier,
Tou avilotolyel oty teplodixy| ouvdptnon f(t) ue Oepehiddn neplodo T'. Ltnv

neplntwon auth 1 oelpd Fourier €yel tn uopen

f(t):@++zo:o %, COS (%Tnt>+,3nsin (? ﬂ . (1.2-7)

2 n=1
‘Ouota, Moyw tne neptodiedtnrac e f otouc tinoug (1.2 — 6) elvan duvatdy

va yenowgonownfel xdfe dudotnua ohoxhfipwonc thdtoug T, énwe [0, T, x.Ar.
Hopddetypa 1.2 - 1
No avantuybfel oe oewpd Fourier 1 neploduxd ouvdptnon (Zy. 1.2 - 1)

t, otav 0<t<m
f(t) = xauv f(t+ 2m) = f(t) yia x&be ¢t € R.
0, otav w<t<2rw
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f(t)
3.0/
25F
20F
150
1.0F

0.5;

2 4 6 8

Syfua 1.2 - 1: Hopdderypa 1.2 - 1: 1 ouvdptnon f(t) ot Beuehuddy neplodo,
dnhad¥| btav t € [0, 2n]

Abom. H Oeuehddng neplodog elvar T' = 2m. Téte olugpwva ue Toug Tinoug

(1.2 — 6) éyoupe *°

a = ! 27T /f dt+ f() l/(ftdt:-

7 Jo T
1 o 1 T 1 T sin(nt) !
0, = _/ f(t) cos(nt) dt = —/ t cos(nt) di = —/ t dt
7 Jo TJo 0 "
_ i t ln(nt) " —_ L ! tl m(nt) dt
= —tsin(n o nrlo 8
1o 1 S n
= 00— E/o sin(nt) dt = - cos(nt) . = e [(=1)" —1]
1 [2n . 1 /™ ,
By = - f(t)sin(nt) dt = —/ tsin(nt)dt (éuoia)
7 Jo m™Jo
1 sin(nt) — nt cos(nt) |" 1 n
- % o = Tn et = )

v xdben=1,2 ....

"Hopayovixs, ohoxhhpworn: Teplntwon YLYOUEVOU TOAUWYOUOU UE TELYWYOUETELXH
ouvdptnon, ondte apyxd dnuLovpyeltal 1 TUEdYWYOS TNS TELY wVOUETES ouVdETnoNg.
YrevBuuiletar ét: cos(nm) = (—1)" xow sin(nm) =0 ya xdfe n=1, 2, ... .
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Apa obugova ue Ty (1.2 — 7) 7 avtiotoiyn oewpd Fourier elvou

f(t) = 2 cost 4 sint — - sin2t — — cos 3t + » sin 3t
= ——— int — —si - — —si
i} 4 COS S 28 B COS 3S

1'4t 2 5t—|—1'5t1'6t
7 Sin o5 €O 7 sin g Sin

—49%(308’”4— %sin?t - ...
~ 0.7854 —0.6366 cost 4 sint — 0.5 sin 2t
—0.0710cos 3t + 0.3333 sin 3t — 0.25sin 41
—0.0255 cos 5t + 0.2sin 5t — 0.1667 sin 67
—0.0130cos 7t + 0.1429sin 7t — ... . (1.2-8)

Y10 onuelo acuvéyewag top = m olupwva ue to Oedpnua 1.2 - 1 - tinog

(1.2 —5) - 7o dfporopa tne oelpdc LoovTaL UE

1 1
fto) =3 | dm f@)+ lm fO)|=5@+0)=3.  (12-9)

[\

Yto Yy. 1.2 - 2 dlvetar 1o Sidypauua e f(f) otn Oeuehddrn neplodo
(évtovn umhe xaumlhn), to didypauua tou abpolouatoc S5 twv 5 TpGTLY

bpwv e (1.2 — 8) - xbxxivn xaurnidy, étou

S5(t) = 0.7854 — 0.6366 cos t + sint — 0.5 sin 2t — 0.0710 cos 3t

+0.3333sin 3t — 0.25sin 4t — 0.0255 cos 5t + 0.2 sin 5t

xat tou abpolouatog Sia (mpdoivn xaunidn). Ané to Xy. 1.2 - 2 npoxintel
6T, evd v t € (0,27) to Sdypauua tou afpolopatoc twv n tpdTHY GpwY
mpénel va telvel oto Sidypauua tng f, 6tav to n auédvel, 6to onuelo T -onuelo
acuvEyeLaC - SnuLoupyolvtal xduata, tou eaxohouboly va undpyouy xal 6Tay
T0 dfpoloua Twy Gpwv TNg oelpds avZdvel. To gowvouevo autd elval Yvwotd
ocav pawvépevo Gibbs. Ou npéner va napatnenlel 1L ta Swaypduuota TV
S5 xau S14 diépyovtal and to onuelo (to, f (o) ), 6mou n f (o) dlveton and tnv
(1.2-9).
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f(t)
3.0/
25-
2.0
1.5
1.0
0.5

N N
3 W4 5 6
Sy 1.2 - 2: Tlapdderypa 1.2 - 1: Sudypaupa tng f(¢) otn Beuehddn neplodo

(unke), afpolouatoc S5 xbxxwvn xou St4 mEdoLvy xauTiAY

O vnohoyiouds twv ouviereotdyv ue 1o MATHEMATICA éyive pe tic

EVTOAEC:

T = 24Pi;a0 = Integrate[(2/T) t, {t, 0, Pi}]
an = Integrate[(2/T)*t*Cos[n t],{t,0,Pi}]
/.{Cos[n Pi]->(-1)"n,Sin[n Pi]->0%}

bn = Integrate[(2/T)*t*Sin[n t],{t,0,Pi}]
/.{Cos[n Pi]l->(-1)"n,Sin[n Pi]l-> 0}

eved Tou Xy. 1.2 - 2 ue Tic:

fgr = Plot[Piecewise[{{ t, O < t < Pi}, {0, Pi < t < 2 Pi}},
True -> Pi], {t, -1, 3 Pi}, PlotStyle -> Thick,
ColorFunction -> Function[Blue], AxesLabel->{t, "f(t)"},
BaseStyle -> {FontFamily -> "Arial", FontSize -> 12}]

S5 = a0/2+Sum[an Cos[n t],{n,1,5}]+Sum[bn Sin[n t],{n,1,7}];

