R[RE» Avolkta Akadnpaika Madnpata
v,

(1]

AVEN

u,
'7®H'Nva TexvoAoyiké EkraideuTiko 16pupa ABRvag ?‘

Edappoopéva MaOnpatikd

Evotnta 7: AlavuopaTtikog AladopLkog AoyLopOG

ABavaolog Mnpdtoog

Tunua Mnxavikwv Bloiatpikig Texvoloyiag TE

©0Ce

To Tmeplexdpevo Tou  pHaABApATOC
SlatiBetat pe  adewa  Creative
Commons €KTO¢ Kkal av avodépetal
Sladopetika

I

KﬂAlAf:YZH KAI AIA BIOY MASHZH — EZ"A
? -. gTay iou 7e Vo — -
YNOYPTEIO MAIAEIAL KAl BPHIKEYMATON

Evpwnaikn Evwon E LA
Eupamain Korvaves Tajr
ary ool ™ m ouyxpnuaroddérnon e EAAGSag xat g Evpwnaikic Evwong

To épyo vlomoleital oto TmAaiclo Tou Emixelpnolakol
Mpoypdppatog «Ekmaidevon kot Al Blou Mabnon» kat
ouyxpnuatodoteital amoé tnv Eupwmnaiky Evwon (Eupwraiko
Kowwviko Tapeio) kat amnd eBvikolg mOpouG.



Mdébnua 7

ATANYXMATIKOX
ATAPOPIKOX AOI'TXMOX

7.1 Ewayoyn

Y10 udhnuo auto Sivovtal ol facuxéc évvoleg Tou Awavucuatixol Awgoptxol
AoyiouoU, nou elvar oyeTtinég ue Tig fabuntéc 1 Tic Stavuouatixés cuvapThoeLg
ulag 1 TEQLOGOTERWY UETABANTOV XAl oL OTolec 0e OpLOUEVES TEPLTTOOELS
fewpolvtal cav uila YEVIXEUOT) TV UEYPL TARA KBY YVOOTOV GTOV avayVvOoTr
avtiotoly ey xavévey tou Awgopixol Aoylouoo.

Kpivetar oxémiuo 6to onueto autd va yiver uwa unevBluiorn oplouévev

’ ’ 7 7
otowyelwv e fewplag Tou Awvuouatixot AoyLouol

Opiowdg 7.1 - 1. Aéyetar npocavatolionévy eubela j dovag uia eubeia,
éotw e, otny onmola Eyer opitotel éva otabepd onueio O, éva evbfvypauuo
tufua OA mou to uixoc tou Gewpeltar oav uovdda uétenonc, dniady (OA) =

1 xat Oetixii n gopd and to O mpog to A.

Oplopés 7.1 - 2 (dravbopatog). Opilerat oav didvuoua xdfe npooavatoli-

ouévo evbiypauuo tufua eni Tou € 1 napdAAniov mpoc auTov.

Y10 &g, extoC av StagopeTind Yedgetar, Ta Staviouata O cuuBoiilovtol

, —
ue évtova yeduuata, 6Teg a, b x.An., avti tou cuufoliouol @, b x.Ax.
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‘Eoto éva opoxavovixd clotnua cuvietayuévey Ozyz. Téte yua v
TAEAGTAGT) EVOS SLaVUGUATOS GUVIPTHGEL TOY GUVTETAYUEVWY Tou Slaxplvovtol

oL TUpUXdTw dVO TEPLNTMOELS:

i) H apyn tou Siaviouatog va oLURInTEL UE TNV apy’ TOV GUVTETAYUEVW®Y
O xat 1o téhoc tou va elvar éva onueto M (x,y), avtiotowya M(z,y, 2).
Yy neplntwon auth To didvuoua autd Aéyetal didvuopa Béomng A
dravuopatixr axtiva tou onuelou M xau ouuBoiiletar ye r(z,y),
avtiotowya r(x,y,z) f anhd r (Xy. 7.1 - 1a). Téte ou ouvtetayuévec
tou T optlovtal and Tic TPoPolEC TOU 6TOUC AEOVEC GUVTETAYUEV®DY XAl
elval mpogaveg ou mpayuatixol aglfuol z, y, aviletowya x, y z, v

ovuPohuxd ypdpetat
r=r(z,y) = (z,y), avilotoya r=r(z,y,2)=(z,y,2).

