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Mdbnua 5

ATANYXMATIKEX
YYNAPTHXEIX

5.1 Ewoaywyuxéc évvoleg

Kplvetar oxémipo npwy and 10v 0ploud TV SLUVUOUATIXGY GUVARTHCEWY VA
yiver uta umevBiuLeT 6TOV AVAYVHGTY 0pLEUEVGDY BAGLXGY EVVOLOY TOU SLOVUGUI-

7 7
%00 AoyLouou.

Opiowés 5.1 - 1. Aéyetar npocavatoliopévr evbela 7 dovag uia eubeia,
éotw €, otny onola Eyer opiotel éva otalepd onueio O, éva evbfiypauuo
tunua OA nov to unxoc tov Gewpeltar oay yovdda uétenonc, dniadyi (OA) =
1 xat Getrixsj n gopd and to O mpoc 1o A (Ey. 5.1-1).

Téte npogavde 1 gopd and 10 A npoc 1o O Oa elvar apvntues.

Av tdpa M etvar éva dhho Tuydy onuelo e €, Oa mpénel yia To uétpo TN
anéotactic tou and to O va toylel (OM) = z(OA) = z. O aplbudc = opilel
té1E TNV TETUNUEVY Tou onuelou M. Elvol mpogavég étu i tetunuévn elvat
Oetuen, 6tav To onuelo elvat de€id Tou O. Avtiotpoga Tdpa, av elval YVOOTA 1
TeETUNUEVY EVOC onuelou, TéTe Oa elvar Yvootr xatd uovocsHuavto 1pdno xoL

z e 7 z /4 z ’
n Béom Tou otov d€ova. Yugwva ue ta mapandve, ened| oe xdbe onuelo

Tou d€ova aviioTolyel axplBog évag mpayuatixds aplfude xar avtiotpoga
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Yyfua 5.1 - 1: npocavatohiouévn eulela v d€ovoc

Yyfua 5.1 - 2: ovuPohioude Sravuoudtwny

(auguuovoouavtny avtiotolyia), n evbela e toutiletar ye To o¥voro oV
TpaYUaTIXGY aptbudy R.

Yougova xat ue tov Optouéd 5.1 - 1 éyouue:

Optopés 5.1 - 2 (dravbopatog). Opiletar oav Sidvuoua xdbe npooavatoriouévo

evllypauuo tufua el Tou € 1 TapdAAniov meo¢ auTOY.

Ta Staviouata fa ouuBoriloviat oto e€ig ue a, B (Xy. 5.1 - 2) % hr.!

IEUW]G'LCETOU. ota BBhla 0 cuuBoliouds ue éviova yeduuata, OTeg o, B X.AT., ahAd 6NV

TpdEn yenowonoteltal entone oL o cuufohiouée &, ? AT
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Yyfua 5.1 - 3: npdabicon dravuoudtoy

AlyePpa davuopdTey
Io6tnta

Opiowés 5.1 - 3. Ado Staviouata o xat 3 G elvar Lo, dtay éyovy 1o (S0

uétpo, dievbuvon xar popd.

Téte ypdgetar o = 3, evédd oe onoladnnote dAAN nepintwon ta Siaviouata Ho
elvan Stagopetind, dnhadh o # B. Edxoha anodewxvietat 6t n todtnta opllel

uta oyéon Looduvaulac.

IIp6c0eom

Opiowés 5.1 - 4. To dBpolopa a+f3 twy dtavvoudtoy o xat 3 opiletar o1t
elvat to Sidvuoua mov mpoxurntet, étay 1o 3 yiver Stadoyixé tov &, SnAadi

apy1 tou B ovunéoet ue to TéAog ToU A.

Téte o a+P €xeL oav apyn Ty apyr Tou & oL Téhog To téhog tou 3. O tpdTog
autée TNE npdobeong elval YVoo1o¢ xaL ooy xavovag Tou TapdAANAOY ROV
(Xy. 5.1-3).

I'ivépevo pe npaypatixd aptbwd

Opiowéds 5.1 - 5. To ywvduevo evic StavUouatoc o Ue TOV TEAYUATLXG

aptOué A oplletar 61t elvar to Sidvuoua Ax, mou Eyxer uétpo |A| popéc to
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uETpo Tou &, (Bta Siedbuvon ue o A xar popd
- [Bta ue tov a, Gtay A >0,
- avtifety ue tou a, dtav A < 0,

- elvar to undevixé Sidvuoua, étav A = 0.

Movadiaio ddvuoua

Oprtowég 5.1 - 6. Opiletar oav wovadiaio to Sidvuoua mov to UETPO TOU

toodtal ue T novdda Utpnong.

Hapadelypoata tétolwy dtavuoudtony etval oe ophoydvio cloTnua cuVTETAYUEVWY
Ozxyz ta wovadwaia dwvicuata i, j xau k otoug d€ovec Oz, Oy xa Oz.
Yrevluuiletor 611 éva opfoydvio eletnuo cuvietayuévwy 610 onolo €youv
oplotel Ta wovadiata dtavicuata Tov aldvey tou a Aéyetal ophoxavovixs.
Y1n ouvéyela oplletal To yovadialo Stévuoua xatd ) dtebhuver Tou TuydvTog

daviouaTog a.