S14 = a0/2 + Sum[an Cos[n t], {n, 1, 14}] +
Sum[bn Sin[n t], {n, 1, 143}]1;

gf5 = Plot[S5, {t, O, 2 Pi}, PlotRange -> All,
ColorFunction -> Function[Red]]

gf14 =Plot[S14, {t, 0, 2 Pi}, PlotRange -> All,

ColorFunction -> Function[Darker[Green]]]
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- 1 2 3 (a) 05 10 15 20 25 (b)
Eyfua 1.2 - 3: Hopdderyya 1.2 - 2: (a) n ouvdptnon e™!, 6tav t € R, (b) 7
ouvdpTnon g(t) otn Oeuehddn teplodo, Snhadh 6tav ¢ € [0, 2]
fg  =Showl[fgr, gf5, gfl4, PlotRange -> All,

BaseStyle -> {FontFamily -> "Arial", FontSize -> 12}] -
Hopddetypa 1.2 - 2
Na avantuyfel oe oepd Fourier n neplodux; cuvdptnon (Xy. 1.2 - 3)

e, btav 0<t<1
g(t) = xau g(t +2) = g(t) yia xdfe t € R.
0, o6tav 1<tE<?2

Abom. H Oeyehddne neplodog elvar T' = 2. Téte olugpuwva ue toug tinoug
(1.2 — 6) éyoupe’

2 2 1 2 1 e—1
a = —/ g(t)dt:/ g(t)dt—l—/ g(t)dt:/ e tdt = :
2 Jo 0 1 0 e

1 1
a, = / g(t) cos(nmt) dt = / e tcos(nmt)dt =T
0 0

6Tov

1 1 /
I = / e~" cos(nt) dt:/ [— e_t} cos(nmt) dt
0 0

Mapayovix, ohoxhipwon:  mepintworn yivouévou exBetixfic UE TeLYwYOUETELXH
ouvdgtnon. Egopudletar 80o gopéc 1 mapayovixr ohoxhipworn, SnULoLEY®VTAS TNV
PO TUPAYOVILXY TNV TopdYwYo g EUuxolOtepnc omd Tic dUo ouvapthcels (oTnv
neplntwon avth e exfetnic).  Trne Biac ouvdptnone, dnhadh edd e exBetixic,
dnutoupyeltal N topdywyog xaL ot SeUTepy ToEAYOVILXH 0AOXARRWGY).
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1 1 ,
= — ¢! cos(mrt)‘o—l—/ e~ " [cos(nt)] dt
0
i 1
= —|e tcos(nm) — 1} —mr/ e~ "sin(nrt) dt
- 0
r - 1 !
= —|[(-)"et—1| —nn / [— e_t} sin(nmt) dt
- ; 0
’ 1

- ; 1
= —|(—=D)"e P = 1| + nmwe " sin(nnt) , T / e~" [sin(nnt)] dt
L : 0

- - 1
= —|(-D"e P —1] + 0 —n*z? / e~" cos(nmt) dt
L s 0

= —[(=Dre ' 1] +0—n2z21.

‘Apa TeEMxd

e—(=D" ,
dnzm v xdbe n=1 2 ....
‘Ouota
1 1
fn = / g(t) sin(nnt) dt = / e~ sin(nnt) dt,
0 0
onote e (—1)
nm [e — (— ,
ﬁnzm v xéfe n=1,2, ....

‘Apa olugwva ue ™y (1.2 — 7) n avtiotowyn oewpd Fourier elvou
g(t) = 0.3161 + 0.1259 cos 7t + 0.3954 sin ¢ + 0.0156 cos 27t
+0.0981 sin 2¢ 4 0.01522 cos 37t + 0.1435 sin 37t

+0040 cos 47t + 0.0400 sin 47t + . .. . (1.2 - 10)
Y10 onuelo aouvéyelog tg = 1 olugwva ue to Oedenua 1.2 - 1 - tinog

(1.2 =5) - 1o dfpoioua tng oelpdc LooUTtal Ue

1 . . 1/
glte) = 3 tgql_og(t)ﬂgrﬁog(t)]—g(e +0)

8_1
= 5 ~0.1840. (1.2-11)



20 Yeipd Fourier Kab. A. Mrpdtoog

f(t)

B (VPN SN \ WSV~ S
1 \OAV 3 NAV

Syfue 1.2 - 4: Topdderyua 1.2 - 2: Sudypauue tne g(t) 6tav t € [0,4] unke

xoaunVAT, afpolouatog S3 xdxxivy xar S14 npdoivn

Yo Ty. 1.2 - 4 diveton to Sdypauua e g(t), 6tav t € [0,4] (évrovy
UTAE xaunvAyn), To didypouua Tou afpolopatoc S3 TV 3 TEOTOY GpwV NS
(1.2—-10) - %bxxLyn xaundhn - xat tov S1g - npdoivn xaunihn. 'Onwe xat 670
Ey. 1.2 -2 ané 1o Xy. 1.2 - 4 npoxdnrel b1, evd yio t € (0,4) to Sudypauua
Tou afigoloyatog TwV N TEOTWY dpwv mEEnel va Telvel 6To Sudypauud TS g,
6tav o n auidvel, ota onuela acuvéyewag t; = 0, 1, 2, 3, 4 dnuiovpyolvtal
xVuata, mou e€axohovloly va undeyouy xal 6tayv to dfgoloua TV bpwy TNg
oetpdc avZdver (pawvéuevo Gibbs). Oa npénet enione va napatnenfel 6t ta
drarypdupata tov Sz xot Sig Siépyovtal and to onueto (to, g (tg) ), btav iy =1
xa g (to) ~ 0.1840 oVugova ue v (1.2—11). "Ouota xat and to Ehho onuelo
aouvéyewog (ti, g () ) vet; =0, 2, 3, 4.

Hopddetypa 1.2 - 3
‘Ouoia 1 tepodxr ouvdptnon (Xy. 1.2 - 5)
gty=et btav 0<t<1l xu G(t+1)=g(t) vy xdbe t € R.

Abom. H Oeyehddne neplodog elvar T = 1. Téte olugpuwva ue toug tinoug
(1.2 — 6) xat avdhoyouc unoloylopotc e avtolc tou Iapadelyuatog 1.2 - 2

TeEAXd €youye
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(0]

1.0
0.8}
0.6/
) 0.4}
0.5¥ 0.2}

2 1 2 3’(3) 02 04 06 08 1lot(b)

Eyfua 1.2 - 5: Hopdderyya 1.2 - 3: (a) 1 ouvdptnon e !, 6tav t € R, (b) 1
ouvéptnon §(t) otn Oeuehiddn nepiodo, dnhad étav t € [0, 1]

1 1 1
aQ = / dt—2/,(t)dt:2/ e_tdt:2<1——>,
1 0 e

o = 1/ ) cos(2nmt) dt = 2/ b cos(2nnt) dt

2e~ ! [~ cos(2nmt) + 2nm sin(2n7t)]
1 4 4n?n?

o 2(e—1)
~e(1+4n2n?)’