Y0upova UE ToV xavova ToU Tapalknhoypduuou To dpgoloud TV GUVLGTWOROY

Stavuoudtwy i, yj xoau 2k OBa opllel to didvuoua r, Snhady
r=zi+yj, avilotoya r=zi+yj+zk, (7.1-1)

EV® TO UETPO TOU I LoOUTAL UE

ro= [ = /x2+y2:(x2+y2)1/27

avtloTolya (7.1-2)

1/2
r = |r|:\/:c2—|—y2+z2:($2+y2—|—z2) :

e ;7 ’ z 7 7 3 / ’

ii) Tevixd, étav to a elvar éva tuydy didvuoua tou R° ue apyh 1o onuelo
A(z1,y1,21) xoau Téhog 10 B (29,y2, 22), bpowa ue tny neplntwon (i),
o. ouvtetayuéves tou opllovtol and Tic mpoBoléc tou oTouc dZoveg
OUVTETAYUEVWY Xat elval ol npayuatixol apluol a1 = z9 — 1, ag =

Y2 — Y1 XA a3 = 2o — z1. LUUPOAS YedeTal 6Ty nepintwon auTy 6T
a=a(a,a2,a3) =a(ry —T1,y2 — Y1, 22 — 21,
eve 1 avahuTixt| ExQpaoy| Tou elval
a = aji+asj+ask

= (.’Eg—.’El)i—l-(yg—yl)j—l—(ZQ—Zl)k. (71 - 3)
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To uétpo Tou Slaviouatoc a = a (aj, az, az) GLVAPTHOEL TOV GUVTETAYUEVODY

LooUTAl 6TNY TEplnTwoT AUTY UE

a=|al =/a} + a3 + d3. (7.1 - 4)

AvtioTolyeg exgpdoeic ue tig (7.1 —3) xau (7.1 —4) woybouv yia to

dtdvuoua a = a (ay, az)

Opiopés 7.1 - 3. 'Eotw a tuyalo Sudvuoua ue a # 0. Tote opiletar oay
wovadiaio didvuopa 7 dravuouatixr wovada xatd Ty dtevfuvon tou a xat

ovuforilerar ue n to Sudvvoua (Xy. 7.1 - 1b)
2 (7.1-5)

~al”

Ava =ajitazjtask = (a1, a2,a3), 161€ T0 yovadiaio didvuoua LoovTal

ue
a1i+asj+agk 1
= 5 5 5 = 5 5 5 <a1,a2,a3>. (71 - 6)
\Jaj + a5 + a3 \/ay + a3+ a3
r=<1.2,0.9>
y a=<1.5,-1>
y
0.8L 2.0F N\
06 150
047 1.0f
02} 05[
02 04 06 08 10 12 (a) 05 10 15 20 25 30" (b)

Yyhua 7.1 - 10 (o) 1o Sdvuoua Béone r =< 1.2,0.9 >. (b) 1o ddvuoua

a =< 1.5, —1 > ue x6xxivn xaL To avtioTolyo uovadialo n ue tpdoLv Ypauut

7.2 Boabumtd xou dtavuopatixd nedlo

I va ylvouv mepiocdtepo xatavontéc ov évvoleg tou Bafuwtol xal tou
dtavuopatixol nedlov, Bewpeltal 6tL o TUYGY onuelo, éotw M, Tou ydpou

e 7
Tou Uog TEpLBAAAEL avTLoTOLY0UY
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- évag mpayuatixdc aptdude, éotw T, nou cuuPohiilel Tnv TLun e Oepuo-

xpaoloc xal (Ey. 7.2 - 1a)

- éva dudvuoua, €0t v, mou cuuPohilel TV TayVTNTA TOU AVEUOU GTO

onueto auté (Xy. 7.2 - 1b).

Syhua 7.2 - 1: (o) H Beppoxpaotio T' (Bafuwté nedio) xau (b) n taylnta v

ota dudgopa onuela M tou ydpou (Stavuouatixd tedio)

‘Eotw A 1o alvolo tov uetphioewy e Oepuoxpaciag, avtiotorya tng
TayUtntag ota mopandve onuela M tou yopou. Téte, onwe elvar yvwotd
and 1 Puownt], enewdr ou Twég g Oepuoxpaciag xar tng taydtnTag 1 Ha
uetafdilovtal ¥ Oa elvar otabepéc oe opouéva and ta onuela tou M, 10
oVvoho A Oo anotekelton and diapopetind ev yével atoiyela, mou elvar otny
TpdTn nepintwon aplfuol xar otn devtepn Swavdouata. Tdte ol Twwéc 610
A elval duvatdy va Bewpnfolv cav ou twwée (nedlo Twwdv) uag ouvdptnong
f(z,y,2) yio v npdtn, wag Swavuouatixic ouvdptnone F(z,y,z) v

Sevtepn nepintoont.