Oplowée 5.1 - 7. Fotw o tuyaio didvuoua ue o # 0. Téte opiletar oay
wovadiaio didvuopa 7 oav dravuopatixy wovdda xatd 1y Stevfuvon tou

o xat ovuPforiletar ue ag to Sidvuoua

o
= —. 5.1-1
xo ‘a’ ( )

"Eyovtoac un’ 6¢rv tov Optoud 5.1 - 5, and v (5.1 — 1) Stadoyixd tpoxintel

1 1
ot = ’—a’ L=
|ot]

Smhadt  Jotg| = 1.
ol nhad

Y

Yuvietaypréveg davioUaTog

'Eotw éva opboxavovixd olotnua cuvietayuéveyv Ozyz. Auaxplvovioal ol

TAEAXITH TEPLRTOOELS:
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i) H apy tou Stavdouatoc vo GUURITTEL UE TNV apyh TOV GUVTETAYUEVODV
O. Téte 10 didvucua autd Aéyetar drdvuopa BEomng 1) dravuoratixy
axtiva (position B location B xou radius vector) xav ouufohiletar e
r. Av z, y xau z elvat oL TpofBoréc Tou T 6TOUC GEOVES GUVTETAYUEVRY,
T61e?

r=r(z,y,z). (5.1-2)

Enouévwe otny neplntwon autt, to dfpoloua Twv 6uVLGTWOHY SLavuoUdToOY

xi, yj xou zk Oo opilel To dudvuoua r, dnhady n avadutixr Tou €xgpact,

elva
r = zi+ yj + zk. (5.1 - 3)

ii) Tevixd, dtav to a elvo éva Tuydv dudvuoua Tou 3-8idotatou ybpou ue
apy’ To onueio A (z1, y1, 21) xoL téhoc o B (2, Y2, 22), OL 6UVTETAYUEVES
Tou Oa optlovtar and tic mpoforéc Tou 6TOUC GEOVES GUVTETAYUEVRDY
xoL Oa elvar ou mpayuateol aplBuol oy = x9 — x1, g = Y2 — Y1 XA
ag = zg — z1. Téte 6uola ue v neplntwon (i) Oo elvon oty nepintwon

avth?
a = a (o, a9, 03) = ot (w2 — 1,42 — Y1, 22 — 21),, (5.1-4)
eVA 1 avohuTer Exgpaot| Tou elval

o = O(li—l- O(gj + Olgk

= (:Ug—xl)i—l—(yg—yl)j—i—(zg—zl)k. (5.1—5)

Téte 1o pétpa TV dlavuoudtwvr = r(z,y, z), avilotoyo o = a (o, o, a3)

OUVAPTHOEL TWV GUVTETAYUEVOY LOOUTIL UE

ro= |r|=y/22+y%+ 22, avilotoya (5.1 - 6)
a = |a|=1/o?+ af + a3 (5.1-7)

*Enionc ouyforiletor e r = (z,y, 2).
S'O}.LOLO( ue a = (ai, o2, 03) = (x2 — T1,Y2 — Y1, 22 — 21).
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b

Yyfue 5.1 - 4: eowtepnd YLVOUEVO TV SLavuoudtey o xat 3

HHapddetypa 5.1 - 1

'Eotw to ddvuopa a = a(l,—2,3). Téte |o| = /12 + (—2)2 + 32 = V14,
onéte olugpova ue Ty (5.1 — 1) to yovadwalo didvuoua ag xatd t devuvon

Tou a elvot

% = = — (i—2j+3k).

Eowtepuxd yivduevo

Optopés 5.1 - 8 (eowtepuxd YLvopevo). Eotw ta daviouata o xar 3
ue o, B # 0. Tdre opiletar oav eowtepixd ywvduevo (dot product) xou
ouuBoriletar t ye a-B, o moayuatixdc aplfudc mou Loodtal ue To YIVOUEVO TWY
UETPWY TRy Stavuoudtwy enl o ovvnuitovo tn¢ ywviac 8, mov oynuatilovy

ta 8vo avtd Staviouata (Xy. 5.1 - 4), Sphady
o-B=|af|f|cosh we 0<6<m. (5.1 -8)

Eidixd, étay éva i xar ta dUo dtaviouata tooltar ue 1o undevixs Sidvuoua,

TOTE TO EOWTEPLXG ToUS Yivduevo oplletal (0o ue 10 undév.

1Y uuBoniletal entone ue (o, B).
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Idu6tnTeg

i) a-B=p"aavipetabenxt,

i) a-(B+7v)=o-B+a-y emyuepotixy,

i) (Aa)-B=A(a-B)=oa-(AB), btavieR.

Yuvhxn xabetdtnTog

'‘Otayv 0 = 7/2, and v (5.1—8) tpoxintet b1, av 1o Sraviouota elvar xdbeta
uetall Toug, elval
x-B=0 (5.1-09)
xau avtlotpoga. Apa 1 (5.1 — 9) exgpdler tn cuvbhixm xabetéintasg dlo
JLVUOUET®Y.
Enlong, av a- B = %|a||B], t6te § 6 = 0 H § = 7, ondte ta Swaviouato

elvor ouyypaputxd (collinear).

