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ÌÜèçìá 2ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓLAPLACE
2.1 Ïñéóìüò êáé èåþñçìá ýðáñîçòÏñéóìüò 2.1 - 1 (ïñéóìüò ìå�áó÷çìá�éóìïý). ¸ó�ù f(t) ìßá ðñáãìá�éêÞóõíÜñ�çóç ìå ðåäßï ïñéóìïý [0;+∞] êáé ó > 0 ó�áèåñÜ. Ôü�å ïñßæå�áé óáíìå�áó÷çìá�éóìüò Lapla
e �çò f êáé óõìâïëßæå�áé ìå L[f(t)] Þ óõí�ïìü�åñá
L(f), ç óõíÜñ�çóç ðïõ ïñßæå�áé áðü �çí �éìÞ �ïõ ãåíéêåõìÝíïõ ïëïêëçñþìá�ïò�ïõ 1ïõ åßäïõò1F (s) = L[f(t)] = ∫ +∞

0
f(t)e−s td t ìå s ≥ ó; (2.1 - 1)ü�áí �ï ïëïêëÞñùìá õðÜñ÷åé. Ç ðáñÜìå�ñïò s åßíáé äõíá�üí íá åßíáé êáéìéãáäéêüò áñéèìüò, áí õðï�åèåß ü�é Re(s) ≥ 0.Ç öõóéêÞ óçìáóßá �ïõ ìå�áó÷çìá�éóìïý åîáñ�Ü�áé áðü �ç óõíÜñ�çóçò f(t).Ó�çí (2:1 − 1) ç f(t) ëÝãå�áé �ü�å ï áí�ßó�ñïöïò ìå�áó÷çìá�éóìüò �çòF (s) êáé óõìâïëßæå�áé ìå f(t) = L−1[F (s)]: (2.1 - 2)1ÂëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜ�óïò [2℄ Êåö. 8.



2 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò
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Ó÷Þìá 2.1 - 1: óõíÜñ�çóç f(t) óõíå÷Þò ãéá êÜèå t ∈ [0; 2) ∪ (2; 3) ∪ (3; 4),åíþ ðáñïõóéÜæåé áóõíÝ÷åéá ó�á óçìåßá t = 2; 3 ìå lim t→ 2−0 e−t = e−1,
lim t→ 2+0 f(t) = 1, lim t→ 3−0 f(t) = 1 êáé lim t→ 3+0 f(t) = 0:5.Ó�ï åîÞò èá èåùñåß�áé ü�é �ï s åßíáé ðñáãìá�éêüò áñéèìüò êáé èá óõìâïëßæå�áéìå �á êåöáëáßá ãñÜììá�á F , X, I ê.ëð. ïé ìå�áó÷çìá�éóìÝíåò êá�Ü Lapla
eóõíáñ�Þóåéò �ùí f , x, i ê.ëð., áí�ßó�ïé÷á.Ïñéóìüò 2.1 - 2. Ìéá óõíÜñ�çóç f(t) ìå ðåäßï ïñéóìïý �ï [a; b] èá ëÝãå�áéêá�Ü �ìÞìá�á óõíå÷Þò (Ó÷. 2.1 - 1), ü�áí åßíáé ïñéóìÝíç ãéá êÜèå t ∈
[a; b] êáé õðïäéáéñþí�áò �ï äéÜó�çìá [a; b] óå í �ï ðëÞèïò õðïäéáó�Þìá�á�çò ìïñöÞò (ak; bk); k = 1; 2; : : : ; � �ï üñéü �çò ó�á Üêñá �ïõ äéáó�Þìá�ïò
(ak; bk) åßíáé ðåðåñáóìÝíï ãéá êÜèå k = 1; 2; : : : ; �.Ï ïñéóìüò áõ�üò åýêïëá ãåíéêåýå�áé ãéá �çí ðåñßð�ùóç ðïõ ç óõíÜñ�çóç f(t)Ý÷åé ðåäßï ïñéóìïý �ï [0;+∞).Ïñéóìüò 2.1 - 3. Ìéá óõíÜñ�çóç f(t) ëÝãå�áé óõíÜñ�çóç åêèå�éêÞò �Üîçò(fun
tion of exponential order), ü�áí õðÜñ÷ïõí ó�áèåñÝò 
, t0 êáé Ì ìåt0; Ì > 0, Ý�óé þó�å

|f(t)| < M e
 t ãéá êÜèå t > t0: (2.1 - 3)Ôü�å �ï 
 ïñßæåé �çí �Üîç �çò f .



Ïñéóìüò êáé èåþñçìá ýðáñîçò 3Ó�ï ðáñáêÜ�ù èåþñçìá äßíå�áé ç óõíèÞêç ðïõ ðñÝðåé íá éó÷ýåé, Ý�óé þó�åíá õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e ìéáò óõíÜñ�çóçò.Èåþñçìá 2.1 - 1 (ýðáñîçò �ïõ ìå�áó÷çìá�éóìïý). ¸ó�ù ç óõíÜñ�çóçf(t) ðïõ åßíáé ïñéóìÝíç ãéá êÜèå t ∈ [0;+∞). Áí ç f åßíáéi) êá�Ü �ìÞìá�á óõíå÷Þò óå êÜèå ðåðåñáóìÝíï äéÜó�çìá �çò ìïñöÞò [0; á]üðïõ á > 0,ii) åêèå�éêÞò �Üîçò, äçëáäÞ õðÜñ÷ïõí ó�áèåñÝò 
, t0 êáé Ì ìå t0; Ì > 0,Ý�óé þó�å
|f(t)| ≤ Me
 t ãéá êÜèå t ∈ [0;+∞); (2.1 - 4)�ü�å ï ìå�áó÷çìá�éóìüò Lapla
e �çò f(t) õðÜñ÷åé ãéá êÜèå s > 
.Ç áðáß�çóç �çò êá�Ü �ìÞìá�á óõíå÷ïýò óõíÜñ�çóçò êáé ç éó÷ýò �çò (2:1−

4) ïñßæïõí �éò ëåãüìåíåòóõíèÞêåò Diri
hlet. Ôï óýíïëï �ùí óõíáñ�Þóåùí fìå ðåäßï ïñéóìïý [0;+∞) ðïõ éêáíïðïéïýí �éò óõíèÞêåò Diri
hlet, äçëáäÞ �ùíóõíáñ�Þóåùí ðïõ õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e, èá óõìâïëßæå�áé ó�ïåîÞò ìå DL.Äßíïí�áé ó�ç óõíÝ÷åéá õðïëïãéóìïß �ïõ ìå�áó÷çìá�éóìïý Lapla
e ìå �ïíÏñéóìü 2.1 - 1.�áñÜäåéãìá 2.1 - 1¸ó�ù f(t) = A üðïõ A ó�áèåñÜ. Ôü�å2
L[f(t)] = F (s) = ∫ +∞

0
Ae−stdt = −As limx+∞

e−st∣∣∣
∣

x
0

= −As (

limx+∞
e−sx − e0) =

As ìå s > 0:¢ñá
L(A) = As ìå s > 0: (2.1 - 5)2Ç óõíÜñ�çóç ex ïñßæå�áé ãéá êÜèå x ∈ ℜ êáé éó÷ýåé: lim x→−∞ = 0 êáé lim x→+∞ =

+∞.