'H Savuouatind cuvdptnon o petaBintdy, aviiotorya tetdv uetafintdy, Hewpeitol
ooy enéxtaot g KON Yvwothc and 1o Mdbnua: Alavuouotix Buvdptnon utag LeTafAnThc.
H napaydyion twv Savuouotixdy ouvaptAcewmy TOAGY UeTafAntdy yivetal duolo UE
exelvov g plac petafintic, uévov mouv n ok mapdywyoc F'(t) avuxablotatar oty

neplntwon auth and v uepr tapdywyo yia xdfe wo and g yetafintéc.
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Ylugova ue ta tapandvw, dtav neptypdgetal éva Babumtd uéyebog, oo
elvaw  Bepuoxpaoctia, Do Aéyetal 6TL éyouue éva Babuwté nedlo xaL ) cuvdptnon
Tou T0 TEpLY pdgeL BabunTh cuvdpTtnon ¥ anAd yio euxohio 6To e€1c cUVdETNOT,
mou Oa ouuBoliletor e f, g x.An. evd, 6Tav meplypd@eToL SLAVUOUATIXG
uéyebog, 6mme elvar n taydtnta, Bo Ayetar 6Tl €youue dLavuopatixd nedlo
XL 1) GLVAETNOT TOU TO TepLypdgeL Stavuouatixy ouvdpetnon xat Ha cuuPoiileTta
uve F, G »x.ar.

Av t6pa Ozyz elvan éva oplloydvio clotnua aZévey Tou yoeou N3, téte
n ouvdptnot f yYedpetal GUVIRTACEL TV UETUBANTOV =, ¥ %o z wg f =
f(z,y, ), evéd 1 Sravuopatinh ouvdptnon wc F(z,y, z), tou oe aviiotolylo ue
TNV avohuTixr éxgpaot) Tou Slaviouatoc a = aj i+as j+asz k tne Hoapaypdgou

7.1 B ypdgpetol wg e€nhc:

6tav P, @ xau R elval oL 6UVLGTOOES WS TRog Tov &, Y xat z-d&ova. Oo npénel
va onuelwbel 6o onuelo autd 6TL oL TLéS T6o0V Tou BabumTol 660 xal Tou
dtavuouatixol nedlou elvar aveZdptnteg and TNy exA0Y TOU GUOTAUATOS TWV
aZbHVOLV.

H aviiotouyn éxgpaon tne (7.2 — 1) oto R? elvor

To uétpo # 1 andhutn Twr e davuouatinic ouvdptnone (7.2—1) opileta
t61e anb 1 oyéon |F| = (P?+ Q%+ R2)1/2, evd e (7.2 — 2) and v
Bl = (P> +Q")"

Hopddetypa 7.2 - 1
Yougova pe Ty (7.1 — 1) to didvuoua Héong
r=zit+yj+zk=F(x,y,z2),
elval utar Stavuouatixd) cuvdeTnoT TELOY UETABANTAY, EVE T0 UéTpo Tou
r= (x2 +% 4+ 22>1/2 = f(z,y,2)

uta Babuwth ouvdetnon. ‘Alha tapadelypata Slavuouatixdy cuvapthoenmy Hu

dobolv o1n cuvéyela Tou uabruatog.
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7.3 Koateubuvbuevr nopdywyog

Eivat 781 yvoo16 6Tov avayvhetn 61l 1 tapdynyYog Ulag cuvdptnong uiag
ueTaBAnThic 1 xoL Yevixdtepa TOMGOY UeTafANtédy, éotw f(x,y), aviioTtolya
f(z,y, z), oplleL To ouvteheot uetafolic Tne f wc Tpog Tov avtioTolyo dEova
ouvieTayuévwy, dnhadr 1 fr o¢ tpog Tov -dlova, XA, XNy Tapdypapo
auth Ba yivel uia yevixevon tne uetafohric autic, fewpdvtag 6t oL uetaintéc
x, y, avilotowya z, y, z uetafBdiiovtal tautdyeova. H évvola tng tautdypovng
uetafodfic dev onualver amapaltnta 6tL 1 uvetaBoln elvar n Bl yia xdbe
uetaBAnTY, dnAady elvar duvatév va €youue dtagopetixéc UeTaSohéc wg mpog