YnoloyLopdg GUVARTHOEL TV GUVIETAYUEVLY

Av o = aji + oo + ask xau B = fii + Boj + Bsk elvon 8o un undevixd

draviopata, t6te, ened ta povadiala Swaviouata i = (1,0,0), j = (0,1,0)

xar k = (0,0, 1) elvor avd 8%o xdheta uetall Toug, evéd To Uétpo Toug Loottal’

ue 1, olugwva xat ue v (5.1 — 9) elxoha tpoxdntet dtu

a-B = (oni+ aoj+ azk) - (B1i+ Poj + f3k) = i (i + onj + ask) - i
+PB2 (oni + aoj + ask) - j + B3 (oni + a2j + ask) - k
= fr(mi-i+oaj-i+toask-i)+La(ani-j+aoj-j+ ask-]j)
+B3(ni-k+aj-k+ask k)= = + aofs + a3fis,

Onhad?
o B = o1ff + opfa + a3fs. (5.1 -10)
PAné my (5.1 — 9) mpoxtmtel 6t |i| = VI2+0+0 =1, |j| = 1 x| k| = 1, evd

olugova pe tov Opiopé (5.1 —8) elvari-j =|i[|jlcosF =1-1-0=0. ‘Oyow j -k =0,
k-i=0xAn
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Ané v (5.1 — 10) npoxintet
a-o= o) =+ a4 a2 (5.1-11)
IMapddetypa 5.1 - 2

'Eotw ta Swavdopata o = a(1,2, —3) xou B = B(—1,4,2). Téte obugpwva ue
v (5.1 —10) elvan

aB=1-(=1)+2-4+(=3)-2=1.

EZwtepuxd yivdpevo

Optopds 5.1 - 9 (e€wtepxb YLwépevo). Opiletar oay eéwtepixd yivduevo
(cross product) twv Stavuoudtoy o xat B, étav o, B # 0 xar ovuforiletar ue

o X 3 to dudvuoua ¥ ue Tic mapaxdte (Si6TnTEC:
i) T0 Uétpo ToOU tooUTaL UE
y=|axBlsinh, drav 0<H<n7 (5.1 -12)

ue Bty ywvia mou Stayedper To Sidvuoua o, étav otpépetal xatd T
Seéiotpopn popd, uéypetc 6tou ovunéoet ue to ddvuoua B,
ii) elvar xdfeto ota o xar B xa,

i) ta o, Boxary ue ) oepd avty opllovy deidotpogo olotnua (Xy. 5.1
- 5).

Ytny nepintwon mou to éva 1 xat ta Vo SiavUouata tooUtar ue to Undevixo
Sidvuoua 1 enlone ta a, B elvar ovyypauuwxd (6 = 0m), téte t0 elwrepixnd

yivoueveé toug oplletar va elvar to undevixé Sidvuoua.

ANyePpuxég dLbtnTEg

i) o xpB = —Pf xa un aviuetabetxr (anticommutative)

Y

i) ax(B+y)=axBraxyxa (B+7v)xa=[0xa+7yXenUeptotixy
(distributive) wc npoc v npbdobeon,



Ewoayowywxés €vvoleg 9

L ]

oz ¥

Yyfua 5.1 - 5: e€wtepnd YLVOUEVO ToV SLavuoUdT®wyY o xat 3

i) A(axP)=(Aa) xB=oax (AB) pe A€ R,
ivax(Bxy)=Bx(yxa)=vx(axp)=0 (ravtétnra tou Jacobi).
Y10 e€wtepxd YLvouevo Bev Loy UeL 1) TEOGETALRLOTLXT BLOTNTA XAl O VOUOC
e dLaypagpric.
Tewpetpixés dLdtneg

i) av o Swavdouata elval ouyypauuxd, téte T0 eEWTERIXG TOUS YLVOUEVO
tooUtoL Ue To undevixd dudvuoua xat aviiotpoga - BAéne xal Opioud 5.1
! M1 W pog PLOULO O.
- 9.

i) Av ta dwaviouata a ot B €xouv xouwvi apyl, T6TE T0 UETRO TOU EEMTERLXOY
yiwouévou toug tooUtatl he To euaddév Tou maparlhnioypduuou, Tou

opllouv ta o %o 3.

iii) O éyxoc V tou napadiniemnédou ue axués ta dwavioupata o, B xar y

LooUTAL UE
Vi=la-(Bxy)l

To yuwouevo

a-Bxy)=B-(yxa)=7-(xxp) (5.1-13)
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elval Yvwoté oov wetxté yuvouevo (triple product) o ouyfoliletat

ue (o, B, 7).

Yroloyiopdg GUVARETHOEL TWV GUVIETAYUEVLY

Av o = oqi + agj + agk xav B = Bii + Boj + Bk elvon S0o un undevixd
draviouata, t6TE, emeldr) Tor wovadialo Staviouata i, j xou k elvar avd ddo

xdfeta petaly toug xaL olugwva ue tov Optoud 5.1 - 9 elval

ixj = k ixk = i kxi = j
jxi = -k kxj = —i ixk = —j (5.1 - 14)
ixi = 0 jxj = 0 kxk = 0,

TEOXUNTEL UE AVAAOYOUS UE TO EGWTERLXO YLVOUEVO UTOAOYLOUOUS OTL

axB = (oqi+ aej+ ask) x (Bii+ faoj + fsk) = L1 (a1 + aoj + ask) x i
+0B2 (ani+ aoj + ask) X j+ B3 (o1l + aoj + ask) x k
= fi(ixi+amjxitozkxi)+pfa(arixj+anjxj+askxj)
+0s (rix k+ajxk+ask x k),

dnhadt
o X = (afz —agf2)i— (ufs —agf1)j+ (1f2 — afr) k. (5.1-15)