4 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 2.1 - 2¼ìïéá, Ýó�ù f(t) = e−at . Ôü�å
L
[e−at] =

∫ +∞

0
e−ate−st dt = ∫ +∞

0
e−(s+a)t dt

= − 1s+ a limx→+∞
e−(s+a)t∣∣∣

∣

x
0
= − 1s+ a [

limx→+∞
e−(s+a)x − e0]

=
1s+ a ; ü�áí s+ a > 0:¢ñá

L
[e−at] = 1s+ a ìå s+ a > 0: (2.1 - 6)ÅðïìÝíùò

L
[e3t] = L

[e−(−3) t] = 1s+ 3
ìå s+ 3 > 0:2.2 Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïýÁðïäåéêíýå�áé ü�é éó÷ýïõí ïé ðáñáêÜ�ù éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý Lapla
e,ðïõ ìå �ç ÷ñÞóç �ïõò õðïëïãßæïí�áé ïé ìå�áó÷çìá�éóìïß �ùí äéáöüñùí óõíáñ�Þóåùí3.Èåþñçìá 2.2 - 1 (ãñáììéêÞ éäéü�ç�á). ¸ó�ù f; g ∈ DL. Ôü�å áí ê; ë ∈

ℜ éó÷ýåé
L[�f(t) + �g(t)] = �L[f(t)] + �L[g(t)]: (2.2 - 1)Ôï ðáñáðÜíù èåþñçìá ãåíéêåýå�áé ãéá �-�ï ðëÞèïò óõíáñ�Þóåéò.�áñÜäåéãìá 2.2 - 1Åßíáé ãíùó�ü ü�é áí f(t) = sin t, �ü�å sin t =

(eit − e−it) =2i üðïõ i çöáí�áó�éêÞ ìïíÜäá. Óýìöùíá ìå �ïí �ýðï (2:1−6) êáé �ç ãñáììéêÞ éäéü�ç�á3Ïé éäéü�ç�åò áõ�Ýò áðïäåéêíýå�áé ü�é éó÷ýïõí åðßóçò êáé ãéá �ïí áí�ßó�ñïöïìå�áó÷çìá�éóìü Lapla
e - ÌÜèçìá 3.



Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý 5Ý÷ïõìå
L(sin t) =

1

2i L (eit)− 1

2
L
(e−it) =

1

2i L (e−(−i) t)− 1

2
L
(e−it)

=
1

2i ( 1s+ (−i) − 1s+ i) =
1s2 + 1

;äçëáäÞ
L(sin t) = 1s2 + 1

: (2.2 - 2)¼ìïéá áðïäåéêíýå�áé ü�é
L(cos t) = 1

2
L
[eit + e−it] = ss2 + 1

(2.2 - 3)êáé
L(sinh at) =

1

2
L
[eat − e−at] = ss2 − a2 ; (2.2 - 4)

L(cosh at) =
1

2
L
[eat + e−at] = as2 − a2 ; (2.2 - 5)ü�áí s > a > 0.Èåþñçìá 2.2 - 2. Áí f ∈ DL ìå L[f(t)] = F (s), �ü�å

L[f(kt)] = 1k F ( sk) ìå k > 0: (2.2 - 6)�áñÜäåéãìá 2.2 - 2Óýìöùíá ìå �ï Èåþñçìá 2.2 - 2 êáé �ïí �ýðï (2:2 − 6) åßíáé
L(cos!t) =

1! s!
( s! )2 + 1

=
ss2 + !2

; (2.2 - 7)
L(sin!t) =

1! 1
( s! )2 + 1

=
!s2 + !2

ìå ù > 0: (2.2 - 8)ÅðïìÝíùò
L(cos 2t) = ss2 + 4

; L(sin 2t) = 2s2 + 4
; ê.ëð.



6 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïòÈåþñçìá 2.2 - 3 (ðñïðïñåßáò). Áí f ∈ DL êáé L[f(t)] = F (s), �ü�å
L
[e−atf(t)] = F (s+ a); ü�áí s+ a > 0 êáé a > 0: (2.2 - 9)Óýìöùíá ìå �ï Èåþñçìá 2.2 - 3 êáé �ïõò �ýðïõò (2:2 − 7) - (2:2 − 8) åßíáé:

L
[e−at cos!t] =

s+ a
(s+ a)2 + !2

; (2.2 - 10)
L
[e−at sin!t] =

!
(s+ a)2 + !2

: (2.2 - 11)ÅðïìÝíùò
L
[e−t cos 2t] =

s+ 1

(s+ 1)2 + 22
=

s+ 1s2 + 2s+ 5
;

L
[e3t sin 2t] = L

[e−(−3) t sin 2t] = 2

[s+ (− 3)]2 + 22

=
2s2 − 6s + 13

;
L
[et sin(

2t+ �
4

)]

= L
[et (sin 2t cos �

4
+ cos 2t sin �

4

)]

=

√
2

2
L
[et sin 2t]+ √

2

2
L
[et cos 2t]

=

√
2

2
L
[e−(− t) sin 2t]+ √

2

2
L
[e−(− t) cos 2t]

=

√
2

2

2

(s− 1)2 + 22
+

√
2

2

s− 1

(s− 1)2 + 22

=

√
2

2

s+ 1s2 − 2s+ 5
:Èåþñçìá 2.2 - 4 (õó�Ýñçóçò). Áí f ∈ DL ìå L[f(t)] = F (s) êáég(t) = 





f(t− a) áí t > a
0 áí t < a;



Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý 7�ü�å
L[g(t)] = e−asF (s); ü�áí t > a > 0: (2.2 - 12)Ìå �ï èåþñçìá áõ�ü äßíå�áé ç äõíá�ü�ç�á íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüòLapla
e ìéáò óõíÜñ�çóçò, ðïõ ïñßæå�áé ãéá t > a ìå a > 0. �áñáäåßãìá�á�Ý�ïéùí óõíáñ�Þóåùí Ý÷ïõìå ó�ç ìåëÝ�ç óõó�çìÜ�ùí ðïõ åíåñãïðïéïýí�áé�ç ÷ñïíéêÞ ó�éãìÞ t = a áí�ß �çò t = a.�áñÜäåéãìá 2.2 - 3ÅðåéäÞ L [t3] = 3 !s3+1 = 6s4 , óýìöùíá ìå �ï Èåþñçìá 2.2 - 4 ï ìå�áó÷çìá�éóìüòLapla
e �çò óõíÜñ�çóçòg(t) = 





(t− 1)3 áí t > 1

0 áí t < 1
åßíáé L[g(t)] = 6 e−ss4 :¢ëëåò åöáñìïãÝò �ïõ ÈåùñÞìá�ïò 2.2 - 3 èá äïèïýí ó�çí åðüìåíç ðáñÜãñáöï.Èåþñçìá 2.2 - 5. Áí f ∈ DL ìå L[f(t)] = F (s), �ü�å

L[tf(t)] = − dF (s)ds = −F ′(s):Åöáñìüæïí�áò äéáäï÷éêÜ n öïñÝò �ï Èåþñçìá 2.2 - 5, �åëéêÜ ðñïêýð�åé
L [tnf(t)] = (−1)n dn F (s)dsn = (−1)nF (n)(s); (2.2 - 13)ü�áí n = 1; 2; : : : :�áñÜäåéãìá 2.2 - 4Óýìöùíá ìå �ïí �ýðï (2:2 − 8) åßíáé: L(sin 3t) = 3s2+9 . Åöáñìüæïí�áò �ïí�ýðï (2:2 − 13) ãéá n = 1; 2, Ý÷ïõìå

L [t sin 3t] = (−1)1
dds (

3s2 + 9

)

=
6s

(s2 + 9)2
;

L
[t2 sin 3t] = (−1)2

d 2ds2 (
3s2 + 9

)

=
dds [

6s
(s2 + 9)2

]

=
18

(s2 − 3
)

(s2 + 9)3
:



8 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 2.2 - 5¼ìïéá óýìöùíá ìå �ïí �ýðï (2:2 − 8) åßíáé: L
[e−at] = 1s+a ìå s + a > 0.Åöáñìüæïí�áò �þñá äéáäï÷éêÜ �ïí �ýðï (2:2 − 13) Ý÷ïõìå

L
[t e−at] = (−1)1

dds (
1s+ á) =

1

(s+ a)2 ;
L
[t2 e−at] = (−1)2

d 2ds2 (
1s+ a) =

dds [

1

(s+ a)2] =

2 !
︷︸︸︷

2

(s+ a)3 ;
L
[t3 e−at] = (−1)3

d 3ds3 (
1s+ a) =

dds [

2 !

(s+ a)3] =

3 !
︷︸︸︷

2 · 3
(s+ a)4 ;: : : : : :

L
[tn e−at] = (−1)n dndsn (

1s+ a) =
dds [

(n− 1) !

(s+ a)n ] =
n !

(s+ a)n+1 :¢ñá
L
[tn e−at] = n !

(s+ a)n+1 ; (2.2 - 14)ü�áí n = 0; 1; : : : êáé s+ a > 0.Áí ó�çí (2:2 − 14) åßíáé a = 0, �ü�å
L [tn] = n !sn+1

; ü�áí n = 0; 1; : : : : (2.2 - 15)ÅðïìÝíùò óýìöùíá ìå �ïõò �ýðïõò (2:2 − 14) êáé (2:2− 15) Ý÷ïõìå
L
[t2 e3t] = 2 !

(s− 3)2+1 =
2

(s− 3)3
; êáé L

[t3] = 3 !s3+1
=

6s4 :Èåþñçìá 2.2 - 6 (ðáñáãþãïõ 1çò �Üîçò). Áí f ∈ DL êáé õðÜñ÷åé çðñþ�çò �Üîçò ðáñÜãùãïò �çò f êáé åßíáé óõíå÷Þò óõíÜñ�çóç Þ êá�Ü �ìÞìá�áóõíå÷Þò ãéá êÜèå t ≥ 0, �ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e �çò ðáñáãþãïõf ′ êáé éó÷ýåé
L
[f ′(t)] = sL[f(t)]− f(0) ìå s > a: (2.2 - 16)



Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý 9Åöáñìüæïí�áò �þñá �çí (2:2−16) ãéá �ç äåý�åñçò �Üîçò ðáñÜãùãï �çò f ,õðïèÝ�ïí�áò ü�é ç f ′′ åßíáé óõíå÷Þò Þ êá�Ü �ìÞìá�á óõíå÷Þò ãéá êÜèå t ≥ 0,Ý÷ïõìå
L
[f ′′(t)] = sL [f ′(t)]− f ′(0) = s {sL[f(t)]− f(0)} − f ′(0);äçëáäÞ

L
[f ′′(t)] = s2L[f(t)]− sf(0) − f ′(0): (2.2 - 17)�áñÜäåéãìá 2.2 - 6¸ó�ù f(t) = t sin t. Ôü�å f(0) = 0, åíþ f ′(t) = sin t+ t cos t, ïðü�å f ′(0) =

0. ¢ñá óýìöùíá ìå �çí (2:2− 17) êáé ìå �ýðï (2:2− 13) ãéá n = 1 Ý÷ïõìå
L
[f ′′(t)] = s2L[t sin t]− sf(0) − f ′(0) = s2L[t sin t] = 2s3

(s2 + 1)2
:¢ëëåò åöáñìïãÝò �ïõ èåùñÞìá�ïò èá äïèïýí ó�ç ëýóç �ùí äéáöïñéêþí åîéóþóåùí(ÌÜèçìá 4).Ôï ðáñáêÜ�ù èåþñçìá êáé �ï ðüñéóìá íá ðáñáëåéöèïýí óå ðñþ�ç áíÜãíùóç.Èåþñçìá 2.2 - 7 (ïëïêëÞñùóç �ïõ ìå�áó÷çìá�éóìïý). Áí f ∈ DL ìå

L[f(t)] = F (s) êáé õðÜñ÷åé �ï lim t−> 0
f(t)t , �ü�å

L
[f(t)t ]