T, Y XKoL 2.
Hapdderypa 7.3 - 1
'Eotw éva uhixé onuelo mou xuveltal 610 ydpo and To onueto
A (20,0, 20) = A(1,-2,0)
670
B (z1,y1,71) = B (x0 + Az, yo + Ay, 20 + Az) = B(2,0,6) .

Téte

Ar = z1—20=2—-1=1, Ay=y1—y=0—(-2)=2 xu

Az = 21 —2=6—-3=3, dniadi Az # Ay # Az.

Yougova ue v Hoapdypago 7.1, n uetafory| tne Béong tou onuelov and

10 A oto B fa opiletat and tn Siedbuven tou davicuatog
a=i+2j+3k=1(1,2,3).

Enewdn duwe undpyouy drewpa dtaviouata tou €youv tny (S StevBuven ue
To Sudvuoua a, o axpiBric xaboploudg tng Sievbuvong tneg tapandve uetaBoic
yivetar ané to aviiotoiyo yovadialo Sudvuoua, éotw n Tou a, dnAadh o1y

OoUYXEXPLUEVT TepinTwoT and To Sidvuoua

1 1
n = ———— (i+2j+3k)=— (i+2j+3k
V12422 + 32 (+2i ) V14 (+2] )
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B (1 2 3>_< 12 3>
V14 V14 V14 \V14T V147 V14
= (n1,n2,n3).

Ynpelwon 7.3 - 1

Yougwva pe to IMapdderyua 7.3 - 1, av A(zo,y0), B (z1,y1) aviiotoiya

A (0,90, 20), B (71,y1,21) elvar 3o Stagopetind onuela tou R2, aviiotoya
3 , , , -

Tou R* nou Beloxovtal o andotoaoy s, 161, av a = AB’, olugwva ye ty

(7.1 —6) 1o yovadiaio didvuoua n xatd tn devbuven AB" Ha oplletol and

oyéon

W_AB _a _a
“[am| s

"Eyovtag tdpa un’ 6Ly xat Toug aviloTolyoug oplouolc ToV TApAYHY WY
OLVAETNONS ULAC 1 TEPLEGOTER®Y UETABANTAY, N TARAY®YOS TN GLVARTNONS
f oto onueto A xatd tn SietBuven tou wovadiaiou Siavicuatog n oplletal v

eric:

Oplowés 7.3 - 1 (xatevbuvépevy napdywyos). Fotw n ouvdptnon f(x,y)
|S C R2, avtiotoya f(z,y,2) |S CR3 ue S avowxté ovvolo, rou urotibetar
ot n éyer mpdrne tdénc uepixéc napaydyovc oto S. Av A(xg,yo), B (z1,y1)
avtiototya A (0,40, 20), B (x1,y1,21) elvar dUo diapopetixd onuela tou S,
/ , a0 /
nou Peloxoviar oe andotaoy s = ’AB ‘ = |a| xat n = (ny,ng), avtiotoiya
n = (nj,ng,n3) 1o yovadiaio dudvuoua xatd tn diedfuvon AB" = a, 7§
xatevfuvduevy napdywyoc e f oto onuelo A ouuforiletar ue (Dnf) 4 xat

opiletar ané Ty napaxdtw optaxij T

(Duf), = lim f (o + 511,90 + 5712) — f (20, 90)
nlA s—0 s )
avtiotolya (7.3- 1)
(Dnf), = lim f(xo+sny,yo + sng, 20+ sn3) — f (xo, o, 20)
nrA s—0 s y

epéooy undpyet.