Bn = 1/ ) sin(2n7t) dt = 2/ ~!sin(2n7t) dt

2! [2nm cos(2nmt) + sin(2nt)]
1+ 4n2n?

_ dnm(e—1)
~e(1 + 4n272?)

v xdben=1,2,....

‘Apa oVugova ue Ty (1.2 — 7) n avtiotoyn oepd Fourier elvon

g(t) = 0.6321 4 0.0312 cos 27t + 0.1962 sin 27t + 0.0080 cos 47t
+0.0100 sin 47 + 0.0036 cos 67t + 0.0669 sin 67t

-+0020 cos 87t 4- 0.0502 sin 87t + ... . (1.2 -12)

Y10 onuelo aouvéyelag tg = 1 olugwva ue to Oedenua 1.2 - 1 - tinog
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f(H)

‘ ‘ ‘ ‘ ‘ 1
05 10 15 20 25 3.0
Syhua 1.2 - 6: Topdderyua 1.2 - 3: Sudypauue tne g(t) 6tav t € [0,3] unhe

xaunUAT, abpolouatoc S3 xoxxivn xal Sy tpdoLvn

(1.2 —5) - 7o dfporopa tne oelpdc LoovTaL UE
-1

(e—l + o) - 67 ~ (.1840.

i (to) = > Jim g(t) + lim g(t)] :%

2 [t—1 t—140
Yo Xy. 1.2- 6 dlveton 1o dudypapua tng g(t), 6tavt € [0, 3] (évtovn unhe
XauniAY), To ddypauua Tou afpolouatos S3 Twv 3 tpdTwy dpwy g (1.2—12)
- %63V XAUTOAN - xat Tou Sy - Tedolvn xauniin. Ané to Xy. 1.2 - 6 éuola
mpoxUnteL 61, evd vt € (0, 3) to didypauua Tou abfpolouatoc Tov n TpGTOY
bpwv mpénel va telvel 6To Sdypauua e g, 6Tay To 1 auidvel, oTa onuela
acuvéyetag 0, 1, 2, 3 dnuovpyolvta entone xduata, mou eaxolouboly va
undpyouv xat 6tav 1o Ghpoloua TV Gpwv NS oelpdc auvZdvel (alvéuevo
Gibbs). Ernionc ta dwrypduuata tov Sz xat Sy Siépyoviol and ta onuela
aouvéyewg (ti, g (t;)) vet; =0, 1, 2, 3.

Hopddetypa 1.2 - 4
‘Ouota 1) teptodixt| ouvéptnon (Ly. 1.2 - 7)

~ sint, o6tav 0<t<m - -
xau f(t+27) = f(t) yia xdfe t € R

0, étav w<t<2nm

(nuwLavépbwon).
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f(t) f(t)

1.0 1.0
0.8¢
0.5¢
0.6¢

5 o ! 04]
I v \/ 027
o (a) iéé456t(b)

Sy 1.2 - 7: Tlopdderyua 1.2 - 4: (a)  ouvdptnon sint, étavt € [—2m, 4x],
(b) 1 ouvdptnon f(t) otn Beuehddn neplodo, Snhad btav t € [0, 2]

Avor. H Beyehddng neplodog elvar T = 27, "Oyola ue toug tinous (1.2—6)

xat yvwotole tonouc tne Tetywvouetptac® tehixd éyouue?
2 [ 1 /™= 1 /. 2
0 = — f(t)dt:—/ f(t)dt:—/ sintdt = —,
21 Jo 7 Jo 7 Jo T
2 [ 2t 1 /™.
a = —/ f(t)cos | —— ) dt = —/ sint costdt = 0,
21 Jo 2 7 Jo
2 [ 2nmt 1 /7
O = — f(t) cos <ﬂ) dt = —/ sint cos(nt) dt
21 Jo 27 7 Jo
_ cost cos(nt) +n sint sin(nt) | "
B 7 (n?—1) 0
L+ (=" ,
== —m YLO(XO(eE 7’L:2,37...7
2 [ 2t 1 /7 1
= = t)sin(=— ) dt = — [ sin’tdt = -,
f 27 Jo f(#)sin < 2w ) T /0 s 2’
2 [ 2nmt 1 /7
Bn = — f(t)sin <£) dt = —/ sint sin(nt) dt
21 Jo 27 7 Jo

82sin A cos B = sin(A + B) +sin(A — B), 2sin Asin B = cos(4 — B) — cos(A + B).
9"0tav 6T0UC TONOUS UTOAOYLOUOD TWY GUVTEREGTGY oy XL By TeoXUPoUY TapdoTdoEL,
nou dev opllovtar Yyl xdmoleg TWWEC TOLU M, TOTE 0 UTOAOYLOUOS TV OVTIOTOLYWY
ouvieheotdv ylvetol ywplotd aviabiotdvtac otoug tonoug (1.2 — 6) wc twéc autéc,

OIS OTLS MEPLNTOGELS TWY GUVTEAEGTOV a1 XL f1.
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f(t)

1.0}

o.8f

O.6f

0.4/

0.2]]

‘_5‘

- i,
S NS S

— . . . i~ /i
5\f 11\6\}'

Yyhua 1.2 - 8: Tapdderyua 1.2 - 4: Sidypaupa e f(t) étav t € [—2m, 4n]
unhe xaunvAn, abpolouatoc S3 xb6xxLvn xal S7 npdoivy

—nsint cos(nt) + cost sin(nt) |*
m(n%2—1) 0

= 0 vyaxdbe n=23,....
Apa obugova ue Ty (1.2 — 7) 7 avtiotoiyn oewpd Fourier elvou
f(t) = 0.3183+0.5sint — 0.2122 cos 2t — 0.0424 sin 4t
—0.0182 cos 6t — 0.0101 cos 8t — ... . (1.2 - 13)

Yto ¥y, 1.2 - 8 dlvetar to didypouua tne f(t) oto didotnua [—27, 4]
(évtovn umhe xaunthn), To didypauua Tou abfpolouatoc S3 TV 3 TEGTLY GpwY
e (1.2 — 13) - x6xavn xaunihn - xon tou St - oy xaunohn. H f(t) Sev

z ’ z 7 ’ 7 :
€yeL onuela acuvéyelac, ondte dev eugaviletal o gavéuevo Gibbs.