=

∫ +∞s F (x) dx: (2.2 - 18)�üñéóìá 2.2 - 1. ÅðåéäÞ lim s→ 0 e−st = 1, áðü �çí (2:2− 18) ðñïêýð�åé
∫ +∞

0

f(t)t dt = ∫ +∞

0
F (x) dx: (2.2 - 19)�áñÜäåéãìá 2.2 - 7Áðü �ïí �ýðï (2:2 − 2) êáé �ç ó÷Ýóç (2:2 − 18) ðñïêýð�åé

L
(
sin tt )

=

∫ +∞s dx
1 + x2 =

�
2
− tan−1 s;



10 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïòäçëáäÞ
L
(
sin tt )

= tan−1
(
1s) :Ôü�å áðü �çí (2:2− 19) Ý÷ïõìå

∫ +∞

0

sin tt dt = ∫ +∞

0

dx
1 + x2 =

�
2
: (2.2 - 20)Ï õðïëïãéóìüò �ïõ ìå�áó÷çìá�éóìïý Lapla
e ìéáò óõíÜñ�çóçò f(t) ìå�ï ðñüãñáììá MATHEMATICA ãßíå�áé ìå �çí åí�ïëÞ:Lapla
eTransform[f(t),t,s℄ÁóêÞóåéò1. Íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüò Lapla
e �ùí ðáñáêÜ�ù óõíáñ�Þóåùíf(t):4i) t3 − t+ 2 v) e−2t cos 3tii) sin(2t) vi) t cos 2tiii) t sin 2t vii) sin2 3t (Õð: 2 sin2 x = 1− cos 2x)iv) t2 sin 3t viii) cos2 2t (Õð: 2 cos2 x = 1 + cos 2x).2. ¼ìïéá �ùí óõíáñ�Þóåùí5i) t e−t cos t v) t e−t sin 2tii) t e−t cos!t vi) t2 e−2tiii) t3e−2t vii) t e−t sin!t .4(i) 6s4 −

1s2 + 2s , (i) 2
4+s2 ,(iii) 4s

(4+s2)2 (iv) 18(−3+s2)
(9+s2)3 , (v) 2+s

13+4s+s2 (vi) −4+s2
(4+s2)2 ,

(vii) 18
36s+s3 , (viii) 8+s2

16s+s3 .5(i) 2s+s2
(2+2s+s2)2 , (ii) 1−!2

−2s+s2
(1+!2

−2s+s2)2 , (iii) 6
(2+s)4 , (iv) 4(1+s)

(5+2s+s2)2 (v) 2
(2+s)3 ,

(vi) 2!(1+s)
(1+!2+2s+s2)2 .



Ìå�áó÷çìá�éóìüò óõíáñ�Þóåùí åéäéêÞò ìïñöÞò 112.3 Ìå�áó÷çìá�éóìüò óõíáñ�Þóåùí åéäéêÞò ìïñöÞò�åñéïäéêÝò óõíáñ�ÞóåéòÈåþñçìá 2.3 - 1. ¸ó�ù f ∈ DL üðïõ f ìßá êá�Ü �ìÞìá�á óõíå÷Þò ðåñéïäéêÞóõíÜñ�çóç ìå èåìåëéþäç ðåñßïäï T êáé f(t) = 0 ãéá êÜèå t < 0. Ôü�å
L[f(t)] = 1

1− e−sT ∫ T
0

f(t)e−stdt: (2.3 - 1)�áñÜäåéãìá 2.3 - 1Íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüò Lapla
e �çò ðåñéïäéêÞò óõíÜñ�çóçò (Ó÷.2.3 - 2 - çìéáíüñèùóç - half re
ti�ed sine wave fun
tion)f(t) = 





sin t áí 0 ≤ t < �
0 áí � ≤ t < 2� êáé f(t+ 2�) = f(t) ãéá êÜèå t ≥ 0:Ëýóç. Eßíáé f(t) = 0 ãéá êÜèå t < 0 êáé T = 2�. Ôü�å

∫ 2�
0

f(t)e−stdt = ∫ �
0
e−st sin tdt = − e−st (s sin t+ cos t)s2 + 1

∣
∣
∣
∣
∣

�
0

=
1 + e−�ss2 + 1

:¢ñá
L[f(t)] = 1 + e−�s

(s2 + 1) (1− e−2�s) =
e�s

(s2 + 1) (e�s − 1)
; ü�áí s > 0:¢óêçóçÍá ãßíåé �ï äéÜãñáììá êáé íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüò Lapla
e �ùíðáñáêÜ�ù ðåñéïäéêþí óõíáñ�Þóåùí ðïõ ï ðåñéïñéóìüò �ïõò ó�ç èåìåëéþäçðåñßïäï åßíáéi) f(t) = 





1 áí 0 ≤ t < 1

0 áí 1 ≤ t < 2
iv) f(t) = 





0 áí 0 ≤ t < �t− � áí � ≤ t < 2�ii) f(t) = t ; 0 ≤ t < 1 v) f(t) = | sinùt| ; ù > 0iii) f(t) = et ; 0 ≤ t < 2 vi) f(t) = t2 ; 0 ≤ t < 1.



12 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò
-5 5 10

t

-1.0

-0.5

0.5

1.0

fHtL

(a) 1 2 3 4 5 6
t

0.2

0.4

0.6

0.8

1.0

fHtL

(b)Ó÷Þìá 2.3 - 2: �áñÜäåéãìá 2.3 - 1: (a) ç óõíÜñ�çóç sin t, ü�áí t ∈ [−2�; 4�],(b) ç óõíÜñ�çóç f̃(t) ó�ç èåìåëéþäç ðåñßïäï, äçëáäÞ ü�áí t ∈ [0; 2�]ÓõíÜñ�çóç ãÜììá6 �ñüêåé�áé ãéá ìéá óõíÜñ�çóç ìå ðïëëÝò åöáñìïãÝò óå äéÜöïñá ðñïâëÞìá�á�ùí åöáñìïóìÝíùí ìáèçìá�éêþí7. Ïñßæå�áé áðü �ï ãåíéêåõìÝíï ïëïêëÞñùìá�ïõ ìåéê�ïý åßäïõò
Γ(a) = ∫ +∞

0+
e−t ta−1 dt: (2.3 - 2)Ôï ïëïêëÞñùìá (2:3− 2) Ý÷åé Ýííïéá, ü�áí a > 0 Þ ü�áí ï a åßíáé ìéãáäéêüòáñéèìüò ìå Re(a) > 0.¸ó�ù ç óõíÜñ�çóç f(t) = ta üðïõ t > 0 êáé a ∈ ℜ − {0;−1;−2; : : :}.Ôü�å óýìöùíá ìå �ïí Ïñéóìü 2.1 - 1 åßíáé

L (ta) = ∫ +∞

0+
tae−st dt: (2.3 - 3)Áí u = st ìå u ∈ (0;+∞) êáé s > 0, �ü�å du = s dt, ïðü�å ç (2:3 − 3)ãñÜöå�áé

L (ta) = 1sa+1

∫ +∞

0+
uae−u du: (2.3 - 4)Áðü �çí (2:3 − 4) êáé �çí (1.3-1) ðñïêýð�åé ü�é

L (ta) = Γ(a+ 1)sa+1
; a ∈ ℜ− {0;−1;−2; : : :}: (2.3 - 5)6Ç ðáñÜãñáöïò áõ�Þ íá ðáñáëåéöèåß óå ðñþ�ç áíÜãíùóç.7ÂëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜ�óïò [2℄ êåö. 8.