H (5.1 — 15) ypdpeto e wopr oplloucag 3nc tédéne we eZfc:

i j k
Br B2 B3
YrevOuuiletat 6t 1o avdntuyue pac opilovoac 2ng td&ne elvon
a1 o2
= o182 — agf, (5.1 -17)
B1 B

eved n (5.1 — 16), 6tav avantuybel wc npoc o otoyela e Ing ypauurc

draypdpovtag xdbe gopd tn Ypauun xaL T oTHAN Tou 6Tolyelou Tou Bewpeital
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xau opllovtag v opllovoa 2ng td&ng mou npoxUnTel and 1o AELoTER TRPOC Ta
de&id, yedpeTat
i j k
pr P2 P

o2 a3 o] a3 o] o
Bz P3 B Bs B P2
= (aofs — a3fa)i— (1ffiz — a3f1)j + (1ff2 — o2f1) k.

i— j+ Kk

Ynuewdoelg 5.1 - 1

i) H opilouca unohoyiouot tou e€wtepixol yivouévou elval ndvtote 3nc

téine, dnhadh e wopyic (5.1 — 16).

ii) ‘Otav ta Swavdouata a, B elvol ouveninedo, dnhadh o = oqi + agj xau

B = Bii+ P2, t61e olugwva ue vy (5.1 — 16) elvon

i j k
a X ﬁ =l o ay 0 |= (O(lﬁg — Olgﬁl) k, (51 - 19)
pi P2 0

dnhadn éva didvuoua xdbeto oto eninedo twv a, B - nepintwon (ii) tou
Optouoi 5.1 - 9.
Hopddetypa 5.1 - 3

‘Eoto ta Savdouata o = i—2j+k xa B = 2i+j+k. Zntelton va unohoyLotel
T0 UTPO TOou A X 3.

Ador. Ylugova ue v (5.1 — 18) elvan

i j k
-2 11, 1 1, 1 -2
axfPB = 1 -2 1 |= i— j+ k
11 2 1 2 1
2 1 1

= (2-1)i-(1-2)j+(1+49)k=-3i+j+5k
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Apa | x B =+/(—3)2 + 12 + 52 = /35 ~ 5.91608. 0
Ynuelwon 5.1 - 1

Arodewvietol bt av o = a (g, a2, a3), B =B (B1, B2, B3) xauy = v (Y1, Y2, Y3),
THTE TO UEXTO YLVOUEVS Toug unohoyiletat we e

A QA9 A3
(G,Q,Y) = ,51 ,52 ‘53 - (5.1 - 20)
Yi Y2 V3

O vnohoyloudc Tou 60 TERLXOY XaL Tou eEEwTERLXOU Yivouévou ue to MATH-

EMATICA yivetat o e€hc: €otw x = (1,72, 73) xau'y = (y1,y2,y3). Téte

Dot [{x_1,x_2,x_3},{y_1,y_2,y_3}] E0WTEPLUO
Cross[{x_1,x_2,x_3},{y_1,y_2,y_3}] eEwTEPLUS

OpLowds Tng dLAVUOUATIXNS CLUVAETNOYS

Yrevluuiletor 0 oploude Tne TpayUATIXS GUVAETNONG Uiag TRy UaTiXic LETaBANTAC,

Tou Yo euxohio 0T ouvéyela Oa Aéyetar enlone xou Babuwty cuvdptno.

Oplowég 5.1 - 10 (ouvdptnons). Eotw D xar T ddo tuydvia un xevd
vrooUvoda tou R. Tore Aéyerar ouvdptnon ue nedlo optouol to D xat nedlo
rudy to T, ula yovooruavty anewxdvion, éotw f, tou ouvéiou D oto T,
SnAady

Doz — y=f(x)eT (5.1-21)

1 ouvtoudtepa ouvdptnon f|D ue nedlo tudv T 1 xat ouvdptnon f(z), © € D
ue téc oo T.

Hoyéony = f(z), mou toylel yia xdbe = € D, opilet tov tino tng ouvdptnorng,
To yeduua x v aveldptntn ueTaBAnth oto D, evd Tto y v eCapTtnuévy
uetafintr oto T. Téte o tinog tng ouvdptnong exppedlel Tov TpOTO UE TOV
omolo ouvdéovtar ou Yetafintéc y xau . Enouévwc v ouvdptnon f(z) =
22 pe medlo opopol D = R, Ha anewoviler 1o otoyela 1, 3,5, ... ot
12,32, 5%, ..., x.n
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Ievixebovtag tov napandve mapdderyua Bewpolue 6TL elval Suvatédy va
’ ’ z 7 z ’
optotel enlong wa uovooRuavtn anewxdvion (ouvdptnon) Twy otolyelovl, .. .3,

. D, ... 0T

(12,13),...,(32,33), ...,(52,53), (5.1 - 22)

10U yGpou N x R = RZ avtictoya ota

(12,13,1), ...,(32,33,3), ...,(52,53,5) . (5.1 - 23)
o0 N x R x R = RN3. Téte o t0n0g ¢ ouvdptnone v ta otoryela (5.1 —
22) mpémet va elvon tne wopgrc (2, 23), evd v ta (5.1 — 22) TN poperic

(22,23, 7), 61av x € R. "Eyoviac thpa un’ 6Py xat tic oyéoetc (5.1—2)-(5.1—
3) 1o mapandve otouyelo elvar duvatdy va Hewpnboly cav ov cuviothoeg

avTloToly eV dlavuoudTtwy, dnAady TV
12i+1%j, ..., avtloTolya 12i+1%j+k, ...,

ondTe 0 aviloTolyog TUNOS TNS GLVARETNONS, TOU AEYETIUL 6TNY TERINTWGN AUTH
Stavuouatixr] cuvdptnon ulag uetaBAnTthc, Ba €xel T woppt
F(z) = F (xz, x?’) =22i+2%j, aviiotoya

Fz) = F(a%0%2) =a’i+a’j+ak, (5.1 - 24)

6tav x € RN.