1.3 Tpapuixd gdopota

O yevuxde bpog ¢ oelpdc Fourier, mou avtiotolyel oe ula teploduxr cuvdptnon

f(t) ue Beuehddn neplodo T, olugpwva ue tov tino (1.2 — 7) ypdoetat

2 2
oy, COS (%t) + [ sin <$t> = ap cos(nwt) + By sin(nwt) (1.3 - 1)



Fpappixd gdopata
6roun=1,2, ... xo o =27/T.
'Eotw B, # 0 %o tan ¢gp, = apn /fn Yo xdfen =1, 2, ..., étouv —71 < @, <

. XpNoloTOoLBYTAS XATIAANAOUS TELY®VOUETELXOUC UETACY NUATLOUOVUE GTNY

(1.3 — 1) éyoupe

ap cos(nwt) + By sin(nwt) = f, [;—n cos(nwt) + Sin(na)t)}

n

= [ [tan ¢, cos(nwt) + sin(nwt)]

— n . " t " . t
p— [sin @, cos(nwt) + cos ¢y, sin(nwt)]

= fny/1+ tan? ¢, sin(not + ¢,)
= /o2 + B2 sin(not + ¢,).

0Eotw O = (o _1_[8721)1/2 vy xdfe n = 1,2, ..., evdd ya n = 0 Hétouye
Co = |ag| /2. Téte n avilotouyn oepd Fourier tne f(t) yedpeton

+o0
f(t) = % + 3 Cysin (not + ) (1.3 -2)

n=1

ot AéyeTal OELRA TOU MULTOVOUL.

'Ouoia Bétovtag 070 Yevxd 6po 6nou tan b, = [, /an ue o, # 0 yia xdbe

n=1 2, ... xu —n < g, <1, TpoxUTTEL 1] TAAXATW oelpd Tng f
a X
ft) = §+;C”008(nwt_6") (1.3-3)

Tou AéyeTal OELRA TOU CLVNMULTOVOU.

Téte |Cy sin (nwt + ¢,,)| < Oy, aviiotowya, |Cy, cos (nwt — 6,)] < Cy, yw
xdbe n = 0, 1, ..., dnhady oL cuvtekeotés O, delyvouv To uéyloto mAdTog
Tardvtwong xdbe Gpou g oepdc. Ol ouvtedesTtéc autol AéyovTal dpUovLXol
TAdTOUG Xt To SLdypauud Toug Yeawmtxd pdopa thdtoug (line spectrum).
Elvow mpogavéc téte 6TL amd tn UEAETYN TOU YRoUUULXOU QACUATOC TROXUNTEL

n taydtnta olyxiione tne oepdc oty f. Ou yovieg ¢, aviiotowya, O;

Wloydel: cos @y = 1/4/1 + tan? ¢,,.

25
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n = 1,2, ... opilouv 16T TOUC APUOVLXOUG QAONS %ol TO dLdypauud Toug
Aéyetar Yeapuixo @doua @dong (phase spectrum).

[Tgénet va tovietel 670 onuelo autd 6L, e@doov Loyvel to Ocdenua 1.2 -
1, onéte 1 oepd Fourier ouyxhivel oty f(t), 1o mhdtn O, npénel diapxde va
UELG®VOVTAL Xal TEAXE Vo oUYXAivouv 610 UNdév, SLagopeTixd oUUPWVA UE TO

Ocdhenua 1.1 - 1 n axohovbia Cp; n =0, 1, ... vo elvor undevixr.
HHapdderypa 1.3 - 1

Ané 1 oepd Fourier tne nepLodixiic ouvdptnong tou Hapadelyuatog 1.2 - 1
ue 6TpoYYULOTOINGN TV anoteAeoUdTLY oTa 5 Sexadixd Yngla tpoxinTel 6T

YLt TouC 6poug mepltThc Tdne elva:

|ao|
Co = T:0.78540, Cy = \/a? + b? = 1.18545,

Cy = /a3 +1b3=0.34076, C5 = /a2 + b2 =0.20161
Cr = /a2 +b2=0.14345, ...,

EVG YL TOUS 6pouC dpTLag TAENg

Cy = Ja3+bd=|ba] =05, Cy=lby =025 Cg=|bg|=0.1667, ... .

To avtioTolyo ypauuwxd @doua nAdtouc Slvetor oto Xy. 1.3 - 1. And 1
LeAéTn Tou dlaypduuatog TtpoxUntel 6T 1) aviiotolyn oelpd Fourier ouyxhivel
apyd mpoc v f. Enlong divovtar to xuxhuxd diudypaupo xatavourc (pie
chart) oto Ly. 1.3 - 2 xau @done oto Xy. 1.3 - 3.

O vnohoyiouds Tov apuovixdy thdtoug ue to MATHEMATICA éyuve ue

TIC EVTOAEC:

ft_]:= Piecewise[{{t, 0 <=t < Pi}, {0, Pi <=t < 2 Pi}}]
T = 2%Pi;
a0 = (2/T) Integratel[f[t],{t, 0, 2*Pi}];
Cco Abs[a0]/2;Print ["Co=", N[CO]];
Do[n = i; x = (2/T) Integrate[f[t]*Cos[2*n*Pixt/T],
{t, 0, 2*%Pi}];



Fpappixd gdopata

Linear spectrum
1Cal

1.0
0.8
0.6
0.4

0.2

Syfuwa 1.3 - 1: IHopdderypa 1.3 - 11 to ypauuwd @doua nhdtoug (linear

spectrum)

y = (2/T) Integratel[f[t]*Sin[2*n*Pixt/T],
{t, 0, 2*Pi}];

Sqrt[x"2 + y~2];

Print["C", i,"=",N[z], {i, 1, 7}];

Z
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Linear spectrum Pie—chart

il

Syfua 1.3 - 2: Hapdderypa 1.3 - 1: o Sudypauua xatavourc (pie chart) tov

YeauuLxol gdouatog TAdTOUS

Phase spectrum
¢l
0.5;
o.4;
0.3;
02f
o.1;
o 1 2 3 4 5 6 7 8 9 10

Sydua 1.3 - 3: Hapdderyuo 1.3 - 1: to gdoua pdoewv (phase spectrum)
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Linear spectrum
1Cal

0.4

0.3

0.2

0.1

012 3 456 7 8 91011121314 151617 18 19

Syfua 1.3 - 4: IHopdderypa 1.3 - 20 1o ypauuwd @doua nhdtoug (linear

spectrum)

Hopddetypa 1.3 - 2

Ané tn oewpd Fourier tne neptoduxric ouvdptnorne tou Haupadelyuatog 1.2 - 2
UE 0TROYYULOTOINGT TV anoTEAECUdTOY ot 5 dexadixd Ynela tpoxinTel 6TL

Ylot Toug 6pouc TEPLTTS Taing elvat:

|ao|
Co = = =031606, Ci= \/ a3 + b3 = 0.41490,
Cs = /a3 +1b3=0.14433, Cy=/a?+ b} =0.05014,

eve YL Toug Gpoug dpTiac TaEng
Cy = a% + b% =0.09935, (4 =0.05014, Cg=0.03349,

To avtioTtouyo ypauuwd @doua nAdtoug Slvetor oto Yy. 1.3 - 4. And 1
uerétn tou Saypduuatog tpoxUntel 6TL 1 aviioTtolyn oelpd Fourier ouyxhivel

enlong apyd mpog v g.