Ìå�áó÷çìá�éóìüò óõíáñ�Þóåùí åéäéêÞò ìïñöÞò 13�áñÜäåéãìá 2.3 - 2Óýìöùíá ìå �çí (2:3 − 5) åßíáé
L
(t1=3) =

Γ(13 + 1)s 1
3
+1

=
Γ(43 )s4=3 ≈ 0:89298 s−4=3 :Ç �éìÞ Γ(á) äßíå�áé áðü ðßíáêåò, åíþ ìå �ï MATHEMATICA áðü �çíåí�ïëÞ:Gamma[a℄Ìïíáäéáßá óõíÜñ�çóç �ïõ HeavisideÏñéóìüò 2.3 - 1. Ç ìïíáäéáßá âçìá�éêÞ óõíÜñ�çóç (unit step fun
tion)Þ óõíÜñ�çóç Heaviside (Heaviside step fun
tion) ïñßæå�áé áðü �ç ó÷Ýóçu(t− a) = ua(t) = 





0 áí t < a
1 áí t > a ìå á ≥ 0 (2.3 - 6)üðïõ �ï a äåß÷íåé �çí �éìÞ �ïõ t ó�çí ïðïßá ç óõíÜñ�çóç áëëÜæåé áðü �çí�éìÞ 0 ó�çí �éìÞ 1 (Ó÷. 2.3 - 3 (a) üðïõ a = 1). ÅéäéêÜ, ü�áí a = 0, äçëáäÞç áëëáãÞ ãßíå�áé ü�áí t = 0, Ý÷ïõìå �ç óõíÜñ�çóç (Ó÷. 2.3 - 3 (b))u(t) = u0(t) = 





0 áí t < 0

1 áí t > 0: (2.3 - 7)Ïñéóìüò 2.3 - 2 (ïñèïãþíéïò ðáëìüò Þ óõíÜñ�çóç ößë�ñï). Ç óõíÜñ�çóç(Ó÷. 2.3 - 4)f(t) = 





0 áí 0 < t < a
1 áí a < t < b
0 áí t > b üðïõ a; b ∈ ℜ êáé b > a > 0 (2.3 - 8)ëÝãå�áé ïñèïãþíéïò ðáëìüò Þ óõíÜñ�çóç ößë�ñï.



14 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò

-1 1 2 3
t

0.2

0.4

0.6

0.8

1.0

uHt-1L

(a) -1 1 2 3
t

0.2

0.4

0.6

0.8

1.0

uHtL

(b)Ó÷Þìá 2.3 - 3: (a) ç óõíÜñ�çóç u(t − 1) = u1(t), ü�áí t ∈ [−1; 3], (b) çu(t) = u0(t), ü�áí t ∈ [−1; 3]

0.5 1.0 1.5 2.0 2.5 3.0
t

0.2

0.4

0.6

0.8

1.0

fHtL

Ó÷Þìá 2.3 - 4: ïñèïãþíéïò ðáëìüò Þ óõíÜñ�çóç ößë�ñï, ü�áí a = 1, b = 2êáé t ∈ [0; 3] (square wave). Óýìöùíá ìå �çí (2:3−8) åßíáé f(t) = u(t−1)−u(t− 2)



Ìå�áó÷çìá�éóìüò óõíáñ�Þóåùí åéäéêÞò ìïñöÞò 15¸÷ïí�áò õð' üøéí �ïí Ïñéóìü 2.3 - 1 êáé �çí (2:3 − 6) ï ïñèïãþíéïòðáëìüò åêöñÜæå�áé óáí ãñáììéêüò óõíäõáóìüò äýï óõíáñ�Þóåùí Heavisideùò åîÞò: f(t) = u(t− a)− u(t− b): (2.3 - 9)¼ðùò Üìåóá ðñïêýð�åé áðü �ïí Ïñéóìü 2.3 - 1 ç óõíÜñ�çóç ua(t) = u(t−a) åßíáé óõíå÷Þò ãéá êÜèå t ∈ ℜ − {a}, åíþ ãéá a = 1 ðáñïõóéÜæåé áóõíÝ÷åéáýøïõò 1. ¢ñá åßíáé �ìçìá�éêÜ óõíå÷Þò, åíþ ðñïöáíþò åßíáé åêèå�éêÞò �Üîçò,ïðü�å óýìöùíá ìå �ï Èåþñçìá 2.1 - 1 èá õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Lapla
e�çò óõíÜñ�çóçò ua ãéá êÜèå t ∈ [0;+∞). Ôü�å áðü �çí (2:3 − 6) ðñïêýð�åéü�é
L[u(t− a)] = L [ua(t)] =

∫ +∞

0
u(t− a)e−st dt

=

∫ a
0
u(t− a)e−st dt+ ∫ +∞a u(t− a)e−st dt

=

∫ +∞a e−stdt = e−ass ;äçëáäÞ
L[u(t− a)] = L [ua(t)] = e−ass ; ü�áí s > 0 êáé a ≥ 0; (2.3 - 10)åíþ

L[u(t)] = L [u0(t)] = 1s ; ü�áí s > 0: (2.3 - 11)Ç ÷ñçóéìü�ç�á �çò ìïíáäéáßáò óõíÜñ�çóçò ó�ï ìå�áó÷çìá�éóìü Lapla
eåßíáé óçìáí�éêÞ, åðåéäÞ ìå áõ�Þí åßíáé äõíá�ü íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüòðïëëþí óýíèå�ùí óõíáñ�Þóåùí.�áñÜäåéãìá 2.3 - 3 (ðåñéïäéêüò �å�ñáãùíéêüò ðáëìüò)Íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüò Lapla
e �çò ðåñéïäéêÞò óõíÜñ�çóçò (Ó÷.2.3 - 5)f(t) = 





1 áí 0 < t < �
−1 áí � < t < 2� êáé f(t+ 2�) = f(t) ãéá êÜèå t ≥ 0(periodi
 square wave).