Y1ig ouvapthoelg Tou eldoug autol yenowuonoLeital cuviing 6Tto cuuBolicud
e UeTAPANTAC TO Yeduua ¢ - Tou cuVHwg TapleTdveL TO Ypbvo - avtl Tou .
Alvetal otn cuvéyela 0 0pLoUoS TNS SLAYUGUATIXTS GUYVARTNOTC.
Opiowds 5.1 - 11 (davuopatixy cuvdetnor). Fotw D C R xar T C
R2, avriotoya T C R3 8o tuyaia un xevd ovvola. Tére opiletar oav
Stavvouatixy ouvdptnon (vector function i vector-valued function) uiac yetafAntiic

ue medio optouot to D xat nedio tiudy 1o T, ula LOVOGHRAVTY ANELXOVLOY),

éotw F, tou ouvdov D oto T, dniadij

D3t — F(t)=y = (fi(t), fo(t)) €T CR?,
avtiotoya (5.1 - 25)
(f1(t), fa(t), f3(t)) € T € R®
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onov xdfe fi(t) ue i = 1,2, avtlotorya i = 1, 2, 3 elvar ula ouvdptnon ue
petafAnth t, mov Aéyetar ouviotdoa (argument)® typc F.

Yougova ue tov Opioud 5.1 - 11, av Ozy eivar éva oploydvio clotnua
aZ6VWV TOU YOEoU TV 2-dlactdoeny, aviioTtolya Ozyz Tou YGpou Twv 3-
dwotdoewy, téte N F exgpdletar otic nepntdoels auTtéc GUVOPTHOEL TOV

CUVLOTWOMV 0¢ eENC:
Ft) = fi(t)i+ f2(t)j, aviiotouya

F(t) = [+ f2005+ fs(tk, (5.1 - 26)

6tav i, j xou k to povadiata Stavicuata xatd uixog twv alévey 0z, Oy xou

0z avtiotouya.
Ynueldoelg 5.1 - 2

i) O npoodopioude tou mediou optouol D e F dev dwagéper and exelvov
e ouvdptnone f(z), epboov telxd ouVETEYETAL TOV UTOAOYLOUG TV
nedlov oplopol xdhe plag GUVLGTAGUC! XAl GTT) GUVEYELD TOY XOLVGY

TOUC ONUELLY.
Iopddetypa 5.1 - 4
'Eoto n Suauvuouatix cuvdptnon
F(t) = vt costi+sintj (Xy. 5.1—6).

Téte f1(t) = \/t cost ye nedio opiouot Dy = [0, +00) xau fot) = sint
ue nedlo optouol Dy = . Apa to nedlo oplouol D e F elvar D =
DiNDy = [O, —|-OO).

SITonéc ©OopEs, GTay amatteltal, YENOLUOTOLELTOL XaL 1] TAPAOTAGY] TWV GUVLGTOGKOY UE

nlvoxa didvuoua, Snhady
D3t — F()=y = [A(t). ()] €T SR
avtiotolya

[f1(t), f2(t), f3(1)]T € T C R°.

BMéne BuBhoypaglo xar A. Mnrpdtoog [2] Keg. 3.
"Mou elvau N H0N YVOOTH 6TOV avayvedG TN GUVERTNGT UL TEAYUATIXNAS UETABANTAS.
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J—
o.8-
0.6;
o2l

“0a4 —oz2 0.2 0.4 oe !

Yyfdua 5.1 - 6: TMopdderypa 5.1 - 4: 1 xaunVin ue nopauetpwxt| eilowon
F(t) =t costi+sintj, é6tav t € [0,37/5]

ii) H opLox tuh unoloyiletat 6uola and tnv opLtaxt| WA TV GUILETOOOY

oLUVAPTHOELY K¢ eENC:

tlLH}OF(t) = tli}ngofl(t)l—ktli)nf}ofg(t)_] avilotolya
(5.1 - 27)
Mg, FO = A A iy ()3 iy (1)K

6tav tg € D CR.
IMapddetypa 5.1 - 5

"Eotw 1 dwvuouatiny, cuvdptnon

t—1
F(t) = (3 - 2) i+etj+%k.

Téte, av tg = 0, oVugova ye Ty (5.1 — 27) €yovue

De L’Hospital

t—1
lim F(f) = lim (3—26) i+ Jim '+ lim —————k
t—0 t—0 t—0 t—0 t

—sint

= 3i+j+ lim k=3i+j+0k=3i+].
t—0
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iii) H ouvéyewa oe éva onueio tg € D opiletat and tn ouvlhixm

lim F(t) = F (to)

t—to

(5.1 - 28)

6tav o unoloytoude tou limy 4 F(t) yivetar and v (5.1 — 27).
Iopddetypa 5.1 - 6
‘Eoto n Suuvuouatix cuvdptnon

F(t) = In (9 2) i+ﬁ+\/1+tk.

[Teogavide xdle ouvietdoa elvar ouveyric 6to nedlo oplouol g, ondTe
n F(t) o elvar ouveyfic oto xowvéd nedlo oplouol twy, éotw D, 6nou
rpogavae O woyler 1 (5.1 — 28). Téte, enedf n f1(t) = In (9 —1?)
éyer medlo oplopot 1o Dy = (=3,3), n fo(t) = 55 0 Dy = (—00,2) U
(2,+00) xav 1 f3(t) = V1+t 10 D3 = [—1,+00), npéret D = D1 N
DyNDs=[-1,2)U(2,3).