30 Yeipd Fourier Kab. A. Mrpdtoog

Linear spectrum
1Cal

0.6
0.5
0.4
0.3
0.2

0.1
012 3 456 7 8 91011121314 151617 18 19

Syhua 1.3 - 5: IHopdderypa 1.3 - 3: 1o ypouuwxd @doua nhdtoug (linear
spectrum)
Hopddetypa 1.3 - 3

‘Ouota and tn oepd Fourier tng neplodixiic ouvdptnore tou [apadelyuatog

1.2 - 3 ue otpoyyulornoinon 1wV anoteheoUd Ty ota 5 dexadixd Ynpla tpoxinTel

oTu:
Co = |a—2°| =0.63212, C; =/a?+b? =0.19871,
Cy = /a3 +1b3=0.10029, C3=/a3+ b3 =0.06698,
Cy = Jai+b2=0.05026, C5=1/a?+ b =0.04026,

ue avtiotolyo ypauuxd gdouc tAdtouc mou divetat oto Xy. 1.3 - 5. And 1
UeAéTn Tou dlaypduuatog tpoxUntel 6T 1) aviiotolyn oelpd Fourier ouyxhivel
Yefyopa mpog Ty g.

Hopddetypa 1.3 - 4

‘Ouota and 1N oepd Fourier tng meploduxric ouvdptnone tou [apadelyuatog

1.2 - 4 ye oTpoyyVhoTOlNOT TV amoTEAECUATOY 6Ta 5 dexadixd Ynpla €youue:

|ao|
Co = T:0.31831, Cy = /a2 + b2 = 0.5,



Yelpd dpTLWV X0 TEPLTTAY CGUVIRTHCE®Y

Linear spectrum
1Cal
05 —

0.4
0.3
0.2

0.1

Syfua 1.3 - 6: IHopdderypa 1.3 - 4: 1o ypauuwd @doua nhdtoug (linear

spectrum)

Cy = Ja2+b2=0.04244, Cg= /a2 + b2 =0.01819,
Cs = /a2 +b2=0.01011, Ci9= /a2, + b3, = 0.00643,

ue avtiotolyo ypauuwxd @douo tAdtoug mou Sivetor 6to Xy. 1.3 - 6. And

uerétn tou Saypduuatog tpoxUntel 6TL 1 aviioTtolyn oelpd Fourier ouyxhivel

enlong yehyopa mpog v f.

1.4 Xepd dpTLeV %ol TEGLTTOV CUVAPTACE®Y

Elvow %87 yvwotéd 6T ula ouvdptnor f ue nedlo opiouoV, éotw D, AMéyetal
Gt avtiotolya mepttth, O6tav yw xdbe t, —t € D elvan f(—t) = f(¢),
avtiotowya, f(—t) = —f(¢).

Ané g WBLOTNTEC TOY GUVIRTHCEDY AUTOV EYOVUE:

i) o ddypapua wog dptiac ouvdptnong elvol cUUUETELXG WS TEOS TOV

GEova yy', evéd urac meptttic GUUPETEXG WS TpoC TNV apyf TV aZoveVy,

31
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ii) 6tav 7 f elvar dptia, téTE

o o
f(t)dt = 2/ £t dt, (14-1)
—a 0
eV®, 6tav elval TepLtTi,

[o4
f(t)dt =0, (1.4 -2)

—a
iii) to ywéuevo ulag nepLtthc ue ulo dptia elvon tepLtth cuvdpTnoy, evéd To
Ywouevo Vo dpTev 1 300 TeplTTdV cUVIPTHCEWY elval dpTLa GUVAETTOT.

Me yprfon twv nopandve Wwothtey (i)-(iii) arodewvietal To Topaxdto

Oedenuo.

Ocedpnpa 1.4 - 1 (oetpd Fourier dptimv xal neptttdv cuvapthceny). Eotw
f(t) ula neproduixij ouvdptnon ue Beuehidddn nepiodo T mov tAneol tic unobéoeic
tou Qewprjuatoc 1.2 - 1. Tote, av 5 f(t) elvar dpTia, t0 avdntuyud tne o€

oelpd Fourier elvat

ao ™= 2nn
ft) = 5 + nz::l oy, COS (Tt>

omou

N~

a = /f(t)dt xat

oy =

2
/ f(t) cos <$t> dt yia xdfe n=1,2, ..., (1.4-3)

0

4
T
eve, otay elval TEQLTTN,
“+oo
. (2nn
f(t) = Z Bn sin <Tt)
n=1

omou

w
S|
I
N e
o\g

2
f(t)sin (#t) dt yia xdbe n=1,2,.... (14 -4)
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f()

o4

0.8
0.6
0.4

0.2

L L " L L L L L L L " L L t
—4 -2 2 4

Syhpe 1.4 - 1: Hapdderyuo 1.4 - 1: 1 ouvdptnon f(t) otn Beuehiddrn teplodo
Ylugova ye to Oedpnua 1.4 - 1, étav n f elvan dptia, neéner B, = 0

vy xdfe n =1, 2, ..., eved, 6tav n f elvol nepltty, npénet ap, = 0 yio xdbe
n=0,1,....