16 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò
2 4 6 8 10 12

t

-1.0

-0.5

0.5

1.0

fHtL

Ó÷Þìá 2.3 - 5: �áñÜäåéãìá 2.3 - 3: äéÜãñáììá �çò f(t) ü�áí t ∈ [0; 4�]Ëýóç. Óýìöùíá ìå �ïí Ïñéóìü 2.3 - 1, �ç ó÷Ýóç (2:3− 8) êáé �ï Ó÷. 2.3 -5 ç f(t) áíáëõ�éêÜ ó�á åðß ìÝñïõò äéáó�Þìá�á ðåñéãñÜöå�áé ùò åîÞò:
(0; �) : u(t)− u(t− �);

(�; 2�) : −[u(t− �)− u(t− 2�)] = −u(t− �) + u(t− 2�);
(2�; 3�) : u(t− 2�) − u(t− 3�);
(3�; 4�) : −[u(t− 3�) − u(t− 4�)] = −u(t− 3�) + u(t− 4�); : : : ;ïðü�åf(t) = u(t)− 2u(t− �) + 2u(t− 2�) − 2u(t− 3�) + 2u(t− 4�) : : : :¢ñá óýìöùíá ìå �ïõò �ýðïõò (2:3 − 10) - (2:3 − 11) Ý÷ïõìå

L[f(t)] =
1s − 2

e−�ss + 2
e−2�ss − 2

e−3�ss + : : :
=

1s 




1− 2e−�s


1− e−�s + e−2�s − : : :
︸ ︷︷ ︸ãåùìå�ñéêÞ öèßíïõóá ðñüïäïò ìå ëüãï e−�s





=
1s (

1− 2e−�s 1

1− e−�s) =
1s 1− e−�s
1 + e−�s

=
1s e−�s

2

(e−�s
2 − e−�s

2

)e−�s
2

(e−�s
2 + e−�s

2

) =
1s e−�s

2 − e−�s
2e−�s

2 + e−�s
2
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1 2 3 4 5

t

1

2

3

4

fHtL

Ó÷Þìá 2.3 - 6: �áñÜäåéãìá 2.3 - 4: �ï äéÜãñáììá �çò f(t), ü�áí t ∈ [0; 5]
=

1s tanh

(�s
2

) ; ü�áí s > 0:�áñÜäåéãìá 2.3 - 4 (êëéìáêù�Þ óõíÜñ�çóç)¼ìïéá �çò óõíÜñ�çóçò g(t) ìå äéÜãñáììá ó�ï Ó÷. 2.3 - 6 (stair
ase fun
tion).Ëýóç. Ç g(t) áíáëõ�éêÜ ðåñéãñÜöå�áé ó�ï Ó÷. 2.3 - 7. Ôü�å üìïéá óýìöùíáìå �ïí Ïñéóìü 2.3 - 1 êáé �ç ó÷Ýóç (2:3 − 8) Ý÷ïõìåg(t) = u(t)− u(t− 1) + 2[u(t− 1)− u(t− 2)] + 3[u(t− 2)− u(t− 3) + : : :
= u(t) + u(t− 1) + u(t− 2) + : : : ;ïðü�å
L[f(t)] = 1s +

e−ss +
e−2ss + : : : = 1s (1− e−s) ; ü�áí s > 0:Ôï Èåþñçìá 2.2 - 4 ìå ÷ñÞóç �çò ìïíáäéáßáò óõíÜñ�çóçò ãñÜöå�áé:Èåþñçìá 2.3 - 2 Aí f ∈ DL êáé L[f(t)] = F (s), �ü�å

L[f(t− a)u(t− a)] = e−asF (s) ìå t > a > 0: (2.3 - 12)



18 Ìå�áó÷çìá�éóìüò Lapla
e Êáè. Á. ÌðñÜ�óïò
1 2 3 4

t

0.2

0.4

0.6

0.8

1.0

fHtL

(a) 1 2 3 4
t

0.5

1.0
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fHtL

(b) 1 2 3 4
t

0.5
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2.5

3.0

fHtL

(
)Ó÷Þìá 2.3 - 7: (a) ç óõíÜñ�çóç u1(t) − u2(t) äçìéïõñãåß �ï äéÜãñáììá �çòf(t) = 1; 1 < t < 2 ìå f(t) = 0; t ≤ 1 Þ t ≥ 2, (b) 2[u2(t) − u3(t)] �çòf(t) = 2; 2 < t < 3 ìå f(t) = 0; t ≤ 2 Þ t ≥ 3 êáé (
) 3[u3(t) − u4(t)] �çòf(t) = 3; 3 < t < 4 ìå f(t) = 0; t ≤ 3 Þ t ≥ 4 ü�áí t ∈ [0; 4]
1 2 3 4 5 6

t

-1.0

-0.5

0.5

1.0

fHtL

(a) 1 2 3 4 5 6
t

-1.0

-0.5

0.5

1.0

fHtL

(b)Ó÷Þìá 2.3 - 8: (a): ç óõíÜñ�çóç sin t ìðëå êáé ç sin(t− 2) êüêêéíç êáìðýëç(a = 2). (b): ç óõíÜñ�çóç u(t − �=4) sin t, üðïõ �ï äéÜãñáììá �çò f(t)ìçäåíßæå�áé, ü�áí t ≤ �=4�áñá�Þñçóåéò 2.3 - 1a. Ôï äéÜãñáììá �çò f(t − a) ìå a > 0, ðñïêýð�åé áðü �ï äéÜãñáììá �çòf(t) ìå ìå�á�üðéóç ðáñÜëëçëç ðñïò �ç èå�éêÞ öïñÜ �ïõ t-Üîïíá êá�Ü aìïíÜäåò ìÞêïõò (Ó÷. 2.3 - 8a).b. Ç ìïíáäéáßá óõíÜñ�çóç u(t−a), ü�áí ðïëëáðëáóéáó�åß ìå �ç óõíÜñ�çóçf(t), ìçäåíßæåé �ï äéÜãñáììá �çò f(t), ó�ï �ìÞìá �çò ðïõ ïñßæå�áé ãéát ≤ a (Ó÷. 2.3 - 8b).Óýìöùíá ìå �çí �áñá�Þñçóç 2.3 - 1b êáé �ï Èåþñçìá 2.2 - 4 ðñïêýð�åé:�üñéóìá 2.3 - 1 Aí f ∈ DL, �ü�å
L[f(t)u(t− a)] = e−as L[g(t)] üðïõ g(t) = f(t+ a); (2.3 - 13)
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Ó÷Þìá 2.3 - 9: �áñÜäåéãìá 2.3 - 5: �ï äéÜãñáììá �çò f(t), ü�áí t ∈ [0; 5]ü�áí t > a > 0.�áñÜäåéãìá 2.3 - 5Íá õðïëïãéó�åß ï ìå�áó÷çìá�éóìüò Lapla
e �çò óõíÜñ�çóçò (Ó÷. 2.3 - 9)f(t) = 