5.2 IMopapetpixn) napdotacy) XOUUTUAGDY

O yvwotdg uéypet Tépa Tpoadloplouds TN avaluTixhg eElomong Ulag xauriing,
¢otw O, 070 ydpo N2, avtlotoiya N3 ue xapteotavéc ouvtetayuévee, Snhadi
oe oVoTHUA OLVTETAYUEVWY Ozy Tou YGpou Twv 2-8laoTdocwy, avtioTolya
Ozyz Tou YOEOU TwV 3-dlaoTdoewy, TohhéEC Pogéc dnuLoupyel duoxohieg otov
uToAoYLOUS BLabeny Quox®y UeYebldy, dnwe autd QaiveTal 6To TaUPAXATH
ToEddELYUd.

I vo avtipetonietoly oL Suexohieg autée avalnteltol évag dAlog Tpdnog
neptypagrc tne ellowone tng mopandve xoauntine C.  Yrevlvuiletar oo

onuelo 6tL:
Ynuelwon 5.2 - 1

‘Eva vAixé onuelo xiwvoluevo oto ydpo xar éyovrac éva Babud erevfepiac
Siaypdyet yevixd ula xauniin yoauui, evd étav éyet dvo Pabuoic edevbepiac

ML EmLpdveLa.
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'Eoto tdpa 61 {nteltan o npocdioploude tne e€lomong uag xaunving C
tou B3, Av Oxyz elvar éva ophoydvio obotnua aZévey xat My (70, Yo, 20)
Tuy6v onueto tng xauriing C, 1éte 6T0 onuelo autd avtiotolyel axplBoc éva

dtdvuopa Béomg, €0Tw Iy, 6TOU
ro==x9i+yoj+ 20k (52—1)

xat aviloTpoga 670 Iy aviotolyel to onueto My (xo, Yo, 20). ‘Ouola oe éva

dhho onueto My (z1,y1,21) e C Ba avtiotoiyel to didvuoua Béong
ri=xz1i+yj+=k (5.2 - 2)
xat YEVxd oto tuyév onuelo M (z,y, z), to
r=zi+yj+zk (5.2 - 3)

‘Eyovtac v’ éduv xar tov Optoué 5.1 - 11 ta davdouata rg oty (5.2 — 1),
r; oty (5.2 — 2) xat yevwxd r oty (5.2 — 3) elvar duvatéy va Bewprnbolv
ooy oL TLES ULag XaTdANANS dravuopatixfc cuvdptnons, éotw r(t), 6tav
t € [a,f], ue v évvola 611, av t = tg, T6te Nt (t) = 1 (t9) O LooVTan ue TNV
(52—=1) (Ey. 5.2-1),avt=t, nr(t) =r(t1) ye v (5.2 — 2) xau yevixd
avt =t nr(t) ue my (5.2 —3). H avahutua] éxgpaon tne Stavuouatixhc

ouvdptnong r(t) elvon
r(t) =z(t)i+ylt)j+=20t)k ue te o, p] CR. (5.2 - 4)

H (5.2—4) B Méyetan t61e 6TL 0pller Ty mapapeteixr eElowon Tne xautiing
C' ue nopduetpo t.
Me éuorov tpémo optletal 1 ntopauetpxt| e&lowon ulag eninedne xoumiing
C oc
r(t) =z(t)i+y(t)]j ue t € [a,f]. (5.2 -5)

Ot napauetpinéc eELOMOELS TV XAUTUAGY €0UYV UEYIAN eQapuoyT otr Puouxy,
xuplwg 6Tay 1 napduetpog ¢ cuuPoiilel to yebvo.
Alvovtar o1n cUVEYELX OPLOUEVEC TOPAUETELXES TUPAOTACELS YENOLUWY

XAUTUAGY amopaltntev Yo Ta endueva wobiuata.
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Mo

(tg)

Yyfua 5.2 - 1: napauetpud nopdotaon XaUTUAGY

=0y

EuBczia

Yyfua 5.2 - 2: napauetpuy ntopdotaon eubelog
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Evbeia

Av M elvar éva tuyév onuelo tne eubeloc (Xy. 5.2 - 2) nou diépyetor and
ta onuela My (21,91, 21) xaw My (xg,ya, 22), T61€, enedh MjMy = r — r,

Y

anodewxvietal 6Tt oTny meplntwon auth elvond

r(t)=tr+(1—t)rg, o6tav teR. (5.2 - 6)

H (5.2 — 6) opilel tnv mapapeteixy| egloworn tng subelag mou duépyetan
and ta onueto My xouw My, Xpnouonol@dvtog TLg avaAUTIXES EXPRACELS T =

11+ y1j + 21k %o ro = woi + yoj + 22k, 1 (5.2 — 6) tehund ypdpeton
r(t) = [tea+ (1 —t)o] i+ [ty + (1 -yl
+[tzo+ (1 —t)z1] k, étav teR. (5.2-7)
Ynuelwon 5.2 - 2

H (5.2 —7), edwd btav t € [0, 1], opiler v napapetpxt| ellowon tov

Y

onuelwv Tou evBGYpanmoL TAUatog My Ms.
Hopddetypa 5.2 - 1

Nao unoloyiotel 1 nopauetpwxt| e€lowan tou eubiypoauuou tufuatog MMy,
étav My = (1,2,0) xoaw M2(2,4,3) (£y.5.2 - 3).
Abor. Ydugova ye ty (5.2 = 7) xow v Hopathenon 5.2 - 2 elvan

r(t)=(1+t)i+2(1+1)j+3tk, obtav tel0,1]

ITepupépeia xOxAhou

‘Eoto apyuxd 611 10 %€vipo Tou x0xAou GUUTITTEL UE TNV apy T TV aZovwy.