4 z z 7
IoodUvaua o nagandve oploude Ypdgetal:
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Optopés 7.3 - 2 (xatevBuvéuevy napdywyos). Eotw nouvdetnon f(z,y)
IS C R2, avriotorya f(x,y,2) |S CR3 ue S avouxté otivolo, tou vrotibetal
otL n éyer mpdne tdénc uepixéc mapaydyous oto S. Av A(xg,yo), B (z1,y1)
avtiotoya A (xo,Y0,20), B (x1,y1,21) elvar 8Vo diapopetixd onuela tou S,
, . an / .
mov Peloxoviar oc anbéotacy s = }AB ’ = |a| xat n 1o povadiaio Sidvuoua
. . an . . /
xatd ) dtevbuvon AB = a, 5 xatevfuvduevy napdywyoc tnc f oto onueio
A / Dpf), =4
ovuporiletar ue (Dnf), = G5 -

xat oplletar and Ty TapaxdTw oplaxi

i
(an)A E oA = Sh_)lno . ’
avtiotolya (13- 2)
(Dnf)a= s = lim f (1,91, 21) — f (w0, 0, 20) 7
ds n, A s—0 s

epéooy undpyet.

Ogiopég 7.3 - 3. ‘Eotw n ouvdptnon f(x,y) |S € N2, aviiotoya f(x,y, 2)
IS C R3 ue S avowxté ovvolo, mou umotifetar ot g éxel mpdtnc TdEnC
uepxés mapaydyous oto S. Av n xatevfuvduevy napdywyoc tne f undpyet
oe xdbe onueio A (zo,y0), avtiotoya A(xo,Y0,20) ToU S, Td1E AéyeTar 4t

undpyet n xatevfuvduevy napdywyoc (directional derivative) tnc f oto S xau

Dof = (%)n (7.3-3)

ovuPoriletar autd ue

Hapatrpnoeg 7.3 - 1

i) H (7.3 — 2) opilet t0 ouvieheoth uetaforic tne f oto onuelo A xoatd

0 SiedBuvern tou povadiatou Stavicuatog n.

ii) O tekeotiic % oTny Teplntwon auth €xel epunvela avdhoyn TwV TEAECTOVY
d 8 , z z 14 ’ 7
7 XA 5, VO To anewpootéd d s, 6T To aviiotolyo dx, oplleTan and
10 6plo limg 0 s (Bhéne yewuetpwxt| epunvela topaydyou cuvdptnong

utog ueTaBAnThc).
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iii) H (7.3 — 1), avtlotouya n (7.3 — 2) elvor mpayuatxol aplbuol, evd 7
(7.3 — 3) ouvdptnon (Bréne Hapdderyua 7.4 - 3).

Yy enduevrn nopdypago Ho yiver o umoloyiouds tne xateubuvouevng

TURAYDYOV.

7.4 KA\on ocuvdptnong
Yougova pe Ty (7.1 — 1), av
ra=zoi+yoj+ 20k = (20,90, 20)

T0 dudvuoua Béorne Tou onuelou A (2o, Yo, 20), T0TE €xoviac un’ dduv oL Tov
xavova Tou Tapahhnhoypduuou v Ty tpocleon Slavuoudtey To Sidvucua

Béomc rp tou onuelou B (21, y1,21) o dlvetar and ) oyéon
rp=ry+sn

6tav n = (ny, ng,n3) 1o yovadiaio didvuoua xatd tn devuvon AB” = a xou
s = ’AB ‘ ‘Apa (Bhéne Xy, 7.4 - 1 yia v aviiotolyy tepintwon oto R?)
r = rp+sn (74 -1)
= (zo+sn1)i+ (yo+sn2)j+ (20 +sn3)k
= ()i y(s)j + () k = x(s).

Téte and v (7.4 — 1) npoxintel 6t

dr - _ i(r + sn)
ds  ds *

d .d . d
= %@0"‘3”1)1"‘%(yo+3ﬂ2)J+%(Zo+sn3)k

= nji+nej+nsk=n. (7.4 - 2)

Egapudlovtac tov tiro (7.4—4) tou Ocwphuatoc 7.4 - 1 yLa tov ahuodntd

xavéva mapaydylong ovvletne ouvdptnong? xou unobétovtag 6T f éyel

2
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2.0}
1.5
1.0

0.5

L L T BT Lo L I Lo T | X
0.5 1.0 1.5 2.0 2.5 3.0

YyAuwa 7.4 - 1: H EZicwon (7.4—2) 010 R? émou 14 10 %6%%1v0, N 10 Tpdoivo

X0l & T0 UnAe SLdvuoua

TouhdyLotov Inc 18&ne yepixéc napaydyouc oto S oluguva xa e e (7.4—1)
xau (7.4 — 2) éyouue

df _ Ofdx(s) Ofdy(s) Ofdz(s)
<E>n T 9z ds Oy ds | 0z ds

af., of. of dv(s), dy(s), dz(s)
<%1+8—yj+%k)-< P i+ Js ]+ T k)