t2 áí 1 < t < 4

0 áí t < 1 Þ t > 4Ëýóç. Óýìöùíá ìå �ç ó÷Ýóç (2:3−8) Ý÷ïõìå f(t) = t2 u(t−1)−t2 u(t−4),ïðü�å áðü �çí (2:3 − 13) ðñïêýð�åé
L[f(t)] = L

[t2 u(t− 1)
]

−L
[t2 u(t− 4)

]

= e−s L [

(t+ 1)2
]

− e−4s L [

(t+ 4)2
]

= e−s L [t2 + 2t+ 1
]

− e−4s L [t2 + 8t+ 16
]

= e−s (
2s3 +

2s2 +
1s)− e−4s (

2s3 +
8s2 +

16s ) :
ÁóêÞóåéò1. Íá ðáñáó�áèïýí ìå �ç óõíÜñ�çóç Heaviside êáé ó�ç óõíÝ÷åéá íá õðïëïãéó�åßï ìå�áó÷çìá�éóìüò Lapla
e �ùí ðáñáêÜ�ù ðåñéïäéêþí óõíáñ�Þóåùí, ðïõ ï
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e Êáè. Á. ÌðñÜ�óïò
0.5 1.0 1.5 2.0 2.5 3.0

t

0.05

0.10

0.15

0.20

0.25

0.30

0.35

fHtL

(a) 0.5 1.0 1.5
t

0.5

1.0

1.5

2.0

fHtL

(b) Ó÷Þìá 2.3 - 10: (a) ç óõíÜñ�çóç f(t) êáé (b) ç g(t)ðåñéïñéóìüò ó�ç èåìåëéþäç ðåñßïäï åßíáé (k; a > 0):i) f(t) = 





k áí 0 < t < a
0 áí a < t < 2a iii) f(t) = 





−1 áí 0 < t < 2

−3 áí 2 < t < 4

1 áí 4 < t < 6ii) f(t) = 





2 áí 0 < t < 1

1 áí 1 < t < 2

0 áí 2 < t < 3

iv) f(t) = 





1 áí a < t < 2a
2 áí 2a < t < 3a
3 áí 3a < t < 4a:2. ¼ìïéá �ùí óõíáñ�Þóåùí (Ó÷. 2.3 - 10)a) f(t) = 





e−t áí 0 < t < 2

0 áí t < 1 Þ t > 2b) f(t) = 





2 sin 3t áí 0 < t < �
3

0 áí t < 0 Þ t > �
3ÓõíÜñ�çóç äÝë�á �ïõ Dira
¸ó�ù Ýíáò áðëüò ïñèïãþíéïò ðáëìüò ðëÜ�ïõò d = � êáé ýøïõò h = f(a) =

1=� �ç ÷ñïíéêÞ ó�éãìÞ t = a (Ó÷. 2.3 - 11 a), ðïõ ðåñéãñÜöå�áé áðü �çóõíÜñ�çóçf�(t) = 





1� áí a ≤ t ≤ a+ �
0 áí t < a Þ t > a+ �; ü�áí a; � > 0: (2.3 - 14)



Ìå�áó÷çìá�éóìüò óõíáñ�Þóåùí åéäéêÞò ìïñöÞò 21
a a+1

t

fHtL

fHaL=1

(i) a a+0.5
t

fHtL

fHaL=2

(ii) a
t

fHtL

fHaL=10

(iii)Ó÷Þìá 2.3 - 11: ÓõíÜñ�çóç äÝë�á �ïõ Dira
: ï ïñèïãþíéïò ðáëìüò ðëÜ�ïõòd = � êáé ýøïõò h = f(a) = 1=� �ç ÷ñïíéêÞ ó�éãìÞ t = a, ü�áí (i) d = � = 1,(ii) d̃ = 0:5 êáé (iii) d̂ = 0:1Ôü�å ðñïöáíþò �ï åìâáäüí E �ïõ ðáëìïý èá åßíáé ßóï ìå E = d h = 1.�åñéïñßæïí�áò �þñá �ï ðëÜ�ïò �ïõ ðáëìïý óå d̃ = �=2 (Ó÷. 2.3 - 11 b),äéá�çñþí�áò �ï åìâáäü ßóï ìå �ç ìïíÜäá, èá ðñÝðåé �ï ýøïò �ïõ ðáëìïý íáäéðëáóéáó�åß, äçëáäÞ íá ãßíåé h̃ = 2=�. Óõíå÷ßæïí�áò �ç äéáäéêáóßá åëÜ��ùóçò�ïõ ðëÜ�ïõò (Ó÷. 2.3 - 11 
), äçëáäÞ èåùñþí�áò ü�é �ï ðëÜ�ïò � �åßíåéó�áäéáêÜ ó�ï ìçäÝí êáé äéá�çñþí�áò ðÜí�ï�å �ï åìâáäü �ïõ ðáëìïý ßóï ìå
1, åßíáé ðñïöáíÝò ü�é �ï ýøïò �ïõ ðáëìïý �åßíåé ó�ï Üðåéñï.Ïñéóìüò 2.3 - 3 Ôï üñéï lim �→ 0 f�(t), ü�áí ç f�(t) äßíå�áé áðü �çí (2:3−
14), ïñßæåé �ç óõíÜñ�çóç óõíÜñ�çóç äÝë�á �ïõ Dira
 (Dira
 delta fun
tion)Þ �çò ìïíáäéáßáò êñïýóçò (unit impulse fun
tion), ðïõ óõìâïëßæå�áé ìåä(t− a).�áñá�Þñçóåéò 2.3 - 2Ç óõíÜñ�çóç äÝë�á �ïõ Dira
i) äåí åßíáé óõíÜñ�çóç ìå �ç óõíçèéóìÝíç Ýííïéá, åðåéäÞ êáìéÜ áðü �éòãíùó�Ýò ìïñöÝò óõíáñ�Þóåùí äåí Ý÷åé �éò éäéü�ç�åò �ïõ Ïñéóìïý 2.3 -3,ii) ó�ç èåùñßá �ùí ðáëìþí êáé óå Üëëåò ãåíéêü�åñá åöáñìïãÝò, ÷ñçóéìïðïéåß�áéüðùò ïé óõíÞèåéò óõíáñ�Þóåéò8.8ÂëÝðå ÌÜèçìá 4 (ÄéáöïñéêÝò Åîéóþóåéò) êáé âéâëéïãñáößá.
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e Êáè. Á. ÌðñÜ�óïòÓýìöùíá ìå �ïí Ïñéóìü 2.3 - 3 ç óõíÜñ�çóç äÝë�á ðåñéãñÜöå�áé ùò åîÞò:ä(t− a) = 