Téte 1 elowon Twv onuelwy g TepLpépetag elvar

2 +y? = R2.

$Bréne BBhoypapla xou BiBrio A. Mrpdtoog [2] Kep. 1.

19
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Yyfua 5.2 - 3: Topdderyua 5.2 - 1@ napauetpuxy| tapdotacy Tou evhiypauuou
tufuatoc My Mo

OétovToc

r = Rcost xo

y = R sint,
€YOUUE TNV TaLUXdTL TapAReTELXY) EElowOT
r(t) = R costi+ Rsintj ue te[0,2n). (5.2 - 8)

Av 1o xévtpo Tou xUxhou elvar to onueto (a, ), Téte 1 e&lowon Twv onuelwy

TNe TepLpépeLac elval

(z —a)? + (y - p)* = R,

om6Te 0TV TEplnTwOoN AUt €youue cav TapaueTexy eElowan TNV

r(t) =(a+ Rcost)i+ (B+ Rsint)j ue te][0,2m). (5.2-9)

v



Hopapetplxy] TapdoTaon XAUUTUAGY 21

"EAAewdm
‘Ouota yia v éMhewdn e elowon
22 2
2!
€yovue oav TapAUeTELXY e€lowon v
r(t) = o costi+fsintj ue te0,2n). (5.2 - 10)

IMopaBoin
Av 1 e€loworn e mapaforc elval
y = ax’,

té7e ula mapauetpud elowot tng mpoxUntel Bétoviac x = t, onéte y = at?
X0l XATH GUVETELDL
r(t) =ti+at?j pe teR (5.2 - 11)

Ynueldoelg 5.2 - 1

i) Avelvar yvooth nelonon tng xaunding 6 XapTECLAVES GUVTETAYUEVECS,
THTE 0L GUVTETAYUEVES TNE TapaueTewxrc e€lowang mou Ha npocdiopiotet,
mpénel va enainbedouv tnv apyxt| e€lowor tng xaumiing.

ii) Ané v napauetpuxd e€lowon e xaunling elvat duvatéy va npoodloplotel
n avtiotouyn eiloworn oe xapteclavée cuvtetayuéveg, Bétoviag © =
z(t), y = y(t) xou z = z(t) xa anakelgoviag TV napduetpo ¢, epbooy

autéd elval Suvatoy.
HMopddetypa 5.2 - 2
'Eoto n xauntin mou Slvetow ue napauetowxt eClowor wg
r(t) = (14 cost)i+ (2 +sint)j ve te0,n].

O¢tovtag © = 1 4+ cost, y = 2 + sint, onéte © — 1 = cost, y — 2 = sint
xa anaelpoviac TNV Tapdueteo t, TpoxUnTel 6Tl 1 eElowoY 68 XAPTEGLAVES
ouvtetayuéveg etvar (z — 1)% + (y — 2)? = 1. Enewdf ¢ € [0, 7] npdxeitar yia

10 dvw pépoc e mepLpépeLac, mou €yel x€vipo To onuelo (1,2) xou axtiva 1.
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5.3 Ilopdywyog dLavuouatixng cuVAETNoTS

Eougova ye tov Optoud 5.1 - 11 xow v (5.1 — 27) n uéypL tdpa KB Yvwoth
€VVOLYL TT|C TUEAY MY OU TEAYUATIXY GUVARTNONG ULAC TEAYUATIXS UETABANTHS

eNEXTELVETAL XL OTNY TERITTWOY TV SLAVUOUATIXOY GUVARTHCELY S EENC:

Optopés 5.3 - 1 'Eotw F(t) ula Sitavvouatixy ouvdptnon ue nedlo oprouot

t0 obvolo D = (a,8) C R xar onuelo tg € D. Tére n Stavuouatixi

ouvvdpTnon

F(t) —F(t)
t—to

Exet évvora yia xdfe t € D —{to} xat opilet 10 cuvteheoth ETABOAAS T7)¢

G(t) = (5.3-1)

ouwvdptnone F oto onueio tg. Opiletar oav 1ng tding nopdywyog ¢ F
oo to xar ovuforiletar ue ¥/ (to) n ru tov oplov

. F(t) —F (to)
F () = lim ———— 5.3 -2
(to) = Jim ——— R ( )
1 toodUvaua
. F (t() + At) —F (t())
/ _ _
F' (ty) = AltlmO ; , (5.3 - 3)

otav auté undpyet.

H F’ (t9) elvar oty teplntwon auth dudvuopa.

Avn F/ (to) undpyet yia xdbe tg € D, téte oplletar v Inec téine napdywyoc
e F o1t0 D xou cupPohiletar ue
iy — 4E@)
F'(t) = —
H F’ () elvae dravuopatixy cuvdetnon.