Ocdpnua 7.4 - 1 Eotw 5 ouvdptyoy f (v,y) | S C N2, avilotoya f(v,y,2) | S C R3
xar v = z(s), y = y(s), aviiotorya v = z(s), y = y(s), z = z(s) yia xdfe s € A C R,
drnou A avoixté alvolo ue tic avtiototyes tiués s f va avijxovy oto S yia xdfe s € A
xat eni mAéov dt undpyer n mapdywyos e | oto (x(s),y(s)), aviiotorya (x(s),y(s), z(s))
via xdfe s € A. Téte 5 ouvdptnon f = f(s) napaywyiletar oto s xat toyde

Af() _ Ofde  0fdy

. dx dy

ds Ords 8_yds

avtiotolya

df(t) of de  0f dy _ 0f d=

ds drds  dyds Ozds

_, dr dy dz
7fza+fya+fza- (7.4 - 4)
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(7.4-1)
= (it 50+ 5ok f] | 5 GO T 01
(7.4-2)
dr(s)
= - Z¥ o wp (7.4 - 5)

6mou 1o aVuPBolo V oplletor wg ednc:

Optowés 7.4 - 1 (drapopixds tehectrs). Opiletar oav Stagopixdc teleatiic
(del) oto R? o

0 0 o 0
= it —j={—, —), 4 -
v 8xl+6y'] <6x'6y>' (74-6)
evé oto R3 0
0 0 0 o o0 0
S S L N (I 4-
v 8m1+8y‘]+8z <8m’8y’az> (74-17)

Ané v (7.4 — 5) xaw e (7.4 — 6), avilotoiya (7.4 — 7) éyovue Tov
TapaxdTw TUTO LROAOYLOWROU TNg XATEVOUVOUEYTNS TapAYBYOU

df

Duf = (ds

) = (V0= e fy) - ma)
= fomi+ fyno, (7.4 - 8)

avtloTolya

Dnf = (ili_£>n = (Vf) - n={(fs, fy, [2) - (n1,n2,n3)

= fzn1+fyn2+fzns- (7.4—9)

To avddelta V (nabla), elvat éva ouufoluxd Sidvuoua ue Tohhéc eQapuoYéc
0TV TEPLYpAPT| TV EELEAOEWY Lo pOpmY TEOBANUATWY OTWS TOU NAEXTROUAY VY-
ol nedlov (eClodoeg Tov Maxwell)3, UdEOBLYIULXAC, XUUATIXAC, X.AT. XoL
EyeL WOLOTNTEC AVANOYEC UE EXELVEC TOV YVOOTGY dLavuoUdT®Y.

Lougova thpa xat ye toug tinoug (7.4 —8), avtiotoiya (7.4 —9) n xhion

evoc Bafuwtol nedlov oplletar otn cuvéyela wg ednc:

*Bréne BBhoypapla xou BiBrio A. Mrpdtoog [1] Keo. 4.



12 Awvuopatixds Atapopixés AoyLopods Kaf. A. Mrpdtocog
Optopés 7.4 - 2 (xhiom). ‘Eotw 5 ouvdptnon f(z,y)|S C R2, aviiotoya
f(z,y,2)|S C R3 ue S avoixté ovvolo, mou éxer tovddytotov lnc tdénc

uepixéc mapaydyovs oto S. Tote oplletar oav xAion (gradient) tnc f n

Stavvouatixy ouvdptnorn
grad f =V f = foi+ fyj = (fa, fy), (7.4 - 10)
avtiotolya

gradf:vf:fmi+fyj+fzk:<fmafy:fz>- (7-4'11)

Hopatrpnoeig 7.4 - 1

i) Yougwva ue tov Oploud 7.4 - 2 1 xhlon egapudletor oe PBabuwty
ouvdpTno, dNhadr cuvdpetnon nou neplypdpet Bauluwtd nedlo xal Snulovpyel
™ dtavuopatixr cuvdptnon V f, Snhadh, cuvdpetnor Tou epLyedget SLavuouaTixd

nedlo. