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ÌÜèçìá 6ÓÕÍÁÑÔÇÓÅÉÓ �ÏËËÙÍÌÅÔÁÂËÇÔÙÍÓ�ï ìÜèçìá áõ�ü èá ãßíåé ìéá ãåíßêåõóç �çò Þäç ãíùó�Þò ó�ïí áíáãíþó�çÝííïéáò �çò ðñáãìá�éêÞò óõíÜñ�çóçò ìéáò ðñáãìá�éêÞò ìå�áâëç�Þò óå äýï,áí�ßó�ïé÷á �ñåéò ìå�áâëç�Ýò.6.1 ÅéóáãùãéêÝò Ýííïéåò6.1.1 ÏñéóìïßÏñéóìüò 6.1 - 1 (óõíÜñ�çóçò ðïëëþí ìå�áâëç�þí) ¸ó�ùD ⊆ ℜ2, áí�ßó�ïé÷áD ⊆ ℜ3 êáé T ⊆ ℜ äýï �õ÷üí�á ìç êåíÜ óýíïëá. Ôü�å ìßá óõíÜñ�çóç äýï,áí�ßó�ïé÷á �ñéþí ìå�áâëç�þí ìå ðåäßï ïñéóìïý �ï D êáé ðåäßï �éìþí �ï Tåßíáé ìßá ìïíïóÞìáí�ç áðåéêüíéóç, Ýó�ù f , �ïõ óõíüëïõ D ó�ï T , �Ý�ïéáþó�å: D ∋ (x; y) −→ f (x; y) = w ∈ T;áí�ßó�ïé÷á (6.1 - 1)D ∋ (x; y; z) −→ f (x; y; z) = w ∈ T:1



2 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòÔá x; y, áí�ßó�ïé÷á x; y; z åßíáé ó�çí ðåñßð�ùóç áõ�Þ ïé áíåîÜñ�ç�åò ìå�áâëç�ÝòÞ áðëÜ ìå�áâëç�Ýò Þ åðßóçò êáé �á ó�ïé÷åßá (arguments) �çò f , åíþ w çåîáñ�çìÝíç ìå�áâëç�Þ. ¼ìïéá, üðùò êáé ó�çí ðåñßð�ùóç �çò ìéáò ìå�áâëç�Þò,ç f ïñßæåé �ïí �ýðï �çò óõíÜñ�çóçò, äçëáäÞ ðåñéãñÜöåé �ïí �ñüðï ìå �ïí ïðïßïãßíå�áé ç ðáñáðÜíù áðåéêüíéóç.Ï ðñïóäéïñéóìüò �ïõ ðåäßïõ ïñéóìïý D ãßíå�áé üðùò êáé ó�çí ðåñßð�ùóç�çò óõíÜñ�çóçò ìå ìßá ìå�áâëç�Þ, ìå �ç äéáöïñÜ ü�é ðñïóäéïñßæïí�áé ïé�éìÝò ãéá �éò ïðïßåò ïñßæå�áé ç f ãéá êÜèå ìå�áâëç�Þ x; y, áí�ßó�ïé÷á x; y; z÷ùñéó�Ü êáé ó�ç óõíÝ÷åéá �ï D óáí ç Ýíùóç �ùí åðß ìÝñïõò ðåäßùí ïñéóìïý.Ìéá óõíÜñ�çóç f ìå ðåäßï ïñéóìïý D èá óõìâïëßæå�áé ó�ï åîÞò ìå f |D Þáíáëõ�éêÜ f(x; y)|D, áí�ßó�ïé÷á f(x; y; z)|D. Ôá ðåäßá ïñéóìïý êáé �éìþíåßíáé ìéá êáìðýëç åðéöÜíåéá Þ ãåíéêü�åñá ìéá �ñéóäéÜó�á�ç ðåñéï÷Þ �ïõ÷þñïõ.¸ó�ù w = f(x; y)|D, áí�ßó�ïé÷á w = f(x; y; z)|D. Ôü�å ç ãñáöéêÞðáñÜó�áóç �çò f èá åßíáé �ï óýíïëï �ùí óçìåßùí
{((x; y); w) ∈ D × T; áí�ßó�ïé÷á ((x; y; z); w) ∈ D × T:}�áñÜäåéãìá 6.1 - 1Íá õðïëïãéó�åß �ï ðåäßï ïñéóìïý �ùí óõíáñ�Þóåùíf1(x; y) = √x+ y; f2(x; y) = √x+√y êáé f3(x; y) = ln

(

4− x2 − 4y2) :Ëýóç. ÅðåéäÞ áðü �ïí �ýðï �çò f1 ðñÝðåé íá ðñïêýð�åé ðñáãìá�éêüò áñéèìüò,�ï ðåäßï ïñéóìïý D1 èá åßíáéD1 = {(x; y) ∈ ℜ 2 : x+ y ≥ 0}:�ñáöéêÜ �ïD1 ïñßæå�áé áðü �ï óýíïëï �ùí óçìåßùí �ïõ åðéðÝäïõ ðïõ âñßóêïí�áéó�ï Üíù ìÝñïò �çò åõèåßáò x+ y = 0 (Ó÷. 6.1 - 1a).1¼ìïéá �ï ðåäßï ïñéóìïý D2 �çò f2 èá åßíáéD2 = {(x; y) ∈ ℜ 2 : x ≥ 0; y ≥ 0};1Õðåíèõìßæå�áé ü�é ç áíéóü�ç�á Ax + By + Γ > 0 ëýíå�áé ãñáöéêÜ, ü�áí ÷áñá÷èåß çåõèåßá å : Ax + By + Γ = 0 êáé èåùñÞóïõìå �ï óýíïëï �ùí óçìåßùí (x; y) ∈ ℜ 2 ðïõåßíáé ó�ï Üíù ìÝñïò �çò å.
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(b)Ó÷Þìá 6.1 - 1: �áñÜäåéãìá 6.1 - 1: (a) �ï ðåäßï ïñéóìïý D1 = {(x; y) ∈ ℜ 2 :x+ y ≥ 0; } �çò óõíÜñ�çóçò f1(x; y) = √x+ y. Ç ìðëå åõèåßá Ý÷åé åîßóùóçx+ y = 0. (b) Ôï ðåäßï ïñéóìïý D2 = {(x; y) ∈ ℜ 2 : x ≥ 0; y ≥ 0} �çòf2(x; y) = √x+
√yäçëáäÞ �ï 1ï �å�áñ�çìüñéï �ïõ Ó÷. 6.1 - 1b.ÔÝëïò, åðåéäÞ ç ëïãáñéèìéêÞ óõíÜñ�çóç ïñßæå�áé ìüíï ãéá èå�éêÝò �éìÝò�çò ìå�áâëç�Þò �çò, ãéá �ï ðåäßï ïñéóìïý D3 �çò f3 ðñÝðåé 4− x2 − 4y2 > 0Þ 1 > x2

4 + y2, ïðü�åD3 = {(x; y) ∈ ℜ 2 :
x2
4

+ y2 < 1};äçëáäÞ �ï ðåäßï ïñéóìïý åßíáé �ï åóù�åñéêü �çò Ýëëåéøçò ìå åîßóùóç x2

4 +y2 =
1 (Ó÷. 6.1 - 2a). Ó�ï Ó÷. 6.1 - 2b äßíå�áé ç ãñáöéêÞ ðáñÜó�áóç �çò f3.�áñÜäåéãìá 6.1 - 2Íá õðïëïãéó�åß �ï ðåäßï ïñéóìïý �çò óõíÜñ�çóçòf(x; y) = sin−1 x+

√xy:Ëýóç. Åßíáé ãíùó�ü2 ü�é ç óõíÜñ�çóç sin−1 x ïñßæå�áé ãéá êÜèå x ∈ [−1; 1].ÅðïìÝíùò ï ðñþ�ïò üñïò �çò f ïñßæå�áé ü�áí −1 ≤ x ≤ 1.2¼�áí ç óõíÜñ�çóç sin x èåùñçèåß ü�é Ý÷åé ðåäßï ïñéóìïý �ï [−�=2; �=2], �ü�å ïñßæå�áéç áí�ßó�ñïöÞ �çò óõíÜñ�çóç �üîï çìé�üíïõ x, ðïõ óõìâïëßæå�áé ìå sin−1 x Þ arcsin x êáéÝ÷åé ðåäßï ïñéóìïý �ï [−1; 1], äçëáäÞ �ï ðåäßï �éìþí �çò sin x.¼ìïéá, ü�áí ç óõíÜñ�çóç tan x èåùñçèåß ü�é Ý÷åé ðåäßï ïñéóìïý �ï (−�=2; �=2), �ü�åïñßæå�áé ç áí�ßó�ñïöÞ �çò óõíÜñ�çóç �üîï åöáð�ïìÝíçò x, ðïõ óõìâïëßæå�áé ìå tan−1 x Þ
arctan x êáé Ý÷åé ðåäßï ïñéóìïý �ï ℜ, äçëáäÞ �ï ðåäßï �éìþí �çò tan x.ÂëÝðå åðßóçò âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [2℄ Êåö. 4.
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(a) (b)Ó÷Þìá 6.1 - 2: �áñÜäåéãìá 6.1 - 1: (a) �ï ðåäßï ïñéóìïý D3 = {(x; y) ∈ ℜ 2 :x2

4 + y2 < 1} �çò óõíÜñ�çóçò f3(x; y) = ln
(
4− x2 − 4y2). Ç äéáêåêïììÝíçêüêêéíç êáìðýëç åßíáé ç Ýëëåéøç ìå åîßóùóç x2

4 + y2 = 1. (b) Ç ãñáöéêÞðáñÜó�áóç �çò f3(x; y). Ç êüêêéíç êáìðýëç äåí óõìðåñéëáìâÜíå�áé ó�ïäéÜãñáììáO äåý�åñïò üñïò √xy ïñßæå�áé ü�áí xy ≥ 0, äçëáäÞ ü�áí �á x, y åßíáéïìüóçìá. ¢ñá �ï ðåäßï ïñéóìïý �çò f èá åßíáé D = D1 ∪D2, üðïõD1 = {(x; y) ∈ ℜ 2 : −1 ≤ x ≤ 0; y ≤ 0} êáéD2 = {(x; y) ∈ ℜ 2 : 0 ≤ x ≤ 1; y ≥ 0}:
�áñÜäåéãìá 6.1 - 3Íá õðïëïãéó�åß �ï ðåäßï ïñéóìïý �ùí óõíáñ�Þóåùíf(x; y; z) = ln(x− y + 4z) êáé g(x; y; z) = 1

√x2 + y2 + z2 − 9
:Ëýóç. ÅðåéäÞ ç ëïãáñéèìéêÞ óõíÜñ�çóç ïñßæå�áé ìüíï ãéá èå�éêÝò �éìÝò �çòìå�áâëç�Þò �çò, �ï ðåäßï ïñéóìïý Df �çò f åßíáéDf = {(x; y; z) ∈ ℜ 3 : x− y + 4z > 0};



ÅéóáãùãéêÝò Ýííïéåò 5äçëáäÞ ðñüêåé�áé ãéá �ï Üíù ìÝñïò �ïõ åðéðÝäïõ ìå åîßóùóç ð : x−y+4z =

0.3 ¼ìïéá �ï ðåäßï ïñéóìïý Dg �çò g, ëüãù �çò �å�ñáãùíéêÞò ñßæáò êáé �ïõðáñïíïìáó�Þ, èá åßíáéDg = {(x; y; z) ∈ ℜ 3 : x2 + y2 + z2 < 9};äçëáäÞ �ï åóù�åñéêü �çò óöáßñáò ìå êÝí�ñï �ï óçìåßï (0; 0; 0) êáé áê�ßíáR = 3.Áðü �ï �áñÜäåéãìá 6.1 - 3 ðñïêýð�åé ü�é ó�éò ðåñéð�þóåéò óõíáñ�Þóåùí�ñéþí ìå�áâëç�þí �ï ðåäßï ïñéóìïý åßíáé Þ ìéá åðéöÜíåéá - ðåñßð�ùóç ðåäßïõïñéóìïý Df - Þ Ýíáò üãêïò - ðåäßï ïñéóìïý Dg. Ç ãñáöéêÞ ðáñÜó�áóçìéáò óõíÜñ�çóçò, Ýó�ù f , ó�çí ðåñßð�ùóç áõ�Þ åßíáé äõíá�üí íá ãßíåé áðü�ï äéÜãñáììá �ïõ ðåäßïõ �éìþí T �ùí óçìåßùí, äçëáäÞ �ïõ óõíüëïõ T =

{f(x; y; z) ìå (x; y; z) ∈ D}, ü�áí D �ï ðåäßï ïñéóìïý �çò f êáé åßíáéãåíéêÜ ìéá åðéöÜíåéá Þ êáé Ýíáò üãêïò �ïõ ÷þñïõ �ùí �ñéþí äéáó�Üóåùí.3Õðåíèõìßæå�áé ü�é ç ãåíéêÞ ìïñöÞ �çò åîßóùóçò �ïõ åðéðÝäïõ åßíáéax+ by + 
z = d; (6.1 - 2)ðïõ, ü�áí ç (6:1− 2) ëõèåß ùò ðñïò z, éóïäýíáìá ãñÜöå�áé êáéz = f(x; y) = Ax+By +D: (6.1 - 3)Ç ãñáöéêÞ ðáñÜó�áóç åíüò åðéðÝäïõ ãåíéêÜ ãßíå�áé ìå �ïí ðñïóäéïñéóìü �ùí óçìåßùí�ïìÞò �ïõ åðéðÝäïõ ìå �ïõò Üîïíåò óõí�å�áãìÝíùí. Ôü�å åíþíïí�áò �á �ñßá ðáñáðÜíùóçìåßá �ïìÞò �ï äçìéïõñãïýìåíï �ñßãùíï äåß÷íåé êáé �ç ìïñöÞ �ïõ åðéðÝäïõ. �éáðáñÜäåéãìá, Ýó�ù ü�é æç�åß�áé ç ãñáöéêÞ ðáñÜó�áóç �ïõ åðéðÝäïõ 3x + 4y + z = 12, ðïõåßíáé �çò ìïñöÞò (6:1− 2) êáé óýìöùíá ìå �çí (6:1− 3) éóïäýíáìá ãñÜöå�áéz = 12− 3x− 4y; äçëáäÞ f(x; y) = 12− 3x− 4y: (6.1 - 4)Ôü�å èÝ�ïí�áò ó�çí (6:1 − 4) x = y = 0 ðñïóäéïñßæå�áé ü�é �ï óçìåßï �ïìÞò �ïõ åðéðÝäïõìå �ïí z-Üîïíá åßíáé �ï (0; 0; 12). ¼ìïéá �ï óçìåßï �ïìÞò ìå �ïí x-Üîïíá åßíáé �ï (4; 0; 0)êáé ìå �ïí y-Üîïíá �ï (0; 3; 0).Ç áíéóü�ç�á ax+ by + 
z > 0 ëýíå�áé ãñáöéêÜ, ü�áí áñ÷éêÜ ãßíåé ç ãñáöéêÞ ðáñÜó�áóç�ïõ åðéðÝäïõ ð : ax+ by + 
z = 0êáé ó�ç óõíÝ÷åéá èåùñþí�áò �ï óýíïëï �ùí óçìåßùí (x; y; z) ∈ ℜ 3 ðïõ åßíáé ó�ï Üíù ìÝñïò�ïõ ð.



6 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïò¢óêçóçÔùí ðáñáêÜ�ù óõíáñ�Þóåùí íá ðñïóäéïñéó�åß �ï ðåäßï ïñéóìïý êáé íá ãßíåéç ãñáöéêÞ ðáñÜó�áóçi) (
4− x2 − y2)1=2 v) 1= ln (x+ y + z),ii) ln(x− y) vi) tan−1 y +√xy,iii) (
9− x2)1=2 + (4− y2)1=2 vii) ln(xyz),iv) sin−1

(yx) viii) ln
(x2 + y2 − z2).6.1.2 Óýãêëéóç óõíáñ�Þóåùí äýï êáé �ñéþí ìå�áâëç�þíÏñéóìüò 6.1 - 1 (äýï ìå�áâëç�þí). ¸ó�ù ç óõíÜñ�çóç f(x; y) ìå ðåäßïïñéóìïý D ⊆ ℜ 2. Ôü�å èá åßíáé

lim
(x;y)→ (x0;y0) f(x; y) = l; (6.1 - 1)�ü�å êáé ìüíïí ü�áí ãéá êÜèå " > 0 õðÜñ÷åé Æ = Æ(") > 0, Ý�óé þó�å

|f(x; y) − l| < " ãéá êÜèå (x; y) ∈ D êáé √(x− x0)2 + (y − y0)2 < Æ.Ïñéóìüò 6.1 - 2 (�ñéþí ìå�áâëç�þí). ¸ó�ù ç óõíÜñ�çóç f(x; y; z) ìåðåäßï ïñéóìïý D ⊆ ℜ 3. Ôü�å èá åßíáé
lim

(x;y;z)→ (x0;y0;z0) f(x; y; z) = l; (6.1 - 2)�ü�å êáé ìüíïí ü�áí ãéá êÜèå " > 0 õðÜñ÷åé Æ = Æ(") > 0, Ý�óé þó�å
|f(x; y; z) − l| < " ãéá êÜèå (x; y; z) ∈ D êáé√(x− x0)2 + (y − y0)2 (z − z0)2 <Æ. Ó÷å�éêÜ ìå �ç äéáäéêáóßá õðïëïãéóìïý �ùí åðß ìÝñïõò ïñéáêþí �éìþí ó�çíðåñßð�ùóç �ïõ Ïñéóìïý 6.1 - 1 éó÷ýåé ç ðáñáêÜ�ù ðñü�áóç4.4ÁíÜëïãç ðñü�áóç éó÷ýåé êáé ãéá �çí ðåñßð�ùóç �ïõ Ïñéóìïý 6.1 - 2 (âëÝðåâéâëéïãñáößá).



ÅéóáãùãéêÝò Ýííïéåò 7�ñü�áóç 6.1 - 1. ¸ó�ù ç óõíÜñ�çóç f(x; y) ìå (x; y) ∈ D ⊆ ℜ 2 áíïéê�üóýíïëï êáé óçìåßï (x0; y0) ∈ D. Áí lim (x;y)→ (x0;y0) f(x; y) = l êáé õðÜñ÷ïõíó�ï ℜ ïé ïñéáêÝò �éìÝò lim x→x0 f(x; y) êáé lim y→ y0 f(x; y), �ü�å
lim

(x;y)→ (x0;y0) f(x; y) = limx→x0

[

limy→ y0 f(x; y)]
= limy→ y0 [ limx→ x0

f(x; y)] = l: (6.1 - 3)Ôï áí�ßó�ñïöï äåí éó÷ýåé ðÜí�ï�å, üðùò áõ�ü ðñïêýð�åé áðü �ï ðáñáêÜ�ùðáñÜäåéãìá.�áñÜäåéãìá 6.1 - 1¸ó�ù ç óõíÜñ�çóçf(x; y) = x− yx+ y ìå ðåäßï ïñéóìüý D = {(x; y) ∈ ℜ 2 ìå (x; y) 6= (0; 0)}:Ôü�å
limx→ 0

f(x; y) = limx→ 0

x− yx+ y =







0− y
0 + y = −1 áí y 6= 0

limx→ 0

x− 0x+ 0
= limx→ 0

x′x′ = 1 áí y = 0;åíþ
limy→ 0

f(x; y) = limy→ 0

x− yx+ y =







x− 0x+ 0
= 1 áí x 6= 0

limy→ 0

0− y
0 + y = limy→ 0

−y′y′ = −1 áí x = 0;¢ñá
limx→ 0

[

limy→ 0
f(x; y)] = 1; áí�ßó�ïé÷á limy→ 0

[

limx→ 0
f(x; y)] = −1;ïðü�å óýìöùíá ìå �çí �ñü�áóç 6.1 - 1 �ï lim(x;y)→ (0;0) f(x; y) äåí õðÜñ÷åé.



8 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòÓçìåéþóåéò 6.1 - 1ÁíÜëïãá ìå �éò éäéü�ç�åò �ùí ïñßùí �ùí óõíáñ�Þóåùí ìéáò ìå�áâëç�Þò éó÷ýåéü�é:
• �ï üñéï åöüóïí õðÜñ÷åé, åßíáé ìïíáäéêü,
• �ï üñéï �ïõ áèñïßóìá�ïò, �çò äéáöïñÜò êáé �ïõ ãéíïìÝíïõ éóïý�áé ìå�ï Üèñïéóìá �ùí ïñßùí, �çò äéáöïñÜò êáé �ïõ ãéíïìÝíïõ. ¼ìïéá �ïõðçëßêïõ, ü�áí �ï üñéï �ïõ ðáñïíïìáó�Þ åßíáé äéÜöïñï �ïõ ìçäåíüò,éóïý�áé ìå �ï ðçëßêï �ùí ïñßùí.¢óêçóçÍá õðïëïãéó�ïýí ïé ïñéáêÝò �éìÝò �ùí ðáñáêÜ�ù óõíáñ�Þóåùí ó�ï óçìåßï

(0; 0)i) x− y2x+ y2 iv) x− 2yx+ yii) |xy|xy v) x3 − xy2x2 + y2iii) yx2 + y2 vi) (1 + y) sin2 xx .6.1.3 ÓõíÝ÷åéá óõíáñ�Þóåùí äýï êáé �ñéþí ìå�áâëç�þíÁíÜëïãá ìå �çí �áñÜãñáöï 6.1.2 äßíå�áé êáé ó�çí ðåñßð�ùóç áõ�Þ ï ïñéóìüò�çò óõíÝ÷åéáò ìéáò óõíÜñ�çóçò äýï, áí�ßó�ïé÷á �ñéþí ìå�áâëç�þí.Ïñéóìüò 6.1 - 1 (óõíÝ÷åéáò). Ìßá óõíÜñ�çóç f(x; y), áí�ßó�ïé÷á f(x; y; z)ìå ðåäßï ïñéóìïý, Ýó�ù D ⊆ ℜ 2, áí�ßó�ïé÷á D ⊆ ℜ 3, èá åßíáé óõíå÷Þò ó�ïóçìåßï (x0; y0) ∈ D, áí�ßó�ïé÷á (x0; y0; z0) ∈ D �ü�å êáé ìüíïí, ü�áí
lim

(x;y)→ (x0;y0) f(x; y) = f (x0; y0) ;áí�ßó�ïé÷á
lim

(x;y;z)→ (x0;y0;z0) f(x; y; z) = f (x0; y0; z0) :



ÅéóáãùãéêÝò Ýííïéåò 9Ïé ðáñáðÜíù ïñéáêÝò �éìÝò õðïëïãßæïí�áé óýìöùíá ìå �ïõò Ïñéóìïýò 6.1 -1, áí�ßó�ïé÷á 6.1 - 2.�áñÜäåéãìá 6.1 - 1Ç óõíÜñ�çóç f(x; y) = 





x2yx2 + y2 áí (x; y) 6= (0; 0)
0 áí (x; y) = (0; 0)åßíáé óõíå÷Þò ó�ï (0; 0), åðåéäÞ ìå áíÜëïãïõò õðïëïãéóìïýò ìå åêåßíïõò �ïõ�áñáäåßãìá�ïò 6.1 - 1 ðñïêýð�åé ü�é

limx→ 0

[

limy→ 0
f(x; y)] = 0; áí�ßó�ïé÷á limy→ 0

[

limx→ 0
f(x; y)] = 0;ïðü�å óýìöùíá ìå �çí �ñü�áóç 6.1 - 1 lim(x;y)→ (0;0) f(x; y) = 0, äçëáäÞõðÜñ÷åé ç ïñéáêÞ �éìÞ êáé éóïý�áé ìå �çí �éìÞ �çò óõíÜñ�çóçò ó�ï óçìåßïáõ�ü.�áñÜäåéãìá 6.1 - 2Ç óõíÜñ�çóç f(x; y) = 





x2x2 + y2 áí (x; y) 6= (0; 0)
0 áí (x; y) = (0; 0)äåí åßíáé óõíå÷Þò ó�ï (0; 0). Ç ëýóç, ðïõ ðñïêýð�åé ìå õðïëïãéóìïýò áíÜëïãïõò�ùí �áñáäåéãìÜ�ùí 6.1 - 1 êáé 6.1 - 1, áöÞíå�áé óáí Üóêçóç.Éäéü�ç�åò óõíå÷þí óõíáñ�ÞóåùíÏé ðáñáêÜ�ù ðñï�Üóåéò ðïõ áíáöÝñïí�áé ó�éò éäéü�ç�åò �ùí óõíå÷þí óõíáñ�Þóåùíäýï ìå�áâëç�þí áðï�åëïýí ìéá ãåíßêåõóç �ùí áí�ßó�ïé÷ùí ãéá ìéá ìå�áâëç�Þ5.ÁíÜëïãåò ðñï�Üóåéò éó÷ýïõí êáé ó�çí ðåñßð�ùóç óõíáñ�Þóåùí �ñéþí ìå�áâëç�þí.5ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [2℄ Êåö. 5.



10 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïò�ñü�áóç 6.1 - 1. Áí f; g|D óõíå÷åßò óõíáñ�Þóåéò ó�ï óçìåßï (x0; y0) ∈ D,�ü�å êáé ïé óõíáñ�Þóåéò f±g êáé fg åßíáé óõíå÷åßò ó�ï óçìåßï (x0; y0) ∈ D.�ñü�áóç 6.1 - 2. Áí f; g|D óõíå÷åßò óõíáñ�Þóåéò ó�ï óçìåßï (x0; y0) ∈ Dêáé f (x0; y0) 6= (0; 0), �ü�å õðÜñ÷åé ðåñéï÷Þ $ (x0; y0), �Ý�ïéá þó�å f (x0; y0) 6=
(0; 0) ãéá êÜèå x ∈ $ (x0; y0), ïðü�å ç óõíÜñ�çóç 1=f Ý÷åé Ýííïéá ãéá êÜèåx ∈ D ∩$ (x0; y0) êáé åßíáé óõíå÷Þò ó�ï óçìåßï (x0; y0) ∈ D.Óçìåßùóç 6.1 - 1Ïé ðïëõùíõìéêÝò êáé ïé ñç�Ýò óõíáñ�Þóåéò åßíáé óõíå÷åßò óõíáñ�Þóåéò ó�áðåäßá ïñéóìïý �ùí. ¼ìïéá ïé åêèå�éêÝò, �ñéãùíïìå�ñéêÝò, õðåñâïëéêÝò êáé ïéáí�ßó�ñïöåò áõ�þí óõíáñ�Þóåéò.¢óêçóçÍá åîå�áó�ïýí ùò ðñïò �ç óõíÝ÷åéá ïé ðáñáêÜ�ù óõíáñ�Þóåéòi) sin(x+ y) iv) xx2 + y2ii) ln

(x2 + y2 + z2) v) x+ y
1− cos xiii) x+ yx− y vi) 1x+ y :6.2 ÌåñéêÞ ðáñÜãùãïò óõíáñ�Þóåùí äýï êáé �ñéþíìå�áâëç�þí6.2.1 Ïñéóìüò êáé éäéü�ç�åòÏ ãíùó�üò ïñéóìüò �çò ðáñáãþãïõ óõíÜñ�çóçò ìéáò ìå�áâëç�Þò6 åðåê�åßíå�áéêáé ó�çí ðåñßð�ùóç ìéáò óõíÜñ�çóçò äýï, áí�ßó�ïé÷á �ñéþí ìå�áâëç�þí ãéá6Ïñéóìüò 6.2 - 1 (ðáñáãþãïõ óõíÜñ�çóçò ìéá ìå�áâëç�Þò). ¸ó�ù ç óõíÜñ�çóçf |D, üðïõ D ⊆ ℜ áíïéê�ü äéÜó�çìá êáé óçìåßï x0 ∈ D. Ôü�å ãéá êÜèå x ∈ D − {x0} ìå�ïí �ýðï f(x)−f(x0)x−x0

ïñßæå�áé ìßá óõíÜñ�çóç, ðïõ ëÝãå�áé ðçëßêï äéáöïñþí Þ êëßóç �çò f



ÌåñéêÞ ðáñÜãùãïò óõíáñ�Þóåùí äýï êáé �ñéþí ìå�áâëç�þí 11êÜèå ìå�áâëç�Þ ÷ùñéó�Ü èåùñþí�áò üëåò �éò Üëëåò ìå�áâëç�Ýò óáí ó�áèåñÝòêáé ëÝãå�áé ìåñéêÞ ðáñÜãùãïò �çò óõíÜñ�çóçò ùò ðñïò �ç èåùñïýìåíç ìå�áâëç�Þ.ÓõãêåêñéìÝíá Ý÷ïõìå:Ïñéóìüò 6.2 - 2 (ìåñéêÞ ðáñÜãùãïò). ¸ó�ù ìéá óõíÜñ�çóç f |S üðïõS áíïéê�ü õðïóýíïëï �ïõ ℜ 2, áí�ßó�ïé÷á �ïõ ℜ 3 êáé óçìåßï (x0; y0) ∈ S,áí�ßó�ïé÷á (x0; y0; z0) ∈ S. Ôü�å ïñßæå�áé óáí 1çò �Üîçò ìåñéêÞ ðáñÜãùãïò(partial derivative) �çò f ùò ðñïò �ç ìå�áâëç�Þ x ó�ï óçìåßï (x0; y0), áí�ßó�ïé÷á
(x0; y0; z0), ç ðáñáêÜ�ù ïñéáêÞ �éìÞ�f (x0; y0)�x = f ′x (x0; y0) = Dxf (x0; y0) (6.2 - 1)

= lim
∆x→ 0

f (x0 +∆x; y0)− f (x0; y0)
∆x ;áí�ßó�ïé÷á�f (x0; y0; z0)�x = f ′x (x0; y0; z0) = Dxf (x0; y0; z0) (6.2 - 2)

= lim
∆x→ 0

f (x0 +∆x; y0; z0)− f (x0; y0; z0)
∆x ;åöüóïí õðÜñ÷åé.Ç ïñéáêÞ �éìÞ (6:2− 1), áí�ßó�ïé÷á (6:2− 2) åßíáé, üðùò êáé ó�çí ðåñßð�ùóç�çò ìéáò ìå�áâëç�Þò, ðñáãìá�éêüò áñéèìüò. Ôï óýìâïëï (�åëåó�Þò) �=�x =�x = Dx äçëþíåé 1çò �Üîçò ìåñéêÞ (partial) ðáñÜãùãï ùò ðñïò �ç ìå�áâëç�ÞÞ óõíéó�þóá x, óå äéÜêñéóç ìå �ï ãíùó�ü óõìâïëéóìü D = D1 = d=dx ãéáó�ï óçìåßï x0. Èá ëÝãå�áé ü�é ç f ðáñáãùãßæå�áé ó�ï óçìåßï x0 ∈ D êáé èá óõìâïëßæå�áéáõ�ü ìå f ′ (x0) �ü�å êáé ìüíïí, ü�áí ç ïñéáêÞ �éìÞf ′ (x0) = limx→x0

f (x)− f (x0)x− x0
(1)õðÜñ÷åé. Ç (1) éóïäýíáìá ãñÜöå�áéf ′ (x0) = limÄx→ 0

f (x0 +∆x)− f (x0)

∆x = limh→ 0

f (x0 + h)− f (x0)h :



12 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòìéá ìå�áâëç�Þ. ¼ìïéá ïñßæïí�áé ïé ìåñéêÝò ðáñÜãùãïé ùò ðñïò �éò Üëëåòìå�áâëç�Ýò.Áí ç 1çò �Üîçò ìåñéêÞ ðáñÜãùãïò õðÜñ÷åé ãéá êÜèå x0 ∈ S, �ü�å ïñßæå�áéç 2çò �Üîçò ìåñéêÞ ðáñÜãùãïò �çò f ó�ï x ùò åîÞò:fxx = f2x =
� 2f�x2 =

��x (�f�x) (6.2 - 3)üðïõ üìïéá �ï óýìâïëï �2=�x2 = �xx = �2x = Dxx äçëþíåé 2çò �Üîçò ìåñéêÞðáñÜãùãï ùò x.¼ìïéá ïñßæïí�áé ïé 3çò, 4çò êáé ãåíéêÜ ç �-�Üîçò ìåñéêÞ ðáñÜãùãïò �çòf ó�ï x ùò: fxxx = f3x =
� 3f�x3 =

��x (� 2f�x2 ) ;fxxxx = f4x =
� 4f�x4 =

��x (� 3f�x3 ) êáé ãåíéêÜf� x =
� �f�x� =

��x (� �−1f�x�−1

) : (6.2 - 4)Ïé ðáñÜãùãïé (6:2−5) êáé (6:2−4), óå áí�ßèåóç ìå �éò ðáñáãþãïõò (6:2−1)Þ (6:2 − 2) ðïõ åßíáé ðñáãìá�éêïß áñéèìïß, åßíáé óõíáñ�Þóåéò äýï, áí�ßó�ïé÷á�ñéþí êá�Ü ðåñßð�ùóç ìå�áâëç�þí.Åðßóçò ïñßæïí�áé ïé ðáñÜãùãïé �ùí ðáñáêÜ�ù ìïñöþífx y =
� 2f�x �y =

��x (�f�y) ;fxx y =
� 3f�x2 �y =

��x2 (�f�y) ;fxy y =
� 3f�x �y2 =

��x (� 2f�y2 ) ; ê.ëð. (6.2 - 5)Ïé ðáñÜãùãïé áõ�Ýò ëÝãïí�áé ðïëëÝò öïñÝò áíÜìåéê�åò Þ êáé åðÜëëçëåò.Ïé ãíùó�ïß êáíüíåò ðáñáãþãéóçò �ùí óõíáñ�Þóåùí ìéáò ìå�áâëç�Þò éó÷ýïõíêáé ó�çí ðåñßð�ùóç �çò ìåñéêÞò ðáñáãþãïõ7. Åðßóçò éó÷ýåé ãéá êÜèå ìå�áâëç�Þ7Õðåíèõìßæïí�áé ìå �ç ìïñöÞ ðñï�Üóåùí ïé ðáñáêÜ�ù êáíüíåò ðáñáãþãéóçò �ùíóõíáñ�Þóåùí ìéáò ìå�áâëç�Þò.



ÌåñéêÞ ðáñÜãùãïò óõíáñ�Þóåùí äýï êáé �ñéþí ìå�áâëç�þí 13êáé ï êáíüíáò ðáñáãþãéóçò óýíèå�çò óõíÜñ�çóçò8. Ìå �ïí �ýðï 6.2 - 6�ñü�áóç 6.2 - 1 (ðáñÜãùãïò ó�áèåñÜò óõíÜñ�çóçò). ¸ó�ù ç óõíÜñ�çóç f | ℜ üðïõf(x) = 
 ó�áèåñÜ ãéá êÜèå x ∈ ℜ. Ôü�åf ′(x) = 0 ãéá êÜèå x ∈ ℜ:�ñü�áóç 6.2 - 2 (ðáñÜãùãïò áèñïßóìá�ïò). ¸ó�ù ïé óõíáñ�Þóåéò f , g |Dðáñáãùãßóéìåò ó�ï D. Ôü�å éó÷ýåé
(f(x) + g(x))′ = f ′(x) + g′(x) ãéá êÜèå x ∈ D:Ç éäéü�ç�á ãåíéêåýå�áé.�ñü�áóç 6.2 - 3 (ðáñÜãùãïò ãéíïìÝíïõ). ¸ó�ù ïé óõíáñ�Þóåéò f; g |Dðáñáãùãßóéìåò ó�ï D. Ôü�å éó÷ýåé

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x) ãéá êÜèå x ∈ D:¼ìïéá ç éäéü�ç�á ãåíéêåýå�áé. ÅðåéäÞ ðñïöáíþò éó÷ýåé (ëf(x))′ = ëf ′(x) ìå ë ∈

ℜ ó�áèåñÜ áðü �éò �ñï�Üóåéò 6.2 - 1 - 6.2 - 3 ðñïêýð�åé �åëéêÜ ç ðáñáêÜ�ù ãñáììéêÞéäéü�ç�á
(kf(x) + ëg(x))′ = kf ′(x) + ëg′(x)ãéá êÜèå x ∈ D êáé k; ë ∈ ℜ.�ñü�áóç 6.2 - 4. Áí ç óõíÜñ�çóç f |D ðáñáãùãßæå�áé ó�ï D êáé åðß ðëÝïí õðÜñ÷åéx0 ∈ D, Ý�óé þó�å f ′ (x0) 6= 0, �ü�å

(
1f(x))′x=x0

= −
f ′ (x0)f2(x) :�ñü�áóç 6.2 - 5 (ðáñÜãùãïò ðçëßêïõ). ¸ó�ù ïé óõíáñ�Þóåéò f; g|D ðáñáãùãßóéìåòó�ï D êáé åðß ðëÝïí g′(x) 6= 0 ãéá êÜèå x ∈ D. Ôü�å éó÷ýåé

[f(x)g(x)]′ = f ′(x)g(x)− f(x)g′(x)g2(x) ãéá êÜèå x ∈ D:8Èåþñçìá 6.2 - 1. ¸ó�ù ïé óõíáñ�Þóåéò y = f(w) |D1 êáé w = g(x) |D2 üðïõg (D2) ⊆ D1 êáé D1, D2 áíïéê�Ü äéáó�Þìá�á êáé ç ðñïêýð�ïõóá óýíèå�ç óõíÜñ�çóçh(x) = (f ◦ g) (x) = f(g(x)) ãéá êÜèå x ∈ D2. ¸ó�ù åðßóçò ü�é ãéá Ýíá óçìåßï x0 ∈ D2