"Ouota optletal n tapdywyoc tne F/(t) nou Méyetal 215 tdEng nopdywyog
e F o1t0 D xou cupPohiletar ue

2
p() = LF0

XOL ETAYOYWXXE 1 V-TAENG TopdYwYos e

_dYF(t)  d |dVT'F()
dtv — dt

F) (1) = Y ] v xdfe v=23, .... (5.3-4)
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Ewud opiletar 6t FO (1) = F(t).
Av tdpa Oy, avtiotorya Ozyz elvar éva oploydvio cvotnua aévev,

t61e olugwva ue ty (5.1 — 26) elvou

F(t) = fi(t)i+ f2(t)j, oavilotoya

Ft) = A@)i+ L0+ fs0)k ywxdbe teD. (53-5)
Anodewxvietal ot

Ipétaon 5.3 - 1. HF Ou éyer npdrne taénec napdywyo oto D téte xau
uévo, drayv undpyouy oto D ot mapdywyor twv ovvapthioewy fi(t), fa(t) xa

f3(t). Xtpv nepintwon auth toyde

F'(t) = fit)i+ f3(t)], aviiotoiya

F'(t) = fiOi+f0)i+HA0k  yaxdbe teD. (53-6)

Kavéveg napaydyiong

'Eotw ol duavuouatixéc ouvaptioeic F, G xaw W ue xowvé nedlo opiouot D
xau mopaywylowee oto D. Téte, av ¢ elvar ula npaypatixr cuvdptnon ue
nedio oplouol duola 1o D, anodeixvietal 4Tt LoYYoUV oL TAEAXATH XAVOVES
TApAYDYLOTS

i) AvF =c otafepd, t6te F' =0
F+G) =F +G
EF) = kF' 6tav k otabepd
F-G)=F -G+F-G
FxG)=F xG+FxG’
oF)" = ¢'F + ¢F’ 6tav ¢ Babuwth cuvdptnon
F-GxW)=F-GxW +F.-G'xW+F .GxW
viii) [Fx (G x W) =F x (G x W) +F x (G'xW)+F x (G xW).

Ou Wiotntee (ii)-(iv) yevievovtat yio v-10 nAffoc ouvaptioeLls.

(
(
(
(
(
(
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Hopddetypa 5.3 - 1
'Eoto 1 dtavuouatixd cuvdptnon

F(t) = costi+sin’tj+tk.

Téte obugwva ue Ty Hpdtaon 5.3 - 1 xaL Toug YVwoeToUg TUNOUS TApAYHYLONS

oUvletwy ouvapthoewy (Ilivaxac 5.3 - 1) elvon

sin 2t
/ —_
F'(t) = (cost)i+ (sin2 t) j+t'k=—sinti+2sintcost j+k,
F’(t) = —(sint)i+ (sin2t)j+0k = —costi+2cos2tj, xAx.

IHapddetypa 5.3 - 2
‘Ouota, £€6Tw oL SLUVUCUATIXES GUVIRTHGELS
F(t)=ti+2j xu G(t)=t3i+1t].
Téte olugpova ye tov xavéva napaydylone (iv) elva
(F-G)Y = F\.G+F-G
= ([(+05)- (Pi+t)+ti+2))- (320 +])

= (1240 4)+ (1382 +2.1) =48 +2

?Anoyopedetal N avadnuooieuon 7 avamapayeYY TOU TEPGYTIOE 610 GUVOAG Tou ¥
TunuUdTeY tou ywelc ™ yeanth ddewa tou Kaf. A. Mrgdtoou.
E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/



IMapdywyog dravuouatixng cuvdetnong 25

ITivaxag 5.3 - 1: mopay®dyny Tov xupldtepwy cUVIETOY GUVIRTAGEWY

o/ Suvdgtnon Magdywyoc
1 ;@) af'(x)f*(z)
2 o/ (@) F(2)ef @
3 In f () ? ((f))
4 sin f () f' (@) cos f(x)
5 cos f(z) —f'(x)sin f(x)
6 tan f(z) CO£ ;(]f()r)
7 cot f(z) —Sh{;('m()x)
8 tan—! f(z) - +f ,gzr)
9 sin™! f(z) 7\/%
10 cos™! f(x) —7\/%
11 sinh f () f'(x) cosh f ()
12 cosh f () f'(x) sinh f(x)
13 tanh f(z) COS”Z g?(m) = ['(w) [1 — tanh? f(2)]
14 coth f(z) fla) f'(@) [1 = coth?f(x)]
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Avolkta Akadnuaika Madnuata

Texvoloyiko Ekmaudeutiko 16pupa ABrvag

TéAog Evotntac

Xpnuatodotnon

* To mapov ekmaldeuTIKO UALKO €xel avamtuxBel ota mAaiola Tou eKMOLOEUTIKOU
£€pyou Tou dLbaokovra.

* To £pyo «Avolkta Akadnuaikd Madnuata oto TEI ABAvag» £xel xpnUaTtodoTHoEL
HOVO TN avadlapopdwaon Tou EKMALSEUTIKOU UALKOU.

* To €pyo vlomoleitat oto mAaiolo Tou Emixelpnotakol Mpoypappotog «Ekmaidevon
kat Al Blou MaBnon» kat ocuyxpnuatodoteitat and tnv Eupwnaikn Evwon
(Eupwmaikd Kowvwviko Tapeio) kat and eBvikoug népouq.

11X \KO NMPOrPAMMA
EKﬂAIAéYXH KAl AIA BIOY MAGHZH — EznA

YNOYPIFEIO NAIAEIAL KAl BPHIKEYMATON

EvpwmdixiEvwon EIAIKH YNHPELIA AIAXEIPILHI
Eupanaind Konvewved Tapsio
Me tn ouyxpnuaroddrnon e EAAGSag xat tng Evpwnaixr¢ Evwong
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