Hopdderypa 1.4 - 1

Na avantuybfel oe oewpd Fourier 1 neploduxd ouvdptnon (Ey. 1.4 - 1)

Vs
0 - <t< ——=
oV T < 5
ft)y=< 1 av _g <t< g xau f(t 4 2m) = f(t) yea xdfet € R.
0 av g <t< T

Abom. H f elvar pla dptia cuvdptnon ye Oeuehiddn neplodo T' = 27, ondte
Bn = 0 vy x40 n = 1,2,.... Téte oluguva ue toug tnoug (1.4 — 3)
ohoxhnpdvovtag ot ddotnua thdtouc T/2, dnhad oto [0,7] = [0,7/2] U
[1/2, 7] éyouue

4

4 [7/2 7r w/2

/2 2 nm
= —sin (—) .
0 nn 2

AL

2 (/2 2
oy = —/ cos(nt)dt = — sin(nt)
0

nm

v xdben=1,2 ....
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f(t)
NAN b AN
A AT
/ 0.8 \\
/ [ \\
' 0.6} \
| 0.4}
/ [ \
/ 0.2} \
=3 o2V 1 : 1 -

Syfuoe 1.4 - 20 Tapdderyua 1.4 - 1: Sudypaupa tne f(t) otn Beuehddy

neplodo, abipolouatog S5 xdxxivn xar Sig nedoivy xaumiin

Yto Yy. 1.4 - 2 dlvetar 1o Sidypauua e f(f) otn Oeuehddrn neplodo
(évtovn umhe xounvin), to ddypauua tou afpolouatoc S5 twv 5 npdTwY
bpwv (xOxxvn xauniAn) xat Tou Sig (mpdoivn xaunlhn). And to Xy. 1.4 -2
TpoxUnteL 6Tt evdd Y t € (—7/2,7/2) to ddypauua Tou afpolouatos twv n
TedTwY Gpwyv meénel va telvel oTo Sudypauua e f, 6Tav to n auidvel, ota
onuela aouvéyetac —/2 xau m/2 Snutoupyolvtal xbuata, nov e&axohovboly
VoL UTtdpyouv oL 6Tay To dfgoloua Twv 6pwy g oelpdc auidvel. To galvéuevo
auté elvar 70N Yvwotd and ta Hapadelypata 1.2 - 1 éwg xau 1.2 - 3 oav

parvopevo Gibbs. .
Hopddetypa 1.4 - 2
‘Ouoia 1 Ttepodxr ouvdptnon (Xy. 1.4 - 3)

ft)=t6tav —m<t<m xou f(t+27)=f(t) vt b t € R.

Abom. H f elvar yla neprtty ouvdptnon ue Oeyehiddn neplodo T = 2,
onéte o, = 0y x8be n =0, 1, .... Tédte oluguwva ue toug tinoug (1.4 —4)
ohoxhnpdvovtag duota oe didotnua thdtouc T'/2, dnhadf oto [0, 7] €yovue

2 ™
+ —/ cos(nt) dt
0

0 nmw

™

2 (" 2
Bn = —/ tsin(nt)dt = — — t cos(nt)
0

™ nrw

2(=1)"

n
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f(d

3-

2

1

Syhua 1.4 - 3: Topdderyua 1.4 - 2: v ouvdptnon f(t), 6tav t € [—m, 7]

Avéhoyo Sudypauuo we autd tou Ny. 1.4 - 2 ylvetow xal oty neplntoon auty.
]
‘Aoxnon

Nao avantuybfoly oe oelpd Fourier xou va yivet o ypauuixd @doua Tov topaxdte

neplodixdv ouvapthoeny f (), Tou o neploploubde Toug ot Heuehiddn neplodo

elvaw:!!
) -1 av —7<t<0 .
i) f(t)= v) f(t)=¢€; 0<t<1
1 av 0<t<m
i) ft)=t; —-1<t<1 vi) f@t)=t?; —r<t<nm
i) f(t)=t; 0<t<2m vii)  f(t) = |sint|
) sin2t av 0<t<m —t; —nm<t<O0
) f(t) = viig)  f(t) =
0, av 7w <t<2w t; 0<t<m.
Y (3) neputth T = 27, by, = (4/T) fow sin(nt)dt = w sn=1,2, ..., (i) avdhoyn
tou IMopadelyuatog 1.4 - 2, T = 2, b, = —2(;?" ino=1,2 ..., (iti)ao = 2mw,a, =
0,bp, = —2;n =1,2,...., (iv) Bréne Tapdderyua 1.2 - 4, (v) éuow Mopdderypa 1.2
2(e—1 Anm(e— . 7
-3, a0 = 2—%, an = m, b, = m;n =1,2,..., (vi) dpra ag =
%, an = 4(;%)71 in=1,2,..., (vii) T =x. 'Otav t € [0,7/2] elvar |sint| = sint. Ador
6uow ue Hapddetyua 1.2 - 4, ag = 2, a, = 77(1%4“2) im=1,2, ..., (viii) dpria T = 2,

a():foﬂtdt:ﬂ',an:w;nzl, 2, ..

nemw
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1.5 Exfetunr| popyr tng oeipds Fourier

"Eoto 1 neploduxt| ouvdptnon f(t) ue Hepehiddn neplodo T', tou 1o avintuyud

¢ oe oelpd Fourier elval

+oo
f(t) = % + Z [o, cos(nwt) + By sin(nwt)] (1.5-1)
n=1
6mou @ = 21/T. Elvar yvoot6'? 6t and ty tautdra e = cos f+isin 6,
npoxUnTouy oL TinoL
if _ o—if il 4 =it
sinf) = ———— x cosfl = ——. 1.5-2
2i * 2 (15-2)

Avtixabiotdvroac oty (1.5 —1) Touc 6pouc Tou GUVNULTEVOL XL TOU NULTGVOU

ue tic (1.5 — 2) 1 oepd Sadoyxd ypdpetol

znwt + e—znwt emwt _ e—mwt
21

ft) = +Z[ —+ﬁn

1 . .
_ ‘|‘ Z Zﬁn ma)t 5 (an _1_1571) e mmt} )
Ay ) )
jod .
co = 70, tn = 3 (an —ifn) ot c_p = 3 (am, +1Bn) , (1.5 -3)
tHTE
f(t) = o+ Z (Cnemmt +C_ne—znwt)
— CO+ZC ema)t_|_ Z n e—mmf
n=-—1
dnhadt
+00 ]
Z et (1.5 - 4)
n=-—o00

H (1.5 — 4) elvar yvooth cov 1 exBetixnd 1 puyadixd poph tne oelpdc

Fourier. O ouvtekeotéc ¢, ue n = 0,+1, £2, ... vnohoyilovtat 1 uéow ToV

2BM\éne A. Mrpdtoog [2] Keo. 2.
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winwy (1.5 — 3), étav elval yvwotd ta a, xot B, % 6nwc anodewvietol and
v f(t) obugwva ue tov tino
T/2
1 .
tn = / f)e ™t dt vy xdBe n =0, +1, £2, ... . (1.5 - 5)
-T/2
Enewd? n ouvdptnon f elvar npayuatind, and my (1.5 — 5) mpoxintel 61t
YEVIXA OL GUVTEAEGTES ¢y elvan pryaduxol aplfuol, yia toug onoloug alupwva
ue toug turoug (1.5 — 3) woylel:
i)

c_pn=70, yaxdbe n=1 2 ... evd (1.5 - 6)

i) enewdh ¢, = |enlet® xau ey = |cple™n ) mpéner

1 e
\cn]:\c_n\:§\/ 2462 yaxdhe n=1,2,.... (1.5-7)