0 áí t 6= a
+∞ áí t = a; (2.3 - 15)åíþ, ü�áí ðñüêåé�áé ãéá �ç ÷ñïíéêÞ ó�éãìÞ t = 0, ïðü�å a = 0, ùòä(t) = 





0 áí t 6= 0

+∞ áí t = 0: (2.3 - 16)Áðü �éò (2:3−15) - (2:3−16) ðñïêýð�åé ü�é ç óõíÜñ�çóç äÝë�á �ïõ Dira
åðáëçèåýåé �çí �áõ�ü�ç�á
∫ +∞

−∞

Æ(t− a) dt = 1: (2.3 - 17)Éäéü�ç�åò 2.3 - 1Äßíïí�áé ó�ç óõíÝ÷åéá ïé óçìáí�éêü�åñåò éäéü�ç�åò �çò óõíÜñ�çóçò äÝë�áÆ(t):I. �éá êÜèå k ìå k 6= 0 éó÷ýåé (s
aling property)Æ(k t) = Æ(t)
|k| : (2.3 - 18)ÅðïìÝíùò Æ(−t) = Æ(t): (2.3 - 19)äçëáäÞ ç óõíÜñ�çóç Æ(t) åßíáé Üñ�éá óõíÜñ�çóç.II. Áí f(t) åßíáé ìßá óõíå÷Þò óõíÜñ�çóç, �ü�å

∫ +∞

∞

f(t)ä(t− a) dt = f(a) (2.3 - 20)(sifting or sampling property).
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eÇ óõíÜñ�çóç (2:3 − 14) óýìöùíá ìå �ç (2:3 − 9) ãñÜöå�áéf�(t) = u(t− a)− u(t− a− �); (2.3 - 21)ïðü�å Ý÷ïí�áò õð' üøéí êáé �çí (2:3 − 10) Ý÷ïõìå
L [f�(t)] =

1� L [u(t− a)− u(t− a− �)]
=

1� [e−ass − e−(a+�)ss ]

= e−as (
1− e� s� s ) :¢ñá

L[Æ(t− a)] = lim�→ 0
L [f�(t)] = e−as lim�→ 0

1− e� s� s
= (êáíüíáò L'Hôspital) e−as · 1 = e−as;äçëáäÞ ï ìå�áó÷çìá�éóìüò Lapla
e �çò óõíÜñ�çóçò äÝë�á �ïõ Dira
 åßíáé

L[ä(t− a)] = e−as; (2.3 - 22)ü�áí a; s > 0, åíþ, ü�áí a = 0, åßíáé
L[ä(t)] = 1: (2.3 - 23)�áñá�Þñçóç 2.3 - 1Ó�çí (2:3− 22), ü�áí a < 0, �ü�å

L[ä(t− a)] = 0:
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e Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 2.3 - 6Áðü �çí (2:3 − 22) ðñïêýð�åé
L[ä(t− 1)] = e−s; L[ä(t− 3)] = e−3s;åíþ
L[ä(t+ 2)] = L[ä(t− (

a
︷︸︸︷

−2 ))] = 0óýìöùíá ìå �çí �áñá�Þñçóç 2.3 - 1, ê.ëð.Áðü �çí (2:3 − 22) óå óõíäõáóìü ìå �çí (2:3− 20) ðñïêýð�åé
L[f(t)ä(t− a)] = f(a)e−as: (2.3 - 24)Áðü �ïí �ýðï (2:2 − 13)9 êáé �ïí (2:3 − 22) Ý÷ïõìå

L [tnÆ(t− a)] = (−1)n [e−as] (n) = (−1)n [

(−1)n ane−as] = an e−as;äçëáäÞ
L [tnÆ(t− a)] = an e−as; (2.3 - 25)ü�áí a > 0 êáé n = 1; 2; : : : : ÅéäéêÜ ü�áí a ≤ 0, �ü�å

L [tnÆ(t− a)] = 0: (2.3 - 26)�áñÜäåéãìá 2.3 - 7Óýìöùíá ìå �ïí �ýðï (2:3− 25) åßíáé
L [tÆ(t− 1)] = e−s (a = 1; n = 1);

L
[t2Æ(t− 3)

]

= 32e−3s = 9 e−3s (a = 3; n = 2);åíþ óýìöùíá ìå �ïí (2:3− 26)

L
[t4Æ(t)] = 0 (a = 0; n = 4);

L
[t3Æ(t+ 2)

]

= 0 (a = −2; n = 3):9Áí L[f(t)] = F (s), �ü�å L [tnf(t)] = (−1)nF (n)(s), ü�áí n = 1; 2; : : : :
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L
[Æ (n)(t− a)] = sn e−as; (2.3 - 27)ü�áí a ≥ 0 êáé n = 1; 2; : : : : ÅéäéêÜ, ü�áí a < 0, åßíáé
L
[Æ (n)(t− a)] = 0: (2.3 - 28)�áñÜäåéãìá 2.3 - 8Óýìöùíá ìå �çí (2:3 − 27) åßíáé

L
[Æ (7)(t− 1)

]

= s7 e−s; L
[Æ (5)(t)] = s5;åíþ óýìöùíá ìå �çí (2:3− 28)

L
[t2 Æ(t+ 3)

]

= L


t2 Æ(t− (

a
︷︸︸︷

−3 ))



 = 0:¢ëëåò åöáñìïãÝò �çò óõíÜñ�çóçò Dira
 èá äïèïýí ó�ï ÌÜèçìá 4 (ÄéáöïñéêÝòÅîéóþóåéò).
10

10Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.
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