14 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòõðïëïãßæïí�áé ïé ðáñÜãùãïé �ùí óýíèå�ùí óõíáñ�Þóåùí ìéáò ìå�áâëç�Þò,Ýó�ù x, ïé êõñéü�åñåò �ùí ïðïßùí äßíïí�áé ó�ïí �ßíáêá 6.2 - 1.Óçìåéþóåéò 6.2 - 1i) ÁíÜëïãá ìå �çí ðåñßð�ùóç �çò ðáñáãþãïõ ìéáò ìå�áâëç�Þò, ç ìåñéêÞðáñÜãùãïò ìéáò óõíÜñ�çóçò ùò ðñïò ìéá ìå�áâëç�Þ �çò, Ýó�ù x, èáïñßæåé �ï óõí�åëåó�Þ ìå�áâïëÞò �çò êá�Ü �ïí x-Üîïíá. ¼ìïéá ãéá�éò Üëëåò ìå�áâëç�Ýò.ii) Ïé óõí�åëåó�Ýò ìå�áâïëÞò �ùí ìå�áâëç�þí ó�çí ðåñßð�ùóç (i) åßíáéäõíá�üí íá åßíáé äéáöïñå�éêïß ìå�áîý �ïõò, äçëáäÞ íá Ý÷ïõìå �á÷ý�åñçìå�áâïëÞ ùò ðñïò x óå óýãêñéóç ìå �ç ìå�áâïëÞ ùò ðñïò y, ê.ëð.�áñÜäåéãìá 6.2 - 1Íá õðïëïãéó�ïýí ïé 1çò �Üîçò ìåñéêÝò ìåñéêÝò ðáñÜãùãïé �ùí ðáñáêÜ�ùóõíáñ�Þóåùíf(x; y) = x4 + 4
√y − 5; g(x; y; z) = x2y − y2z3 + sin(xy);h(s; t) = t2 ln (s2 + 1

)

+
9t3 − 3

√s4:õðÜñ÷ïõí ïé ðáñÜãùãïé g′ (x0) = w′

0 êáé y′0 = f ′ (w0). Ôü�å èá õðÜñ÷åé êáé ç ðáñÜãùãïò�çò óýíèå�çò óõíÜñ�çóçò h(x)|D2 ó�ï óçìåßï x0 ∈ D2 êáé èá éó÷ýåédh(x)dx ∣
∣
∣
∣x=x0

=
df(w)dw ∣

∣
∣
∣w=w0

dg(x)dx ∣
∣
∣
∣x=x0

= y′0 w′

0:Ôï èåþñçìá åßíáé ãíùó�ü óáí ï êáíüíáò �çò áëõóéäù�Þò ðáñáãþãéóçò (
hain rule).Óýìöùíá �þñá ìå �ï Èåþñçìá 6.2 - 1, áí ãéá êÜèå x ∈ D2 õðÜñ÷åé ç ðáñÜãùãïò g′(x)êáé åðß ðëÝïí ü�é ãéá �çí áí�ßó�ïé÷ç �éìÞ g(x) = w ∈ D1 õðÜñ÷åé ç f ′(w) = f ′(g(x)), èáõðÜñ÷åé êáé ç ðáñÜãùãïò �çò f(g(x)) ùò ðñïò x ãéá êÜèå x ∈ D2 êáé èá äßíå�áé áðü �çó÷Ýóç dh(x)dx =
df(g(x))dx =

df(g(x))dg(x) dg(x)dx = f ′g g′x: (6.2 - 6)



ÌåñéêÞ ðáñÜãùãïò óõíáñ�Þóåùí äýï êáé �ñéþí ìå�áâëç�þí 15�ßíáêáò 6.2 - 1: ðáñáãþãùí �ùí êõñéü�åñùí óýíèå�ùí óõíáñ�Þóåùí ìåìå�áâëç�Þ x.á / á ÓõíÜñ�çóç �áñÜãùãïò1 fa(x) af ′(x)fa−1(x)2 ef(x) f ′(x)ef(x)3 ln f(x) f ′(x)f(x)4 sin f(x) f ′(x) cos f(x)5 cos f(x) −f ′(x) sin f(x)6 tan f(x) f ′(x)
cos2 f(x)7 cot f(x) − f ′(x)
sin2 f(x)8 tan−1 f(x) f ′(x)

1 + f2(x)9 sin−1 f(x) f ′(x)
√

1− f2(x)10 cos−1 f(x) − f ′(x)
√

1− f2(x)11 sinh f(x) f ′(x) cosh f(x)12 cosh f(x) f ′(x) sinh f(x)13 tanh f(x) f ′(x)
cosh2 f(x) = f ′(x) [1− tanh2 f(x)]14 coth f(x) − f ′(x)
sinh2 f(x) = f ′(x) [1− coth2 f(x)]
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(x4 + 4 y1=2 − 5

)x =
(x4)x + 0

︷ ︸︸ ︷
(

4 y1=2 − 5
)x = 4x3;fy =

(x4 + 4 y1=2 − 5
)y = 4

1
2
y 1
2−1

︷ ︸︸ ︷
(y1=2)y + 0

︷ ︸︸ ︷
(x4 − 5

)y = 2 y−1=2;gx =
[x2y − y2z3 + sin(xy)]x =

y (x2)x
︷ ︸︸ ︷
(x2y)x− 0

︷ ︸︸ ︷
(y2z3)x+ [sin(xy)]x

= 2xy + (xy)x cos(xy) = 2xy + y cos(xy);gy =
[x2y − y2z3 + sin(xy)]y =

x2(y )y
︷ ︸︸ ︷
(x2y)y − z3(y2)y

︷ ︸︸ ︷
(y2z3)y + [sin(xy)]y

= x2 − 2 y z3 + (xy)y cos(xy) = x2 − 2 y z3 + x cos(xy);gz =
[x2y − y2z3 + sin(xy)]z = 0

︷ ︸︸ ︷
(x2y)y − y2(z3)z

︷ ︸︸ ︷
(y2z3)y + 0

︷ ︸︸ ︷

[sin(xy)]z
= −3y2z2;hs =

[t2 ln (s2 + 1
)

+ 9 t−3 − s4=3]s
=

[t2 ln (s2 + 1
)]s + 9

0
︷ ︸︸ ︷
(t−3

)s− (s4=3)s
= t2 �ýðïò 3 �ïõ �ßíáêá 6.2 - 1

︷ ︸︸ ︷
[

ln
(s2 + 1

)]s −4

3
s 4

3
−1

= t2 1s2 + 1

2 s
︷ ︸︸ ︷
(s2 + 1

)s−4

3
s1=3 =

2 s t2s2 + 1
− 4

3
s1=3;ht =

[t2 ln (s2 + 1
)

+ 9 t−3 − s4=3]t
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=

ln(s2+1) (t2)t
︷ ︸︸ ︷
[t2 ln (s2 + 1

)]t+9

−3 t−4

︷ ︸︸ ︷
(t−3

)s− 0
︷ ︸︸ ︷
(s4=3)s = 2 t ln (s2 + 1

)

− 27 t−4:�áñÜäåéãìá 6.2 - 2Íá õðïëïãéó�ïýí ïé 1çò êáé ïé 2çò �Üîçò ìåñéêÝò ðáñÜãùãïé �çò óõíÜñ�çóçòf(x; y; z) = xy e−x + z2:Ëýóç. ¼ìïéá äéáäï÷éêÜ Ý÷ïõìåfx =

(xy e−x + z2)x =

(xy e−x)x + 0
︷ ︸︸ ︷
(z2)x =

1y (x e−x)x
=

1y  1
︷︸︸︷

(x)x e−x + x (−x)x e−x=−e−x
︷ ︸︸ ︷
(e−x)x 




=

(1− x) e−xyfxx =
�2f(x; y; z)�x2 =

��x (�f(x; y; z)�x )

=

[

(1− x) e−xy ]x
=

1y [(1− x) e−x]x =
1y  −1

︷ ︸︸ ︷

(1− x)x e−x + (1− x) −e−x
︷ ︸︸ ︷
(e−x)x

=
(x− 2) e−xy ;fy =

(xy e−x + z2)y =

(xy e−x)y + 0
︷ ︸︸ ︷
(z2)y =

(x e−x) −y−2

︷ ︸︸ ︷
(y−1

)y
= −x e−x y−2;fyy =

(

−x e−x y−2
)y = −x e−x −2 y−3

︷ ︸︸ ︷
(y−2

)y = 2x e−xy−3;fz =

(xy e−x + z2)z = 0
︷ ︸︸ ︷
(xy e−x)z + (z2)z = 2z;
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�2f(x; y; z)�x �y =

��x (�f(x; y; z)�y )

=
(

−x e−x y−2
)x

= − 1y2 (x e−x)x = − 1y2 [(x)x e−x + x (e−x)x] = (x− 1) e−xy2 ;fyx =
�2f(x; y; z)�y �x =

��y (�f(x; y; z)�x )

=

[

(1− x) e−xy ]y = · · · = (x− 1) e−xy2 ; üìïéáfyz = fzy = 0; êáé fxz = fzx = 0:Áðü �ï ðáñáðÜíù ðáñÜäåéãìá ðñïêýð�åé ü�é fxy = fyx, äçëáäÞ ïé áíÜìåéê�åòìåñéêÝò ðáñÜãùãïé 2çò �Üîçò �ùí ßäéùí áíÜ äýï ìå�áâëç�þí åßíáé ßóåò. Ó÷å�éêÜéó÷ýåé �ï ðáñáêÜ�ù èåþñçìá9.Èåþñçìá 6.2 - 2 (S
hwarz). ¸ó�ù ç óõíÜñ�çóç f(x; y)| ⊆ ℜ 2, üðïõ Sáíïéê�ü óýíïëï, �çò ïðïßáò õðÜñ÷ïõí ïé 2çò �Üîçò ìåñéêÝò ðáñÜãùãïé êáéåßíáé óõíå÷åßò ó�ï S. Ôü�åfxy = fyx ãéá êÜèå (x; y) ∈ S: (6.2 - 7)�áñÜäåéãìá 6.2 - 3¸ó�ù ç óõíÜñ�çóç f(x; y) = yx+ y :Íá õðïëïãéó�åß ç �éìÞ fxyy| (1;0).Ëýóç. Áñ÷éêÜ åßíáéfxyy =
�3f(x; y; z)�x �y2 =

��x (�f(x; y; z)�y2 )

= (fyy)x : (1)9Ôï èåþñçìá, ðïõ åßíáé åðßóçò ãíùó�ü óáí èåþñçìá �ùí S
hwarz-Clairaut êáéãåíéêåýå�áé (âëÝðå âéâëéïãñáößá).
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( yx+ y)y =

1
︷︸︸︷

(y)y (x+ y)− y 0+1
︷ ︸︸ ︷

(x+ y)y
(x+ y)2 =

x
(x+ y)2fyy =

[ x
(x+ y)2 ]y = x [(x+ y)−2

]y = x−2

1
︷ ︸︸ ︷

(x+ y)y(x+ y)−2−1






= − 2x
(x+ y)3 ;ïðü�å áí�éêáèéó�þí�áò ó�çí (1) Ý÷ïõìåfxyy =

[

− 2x
(x+ y)3 ]x = −2

[ x
(x+ y)3 ]x

= −2

1
︷︸︸︷

(x)x (x+ y)3 − x 3(x+y)x(x+y)3−1

︷ ︸︸ ︷
[

(x+ y)3]x
(x+ y)6 =

2(2x − y)
(x+ y)4 :¢ñá fxyy| (1;0) = 2(2x − y)

(x+ y)4 ∣∣∣∣ (1;0) = 2(2 · 1− 0)

(1 + 0)4
= 4:�áñÜäåéãìá 6.2 - 4¸ó�ù ç óõíÜñ�çóç f(x; y; z) = (x2 + y2 + z2)−1=2. Äåßî�å ü�é10fxx + fyy + fzz = 0: (6.2.1 - 8)Ëýóç. ¸÷ïõìåfx =

[(x2 + y2 + z2)−1=2]x = −1

2

(x2 + y2 + z2)− 1
2
−1

2x
︷ ︸︸ ︷
(x2 + y2 + z2)x10Ç åîßóùóç (6:2:1− 8), ðïõ åßíáé ãíùó�Þ óáí ç åîßóùóç �ïõ Lapla
e (Lapla
e equa-tion), Ý÷åé óçìáí�éêÝò åöáñìïãÝò ó�á ÅöáñìïóìÝíá Ìáèçìá�éêÜ (âëÝðå âéâëéïãñáößá êáéÁ. ÌðñÜ�óïò [1℄ Êåö. 4 - åîéóþóåéò Maxwell). Ç óõíÜñ�çóç f , ðïõ åðáëçèåýåé �çí

(6:2:1 − 8), ëÝãå�áé �ü�å êáé áñìïíéêÞ óõíÜñ�çóç.
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= −x (x2 + y2 + z2)−3=2 ;fxx = −






1
︷︸︸︷

(x)x (x2 + y2 + z2)−3=2
− x [(x2 + y2 + z2)−3=2]x

= −
(x2 + y2 + z2)−3=2

−x 

−3

2

(x2 + y2 + z2)− 3
2
−1

2x
︷ ︸︸ ︷
(x2 + y2 + z2)x

= −
(x2 + y2 + z2)−3=2

+
3

2
x2 (x2 + y2 + z2)−5=2 : (1)Ëüãù �çò óõììå�ñßáò �çò f üìïéá Ý÷ïõìåfxx = −

(x2 + y2 + z2)−3=2
+

3

2
y2 (x2 + y2 + z2)−5=2 ; (2)fxx = −

(x2 + y2 + z2)−3=2
+

3

2
z2 (x2 + y2 + z2)−5=2 : (3)�ñïóèÝ�ïí�áò êá�Ü ìÝëç �éò (1), (2) êáé (3) ðñïêýð�åé �åëéêÜ ç (6:2:1− 8).ÁóêÞóåéò1. Ôùí ðáñáêÜ�ù óõíáñ�Þóåùí íá õðïëïãéó�ïýí üëåò ïé 1çò êáé 2çò �ÜîçòìåñéêÝò ðáñÜãùãïéi) ye−x2

+ x cos y iii) esin z + cos

(xy)ii) xx+ y + tan x vi) sin2 z + ln
(x2 + y2)2. Äåßî�å ü�é ç óõíÜñ�çóç f(x; y) = ex sin y åßíáé áñìïíéêÞ.6.2.2 Åöáð�üìåíï åðßðåäïÅßíáé Þäç ãíùó�ü ó�ïí áíáãíþó�ç áðü �ç ãåùìå�ñéêÞ åñìçíåßá �çò ðáñáãþãïõìéá óõíÜñ�çóçò11, Ýó�ù f , ìéáò ìå�áâëç�Þò óå Ýíá óçìåßï x0 �ïõ ðåäßïõ11ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [2℄ Êåö. 6.



ÌåñéêÞ ðáñÜãùãïò óõíáñ�Þóåùí äýï êáé �ñéþí ìå�áâëç�þí 21ïñéóìïý �çò ü�é ãåùìå�ñéêÜ ç ðáñÜãùãïò f ′ (x0) éóïý�áé ìå �çí åöáð�ïìÝíç�çò ãùíßáò Þ äéáöïñå�éêÜ ìå �ï óõí�åëåó�Þ äéåýèõíóçò �çò åöáð�üìåíçòåõèåßáò å �ïõ äéáãñÜììá�ïò �çò f ó�ï óçìåßï (x0; f (x0)). Ôü�å ç åîßóùóç�çò åöáð�üìåíçò åõèåßáò äßíå�áé áðü �ïí �ýðïy − f (x0) = f ′ (x0) (x− x0) :Åðåê�åßíïí�áò �çí ðáñáðÜíù ãåùìå�ñéêÞ åñìçíåßá ãéá óõíÜñ�çóç ìéáòìå�áâëç�Þò èåùñïýìå �ç óõíÜñ�çóç f(x; y) |D êáé Ýó�ù óçìåßï (x0; y0) ∈ Dó�ï ïðïßï õðÜñ÷ïõí ïé fx (x0; y0) êáé fy (x0; y0). Ôü�å, åðåéäÞ åßíáé Þäçãíùó�ü áðü �çí ðñïçãïýìåíç ðáñÜãñáöï ü�é �ï äéÜãñáììá �çò f(x; y) åßíáéìéá åðéöÜíåéá, åßíáé ðñïöáíÝò ü�é áí äéá�çñçèåß �ï y ó�áèåñü, �ü�å �ï äéÜãñáììáèá åßíáé ìéá êáìðýëç, Ýó�ù Cx, åíþ áí äéá�çñçèåß �ï x ó�áèåñü, �ü�å èáåßíáé ìéá Üëëç êáìðýëç, Ýó�ù Cy. ËáìâÜíïí�áò õð' üøéí êáé �çí ðáñáðÜíùãåùìå�ñéêÞ åñìçíåßá, ç fx (x0; y0) èá ïñßæåé �ï óõí�åëåó�Þ äéåýèõíóçò �çòåöáð�üìåíçò åõèåßáò åx �ïõ äéáãñÜììá�ïò �çò Cx êáé ç fy (x0; y0) �ï óõí�åëåó�Þäéåýèõíóçò �çò åöáð�üìåíçò åõèåßáò åy �ïõ äéáãñÜììá�ïò �çò Cy. Ôü�å ïé åx,åy ïñßæïõí �ï åöáð�üìåíï åðßðåäï, Ýó�ù �, �çò f ó�ï (x0; y0).Áðïäåéêíýå�áé ü�é ç åîßóùóç �ïõ åðéðÝäïõ � äßíå�áé áðü �ïí �ýðï12z = f (x0; y0) + fx (x0; y0) (x− x0) + fy (x0; y0) (y − y0) : (6.2.2 - 1)�áñÜäåéãìá 6.2 - 1Íá õðïëïãéó�åß ç åîßóùóç �ïõ åöáð�üìåíïõ åðéðÝäïõ �çò óõíÜñ�çóçòf(x; y) = 3 +
x2
16

+
y2
9

ó�ï óçìåßï (x0; y0) = (−4; 3):Ëýóç. Äéáäï÷éêÜ Ý÷ïõìåf(x; y) = 3 +
x2
16

+
y2
9

f(4;−3) = 5;fx(x; y) =
x
8

fx(4;−3) = −1

2
;fy(x; y) =

2y
9

fy(4;−3) =
2

3
:12Óýìöùíá êáé ìå �çí õðïóçìåßùóç �ïõ �áñáäåßãìá�ïò 6.1 - 3 ç ãåíéêÞ ìïñöÞ �çòåîßóùóçò �ïõ åðéðÝäïõ ax + by + 
z = d, ü�áí ùò ðñïò z, éóïäýíáìá ãñÜöå�áé êáé z =f(x; y) = Ax+By +D.
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Ó÷Þìá 6.2 - 1: �áñÜäåéãìá 6.2 - 1¢ñá óýìöùíá ìå �ïí �ýðï (6:2:2 − 1) ç åîßóùóç �ïõ åðéðÝäïõ èá åßíáé (Ó÷.6.2 - 1) z = 5− 1

2
(x+ 4) +

2

3
(y − 3):

6.2.3 Ç Ýííïéá �ïõ äéáöïñéêïýÅßíáé Þäç ãíùó�ü ü�é �ï äéáöïñéêü ìéáò óõíÜñ�çóçò, Ýó�ù f(x)|D, óõìâïëßæå�áéìå d f(x) êáé ïñßæå�áé áðü �ïí �ýðïd f(x) = f ′(x)dx:Ç Ýííïéá �ïõ äéáöïñéêïý ãåíéêåýå�áé êáé ãéá �çí ðåñßð�ùóç óõíÜñ�çóçòäýï, áí�ßó�ïé÷á �ñéþí ìå�áâëç�þí ùò åîÞò:13Ïñéóìüò 6.2 - 1 ¸ó�ù ü�é f(x; y)|S ⊆ ℜ 2, áí�ßó�ïé÷á f(x; y; z)|S ⊆ ℜ 3üðïõ S áíïéê�ü óýíïëï, åßíáé ìßá óõíÜñ�çóç äýï, áí�ßó�ïé÷á �ñéþí ìå�áâëç�þí,�çò ïðïßáò õðï�ßèå�áé ü�é õðÜñ÷ïõí ó�ï S ïé fx; fy, áí�ßó�ïé÷á fx; fy; fz.13�éá ãåíéêü�åñåò ðåñéð�þóåéò âëÝðå âéâëéïãñáößá.