'Onwg éyew %dn avantuybel oty Mopdypago 1.3, elvar Suvatdy xat yio Ty
exfetued wopey| tne oelpdc Fourier va oplotel To avilotolyo ypouuxd gpdou
ThdToug, 10 onolo GuwS oTNY TERINTWON AUTYH EXTELVETAL and To —00 UEypL
10 +00, ENEWSY| OL TLWEC TNC XUXALXTC ouyVoTNTaC Elval oL apvntxée, dnhady

to, F20, ..., 61w enlong xal To PACUN TOY QACEWY.
Hopdderypa 1.5 - 1
'Eoto n neploduny| ouvdptnon
gt)y=et btav 0<t<1l xu Gt+1)=g(t) y xdbe t € R

tou Iopadelyuatoc 1.2 - 3 (Ey. 1.2 - 5) ue Oeuehddn neplodo T = 1, dnhadr

o = 2r. Téte obugova ye tov tino (1.5 — 5) éyouue

Lot et Yo ot
Cn = —/ e e dt:/ e e M dt
1Jo 0

o—(+2nmiyt |1

_ /1 e_(1+2m7:i)t dt = — :
0 1+ 2nmn2 0

1—e ! 1\ 1-—2nni
= - —(1--) —== 1.5-8
1+ 2nmi ( e) 1+ 4n272 ( )

37
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05 10 15 20 25 3.0
Syhua 1.5 - 1: Topdderyua 1.5 - 1t Sudypauue tne g(t) 6tav t € [0, 3] unhe
xaunUAT, abpolouatoc S3 xoxxivn xal Sy tpdoLvn

—2nmni

= cos(2nn) — i sin(2nn) = 1. "Apa obugova pe v (1.5 —4) n

6mou e

exbetinr) woppn tne oelpdc Fourier elvol

_ 1y & 1-2nri .
g(t) = <1 — g) Z meznnlt. (].5 - 9)

n=—oo

‘Ouota, 6mwe xat 610 Ly. 1.2 - 6, oto Yy. 1.5 - 1 dlvetal To dudypauua

e §(t) otn Beuehiddrn meplodo (évtovn umhe xoundln), to dudypauua Tou

Y

abpolouatog
1\ & 1—2nri :
53 = (1 — g) Z m eQTLTth (XO,K}(LVY] XO(‘U.TU\,))\Y])
n=-—3

xar tou Sy (mpdowvn xauntdy). IHapatnpodue 6tu ota onuelo aouvéyelac
e€axolouvlel va eugaviletar 1o gavéuevo Gibbs, evd ta Swaypduuata TV
S xar Sy Sépyovtar and to onuela aouvéyewc (ti, g () ) vet; =0, 1, 2, 3.

Ané v (1.5 = 8), 6tav n = 7, npoxinTel
lerr| = 0.01437. |esg| = 0.01676, |ers| = 0.02011,
lera] = 0.02513. |eys| = 0.03349, |cio| = 0.05014,

lex1| = 0.09936, |co| = 0.63212. (1.5 - 10)
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Linear spectrum
[Cnl

-7 6 5 -4 -3-2-10 1 2 3 4 5 6 7

Syfuwa 1.5 - 2: Hopdderypa 1.5 - 1t 1o ypauuwd @doua nhdtoug (linear

spectrum)

Téte and 1o avtiotoiyo ypauuwxéd gdoua thdtoug (Xy. 1.5 - 2), énwg xaL 610
avtlotoyo (Xy. 1.3 - 5), npoxintel n ypRyopr olyxhion tne oewpdc (1.5 —9)
oty §(t). Enlone napatnpodue étt o tiuéc (1.5—10) enahnbedouy tic (1.5—6)
- (1.5 =17).

To Xy. 1.5 - 2 éywve e tic e€¥c eviohéc tou MATHEMATICA:

Clear["n"];T = 1;

cn = Integrate[(1/T) Expl[-t]*Exp[-I*n*2xPixt],{t,0,1}];

ml = Array[bl, {15, 1}];

Do[n = i; x = N[Abs[cn]]l; mi[[i + 8]] = x;
Print["c", i, "=", x], {i, -7, 7}];

fgrl = BarChart[ml, PlotLabel -> "Linear spectrum",
Joined -> True,BarSpacing -> 1.50,
AxesLabel->{"n", "l|cn|"},ChartLabels -> {"-7","-6",
BN Mgt NG g g g g g g g gt gt
"7"}, ChartStyle->24, PlotRange -> All]
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‘Aoxnon

Na unoloyiotel n exbetint| uopyn tng oelpdc Fourier tov napaxdtw neplodixdy
GUVAPTHOE®Y, TOL 0 TepLopLlouds o1r Heuehiddn teplodo elval

i) ft)=t; —n<t<m ) f(t) = |sint|

—1 av -7 <t<0

i1) fit)y=t*;, —r<t<m iv) ft) = {

1 av 0<t<m.

1.6 Metaoynuationos Fourier

Optopés 1.6 - 1 (petaoynuatiopol Fourier). 'Eotw n ouvdptnon f|R
xar o € K. Tote n uryadixry ouvdptnon F mov opiletar and 1o yevixeuuévo

oroxAfjpwua tou lou eidoug
00 .
F(o) = FIf(t)] = / Flt)eiotdt, (1.6- 1)

otay auto undpyet, opllet to uetacynuatious Fourier tne f.

Optowég 1.6 - 2 (avtiotpogou petaoynuatiopot Fourier). H ouvdptnor
FUF ()] = f(t), drav

1 [reo ;

Ft) = FF(0)] = 2—/ F(0)d® do, (1.6 - 2)
T .J—oc0

op(let Tov avtiotpogoc uetacynuatious Fourier.

'Otav 7 uetafinti t cuuyforilet to ypdvo, 16T N  cuuBolilel T cuyvéTnTA.

Arnodewvietal 6T, 6tav 1 f va elvol anohdtwe ohoxAnpoouuy, Snhady

“+oo
/ F(#)dt| < oo, (1.6 - 3)

—00
61 0 yetaoynuatiopéc Fourier tne f undpyel. H ouvbBixn (1.6 — 3) elvan

eV Oyl dumc xat avoryxalo, dnhadr elval duvatd va UTdEYOUY GUVAETAGELS
) )

Tov va uny wavonoolyv tny (1.6 — 3) xau va éyouv petaoynuatioud Fourier.



Metaoynuatiowés Fourier
Hopddetypa 1.6 - 1

‘Eotw 1 ouvdptrnon
1 av |z] <«
f(t) = ue a > 0.
0 av |z|>a

Tote, av w # 0, elvar

F(o) = Flf)] = | T p e iotdr [ et = 2 sinonn).

—a

Hopddetypa 1.6 - 2

"Ouota, €0t

et av t>0
f(t)z{ -

0 av t<O0.

Tote

1
l+iw

i (e _ ] 17w
t—>+00 1+ w?

1.6.1 Id6tnTeS TOUL YeTaoyNuatiowol Fourier

BEred €“! = cos wt +i sin wt n ouvdpTtnon F(w) mou optleto anéd tov tino

(1.6 — 1) elvan yevuxd ulo uryaduer] cuvdptnom, mou ypdgetal avahutixd og

F(0) = R(w) +iX (o) (16 - 4)
o R(w) = /_:Of(t) cos(wt)dt (1.6 - 5)
t0 TpoTaTING LépOS Xot

X (o) = /:: F(t) sin(et)dt (1.6 - 6)

| Iopdypagpoc 1.6.1 va tapaingbel oe npdtn avdyvwon.
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42 Metaoynuationég Fourier Kaf. A. Mrpdtoog
T0 gavtaotixd uépoc e, H exBetued wopph tne F(w) téte elvar
F(w) = |F(w)]e?® (1.6 -7)

émov |F(w)| to uyétpo xou ¢(w) n @don e F. Oewpdvrac tdhpa dTL 1
ouvdptnon f(t) elvon mpayuatixd, anodetxviovtal ye ) forfela Twv tinwy

(1.6 —4) - (1.6 — 6) oL napuxdtw WLdTnTES.

F-1

H ouvdptnon R elvar dptia g mpog w, evéd n X neplttr, Snhady
R(—w) = R(w) xa X(—w) =—-X(w).
Hopddetypa 1.6 - 3

'Eoto
1 av 0<t<1
f(t) =

0 av t<0 ft>1

Fo) =P = [ st = [ eea = L (1)

—00 0

= %(cosw—l)—i—Slzw =R(w)+X(w) ve ® #0

F-2

F(—w) = F(w), 6nou F() n ouluyfc ouvdptnon e F(w) xou avilotpoga,
dnhadh btav Loyvel n oxéon auty, n f elvow npayuatixr cuvdptno.
F-3

Av 1 F (o) elvar npaypotixd) ouvdptnon, téte n f elvol dptia ouvdptnon xou

z ’ /4 z ’ 2
6tav 1 F(w) elvar gavtaotixd, téte 1 f elval nepttti.



Metaoynuatiowés Fourier

F-4

43

Av Fi(0) = F[fi(t)], Fa(w) = F[f2(t)] xaw x, A € R, 161€ woyleL 1 ypapuxh

WiotnTa

.F[}ffl (t) + )\fg(t)] = xFl(a)) + )\Fg(a))

7 onolo YeEVIXEUETAUL ENAYWYLXY w¢ e€nc:

ilf[)\ifi(t)] = éki}'[ﬁ(t)] :
brav i ERi=1,2, ..., nxun=12 ... .
F-5
Av a € R — {0}, téte
Firan) = o7 (2)

6mou v a = —1 elvar F[f(—t)] = F(—w).

F-6
Av tg € R, 161e

Ff (t —t0)] = F(w)e"".
F-7
Av vy € R, t61e

F[ft)e!] = F (& — vo).
F-8

Loy e

F[f(t) cos (wot)] = 5 [F (@ — wo) + F (0 + wo)]

| =

[F(w—wo)+ F(0+ wo)].

DO | =

F1f(#)sin (wot)] =

(1.6 - 8)

(1.6 - 9)

(1.6 - 10)

(1.6 - 11)

(1.6 - 12)

(1.6 - 13)



44 Metaoynuatiowés Fourier
F-9
Av limy -, 10 f(t) = 0, Té1E

FIf'(#)] = ioF (o)

oL YEVLXE

F ™) = (o) F(w).

Av /+OO f(t)dt = F(0) =0 ye w # 0, t67e

U_; / Wt} = L F(0) = = FIf(1)]

1w
F-11.
Loy et

Fl-itf(t)] = F'(0)
%ol YV v xédbe n =1, 2, ... 6T

Flt"f @) = i"F"(w).

Kaf. A. Mrpdtoog

(1.6 - 14)
(1.6 - 15)
(1.6 - 16)

O neénel va TovioTel 610 oNuelo auTd 6TL TOAAEC LBLOTNTES TOU UETAG Y NUATLOUOU

Fourier elval Suvatéd va Bewpnfoly cav ewdixés neplntdoelg Twv aviioTolyny

WothTeY Tou uetaoynuatiouol Laplace vy s = iw.

14

14Anowopz—:0€tou. N ovadnuoaoieuon N ovanapaywyr TOU TopdvTog 6To GUVOAS Tou

TunuUdTeY tou ywelc ™ yeanth ddewa tou Kaf. A. Mrgdtoou.
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Avolkta Akadnuaika Madnuata

Texvoloyiko Ekmaudeutiko 16pupa ABrvag

TéAog Evotntac

Xpnuatodotnon

* To mapov ekmaldeuTIKO UALKO €xel avamtuxBel ota mAaiola Tou eKMOLOEUTIKOU
£€pyou Tou dLbaokovra.

* To £pyo «Avolkta Akadnuaikd Madnuata oto TEI ABAvag» £xel xpnUaTtodoTHoEL
HOVO TN avadlapopdwaon Tou EKMALSEUTIKOU UALKOU.

* To €pyo vlomoleitat oto mAaiolo Tou Emixelpnotakol Mpoypappotog «Ekmaidevon
kat Al Blou MaBnon» kat ocuyxpnuatodoteitat and tnv Eupwnaikn Evwon
(Eupwmaikd Kowvwviko Tapeio) kat and eBvikoug népouq.

11X \KO NMPOrPAMMA
EKﬂAIAéYXH KAl AIA BIOY MAGHZH — EznA

YNOYPIFEIO NAIAEIAL KAl BPHIKEYMATON

EvpwmdixiEvwon EIAIKH YNHPELIA AIAXEIPILHI
Eupanaind Konvewved Tapsio
Me tn ouyxpnuaroddrnon e EAAGSag xat tng Evpwnaixr¢ Evwong
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