ÌåñéêÞ ðáñÜãùãïò óõíáñ�Þóåùí äýï êáé �ñéþí ìå�áâëç�þí 23Ôü�å d f(x; y) = fx dx+ fy dy; áí�ßó�ïé÷á (6.2.3 - 1)d f(x; y; z) = fx dx+ fy dy + fz dz: (6.2.3 - 2)Áðïäåéêíýå�áé ó�çí ÁíÜëõóç ü�é ç ýðáñîç üëùí �ùí ìåñéêþí ðáñáãþãùíìéáò óõíÜñ�çóçò êáé ç óõíÝ÷åéá áõ�þí, óõíåðÜãïí�áé ðÜí�ï�å �çí ýðáñîç�ïõ äéáöïñéêïý �çò óõíÜñ�çóçò.ÕðïèÝ�ïí�áò ü�é õðÜñ÷ïõí ó�ï S êáé üëåò ïé 2çò êáé 3çò �Üîçò ðáñÜãùãïé�çò f áðïäåéêíýå�áé ü�éd 2f(x; y) = fxx dx2 + 2 fxy dxdy + fyy dy2 (6.2.3 - 3)d 3f(x; y) = fxxx dx3 + 3 fxxy dx2dy
+3 fxyy dx dy2 + fyyy dy3; ê.ëð. (6.2.3 - 4)ÁíÜëïãïé �ýðïé éó÷ýïõí ãéá �çí ðåñßð�ùóç óõíáñ�Þóåùí �ñéþí ìå�áâëç�þí,äçëáäÞd 2f(x; y; z) = fxx dx2 + fyy dy2 + fzz dz2 (6.2.3 - 5)

+2 (fxy dxdy + fyz dydx+ fzx dzdx) ; ê.ëð.�áñÜäåéãìá 6.2 - 1¸ó�ù ç óõíÜñ�çóç f(x; y) = x2y3. Ôü�å fx = 2x y3 êáé fy = 3x2y2, ïðü�åóýìöùíá ìå �çí (6:2:3 − 1) åßíáéd f(x; y) = 2x y3 dx+ 3x2y2 dy:Åðßóçò åßíáéfxx =
(

2xy3)x = 2 y3; fyy =
(

3x2y2)y = 6x2y êáéfxy = (fy)x =
(

3x2y2)x = 6x y2:¢ñá áðü �çí (6:2:3 − 2) ðñïêýð�åéd 2f = 2 y3 dx2 + 6x y2 dx dy + 6x2y dy2:



24 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïò¢óêçóçÍá õðïëïãéó�ïýí �á äéáöïñéêÜ 1çò êáé 2çò �Üîçò �ùí ðáñáêÜ�ù óõíáñ�Þóåùíi) x3 + y3 − xy iii) ln
(x2 + y2 + z2)ii) tan−1

(xyz ) iv) z2 exy .6.2.4 Áëõóéäù�üò êáíüíáò ðáñáãþãéóçòÏ Þäç ãíùó�üò �ýðïò (6:2−6) �çò áëõóéäù�Þò ðáñáãþãéóçò �ïõ ÈåùñÞìá�ïò6.2 - 1 ãñÜöå�áé åðßóçò ãéá åõêïëßá ùò åîÞò:áí y = f(x) êáé x = g(t); �ü�å d yd t =
d yd x d xd t :Ï �ýðïò áõ�üò ãåíéêåýå�áé ãéá �çí ðåñßð�ùóç óõíáñ�Þóåùí äýï, áí�ßó�ïé÷á�ñéþí ìå�áâëç�þí14 óýìöùíá ìå �ï ðáñáêÜ�ù èåþñçìá.Èåþñçìá 6.2 - 1 ¸ó�ù ç óõíÜñ�çóç f (x; y) |S ⊆ ℜ 2, áí�ßó�ïé÷á f (x; y; z)

|S ⊆ ℜ 3 êáé x = x(t); y = y(t), áí�ßó�ïé÷á x = x(t); y = y(t); z = z(t)ãéá êÜèå t ∈ A ⊆ ℜ, üðïõ A áíïéê�ü óýíïëï ìå �éò áí�ßó�ïé÷åò �éìÝò �çòf íá áíÞêïõí ó�ï S ãéá êÜèå t ∈ A êáé åðß ðëÝïí ü�é õðÜñ÷åé ç ðáñÜãùãïò�çò f ó�ï (x(t); y(t)), áí�ßó�ïé÷á (x(t); y(t); z(t)) ãéá êÜèå t ∈ A. Ôü�å çóõíÜñ�çóç f = f(t) ðáñáãùãßæå�áé ó�ï t êáé éó÷ýåéd f(t)d t =
�f�x dxd t + �f�y dyd t = fx dxd t + fy dyd t ; (6.2.4 - 1)áí�ßó�ïé÷ád f(t)d t =
�f�x dxd t + �f�y dyd t + �f�z dzd t

= fx dxd t + fy dyd t + fz dzd t : (6.2.4 - 2)Ôï èåþñçìá áõ�ü åßíáé ãíùó�ü óáí êáíüíáò áëõóéäù�Þò ðáñáãþãéóçò(
hain rule) óýíèå�çò óõíÜñ�çóçò ãéá äýï, áí�ßó�ïé÷á �ñåéò ìå�áâëç�Ýò.14�éá �çí ðåñßð�ùóç �-ìå�áâëç�þí âëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [2℄ Êåö. 6.



ÌåñéêÞ ðáñÜãùãïò óõíáñ�Þóåùí äýï êáé �ñéþí ìå�áâëç�þí 25�üñéóìá 6.2 - 1 ¸ó�ù ç óõíÜñ�çóç f (x; y) |S ⊆ ℜ 2 üðïõ y = g(x) ãéáêÜèå x ∈ A ⊆ ℜ, ü�áí A áíïéê�ü óýíïëï êáé åðß ðëÝïí õðÜñ÷åé ç ðáñÜãùãïò�çò f ó�ï (x; y) ãéá êÜèå x ∈ A. Ôü�å ç óõíÜñ�çóç f ðáñáãùãßæå�áé ó�ï xêáé éó÷ýåé d f(x; y)d x =
�f�x +

�f�y dyd x: (6.2.4 - 3)Ç áðüäåéîç ðñïêýð�åé Üìåóá áðü �ïí �ýðï (6:2:4 − 1) êáé ðáñáëåßðå�áé.�áñÜäåéãìá 6.2 - 1Íá õðïëïãéó�åß ç ðáñÜãùãïò df=dt, ü�áíf(x; y) = x2y − y2 êáé x = t2; y = 2t:Ëýóç. Äéáäï÷éêÜ Ý÷ïõìåfx =
(x2y − y2)x =

2xy
︷ ︸︸ ︷
(x2y)x− 0

︷ ︸︸ ︷
(y2)x = 2xy = 4 t3 ;fy =

(x2y − y2)y =

x2

︷ ︸︸ ︷
(x2y)y − 2y

︷ ︸︸ ︷
(y2)y =

(t2)2 − 2t = t4 − 2t;dxdt = 2t; dydt = 2:¢ñá óýìöùíá ìå �ïí �ýðï (6:2:4 − 1) åßíáéd fd t = 4 t3 · 2 t+ (t4 − 4 t) · 2 = 2 t (5 t3 − 4
) :�áñÜäåéãìá 6.2 - 2¼ìïéá �çò óõíÜñ�çóçòf(x; y; z) = ln(x+ y + z); ü�áí x = cos2 t; y = sin2 t êáé z = t2:
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1x+ y + z 1

︷ ︸︸ ︷

(x+ y + z)x =
1x+ y + z =

1

cost+sin2 t+ t2 =
1

1 + t2 ;êáé üìïéáfy = fz =
1x+ y + z =

1

1 + t2 :dxdt =
(

cos2 t)t = −2 cos t sin t; dydt =
(

sin2 t)t = 2cos t sin t; dzdt = 2t:¢ñá óýìöùíá ìå �ïí �ýðï (6:2:4 − 2) åßíáéd fd t =
1

1 + t2 (−2 cos t sin t+ 2cos t sin t+ 2t) = 2t
1 + t2 :�áñÜäåéãìá 6.2 - 3¼ìïéá �çò óõíÜñ�çóçòf(x; y) = x ln(xy) + y3; ü�áí y = cos

(x2 + 1
) :Ëýóç. Óýìöùíá ìå �ïí �ýðï (6:2:4 − 5) åßíáéfx =

(x ln(xy) + y3)x = (x ln(xy))x + 0
︷ ︸︸ ︷
(y3)x ;

= ln(xy) + x yxy = ln(xy) + 1fy =
(x ln(xy) + y3)y = x [ln(xy)]y + 3 y2

︷ ︸︸ ︷
(y3)y

=
xy + 3 y2;dydx = −2x sin

(x2 + 1
) ;
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[x cos

(x2 + 1
)]

+ 1− 2x2 tan (x2 + 1
)

−6x sin (x2 + 1
)

cos2
(x2 + 1

) :�åíéêåýïí�áò �ï Èåþñçìá 6.2 - 1 áðïäåéêíýå�áé ü�é:15Èåþñçìá 6.2 - 2 ¸ó�ù ç óõíÜñ�çóç f (x; y) |S ⊆ ℜ 2 êáé x = x(s; t); y =y(s; t) ãéá êÜèå (s; t) ∈ A ⊆ ℜ2, üðïõ A áíïéê�ü óýíïëï ìå �éò áí�ßó�ïé÷åò�éìÝò �çò f íá áíÞêïõí ó�ï S ãéá êÜèå (s; t) ∈ A êáé åðß ðëÝïí ü�é õðÜñ÷åé çðáñÜãùãïò �çò f ó�ï (x(s; t); y(s; t)) ãéá êÜèå (s; t) ∈ A. Ôü�å ç óõíÜñ�çóçf = f(s; t) ðáñáãùãßæå�áé ó�ï (s; t) êáé éó÷ýåé�f�s =
�f�x �x�s +

�f�y �y�s êáé (6.2.4 - 4)�f�t =
�f�x �x�t +

�f�y �y�t : (6.2.4 - 5)�áñÜäåéãìá 6.2 - 4¸ó�ù f(x; y) = e2y sin 3x üðïõ x =
√s2 + t2; y = st− t2:Íá õðïëïãéó�ïýí ïé ìåñéêÝò ðáñÜãùãïé fs êáé ft.Ëýóç. Óýìöùíá ìå �ïõò �ýðïõò (6:2:4 − 4) êáé (6:2:4 − 5) Ý÷ïõìå�f�s =

3e2y cos 3x
︷ ︸︸ ︷
(e2y sin 3x)x 1

2(s2+t2) 1
2
−1

2s
︷ ︸︸ ︷
[(s2 + t2)1=2]s+ 2 e2y sin 3x

︷ ︸︸ ︷
(e2y sin 3x)y t

︷ ︸︸ ︷
(st− t2)s

=
3 s e2y cos 3x√s2 + t2 + 2 t e2y sin 3x15ÂëÝðå âéâëéïãñáößá.
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= e2(st−t2) (3 s cos 3

√s2 + t2√s2 + t2 + 2 t sin 3√s2 + t2) ;
�f�t =

(e2y sin 3x)x 1
2(s2+t2) 1

2
−1

2t
︷ ︸︸ ︷
[(s2 + t2)1=2]t+ (e2y sin 3x)y s−2t

︷ ︸︸ ︷
(st− t2)t

=
3 t e2y cos 3x√s2 + t2 + 2 (s− 2t) e2y sin 3x

= e2(st−t2) (3 t cos 3√s2 + t2√s2 + t2 + 2 (s− 2t) sin 3√s2 + t2) :Êñßíå�áé óêüðéìï ó�ï óçìåßï áõ�ü ãéá åõêïëßá íá ïñéó�åß ï ðáñáêÜ�ùäéáöïñéêüò �åëåó�Þò.16Ïñéóìüò 6.2 - 1 (�åëåó�Þò Lapla
e) ¸ó�ù ü�é ç óõíÜñ�çóç f (x; y) |S ⊆
ℜ 2, áí�ßó�ïé÷á f (x; y; z) |S ⊆ ℜ 3 Ý÷åé �ïõëÜ÷éó�ïí 2çò �Üîçò ìåñéêÝòðáñáãþãïõò ãéá êÜèå (x; y) ∈ S, áí�ßó�ïé÷á (x; y; z) ∈ S. Ôü�å ï �åëåó�ÞòLapla
e Þ êáé äéáöïñéêüò �åëåó�Þò 2çò, áí�ßó�ïé÷á 3çò �Üîçò ïñßæå�áé ùòåîÞò:

∇ 2 =
�2�x2 +

�2�y2 ; áí�ßó�ïé÷á (6.2.4 - 6)
∇ 2 =

�2�x2 +
�2�y2 +

�2�z2 : (6.2.4 - 7)ÅöáñìïãÞ 6.2 - 1 (ðïëéêÝò óõí�å�áãìÝíåò (r; �))17 Íá õðïëïãéó�åß ç ðáñÜó�áóç
∇ 2f =

�2f�x2 +
�2f�y2 = fxx + fyy (6.2.4 - 8)16�éá ðåñéóóü�åñåò åöáñìïãÝò âëÝðå ÌÜèçìá: Äéáöïñéêüò Äéáíõóìá�éêüò Ëïãéóìüò.17Ç åöáñìïãÞ áõ�Þ åßíáé åê�üò �çò åîå�áó�Ýáò ýëçò.
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Ó÷Þìá 6.2 - 1: ðïëéêÝò óõí�å�áãìÝíåò (r; è)óå ðïëéêÝò óõí�å�áãìÝíåò (Ó÷. 6.2 - 1).18Ëýóç. Åöáñìüæïí�áò �ïõò �ýðïõò (6:2:4 − 4) êáé (6:2:4 − 5) Ý÷ïõìå�f�r =
�f�x cos è

︷︸︸︷�x�r +
�f�y sin è
︷︸︸︷�y�r = cos è �f�x + sin è �f�y ; (1)ïðü�å ðáñáãùãßæïí�áò ùò ðñïò r �çí (1) ðñïêýð�åé� 2f�r2 =

��r (cos è �f�x + sin è �f�y)
= cos è ��r (�f�x)+ sin è ��r (�f�y) = cos è � 2f�r �x + sin è � 2f�r �y
= cos è ��x (�f�r)+ sin è ��y (�f�r) (Èåþñçìá 6:2− 2)

(1)
︷︸︸︷
= cos è ��x (cos è �f�x + sin è �f�y)+ sin è ��y (cos è �f�x + sin è �f�y)18Åßíáé ãíùó�ü ü�é ïé ðïëéêÝò óõí�å�áãìÝíåò (r; è) äßíïí�áé áðü �éò ó÷Ýóåéòx = r cos �y = r sin � ìå r ≥ 0 êáé � ∈ [0; 2�) Þ � ∈ (−�; �]:
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= cos2 è � 2f�x2 + cos è sin è � 2f�x�y + sin è cos è � 2f�y�x + sin2 è � 2f�y2
= cos2 è � 2f�x2 + 2 sin è cos è � 2f�x�y + sin2 è � 2f�y2 ;äçëáäÞ � 2f�r2 = cos2 è � 2f�x2 + 2 sin è cos è � 2f�x�y + sin2 è � 2f�y2 : (2)¼ìïéá ìå �çí (1) ðñïêýð�åé ü�é�f�è =

�f�x −r sin è
︷︸︸︷�x�è +

�f�y r cos è
︷︸︸︷�y�è = −r sin è �f�x + r cos è �f�y (3)�áñáãùãßæïí�áò �çí (3) ùò ðñïò è Ý÷ïõìå� 2f�è2 = r ��è (− sin è �f�x + cos è �f�y)

= r 



− cos è �f�x − sin è ��x(�f�è )
︷ ︸︸ ︷��è (�f�x)



+ r 



− sin è �f�y + cos è ��y (�f�è )
︷ ︸︸ ︷��è (�f�y)



= r [− cos è �f�x − sin è ��x (−r sin è �f�x + r cos è �f�y)]r [− sin è �f�y + cos è ��y (−r sin è �f�x + r cos è �f�y)]
= −r �f�r

︷ ︸︸ ︷
(

cos è �f�x + sin è �f�y)
+r2 sin2 è � 2f�x2 − r2 sin è cos è � 2f�x�y
−r2 sin è cos è � 2f�x�y + r2 cos2 è � 2f�y2 ;
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= −r �f�r + r2(sin2 è � 2f�x2 − 2 sin è cos è � 2f�x�y + cos2 è � 2f�y2 ) (4)Áðü �çí (2) êáé �çí (4) ðñïêýð�åé �ü�å ü�é� 2f�r2 +

1r2 � 2f�è 2
=

(

cos2 è + sin2 è) � 2f�x2
+
(

cos2 è + sin2 è) � 2f�y2 − 1r �f�r
=

� 2f�x2 +
� 2f�y2 − 1r �f�r : (5)Áðü �çí (5) Ý÷ïõìå �çí ðáñáêÜ�ù Ýêöñáóç �çò (6:2:4−8) óå ðïëéêÝò óõí�å�áãìÝíåò

∇ 2f =
�2f�r2 +

1r �f�r +
1r2 �2f��2 (6.2.4 - 9)ðïõ ãñÜöå�áé êáé

∇ 2f =
1r ��r (r�f�r)+

1r2 �2f��2 : (6.2.4 - 10)Ìå áíÜëïãïõò õðïëïãéóìïýò ðñïêýð�åé ü�é ï �åëåó�Þò Lapla
e óå êõëéíäñéêÝòóõí�å�áãìÝíåò (Ó÷. 6.2 - 2a) åßíáé19
∇2f =

�2f�r2 +
1r �f�r +

1r2 �2f��2 +
�2f�z2åíþ óå óöáéñéêÝò óõí�å�áãìÝíåò (Ó÷. 6.2 - 2b) 20

∇2f =
1r2 ��r (r2�f�r)+

1r2 sin � ��� (sin � �f��)19Ïé êõëéíäñéêÝò óõí�å�áãìÝíåò (r; è; z) äßíïí�áé áðü �éò ó÷Ýóåéòx = r cos �; y = r sin �; z = zìå r ≥ 0; � ∈ [0; 2�) Þ � ∈ (−�; �] êáé z ∈ ℜ:20Ïé óöáéñéêÝò óõí�å�áãìÝíåò (r; è; ö) üìïéá áðü �éò ó÷Ýóåéòx = r cos � sin�; y = r sin � sin�; z = r cos�ìå r ≥ 0 êáé � ∈ [0; �]; � ∈ [0; 2�) Þ � ∈ (−�; �];
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+

1r2 sin2 � �2f��2 :
M

O

M’

z

x

y (a)
M

O
 

! (b)Ó÷Þìá 6.2 - 2: (á) ïé êõëéíäñéêÝò (r; è; z) êáé (b) ïé óöáéñéêÝò (r; è; ö)óõí�å�áãìÝíåò.¢óêçóçÔùí ðáñáêÜ�ù óõíáñ�Þóåùí íá õðïëïãéó�åß ç ðáñÜãùãïò df=dti) f(x; y) = xey + y2 sinx, ü�áí x = t, y = t2,ii) f(x; y) = xyx2 + y2 , ü�áí x = cosh t, y = sinh t,iii) f(x; y; z) = ln
(x2 + y2 + z2), ü�áí x = et cos t, y = et sin t, z = et,iv) f(x; y; z) = (x2 + y2 + z2)1=2, ü�áí x = cos t, y = sin t, z = t.6.3 Áêñü�á�á6.3.1 ÔïðéêÜ áêñü�á�áÏñéóìüò 6.3 - 1 (�ïðéêü áêñü�á�ï). ¸ó�ù ç óõíÜñ�çóç f (x; y) |S ⊆

ℜ 2, áí�ßó�ïé÷á f (x; y; z) |S ⊆ ℜ 3 üðïõ S áíïéê�ü óýíïëï êáé óçìåßï P0 =

(x0; y0), áí�ßó�ïé÷á P0 = (x0; y0; z0) ∈ S. Ôü�å èá ëÝãå�áé ü�é �ï P0,



Áêñü�á�á 33áí�ßó�ïé÷á �ï P̃0 åßíáé èÝóç �ïðéêïý ìåãßó�ïõ, áí�ßó�ïé÷á �ïðéêïý åëá÷ßó�ïõ�çò f �ü�å êáé ìüíïí, ü�áí õðÜñ÷åé ðåñéï÷Þ $ (x0; y0) �ïõ P0, áí�ßó�ïé÷á$ (x0; y0; z0) �ïõ P̃0, Ý�óé þó�åI. ìÝãéó�ï: f (x; y) ≤ f (x0; y0), áí�ßó�ïé÷á f (x; y; z) ≤ f (x0; y0; z0),II. åëÜ÷éó�ï: f (x; y) ≥ f (x0; y0), áí�ßó�ïé÷á f (x; y; z) ≥ f (x0; y0; z0)ãéá êÜèå (x; y) ∈ $ (x0; y0) ∩ S, áí�ßó�ïé÷á (x; y; z) ∈ $ (x0; y0; z0) ∩ S.Óå êÜèå ðåñßð�ùóç �ï óçìåßï áõ�ü ëÝãå�áé èÝóç �ïðéêïý áêñü�á�ïõ (rela-tive extremum) �çò f ìå �éìÞ f (x0; y0), áí�ßó�ïé÷á f (x0; y0; z0).Ïñéóìüò 6.3 - 2 (ïëéêü áêñü�á�ï). ¸ó�ù ç óõíÜñ�çóç f (x; y) |S ⊆ ℜ 2,áí�ßó�ïé÷á f (x; y; z) |S ⊆ ℜ 3 üðïõ S áíïéê�ü óýíïëï êáé óçìåßï P0 =

(x0; y0), áí�ßó�ïé÷á P̃0 = (x0; y0; z0) ∈ S. Ôü�å èá ëÝãå�áé ü�é �ï P0,áí�ßó�ïé÷á �ï P̃0 åßíáé èÝóç ïëéêïý ìåãßó�ïõ, áí�ßó�ïé÷á ïëéêïý åëá÷ßó�ïõ(extremum) �çò f �ü�å êáé ìüíïí, ü�áíI. ìÝãéó�ï: f (x; y) ≤ f (x0; y0), áí�ßó�ïé÷á f (x; y; z) ≤ f (x0; y0; z0),II. åëÜ÷éó�ï: f (x; y) ≥ f (x0; y0), áí�ßó�ïé÷á f (x; y; z) ≥ f (x0; y0; z0)ãéá êÜèå (x; y) ∈ S, áí�ßó�ïé÷á (x; y; z) ∈ S.Óå êÜèå ðåñßð�ùóç �ï óçìåßï áõ�ü ëÝãå�áé èÝóç ïëéêïý áêñü�á�ïõ �çò fìå �éìÞ f (x0; y0), áí�ßó�ïé÷á f (x0; y0; z0).Äßíïí�áé ó�ç óõíÝ÷åéá ïé óõíèÞêåò ðïõ ðñÝðåé íá ðëçñïýí�áé, Ý�óé þó�åìßá óõíÜñ�çóç íá Ý÷åé áêñü�á�á.Èåþñçìá 6.3 - 1 (áíáãêáßá óõíèÞêç áêñü�á�ïõ). ¸ó�ù ç óõíÜñ�çóçf (x; y) |S ⊆ ℜ 2, áí�ßó�ïé÷á f (x; y; z) |S ⊆ ℜ 3 üðïõ S áíïéê�ü óýíïëï.Áí �ï óçìåßï P0 = (x0; y0), áí�ßó�ïé÷á P0 = (x0; y0; z0) ∈ S åßíáé Ýíááêñü�á�ï (stationary point) �çò f êáé õðÜñ÷ïõí üëåò ïé ðñþ�çò �Üîçò ìåñéêÝòðáñÜãùãïé �çò f ó�ï óçìåßï áõ�ü, �ü�å áõ�Ýò ðñÝðåé íá åßíáé ßóåò ìå �ïìçäÝí.



34 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòÁêñü�á�ï óõíÜñ�çóçò äýï ìå�áâëç�þíÓ�ï ðáñáêÜ�ù èåþñçìá ãßíå�áé ÷ñÞóç �ùí åîÞò óõìâïëéóìþí:Á =
�2f (x0; y0)�x2 ; B =

�2f (x0; y0)�x�y ; C =
�2f (x0; y0)�y2

∆ = AC −B2 =

∣
∣
∣
∣
∣
∣
∣

fxx fxyfxy fyy ∣∣∣∣∣∣∣
(x0;y0) : (6.3.1 - 1)Èåþñçìá 6.3 - 2 (éêáíÞ óõíèÞêç áêñü�á�ïõ). ¸ó�ù ç óõíÜñ�çóç f (x; y)

|S ⊆ ℜ 2, üðïõ S áíïéê�ü óýíïëï, �çò ïðïßáò õðÜñ÷ïõí ó�ï S êáé åßíáéóõíå÷åßò óõíáñ�Þóåéò üëåò ïé ðñþ�çò êáé äåý�åñçò �Üîçò ìåñéêÝò ðáñÜãùãïé.Áí �ï óçìåßï (x0; y0) ∈ S åßíáé �Ý�ïéï þó�å�f (x0; y0)�x =
�f (x0; y0)�y = 0; (6.3.1 - 2)�ü�å, áíI. ∆ > 0 êáéa. A < 0 (Þ C < 0), �ï (x0; y0) åßíáé èÝóç ìåãßó�ïõ �çò f ,b. A > 0 (Þ C > 0), �ï (x0; y0) åßíáé èÝóç åëá÷ßó�ïõ �çò f .II. ∆ < 0, �ü�å äåí õðÜñ÷åé áêñü�á�ï. Ó�çí ðåñßð�ùóç áõ�Þ �ï (x0; y0)åßíáé óçìåßï êáìðÞò �ïõ äéáãñÜììá�ïò �çò f .III. ∆ = 0, �ï èåþñçìá äåí åöáñìüæå�áé, äçëáäÞ åíäÝ÷å�áé íá õðÜñ÷åé Þü÷é áêñü�á�ï.Óçìåéþóåéò 6.3 - 1i) Ôá óçìåßá ðïõ åðáëçèåýïõí �ç óõíèÞêç (6:3:1 − 2) ëÝãïí�áé êñßóéìáóçìåßá (
riti
al Þ stationary points) êáé åßíáé èÝóåéò ðéèáíþí áêñü�á�ùí�çò f(x; y).
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Ó÷Þìá 6.3 - 1: �áñÜäåéãìá 6.3 - 1ii) Ôï óçìåßï (x0; y0) ðïõ åðáëçèåýåé �çí (6:3:1− 1) ðñÝðåé íá áíÞêåé ó�ïðåäßï ïñéóìïý �çò f , äéáöïñå�éêÜ äåí åßíáé óçìåßï ðéèáíïý áêñü�á�ïõ.�áñÜäåéãìá 6.3 - 1¸ó�ù ç óõíÜñ�çóçf(x; y) = ln
(x2 + y2) ìå ðåäßï ïñéóìïý D = ℜ2 − (0; 0):Ôü�å áðü �ïí �ýðï (6:3:1 − 2) ðñïêýð�åéfx =

(x2 + y2)xx2 + y2 =
2xx2 + y2 = 0 êáé fy =

(x2 + y2)yx2 + y2 =
2yx2 + y2 = 0;ïðü�å x = y = 0, äçëáäÞ �ï óçìåßï P (0; 0) 6∈ D (Ó÷. 6.3 - 1) êáéåðïìÝíùò �ï óçìåßï P äåí åßíáé ðéèáíü áêñü�á�ï.�áñÜäåéãìá 6.3 - 2Íá ìåëå�çèåß ùò �çí ýðáñîç áêñü�á�ùí ç óõíÜñ�çóçf(x; y) = xy ìå ðåäßï ïñéóìïý D = ℜ2:
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Ó÷Þìá 6.3 - 2: �áñÜäåéãìá 6.3 - 2Ëýóç. Óýìöùíá ìå �ïí �ýðï (6:3:1 − 2) åßíáé fx = x = 0 êáé fy = y = 0,ïðü�å Ý÷ïõìå ðéèáíü áêñü�á�ï ó�ï óçìåßï P (0; 0). Áðü �éò ó÷Ýóåéò (6:3:1−1)ðñïêýð�ïõíA = fxx = 0; B = fxy = 1; C = fyy = 0; ∆ = −1 < 0:¢ñá óýìöùíá ìå �ç óõíèÞêç (II) �ïõ ÈåùñÞìá�ïò 6.3 - 2 �ï P åßíáé óçìåßïêáìðÞò �ïõ äéáãñÜììá�ïò �çò f (Ó÷. 6.3 - 2).�áñÜäåéãìá 6.3 - 3¼ìïéá ç óõíÜñ�çóçf(x; y) = x3 + y3 − 3xy + 4 ìå D = ℜ2:Ëýóç. Áðü �ïí �ýðï (6:3:1 − 2) Ý÷ïõìå �ï óýó�çìáfx = 3x2 − 3y = 0fy = 3y2 − 3x = 0:Ôü�å áðü �çí 1ç åîßóùóç ðñïêýð�åé y = x2, ïðü�å áí�éêáèéó�þí�áò ó�ç 2çÝ÷ïõìå
3
(x2)2 − 3x = 3x (x3 − 1

)

= 0; äçëáäÞ x = 0 Þ x = 1:



Áêñü�á�á 37¢ñá �á ðéèáíÜ áêñü�á�á åßíáé ó�á óçìåßá:P1(0; 0) êáé P2(1; 1):Áðü �éò ó÷Ýóåéò (6:3:1 − 1) ãéá �ï óçìåßï (x; y) ∈ D Ý÷ïõìåA = fxx = 6x; B = fxy = −3; C = fyy = 6y êáé
∆ = AC −B2 =

∣
∣
∣
∣
∣
∣
∣

fxx fxyfxy fyy ∣∣∣∣∣∣∣ = ∣
∣
∣
∣
∣
∣
∣

6x −3

−3 6y ∣∣∣∣∣∣∣ = 36xy − 9:Ôü�å áðü �éò óõíèÞêåò (I-III) �ïõ ÈåùñÞìá�ïò 6.3 - 2 ãéá �á ðáñáðÜíù óçìåßáðñïêýð�ïõí (Ó÷. 6.3 - 3):P1: ∆|P1(0;0) = −9 < 0, äçëáäÞ åßíáé óçìåßï êáìðÞò,P2: ∆|P2(1;1) = 27 > 0 êáé A|P2(1;1) = 6 > 0, äçëáäÞ õðÜñ÷åé åëÜ÷éó�ï ìå�éìÞ f(1; 1) = 3.

Ó÷Þìá 6.3 - 3: �áñÜäåéãìá 6.3 - 3. Äýï äéáöïñå�éêÝò üøåéò �ïõ äéáãñÜììá�ïò�çò f(x; y) = x3 + y3 − 3xy + 4



38 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 6.3 - 4¼ìïéá ç óõíÜñ�çóçf(x; y) = 3x2y + y3 − 3x2 − 3y2 + 2 ìå D = ℜ2:Ëýóç. Áðü �ïí �ýðï (6:3:1 − 2) Ý÷ïõìå �ï óýó�çìáfx = 6xy − 6x = 0fy = 3x2 + 3y2 − 6y = 0:Ôü�å áðü �çí 1ç åîßóùóç ðñïêýð�åé 6x(y − 1) = 0, äçëáäÞ Þ x = 0 Þ y = 1.Ôü�å áðü �ç 2ç åîßóùóç Ý÷ïõìåx = 0 :

3y2 − 6y = 3y(y − 2) = 0; äçëáäÞ y = 0 Þ y = 2;y = 1 :

3x2 − 3 = 3
(x2 − 1

)

= 0; äçëáäÞ x = −1 Þ x = 1:¢ñá �á êñßóéìá óçìåßá åßíáé:P1(0; 0); P2(0; 2); P3(1; 1) êáé P4(−1; 1):Ïé ó÷Ýóåéò (6:3:1 − 1), ü�áí åöáñìïó�ïýí ãåíéêÜ ãéá �ï óçìåßï (x; y) ∈ D,äßíïõíA = fxx = 6y − 6; B = fxy = 6x; C = fyy = 6y − 6 êáé
∆ = AC −B2 =

∣
∣
∣
∣
∣
∣
∣

fxx fxyfxy fyy ∣∣∣∣∣∣∣ = ∣
∣
∣
∣
∣
∣
∣

6y − 6 6x
6x 6y − 6

∣
∣
∣
∣
∣
∣
∣

= 36(y − 1)2 − 36x2:Ôü�å áðü �éò óõíèÞêåò (I-III) �ïõ ÈåùñÞìá�ïò 6.3 - 2 ãéá �á ðáñáðÜíù óçìåßáðñïêýð�ïõí (Ó÷. 6.3 - 4):P1: ∆|P1(0;0) = 36 < 0 êáé A|P1(0;0) = −6 > 0, äçëáäÞ õðÜñ÷åé ìÝãéó�ï(ïëéêü) ìå �éìÞ f(0; 0) = 2,



Áêñü�á�á 39P2: ∆|P2(0;2) = 36 > 0 êáé A|P2(0;2) = 6 > 0, äçëáäÞ åëÜ÷éó�ï (ïëéêü) ìå�éìÞ f(0; 2) = −2,P3: ∆|P3(1;1) = −36 < 0 óçìåßï êáìðÞò êáéP4: ∆|P4(−1;1) = −36 < 0 üìïéá óçìåßï êáìðÞò.

Ó÷Þìá 6.3 - 4: �áñÜäåéãìá 6.3 - 4. Äýï äéáöïñå�éêÝò üøåéò �ïõ äéáãñÜììá�ïò�çò 3x2y + y3 − 3x2 − 3y2 + 2

¢óêçóçÍá ìåëå�çèïýí ãéá �çí ýðáñîç áêñü�á�ùí ïé ðáñáêÜ�ù óõíáñ�Þóåéò f(x; y):i) x2 + xy + y2 + 5x− 5y + 3 ii) x3 − 6xy + y3iii) x3 − 3x+ xy2 iv) e−x2−y2 .Áêñü�á�á óõíÜñ�çóçò �ñéþí ìå�áâëç�þíÈåþñçìá 6.3 - 3 (éêáíÞ óõíèÞêç áêñü�á�ïõ). ¸ó�ù ç óõíÜñ�çóç f(x; y; z)
|S ⊆ ℜ 3, üðïõ S áíïéê�ü óýíïëï, �çò ïðïßáò õðÜñ÷ïõí ó�ï S êáé åßíáé



40 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòóõíå÷åßò óõíáñ�Þóåéò üëåò ïé ðñþ�çò êáé äåõ�Ýñáò �Üîçò ìåñéêÝò ðáñÜãùãïé.¸ó�ù óçìåßï P0 = P0 (x0; y0; z0) ∈ S, �Ý�ïéï þó�å�f (x0; y0; z0)�x =
�f (x0; y0; z0)�y =

�f (x0; y0; z0)�z = 0: (6.3.1 - 3)Áí A = fxx (x0; y0; z0) ; B =

∣
∣
∣
∣
∣
∣

fxx fxyfyx fyy ∣∣∣∣∣∣P0

êáé
C =

∣
∣
∣
∣
∣
∣
∣
∣
∣

fxx fxy fxzfyx fyy fyzfzx fzy fzz ∣∣∣∣∣∣∣∣∣P0

; (6.3.1 - 4)�ü�å ç f (x; y; z) |S ⊆ ℜ 3 Ý÷åé:I. ìÝãéó�ï, ü�áí A < 0, B > 0 êáé C < 0,II. åëÜ÷éó�ï, ü�áí A > 0, B > 0 êáé C > 0.¼ìïéá ìå �éò Óçìåéþóåéò 6.3 - 1 (I) �á óçìåßá ðïõ åðáëçèåýïõí �ç óõíèÞêç
(6:3:1−3) ëÝãïí�áé åðßóçò êñßóéìá óçìåßá êáé åßíáé èÝóåéò ðéèáíþí áêñü�á�ùí�çò f(x; y; z).�áñÜäåéãìá 6.3 - 5¸ó�ù ç óõíÜñ�çóç f(x; y; z) = x2 + y2 + z2 − 2x− 5. Ôü�å óýìöùíá ìå �ïí�ýðï (6:3:1 − 3) Ý÷ïõìå �ï óýó�çìáfx = 2x − 2 = 0fy = 2y = 0fz = 2z = 0áðü �ç ëýóç �ïõ ïðïßïõ ðñïêýð�åé óáí ðéèáíü óçìåßï áêñü�á�ïõ �ï (x0; y0; z0) =
(1; 0; 0). Óýìöùíá ìå �éò ó÷Ýóåéò (6:3:1 − 4) åßíáéA = fxx (1; 0; 0) = 2 > 0; B =

∣
∣
∣
∣
∣
∣

fxx fxyfyx fyy ∣∣∣∣∣∣
(1;0;0) = 4 > 0 êáé
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∣
∣
∣
∣
∣
∣
∣
∣
∣

fxx fxy fxzfyx fyy fyzfzx fzy fzz ∣∣∣∣∣∣∣∣∣
(1;0;0) = 8 > 0;äçëáäÞ åðáëçèåýå�áé ç óõíèÞêç (II) �ïõ ÈåùñÞìá�ïò 6.3 - 3, ïðü�å ó�ï óçìåßïP (1; 0; 0) ç f Ý÷åé åëÜ÷éó�ï ìå �éìÞ f(1; 0; 0) = −4.¢óêçóçÍá ðñïóäéïñéó�ïýí �á áêñü�á�á �ùí ðáñáêÜ�ù óõíáñ�Þóåùí f(x; y; z)i) x2 + y2 + z2 − 2x+ 4y − 6z − 11ii) x2 + y2 + z2 + 3z + 1.6.3.2 Áðüëõ�á áêñü�á�á21Åðåê�åßíïí�áò �çí Ýííïéá �ùí áêñü�á�ùí �çò �áñáãñÜöïõ 4.3.1 æç�åß�áé çâåë�éó�ïðïßçóç (mathemati
al optimization) �ùí �éìþí ìéáò óõíÜñ�çóçò,Ýó�ù f(x; y), óå ìéá êëåéó�Þ ðåñéï÷Þ22 �ïõ ðåäßïõ ïñéóìïý �çò D, ü�áíD ⊆ ℜ2. Ôï ðñüâëçìá áõ�ü éóïäõíáìåß �ü�å ìå �çí åýñåóç �ùí áðüëõ�ùíáêñü�á�ùí, äçëáäÞ �ùí áðüëõ�ùí åëÜ÷éó�ùí êáé ìÝãéó�ùí �çò f ó�ï D.Ç ìåëÝ�ç �ùí áêñü�á�ùí �çò êá�çãïñßáò áõ�Þò âáóßæå�áé ó�ï ðáñáêÜ�ùèåþñçìá (extreme value theorem):Èåþñçìá 6.3 - 1 Áí ç óõíÜñ�çóç f(x; y) åßíáé ïñéóìÝíç êáé óõíå÷Þò óåìéá ðåñéï÷Þ D ⊆ ℜ2, �ü�å õðÜñ÷ïõí óçìåßá (x1; y1), (x2; y2) ∈ D, Ý�óé þó�å21Ç ðáñÜãñáöïò áõ�Þ äåí áíÞêåé ó�çí åîå�áó�Ýá ýëç.22Õðåíèõìßæå�áé ü�é:Ïñéóìüò 6.3 - 1 Ìéá ðåñéï÷Þ ó�ï ℜ2 èá ëÝãå�áé êëåéó�Þ, ü�áí ðåñéÝ÷åé êáé �ï óýíïñü�çò, åíþ èá ëÝãå�áé áíïéê�Þ, ü�áí äåí �ï ðåñéÝ÷åé.ÅðïìÝíùò ç ðåñéï÷Þ D = [−1; 1]× [0; 2] åßíáé êëåéó�Þ, åíþ ç D = [−1; 1]× [0; 2] áíïéê�Þ.Ïñéóìüò 6.3 - 2 Ìéá ðåñéï÷Þ ó�ï ℜ2 èá ëÝãå�áé öñáãìÝíç, ü�áí åßíáé äõíá�üí íáèåùñçèåß ü�é áíÞêåé óå Ýíá ðåðåñáóìÝíï äßóêï.



42 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòç f (x1; y1) íá åßíáé ç ìÝãéó�ç êáé ç f (x1; y1) ç åëÜ÷éó�ç �éìÞ �çò f ó�ï D.Óçìåßùóç 6.3 - 1Ç äéáäéêáóßá ðñïóäéïñéóìïý �ùí áðüëõ�ùí áêñü�á�ùí ãßíå�áé ìå �á ðáñáêÜ�ùâÞìá�á:É. õðïëïãéóìüò �ùí êñßóéìùí óçìåßùí �çò f ó�ï D,23II. åýñåóç �çò ìÝãéó�çò, áí�ßó�ïé÷á åëÜ÷éó�çò �éìÞò �çò f ó�ï óýíïñï �ïõD.III. Ç ìÝãéó�ç êáé ç åëÜ÷éó�ç �éìÞ �ùí ðåñéð�þóåùí (I) êáé (II) ïñßæïõí�ü�å �á áðüëõ�á áêñü�á�á �çò f ó�ï D.�áñÜäåéãìá 6.3 - 1Íá õðïëïãéó�ïýí �á áðüëõ�á áêñü�á�á �çò óõíÜñ�çóçòf(x; y) = x2 + 4y2 − 2x2y + 4ó�ï �å�ñÜãùíï (Ó÷. 6.3 - 1a)D = {(x; y) ∈ ℜ2 : −1 ≤ x ≤ 1 êáé − 1 ≤ y ≤ 1}:Ëýóç. Óýìöùíá ìå �ç Óçìåßùóç 6.3 - 1 Ý÷ïõìå:âÞìá I: Áðü �ïí �ýðï (6:3:1 − 2) ðñïêýð�åé �ï óýó�çìáfx = 2x− 4xy = 0fy = 8y − 2x2 = 0:Ôü�å áðü �çí 2ç åîßóùóç ðñïêýð�åé y = x2

4 , ïðü�å áí�éêáèéó�þí�áò ó�çí 1çÝ÷ïõìåx− 4x x2
4

= 2x− x3 = x (2− x2) = 0; äçëáäÞ x = 0; ±√
2:23Äåí áðáé�åß�áé ç åöáñìïãÞ �ïõ ÈåùñÞìá�ïò 6.3 - 3 ó�çí ðåñßð�ùóç áõ�Þ.
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Ó÷Þìá 6.3 - 1: �áñÜäåéãìá 6.3 - 1: (a) �ï �å�ñÜãùíï D = {(x; y) ∈ ℜ2 :

−1 ≤ x ≤ 1 êáé − 1 ≤ y ≤ 1} êáé (b) �ï äéÜãñáììá �çò f(x; y) = x2 +4y2 −
2x2y + 4, ü�áí (x; y) ∈ D.ÅðåéäÞ üìùò ðñÝðåé ïé �éìÝò íá áíÞêïõí ó�ï D, äåê�Þ ãßíå�áé ìüíïí ç �éìÞx = 0. Áí�éêáèéó�þí�áò �çí �éìÞ x = 0 ó�ç 2ç åîßóùóç �ïõ óõó�Þìá�ïòðñïêýð�åé ü�é y = 0. ¢ñá �ï êñßóéìï óçìåßï �çò f åßíáé �ïP (0; 0) ìå áí�ßó�ïé÷ç �éìÞ f(0; 0) = 4: (1)âÞìá II: Ç åýñåóç �çò ìÝãéó�çò, áí�ßó�ïé÷á åëÜ÷éó�çò �éìÞò �çò f ó�ïóýíïñï �ïõ D ãßíå�áé ùò åîÞò:i) x = 1; −1 ≤ y ≤ 1, ïðü�å f(1; y) = g1(y) = 4y2 − 2y + 5. Ôü�åg′1(y) = 8y − 2, ïðü�å �ï êñßóéìï óçìåßï �çò g1 õðïëïãßæå�áé áðü �çíåîßóùóç g′1(y) = 0, äçëáäÞ åßíáé �ï y = 1

4 ∈ D. ¢ñá ãéá �çí ðåñßð�ùóçáõ�Þ Ý÷ïõìå P1

(

1; 1
4

) ; f (1; 1
4

)

= g1 (1
4

)

= 4:75: (2)ii) x = −1; −1 ≤ y ≤ 1, ïðü�å f(−1; y) = g2(y) = 4y2 − 2y+5 = g1(y),äçëáäÞ åßíáé ç ðåñßð�ùóç (i).iii) y = 1; −1 ≤ x ≤ 1, ïðü�å f(x; 1) = f1(x) = 8 − x2. Ôü�å f ′1(x) =
−2x, ïðü�å �ï êñßóéìï óçìåßï �çò f1 õðïëïãßæå�áé áðü �çí åîßóùóç



44 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòf ′1(x) = 0, äçëáäÞ åßíáé �ï x = 0 ∈ D. ¢ñá Ý÷ïõìåP2 (0; 1) ; f (0; 1) = f1(0) = 8: (3)iv) y = −1; −1 ≤ x ≤ 1, ïðü�å f(x;−1) = f2(x) = 8 + 3x2. Ôü�åf ′2(x) = 6x, ïðü�å �ï êñßóéìï óçìåßï �çò f2 üìïéá õðïëïãßæå�áé ü�éåßíáé �ï x = 0 ∈ D. ¢ñá Ý÷ïõìåP3 (0;−1) ; f (0;−1) = f2(0) = 8: (4)v) Ó�á ðáñáðÜíù ðéèáíÜ óçìåßá �ùí áðüëõ�ùí áêñü�á�ùí ðñÝðåé íá óõíõðïëïãéó�ïýíêáé ïé êïñõöÝò �ïõ �å�ñáãþíïõ D, äçëáäÞ:óçìåßï: A1 (−1;−1) ìå �éìÞ f (−1;−1) = 11A2 (1;−1) f (−1; 1) = 11A3 (1; 1) f (1; 1) = 7A4 (−1; 1) f (−1; 1) = 7: (5)
âÞìá III: Áðü �éò (1)-(5) ðñïêýð�ïõí �á åîÞò:

• �ï óçìåßï P (0; 0) ïñßæåé �ï áðüëõ�ï åëÜ÷éó�ï, åðåéäÞ ç f Ý÷åé �ç ìéêñü�åñç�éìÞ 4 áðü üëåò �éò Üëëåò óå áõ�ü,
• �á óçìåßá B1 (−1;−1) êáé B2 (1;−1) ïñßæïõí �éò áðüëõ�á ìÝãéó�åò�éìÝò, åðåéäÞ ç f Ý÷åé �ç ìåãáëý�åñç �éìÞ 11 óå áõ�Ü (Ó÷. 6.3 - 1b).�áñÜäåéãìá 6.3 - 2¼ìïéá �á áðüëõ�á áêñü�á�á �çò óõíÜñ�çóçòf(x; y) = 2x2 − y2 + 6yó�ïí êõêëéêü äßóêïD = {(x; y) ∈ ℜ2 : x2 + y2 ≤ 16}:Ëýóç. Äéáäï÷éêÜ óýìöùíá êáé ìå �ç Óçìåßùóç 6.3 - 1 Ý÷ïõìå:



Áêñü�á�á 45âÞìá I: Áðü �ïí �ýðï (6:3:1 − 2) ðñïêýð�åé �ï óýó�çìáfx = 4x = 0fy = −2y + 6 = 0:¢ñá �ï êñßóéìï óçìåßï �çò f åßíáé �ïP (0; 3)∈ D ìå áí�ßó�ïé÷ç �éìÞ f(0; 3) = 9: (1)âÞìá II: Ç åýñåóç �çò ìÝãéó�çò, áí�ßó�ïé÷á åëÜ÷éó�çò �éìÞò �çò f ó�ïóýíïñï �ïõ D, äçëáäÞ ó�çí ðåñéöÝñåéá �ïõ êýêëïõ x2 + y2 ≤ 16 ãßíå�áé ùòåîÞò:i) áðü �çí åîßóùóç x2+y2 = 16 ðñïêýð�åé x2 = 16−y2, ïðü�å áí�éêáèéó�þí�áòó�çí f Ý÷ïõìåg(y) = 2
(

16− y2)− y2 + 6y = 32− 3y2 + 6y:ÅðïìÝíùò �ï ðñüâëçìá ó�çí ðåñßð�ùóç áõ�Þ áíÜãå�áé ó�çí åýñåóç �ùíáêñü�á�ùí �çò g, ü�áí �ï y áíÞêåé ó�ïí ðáñáðÜíù êõêëéêü äßóêï,äçëáäÞ, ü�áí −4 ≤ y ≤ 4. Ôü�å g′(y) = −6y + 6, ïðü�å y = 1 êáéåðåéäÞ x2 = 16 − y2, �åëéêÜ �á êñßóéìá óçìåßá ãéá �çí ðåñßð�ùóç áõ�Þåßíáé:óçìåßï: P1

(

−
√
15; 1)∈ D ìå �éìÞ f (−√

15; 1) = 35P2

(√
15; 1)∈ D f (√15; 1) = 35: (2)ii) Ó�á ðáñáðÜíù ðéèáíÜ óçìåßá �ùí áðüëõ�ùí áêñü�á�ùí ðñÝðåé íá óõíõðïëïãéó�ïýíêáé åêåßíá ðïõ ðñïêýð�ïõí áðü �éò �éìÝò ó�á Üêñá �ïõ äéáó�Þìá�ïò

[−4; 4] ãéá �ç ìå�áâëç�Þ y, äçëáäÞ ïé �éìÝò y = ± 4 üðïõ ðñïöáíþòx = 0. ¢ñá Ý÷ïõìåóçìåßï: A1 (0;−4) ìå �éìÞ f (0;−4) = −40A2 (0; 4) f (0; 4) = 8: (3)



46 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòâÞìá III: Áðü �éò (1)-(3) ðñïêýð�ïõí �á åîÞò:
• �ï óçìåßï A1 (0;−4) ïñßæåé �ï áðüëõ�ï åëÜ÷éó�ï, åðåéäÞ ç f Ý÷åé �çìéêñü�åñç �éìÞ −40 áðü üëåò �éò Üëëåò óå áõ�ü,
• �á óçìåßá P1

(

−
√
15; 1) êáé P2

(√
15; 1) ïñßæïõí �éò áðüëõ�á ìÝãéó�åò�éìÝò, åðåéäÞ ç f Ý÷åé �ç ìåãáëý�åñç �éìÞ 35 óå áõ�Ü (Ó÷. 6.3 - 2).

Ó÷Þìá 6.3 - 2: �áñÜäåéãìá 6.3 - 2: Äýï äéáöïñå�éêÝò üøåéò �ïõ äéáãñÜììá�ïò�çò f(x; y) = 2x2 − y2 + 6y, ü�áí (x; y) ∈ D.6.3.3 Áêñü�á�á ìå óõíèÞêåò - ÌÝèïäïò �ïõ LagrangeÓ�çí ðñïçãïýìåíç ðáñÜãñáöï ìåëå�Þèçêå �ï ðñüâëçìá �çò âåë�éó�ïðïßçóçò�ùí �éìþí ìéáò óõíÜñ�çóçò, Ýó�ù f(x; y), óå ìéá êëåéó�Þ ðåñéï÷Þ �ïõ ðåäßïõïñéóìïý �çò f . �åíéêåýïí�áò �ï ðáñáðÜíù ðñüâëçìá ó�çí ðáñÜãñáöï áõ�Þèá ìåëå�çèåß ç âåë�éó�ïðïßçóç ìéáò óõíÜñ�çóçò f(x; y), áí�ßó�ïé÷á f(x; y; z),ü�áí �á (x; y), áí�ßó�ïé÷á �á (x; y; z) åðáëçèåýïõí ïñéóìÝíåò óõíèÞêåò (
on-straints) �çò ìïñöÞò �(x; y) = 0, áí�ßó�ïé÷á �(x; y; z) = 0 (
oupling equa-tion Þ equality 
onstraint). Ôá áêñü�á�á �ïõ åßäïõò áõ�ïý åßíáé ãíùó�Ü óáíáêñü�á�á ìå óõíèÞêç (
onditional extremum) êáé åßíáé åðßóçò ìéá ìïñöÞ�çò ìå óõíèÞêç ìáèçìá�éêÞò âåë�éó�ïðïßçóçò ìéáò óõíÜñ�çóçò. Ç ìÝèïäïòëýóçò ðïõ èá ÷ñçóéìïðïéçèåß åßíáé ãíùó�Þ óáí ìÝèïäïò ðïëëáðëáóéáó�þí�ïõ Lagrange (Lagrange multipliers).



Áêñü�á�á 47�åñßð�ùóç ìéáò óõíèÞêçòÆç�åß�áé ï ðñïóäéïñéóìüò �ùí áêñü�á�ùí ìéáò óõíÜñ�çóçò, Ýó�ù f(x; y),áí�ßó�ïé÷á f(x; y; z), ü�áí éó÷ýåé ç ðáñáêÜ�ù óõíèÞêç�(x; y) = 0; áí�ßó�ïé÷á �(x; y; z) = 0: (6.3.3 - 1)Óýìöùíá ìå �ç ìÝèïäï �ïõ Lagrange ïñßæå�áé áñ÷éêÜ ìßá âïçèç�éêÞ óõíÜñ�çóç(auxiliary fun
tion) Ë(x; y) = f(x; y) + ��(x; y); (6.3.3 - 2)áí�ßó�ïé÷áË(x; y; z) = f(x; y; z) + ��(x; y; z) (6.3.3 - 3)ðïõ ëÝãå�áé êáé óõíÜñ�çóç �ïõ Lagrange, ó�çí ïðïßá ç ðáñÜìå�ñïò � åßíáéÝíáò ðñïóäéïñéó�Ýïò ðïëëáðëáóéáó�Þò. ÅðïìÝíùò �ï ðñüâëçìá áíÜãå�áé ðëÝïíó�ïí ðñïóäéïñéóìü �ùí áêñü�á�ùí �çò Ë. ¸÷ïí�áò õð' üøéí �éò (6:3:1 − 1)ðñïêýð�åé ü�é ïé áíáãêáßåò óõíèÞêåò åßíáéËx = fx + ��x = 0Ëy = fy + ��y = 0; (6.3.3 - 4)áí�ßó�ïé÷á Ëx = fx + ��x = 0Ëy = fy + ��y = 0Ëz = fz + ��z = 0: (6.3.3 - 5)Áðü �ç ëýóç �ùí ðáñáðÜíù óõó�çìÜ�ùí èá ðñïêýøïõí ïé Üãíùó�ïé óõíáñ�Þóåé�ïõ �, äçëáäÞ x = x(�), y = y(�) êáé z = z(�). Áí�éêáèéó�þí�áò ó�çí
(6:3:3 − 1) ðñïóäéïñßæå�áé �ü�å �ï � êáé ó�ç óõíÝ÷åéá ïé �éìÝò x0 êáé y0,áí�ßó�ïé÷á x0, y0 êáé z0 ðïõ åðáëçèåýïõí �ï óýó�çìá (6:3:3− 4), áí�ßó�ïé÷á
(6:3:3 − 5).Óçìåßùóç 6.3 - 1¼ìïéá, üðùò êáé ó�çí ðñïçãïýìåíç ðáñÜãñáöï, åðåéäÞ ëüãù �çò óõíèÞêçò
(6:3:3 − 1) �ï ðåäßï ïñéóìïý �çò f èá åßíáé ìéá öñáãìÝíç ðåñéï÷Þ �ïõ ℜ 2,



48 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòáí�ßó�ïé÷á �ïõ ℜ 3, ïðü�å èá åöáñìüæå�áé êáé ó�çí ðåñßð�ùóç áõ�Þ �ï Èåþñçìá6.3 - 1. Ôü�å �ï óçìåßï P (x0; y0), ðïõ ðñïóäéïñßæå�áé ìå �çí ðáñáðÜíùäéáäéêáóßá, èá åßíáé áêñü�á�ï �çò f(x; y) ìå óõíèÞêç �ç �(x; y) = 0, áí�ßó�ïé÷á�ï P (x0; y0; z0) èá åßíáé áêñü�á�ï �çò f(x; y; z) ìå óõíèÞêç �ç �(x; y; z) = 0.Ôï åßäïò �ïõ áêñü�á�ïõ (ìÝãéó�ï Þ åëÜ÷éó�ï) õðïëïãßæå�áé áðü �éò �éìÝò �éòf (x0; y0) ; áí�ßó�ïé÷á f (x0; y0; z0) ó�ï óçìåßï P:�áñÜäåéãìá 6.3 - 1Íá ðñïóäéïñéó�ïýí áêñü�á�á �çò óõíÜñ�çóçòf(x; y) = xy ìå óõíèÞêç �(x; y) = x+ y − 1 = 0:Ëýóç. Óýìöùíá ìå �çí (6:3:3 − 2) ç óõíÜñ�çóç �ïõ Lagrange ãñÜöå�áéË(x; y) = xy + � (x+ y − 1) :Ôü�å áðü �ï óýó�çìá (6:3:3 − 4) ðñïêýð�åéËx = y + � = 0Ëy = x+ � = 0; ïðü�å y = −�x = −�:Áí�éêáèéó�þí�áò ó�ç óõíèÞêç �(x; y) = x + y − 1 = 0 ðñïêýð�åé −2� = 1,äçëáäÞ � = − 1
2 . ¢ñáx = y =
1

2
; äçëáäÞ �ï êñßóéìï óçìåßï åßíáé �ï P (1

2
; 1
2

) :Óýìöùíá ìå �çí �áñá�Þñçóç 6.3 - 1 ï ðñïóäéïñéóìüò �ïõ åßäïõò �ïõáêñü�á�ïõ ãßíå�áé áí�éêáèéó�þí�áò ó�çí f �çí �éìÞ (1
2 ; 12), ïðü�åf (1

2
; 1
2

)

=
1

4
> 0; äçëáäÞ ìÝãéó�ï:



Áêñü�á�á 49�áñÜäåéãìá 6.3 - 2¼ìïéá �çò óõíÜñ�çóçòf(x; y) = 5x− 3y ìå óõíèÞêç �(x; y) = x2 + y2 − 136 = 0:Ëýóç. �åùìå�ñéêÜ æç�åß�áé ï ðñïóäéïñéóìüò �ùí ìÝãéó�ùí êáé �ùí åëÜ÷éó�ùí�éìþí �ùí óõí�å�áãìÝíùí �ïìÞò �ïõ åðéðÝäïõ z = f(x; y) ìå �ïí êýëéíäñï�(x; y) ìå âÜóç êõêëéêü äßóêï áê�ßíáò √136. Óýìöùíá ìå �çí (6:3:3 − 2) çóõíÜñ�çóç �ïõ Lagrange ãéá �çí ðåñßð�ùóç áõ�Þ ãñÜöå�áéË(x; y) = 5x− 3y + � (x2 + y2 − 136
) :Ôü�å áðü �ï óýó�çìá (6:3:3 − 4) ðñïêýð�åéËx = 2�x+ 5 = 0Ëy = 2�y − 3 = 0; ïðü�å x = − 5

2�y =
3

2�:Áí�éêáèéó�þí�áò ó�ç óõíèÞêç �(x; y) = x2 + y2 − 136 = 0 ðñïêýð�åé
25

4�2 +
9

4�2 = 136 Þ �2 = 1

16
; äçëáäÞ � = ± 1

4
:ÅðïìÝíùò, ü�áí� =

1

4
åßíáé x = −10 êáé y = 6 óçìåßï P1(−10; 6);� = − 1

4
x = 10 êáé y = −6 óçìåßï P2(10;−6):�éá íá ðñïóäéïñßóïõìå �ï åßäïò �ïõ áêñü�á�ïõ, üìïéá óýìöùíá ìå �çí�áñá�Þñçóç 6.3 - 1, áí�éêáèéó�ïýìå �éò ðáñáðÜíù �éìÝò ó�çí f , äçëáäÞóçìåßï P1(−10; 6) : f(−10; 6) = −68< 0 åëÜ÷éó�ï;P2(10;−6) : f(10;−6) = 68> 0 ìÝãéó�ï:



50 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 6.3 - 3¼ìïéá �çò óõíÜñ�çóçòf(x; y; z) = xyz ìå óõíèÞêç �çí �(x; y; z) = x+ y + z − 1 = 0;ü�áí x; y; z ≥ 0.Ëýóç. Óýìöùíá ìå �çí (6:3:3 − 3) ç óõíÜñ�çóç �ïõ Lagrange ãñÜöå�áéË(x; y; z) = xyz + � (x+ y + z − 1) :Ôü�å áðü �ï óýó�çìá (6:3:3 − 5) ðñïêýð�åéËx = yz + � = 0Ëy = zx+ � = 0Ëz = xy + � = 0;ðïõ ãñÜöå�áé yz = −� (1)zx = −� (2)xy = −�: (3)Áðü �éò (1) êáé (2) ðñïêýð�åé ü�é yz = zx Þ z(y− x) = 0, ïðü�å äéáêñßíïí�áéïé ðáñáêÜ�ù ðåñéð�þóåéò z = 0 Þ (4)y = x (5)
• Áí éó÷ýåé ç (4), �ü�å áðü �çí (1) Þ �çí (2) ðñïêýð�åé ü�é � = 0, ïðü�åáðü �çí (3) Ý÷ïõìå xy = 0, äçëáäÞ x = 0 Þ y = 0. ÓõíäõÜæïí�áò �áðáñáðÜíù ìå �ç óõíèÞêç �(x; y; z) = x+ y + z − 1 = 0 Ý÷ïõìåz = 0; x = 0; y = 1 óçìåßï P1(0; 1; 0) (6)z = 0; y = 0; x = 1 óçìåßï P2(1; 0; 0) (7)
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• Áí éó÷ýåé ç (5), �ü�å Ý÷ïõìå �éò ðáñáêÜ�ù äýï ðåñéð�þóåéò:i) x = y = 0. ÓõíäõÜæïí�áò ìå �ç óõíèÞêç �(x; y; z) = x+y+z−1 =

0, ðñïêýð�åé z = 1, äçëáäÞ �ï óçìåßïP3(0; 0; 1): (8)ii) x = y 6= 0. Ôü�å áðü �éò (2) êáé (3) ðñïêýð�åé ü�éxz = xy Þ x(z − y) = 0; äçëáäÞ x = 0 Þ y = zêáé åðåéäÞ x 6= 0, ðñÝðåé y = z. ¢ñá �åëéêÜ x = y = z. Ôü�å áðü�ç óõíèÞêç �(x; y; z) = x+ y + z − 1 = 0 Ý÷ïõìå
3x = 1; äçëáäÞ x =

1

3
óçìåßï P4

(
1

3
; 1
3
; 1
3

) (9)�éá íá ðñïóäéïñßóïõìå �ï åßäïò �ïõ áêñü�á�ïõ ó�éò ðåñéð�þóåéò (6)-(9),üìïéá óýìöùíá ìå �çí �áñá�Þñçóç 6.3 - 1, áí�éêáèéó�ïýìå �éò �éìÝò ó�çí f ,ïðü�å f(0; 0; 1) = 0; f(0; 1; 0) = 0; f(1; 0; 0) = 0 åëÜ÷éó�á;f (1
3
; 1
3
; 1
3

)

=
1

27
ìÝãéó�ï:Óçìåßùóç: ó�ï ðáñÜäåéãìá áõ�ü åîå�Üó�çêå êáé ç �éìÞ � = 0.�áñÜäåéãìá 6.3 - 4Íá ðñïóäéïñéó�ïýí ïé äéáó�Üóåéò �ïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ ìå �ïìÝãéó�ï äõíá�ü üãêï, ü�áí �ï åìâáäüí �çò åðéöÜíåéÜò �ïõ åßíáé 64 
m2.Ëýóç. ¸ó�ù x �ï ìÞêïò, y �ï ðëÜ�ïò êáé z �ï ýøïò üðïõ x; y; z > 0.Ôü�å åßíáé ãíùó�ü ü�é ï üãêïò äßíå�áé áðü �ï �ýðï xyz, åíþ �ï åìâáäü åßíáé

2(xy + yz + zx). ÅðïìÝíùò �ï ðñüâëçìá áíÜãå�áé ó�ïí ðñïóäéïñéóìü �ùíáêñü�á�ùí �çò óõíÜñ�çóçòf(x; y; z) = xyz ìå óõíèÞêç �(x; y; z) = xy + yz + zx− 32 = 0:Óýìöùíá ìå �çí (6:3:3 − 3) ç óõíÜñ�çóç �ïõ Lagrange ãñÜöå�áéË(x; y; z) = xyz + � (xy + yz + zx− 32) :



52 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòÔü�å áðü �ï óýó�çìá (6:3:3 − 5) ðñïêýð�åéËx = yz + �(y + z) = 0Ëy = zx+ �(z + x) = 0Ëz = xy + �(x+ y) = 0ðïõ ãñÜöå�áé yz = −�(y + z) (1)zx = −�(z + x) (2)xy = −�(x+ y): (3)�ïëëáðëáóéÜæïí�áò �çí (1) ìå x, �çí (2) ìå y êáé �çí (3) ìå z ðñïêýð�åéyz = −�(y + z) (4)zx = −�(z + x) (5)xy = −�(x+ y) (6)Áðü �éò (5) êáé (6) Ý÷ïõìå
−�(y + z) = −�(z + x); äçëáäÞ �(xz − yz) = 0;ïðü�å

• Þ � = 0 ðïõ áðïññßð�å�áé åðåéäÞ �ü�å yz = 0, ïðü�å Þ y = 0 Þ z = 0Ü�ïðï,
• Þ xz − yz = 0 ðïõ, åðåéäÞ z 6= 0, äßíåéx = y: (7)¼ìïéá áðü �éò (6) êáé (7) ðñïêýð�åé ü�éy = z: (8)



Áêñü�á�á 53¢ñá x = y = z êáé áí�éêáèéó�þí�áò ó�çí (4), äçëáäÞ ó�ç óõíèÞêç�(x; y; z) = xy + yz + zx− 32 = 3x2 − 32 = 0, åðåéäÞ x; y; z > 0, ðñïêýð�åéü�é ç ëýóç åßíáé x0 = y0 = z0 = √
32
3 , äçëáäÞ õðÜñ÷åé áêñü�á�ï ó�ï óçìåßïP (x0; y0; z0) ìå �éìÞ f (x0; y0; z0) ≈ 10:67 > 0;ïðü�å óýìöùíá êáé ìå �çí �áñá�Þñçóç 6.3 - 1 Ý÷ïõìå ìÝãéó�ï.�áñÜäåéãìá 6.3 - 5¼ìïéá íá ðñïóäéïñéó�ïýí ïé äéáó�Üóåéò �ïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõìå �ï ìÝãéó�ï äõíá�ü üãêï, ðïõ ðåñéêëåßå�áé áðü �ï åëëåéøïåéäÝòx2a2 +
y2b2 +

z2
2 = 1:Ëýóç. ¼ðùò ðñïêýð�åé áðü �çí åîßóùóç �ïõ åëëåéøïåéäïýò, �ï êÝí�ñï �ïõåßíáé �ï óçìåßï (0; 0; 0). ÅðïìÝíùò �ï ßäéï óçìåßï èá ðñÝðåé íá êáé �ï êÝí�ñï�ïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ, ïðü�å ïé êïñõöÝò �ïõ èá åßíáé ó�á óçìåßá
(±x;±y;±z) üðïõ x; y; z > 0, ïðü�å ï üãêïò �ïõ ó�çí ðåñßð�ùóç áõ�Þ èáäßíå�áé áðü �ï �ýðï V = 2x 2y 2z = 8xyz. ¢ñá �ï ðñüâëçìá áíÜãå�áé ó�ïíðñïóäéïñéóìü �ùí áêñü�á�ùí �çò óõíÜñ�çóçòf(x; y; z) = 8xyz ìå óõíèÞêç �çí �(x; y; z) = x2a2 +

y2b2 +
z2
2 − 1 = 0:Óýìöùíá ìå �çí (6:3:3 − 3) ç óõíÜñ�çóç �ïõ Lagrange ãñÜöå�áéË(x; y; z) = 8xyz + �(x2a2 +

y2b2 +
z2
2 − 1

) ;ïðü�å áðü �ï óýó�çìá (6:3:3 − 5) ðñïêýð�åéËx = 8yz + 2� xa2 = 0Ëy = 8zx+ � yb2 = 0Ëz = 8xy + � z
2 = 0:Ëýíïí�áò ùò ðñïò � �éò ðáñáðÜíù åîéóþóåéò Ý÷ïõìå� = −4a2 yzx = −4b2 zxy = −4
2 xyz ;



54 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòïðü�å y2a2 = x2b2 êáé z2b2 = y2
2; äçëáäÞ x2a2 =
y2b2 =

z2
2 : (1)Ôü�å áí�éêáèéó�þí�áò ó�ç óõíèÞêç �(x; y; z) = x2a2 + y2b2 + z2
2 −1 = 0 ðñïêýð�åé
1 =

x2a2 +
y2b2 +

z2
2 = 3
x2a2 ; ïðü�å x = ± a√

3
:ÅðåéäÞ x > 0, ðñïêýð�åé ü�é x = ± a√

3
, ïðü�å �åëéêÜ áðü �çí (1) Ý÷ïõìåáêñü�á�ï ó�ï óçìåßïP ( a√

3
; b√

3
; 
√

3

) ìå ìÝãéó�ï üãêï V (P ) =
8ab

3
√
3
:Óçìåßùóç: ó�ï ðáñÜäåéãìá áõ�ü äåí áðáé�Þèçêå ï õðïëïãéóìüò �ïõ �.¢óêçóçÍá ðñïóäéïñéó�ïýí �á áêñü�á�á ìå óõíèÞêç �ùí ðáñáêÜ�ù óõíáñ�Þóåùíi) x2 + y2, ü�áí x

2
+

y
3
= 1 iii) x2 + y2 + z2, ü�áí x2

4
+

y2
9

+
z2
16

= 1ii) x+ 2y, ü�áí x2 + y2 = 5 iv) cos2 x+ cos2 y, ü�áí x− y = −�
4
:�åñßð�ùóç äýï óõíèçêþí24Æç�åß�áé ï ðñïóäéïñéóìüò �ùí ðéèáíþí áêñü�á�ùí ìéáò óõíÜñ�çóçò f(x; y; z),ü�áí éó÷ýïõí ïé ðáñáêÜ�ù óõíèÞêåòg(x; y; z) = 0; áí�ßó�ïé÷á h(x; y; z) = 0: (6.3.3 - 24)¼ìïéá, üðùò êáé ó�çí ðåñßð�ùóç �çò ìéáò óõíèÞêçò, ìå �ç ìÝèïäï �ïõ La-grange ïñßæå�áé ç óõíÜñ�çóçË(x; y; z) = f(x; y; z) + � g(x; y; z) + �h(x; y; z) (6.3.3 - 25)24Ç ðáñÜãñáöïò áõ�Þ äåí óõìðåñéëáìâÜíå�áé ó�çí åîå�áó�Ýá ýëç. �éá ãåíßêåõóç �ïõðñïâëÞìá�ïò âëÝðå âéâëéïãñáößá.



Áêñü�á�á 55ó�çí ïðïßá ïé ðáñÜìå�ñïé �; � åßíáé ðñïóäéïñéó�Ýïé ðïëëáðëáóéáó�Ýò, ïðü�å�ï ðñüâëçìá áíÜãå�áé ó�ïí ðñïóäéïñéóìü �ùí áêñü�á�ùí �çò Ë. ¸÷ïí�áòõð' üøéí �éò (6:3:1 − 1) ðñïêýð�åé ü�é ïé áíáãêáßåò óõíèÞêåò åßíáéËx = fx + � gx + �hx = 0Ëy = fy + � gy + �hy = 0Ëz = fz + � gz + �hz = 0: (6.3.3 - 26)Áðü �ç ëýóç �ïõ ðáñáðÜíù óõó�Þìá�ïò èá ðñïêýøïõí ïé Üãíùó�ïé óõíáñ�Þóåé�ùí �; �, äçëáäÞ x = x(�; �), y = y(�; �) êáé z = z(�; �). Áí�éêáèéó�þí�áòó�çí (6:3:3−24) ðñïóäéïñßæïí�áé �á �, � êáé ó�ç óõíÝ÷åéá ïé �éìÝò x0, y0 êáéz0 ðïõ åðáëçèåýïõí �ï óýó�çìá (6:3:3 − 26).6.3.4 ÌÝèïäïò �ùí åëÜ÷éó�ùí �å�ñáãþíùíÏ áíáãíþó�çò èá Ý÷åé Þäç äéáðéó�þóåé ü�é ç ïëïêëÞñùóç óõíáñ�Þóåùí �çòìïñöÞò e−x2 ; sinxx ; exx , ê.ëð., äåí ãßíå�áé, åðåéäÞ ìå êáíÝíá ìå�áó÷çìá�éóìü çïëïêëçñù�Ýá óõíÜñ�çóç äåí áíÜãå�áé óå êÜðïéá õðïëïãßóéìç ìïñöÞ. ÁíÜëïãá�éò ðåñéóóü�åñåò öïñÝò ç ëýóç ìéáò äéáöïñéêÞò åîßóùóçò åßíáé áäýíá�ç ìå�éò õðÜñ÷ïõóåò êëáóéêÝò ìåèüäïõò, ê.ëð. Ôü�å ìéá ëýóç èá ìðïñïýóå íáäïèåß áí ç óõíÜñ�çóç ðïõ äçìéïõñãåß �ï ðñüâëçìá áí�éêá�áó�áèåß ìå ìéáåõêïëü�åñçò ìïñöÞò óõíÜñ�çóç, üðùò åßíáé ç ðïëõùíõìéêÞ. Ç áí�éêá�Üó�áóçó�çí ðåñßð�ùóç áõ�Þ óçìáßíåé ðñïóÝããéóç �çò óõíÜñ�çóçò ìå �çí ðïëõùíõìéêÞ,ïðü�å ãéá �çí áêñßâåéá �çò ëýóçò, ðñÝðåé êÜèå öïñÜ íá åëÝã÷å�áé êáé �ïóöÜëìá ðïõ ðñïêýð�åé ìå�Ü áðü áõ�Þ.Åíäåéê�éêÜ ãñÜöå�áé25 ü�é ó�á ìáèçìá�éêÜ èåùñç�éêÜ, äçëáäÞ äçëáäÞäßíå�áé ï �ýðïò �ïõ ðïëõùíýìïõ, åßíáé äõíá�Þ ðÜí�ï�å ç ðñïóÝããéóç ìéáòóõíå÷ïýò óõíÜñ�çóçò, Ýó�ù f(x), ìå Ýíá ðïëõþíõìï Pn(x) âáèìïý n �çòìïñöÞò26 Pn(x) = anxn + an−1xn−1 + : : :+ a0; (6.3.4 - 1)25Ï áíáãíþó�çò ðáñáðÝìðå�áé ó�ç âéâëéïãñáößá êáé ó�ï âéâëßï Á. ÌðñÜ�óïò [1℄ ãéáðåñáé�Ýñù ìåëÝ�ç �ùí äéáöüñùí ìïñöþí ðñïóÝããéóçò ìéáò óõíÜñ�çóçò.26Èåþñçìá 6.3 - 1 (Weierstrass). Áí f åßíáé ìßá óõíÜñ�çóç ïñéóìÝíç êáé óõíå÷Þò ó�ï



56 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòü�áí ai ∈ ℜ; i = 0; 1; : : : ; n,åíþ ìéá ðñïóÝããéóç, ðïõ äßíåé êáé �ïí �ýðï �ïõðïëõùíýìïõ P , ãßíå�áé áðü �ï ðáñáêÜ�ù ðïëõþíõìï �ïõ Taylorf(x) ≈ Pn(x) = f (x0) + f ′ (x0)
1!

(x− x0) + : : :+ f (n) (x0)n ! (x− x0)n ;ü�áí x0 �ï êÝí�ñï �ïõ ðáñáðÜíù áíáð�ýãìá�ïò. Ç ðñïóÝããéóç üìùò áõ�ÞðáñïõóéÜæåé ïñéóìÝíá ìåéïíåê�Þìá�á, üðùò:- ç áêñßâåéá äåí áõîÜíå�áé ðÜí�ï�å áíÜëïãá ìå �ïí âáèìü n �ïõ ðïëõùíýìïõ,- áðáé�åß�áé ç ãíþóç �ïõ êÝí�ñïõ x0,- ç ðñïóÝããéóç åßíáé áêñéâÞò ìüíïí ãéá �éìÝò �ïõ x ðëçóßïí �ïõ x0,- áðáé�åß�áé ï õðïëïãéóìüò �ùí ðáñáãþãùí �çò f , ðïõ üìùò �éò ðåñéóóü�åñåòöïñÝò åßíáé äýóêïëïò Þ êáé áäýíá�ïò, ê.ëð.Ó�ï ðáñáðÜíù ðñüâëçìá �çò áí�éêá�Üó�áóçò �çò f(x) ìå Ýíá ðïëõþíõìï,èá ðñÝðåé íá ðñïó�åèåß åðßóçò êáé �ï ðñüâëçìá, ðïõ êõñßùò åìöáíßæå�áéó�éò äéÜöïñåò åöáñìïãÝò êáé åßíáé áõ�ü �çò ðñïóÝããéóçò ìå ðïëõþíõìï åíüòóõíüëïõ äåäïìÝíùí (data) �çò ìïñöÞòS = {(xi; yi) ìå i = 1; 2; : : : ; n} : (6.3.4 - 2)Ç áðÜí�çóç ó�á ðáñáðÜíù äýï ðñïâëÞìá�á äßíå�áé ùò åîÞò: Ýó�ù ü�é x0,x1, : : :, xn åßíáé n+1 äéáöïñå�éêÜ ìå�áîý �ïõò óçìåßá åíüò äéáó�Þìá�ïò [a; b]êáé f(x) ìßá ðñáãìá�éêÞ óõíÜñ�çóç ìå ðåäßï ïñéóìïý åðßóçò �ï [a; b] êáé �çòïðïßáò åßíáé ãíùó�Ýò ïé �éìÝò f (xi) ãéá êÜèå i = 0; 1; : : : ; n. Ôü�å æç�åß�áéíá ðñïóäéïñéó�åß Ýíá ðïëõþíõìï, Ýó�ù Pn âáèìïý ≤ n �çò ìïñöÞò (6:3:4−1),Ý�óé þó�å (Ó÷. 6.3 - 1):I. Pn (xi) = f (xi) ãéá êÜèå i = 0; 1; : : : ; n, ðïõ åßíáé ãíùó�ü óáí ðñüâëçìá�çò ðïëõùíõìéêÞò ðáñåìâïëÞò (polynomial interpolation), êáé
[a; b], �ü�å ãéá êÜèå " > 0 õðÜñ÷åé Ýíá ðïëõþíõìï P , Ý�óé þó�å

|f(x)− P (x)| < " ãéá êÜèå x ∈ [a; b]:
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Ó÷Þìá 6.3 - 1: ÄåäïìÝíá: S = {(0; 1); (1; 0); (3; 2); (5;−1)}. �ñïóÝããéóçìå: ðáñåìâïëÞ (ðñÜóéíç êáìðýëç) êáé ìå äéáêñé�Þ ðñïóÝããéóç: 1ïõ âáèìïý -åõèåßá (ìðëå) êáé 2ïõ âáèìïý - ðáñáâïëÞ (êüêêéíç) êáìðýëçII. �ï ðïëõþíõìï íá ðñïóåããßæåé ìå �ïí êáëý�åñï äõíá�ü �ñüðï Þ äéáöïñå�éêÜÜñéó�ï �ñüðï (best approximation Þ best �tting) �á óçìåßá S ó�çí
(6:3:4 − 2). Ôü�å �ï ðïëõþíõìï áõ�ü ãéá �ï óõãêåêñéìÝíï âáèìü èáäßíåé êáé �ï åëÜ÷éó�ï äõíá�ü óöÜëìá. Ôï ðñüâëçìá åßíáé ãíùó�ü óáíðñüâëçìá �çò äéáêñé�Þò ðñïóÝããéóçò (dis
rete approximation).Ó�ç óõíÝ÷åéá áðü �éò ðáñáðÜíù äýï ðåñéð�þóåéò èá åîå�áó�åß ìüíïí ç II, ðïõüðùò èá äéáðéó�ùèåß, åßíáé ìéá åöáñìïãÞ �ùí áêñü�á�ùí ìéáò óõíÜñ�çóçòðïëëþí ìå�áâëç�þí.�åñßð�ùóç I ðïëõþíõìï 1ïõ âáèìïý¸ó�ù ü�é �ï óýíïëï �ùí óçìåßùí S ó�çí (6:3:4 − 2) ðñïóåããßæå�áé áðü Ýíáðïëõþíõìï 1ïõ âáèìïý �çò ìïñöÞòP1(x) = P (x) = ax+ b; (6.3.4 - 3)äçëáäÞ ç ðñïóÝããéóç �ùí äåäïìÝíùí ãßíå�áé ìå ìéá åõèåßá. Áí èåùñçèåß �ïóçìåßï (xi; yi) ∈ S, �ü�å ç �éìÞ yi ðñïóåããßæå�áé áðü �çí �éìÞ ỹi = P (xi) =



58 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòaxi+b, ïðü�å �ï áí�ßó�ïé÷ï áðüëõ�ï óöÜëìá �çò ðñïóÝããéóçò ó�çí ðåñßð�ùóçáõ�Þ èá åßíáé ei = |yi − ỹi| = |yi − (axi + b)|. ÅðïìÝíùò ãéá �ï ïëéêü óöÜëìá,Ýó�ù Ẽ, èá Ý÷ïõìåẼ = ẽ1 + : : :+ ẽn = |y1 − (ax1 + b)|+ : : :+ |yn − (axn + b)| : (6.3.4 - 4)�ñïöáíþò Ẽ = Ẽ(a; b), äçëáäÞ ìéá óõíÜñ�çóç �ùí a; b. ¢ñá �ï ðñüâëçìááíÜãå�áé ó�ïí õðïëïãéóìü �ùí a êáé b, Ý�óé þó�å �ï óöÜëìá Ẽ ó�çí (6:3:4−4)íá åßíáé åëÜ÷éó�ï. Ôü�å óýìöùíá ìå �ïí �ýðï (6:3:1−2) ç áíáãêáßá óõíèÞêçãéá íá óõìâáßíåé áõ�ü åßíáé:�Ẽ�a = 0 êáé �Ẽ�b = 0: (6.3.4 - 5)Åýêïëá üìùò äéáðéó�þíå�áé ü�é ç (6:3:4 − 5) ëüãù êáé �ïõ áðïëý�ïõ äåíðáñáãùãßæå�áé27, ïðü�å �ï ðñüâëçìá ó�ç ìïñöÞ áõ�Þ äå ëýíå�áé.Ó�ç äéáêñé�Þ ìÝèïäï �ùí åëÜ÷éó�ùí �å�ñáãþíùí (dis
rete least squaresmethod), óå áí�ßèåóç ìå �çí (6:3:4 − 4), ðñïóäéïñßæïí�áé ïé ó�áèåñÝò a êáéb, Ý�óé þó�å �ï ïëéêü �å�ñáãùíéêü óöÜëìá E, äçëáäÞ �ïE = e21 + : : :+ e2n = [y1 − (ax1 + b)]2 + : : :+ [yn − (axn + b)]2 (6.3.4 - 6)íá åßíáé åëÜ÷éó�ï. Ôü�å áðü �çí (6:3:4 − 6) ðñïêýð�åé �ï óýó�çìá�E�a = −2
n∑i=1

(yi − axi − b)xi = 0 êáé�E�b = −2
n∑i=1

(yi − axi − b) = 0ðïõ �åëéêÜ ãñÜöå�áé ìå�Ü �éò ðñÜîåéò ùò åîÞò:a n∑i=1

x2i + b n∑i=1

xi =
n∑i=1

xiyia n∑i=1

xi + b n
︷ ︸︸ ︷n∑i=1

x0i =
n∑i=1

yi: (6.3.4 - 7)27¸ó�ù ãéá åõêïëßá ü�é áðáëåßöïí�áé �á áðüëõ�á. Ôü�å�Ẽ�a = −x1 − : : :− xn = 0 êáé �Ẽ�b = −1− : : : − 1 = −n = 0Ü�ïðï.



Áêñü�á�á 59�ßíáêáò 6.3 - 1: �áñÜäåéãìá 6.3 - 1xi yi xi yi x2i-0.5 1.2 -0.6 0.250.3 2.0 0.6 0.090.7 1.0 0.7 0.491.5 -1.0 -1.5 2.252.0 3.2 -0.8 3.08Ôï ãñáììéêü óýó�çìá (6:3:4 − 7) ëÝãå�áé �ü�å êáé óýó�çìá êáíïíéêþíåîéóþóåùí (normal equations) êáé áðü �ç ëýóç �ïõ ðñïêýð�åé ü�é:a =

n( n∑i=1

xi yi)−
( n∑i=1

xi)( n∑i=1

yi)n( n∑i=1

x2i)−
( n∑i=1

xi)2 ; (6.3.4 - 8)
b =

( n∑i=1

x2i)( n∑i=1

yi)−
( n∑i=1

xi yi)( n∑i=1

xi)n( n∑i=1

x2i)−
( n∑i=1

xi)2 : (6.3.4 - 9)�áñÜäåéãìá 6.3 - 1Íá ðñïóäéïñéó�åß ìå �çí ìÝèïäï �ùí åëÜ÷éó�ùí �å�ñáãþíùí �ï ðïëõþíõìïðñþ�ïõ âáèìïý ðïõ ðñïóåããßæåé �á äåäïìÝíá:xi -0.5 0.3 0.7 1.5yi 1.2 2.0 1.0 -1.0Ëýóç. Óýìöùíá ìå �á ðáñáðÜíù äåäïìÝíá äçìéïõñãåß�áé ï �ßíáêáò 6.3 -1. Ôü�å áðü �ïõò �ýðïõò (6:3:4 − 9) êáé (6:3:4 − 9) ðñïêýð�åéa =
4 · (−0:8) − 2 · (3:2)

4 · (3:08) − 22
≈ −1:1539 êáé
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Ó÷Þìá 6.3 - 2: �áñÜäåéãìá 6.3 - 1. Ç åîßóùóç �çò åõèåßáò åßíáé y =

−1:1539x + 1:3769b =
(3:08) · (3:2) − (−0:8) · 2

4 · (3:08) − 22
≈ 1:3769;äçëáäÞ P (x) = −1:1539x + 1:3769 (Ó÷. 6.3 - 2).



Áêñü�á�á 61�åñßð�ùóç II ðïëõþíõìï m-âáèìïýÓ�çí ðåñßð�ùóç áõ�Þ æç�åß�áé ç ðñïóÝããéóç �ïõ óõíüëïõ S ó�çí (6:3:4 − 2)ìå Ýíá ðïëõþíõìï m-âáèìïý �çò ìïñöÞò (6:3:4 − 1), äçëáäÞPm(x) = a0 + a1x+ : : :+ amxm;ü�áí m < n - 1: (6.3.4 - 10)Ôü�å, üìïéá ìå �çí �åñßð�ùóç I, åêëÝãïí�áé ïé ó�áèåñÝò a0, a1, : : :, am, Ý�óéþó�å �ï óöÜëìá28E = e21 + : : :+ e2n = [y1 − Pm (x1)]2 + : : :+ [yn − Pm (xn)]2íá åßíáé åëÜ÷éó�ï.¼ðùò êáé ó�çí ðåñßð�ùóç �ïõ ðïëõùíýìïõ 1ïõ âáèìïý ìßá áíáãêáßáóõíèÞêç ðñïêýð�åé áðü �ïí �ýðï (6:3:1 − 2) ùò åîÞò:�E�aj = 0 ãéá êÜèå j = 0; 1; : : : ; m: (6.3.4 - 11)Áðü �çí (6:3:4−11) �åëéêÜ29 Ý÷ïõìå �ï ðáñáêÜ�ù ãñáììéêü óýó�çìá êáíïíéêþíåîéóþóåùí ìå m + 1 åîéóþóåéò êáé m + 1 áãíþó�ïõò �ïõò óõí�åëåó�Ýò aj�ïõ ðïëõùíýìïõa0 n∑i=1

x0i + a1 n∑i=1

x1i + : : :+ am n∑i=1

xmi =
n∑i=1

yi x0ia0 n∑i=1

x1i + a1 n∑i=1

x2i + : : :+ am n∑i=1

xm+1i =
n∑i=1

yi x1i... (6.3.4 - 12)a0 n∑i=1

xmi + a1 n∑i=1

xm+1i + : : :+ am n∑i=1

x2mi =
n∑i=1

yi xmi :28ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [1℄ Êåö. 7.29Ôï óýó�çìá (6:3:4 − 11) ãñÜöå�áé �E�aj = −2
∑ni=1

yixji + 2
∑mk=0

ak∑ni=1
xj+ki = 0,ïðü�å ∑nk=0

∑mi=1
xj+ki =

∑mi=1
yixji ãéá êÜèå j = 0; 1; : : : ; n. Íá ðáñáëåéöèåß óåðñþ�ç áíÜãíùóç.



62 Óõíáñ�Þóåéò ðïëëþí ìå�áâëç�þí Êáè. Á. ÌðñÜ�óïòó�ï ïðïßï ï ðßíáêáò �ùí óõí�åëåó�þí �ùí áãíþó�ùí åßíáé óõììå�ñéêüò.Áðïäåéêíýå�áé ü�é �ï óýó�çìá (6:3:4 − 12) Ý÷åé áêñéâþò ìßá ëýóç, ü�áí�á óçìåßá xi; i = 1; 2; : : : ; n åßíáé äéáöïñå�éêÜ ìå�áîý �ïõò.Óçìåßùóç 6.3 - 1Êñßíå�áé óêüðéìï ó�ï óçìåßï áõ�ü íá äéåõêñéíéó�åß ü�é ìéá ãåíßêåõóç �ïõðáñáðÜíù ðñïâëÞìá�ïò, äçëáäÞ ç ðñïóÝããéóç �ùí óçìåßùí S ìå Ýíá ðïëõþíõìïPm(x) ìå �çí áðáß�çóç �ï Üèñïéóìá �ùí óöáëìÜ�ùí E =
∑ni=1 eki ìå k ≥ 3,íá åßíáé åëÜ÷éó�ï, êá�áëÞãåé ìå�Ü êáé �çí åöáñìïãÞ �çò óõíèÞêçò (6:3:4−11)óå ìç ãñáììéêü óýó�çìá. ÅðïìÝíùò ç ìÝèïäïò ìå �çí áðáß�çóç áõ�Þ äåí åßíáéåöáñìüóéìç.�áñÜäåéãìá 6.3 - 2Íá ðñïóäéïñéó�åß ìå �ç äéáêñé�Þ ìÝèïäï �ùí åëÜ÷éó�ùí �å�ñáãþíùí �ï ðïëõþíõìï

2ïõ âáèìïý ðïõ ðñïóåããßæåé �á äåäïìÝíá �ïõ �áñáäåßãìá�ïò 6.3 - 1.Ëýóç. ÅðåéäÞ ï áñéèìüò �ùí óçìåßùí åßíáé n = 4, óýìöùíá ìå �ç óõíèÞêç
(6:3:4 − 10) ï ìåãáëý�åñïò äõíá�üò âáèìüò m �ïõ ðïëõùíýìïõ èá åßíáém < 4 − 1, äçëáäÞ m = 2. ¸ó�ù P2(x) = a0 + a1x + a2x2 �ï æç�ïýìåíïðïëõþíõìï. Ôü�å �ï óýó�çìá (6:3:4 − 12) ãñÜöå�áéa0 4∑i=1

x0i + a1 4∑i=1

x1i + a2 4∑i=1

x2i =
4∑i=1

yi x0ia0 4∑i=1

x1i + a1 4∑i=1

x2i + a2 4∑i=1

x3i =
4∑i=1

yi x1ia0 4∑i=1

x2i + a1 4∑i=1

x3i + a2 4∑i=1

x4i =
4∑i=1

yi x2i ; ;ïðü�å óýìöùíá ìå �ïí �ßíáêá 6.3 - 2 Ý÷ïõìå
4a0 + 2:0a1 + 3:08a2 = 3:2

2:0a0 + 3:08a1 + 3:62a2 = −0:8
3:08a0 + 3:62a1 + 5:3732a2 = −1:28



Áêñü�á�á 63�ßíáêáò 6.3 - 2: �áñÜäåéãìá 6.3 - 2xi yi xi yi x2i x3i x4i x2i yi-0.5 1.2 -0.6 0.25 -0.125 0.0625 0.300.3 2.0 0.6 0.09 0.027 0.0081 0.180.7 1.0 0.7 0.49 0.343 0.2401 0.491.5 -1.0 -1.5 2.25 3.375 5.0625 -2.252.0 3.2 -0.8 3.08 3.62 5.3732 -1.28áðü �ç ëýóç30 �ïõ ïðïßïõ ðñïêýð�åé ü�é �ï ðïëõþíõìï åßíáé (Ó÷. 6.3 - 3)P2(x) = −1:4583x2 + 0:3045x + 1:7707:
3132

30Ç ëýóç �ïõ óõó�Þìá�ïò äåí åßíáé ó�çí åîå�áó�Ýá ýëç.31Èá Þèåëá íá åõ÷áñéó�Þóù �ï öïé�ç�Þ Ôóïýêáëç Áí�þíéï �ïõ ÔìÞìá�ïò Éá�ñéêþíÏñãÜíùí ãéá �ç âïÞèåéÜ �ïõ ó�á ãñáöéêÜ �ïõ ìáèÞìá�ïò.32Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.E-mail: bratsos�teiath.gr URL: http://users.teiath.gr/bratsos/
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Ó÷Þìá 6.3 - 3: �áñÜäåéãìá 6.3 - 2. Ç êáìðýëç ïñßæå�áé áðü �ï ðïëõþíõìïP2(x) = −1:4583x2 + 0:3045x + 1:7707, åíþ ç åõèåßá (�áñÜäåéãìá 6.3 - 1)Ý÷åé åîßóùóç y = −1:1539x + 1:3769



Âéâëéïãñáößá[1℄ ÌðñÜ�óïò, Á. (2011), ÅöáñìïóìÝíá Ìáèçìá�éêÜ, Åêäüóåéò Á.Ó�áìïýëç, ÁèÞíá, ISBN 978{960{351{874{7.[2℄ ÌðñÜ�óïò, Á. (2002), Áíþ�åñá Ìáèçìá�éêÜ, Åêäüóåéò Á. Ó�áìïýëç,ÁèÞíá, ISBN 960{351{453{5/978{960{351{453{4.[3℄ Finney R. L., Giordano F. R. (2004), Áðåéñïó�éêüò Ëïãéóìüò ÉÉ,�áíåðéó�çìéáêÝò Åêäüóåéò ÊñÞ�çò, ISBN 978{960{524{184{1 .[4℄ Don, E., S
haum's Outlines { Mathemati
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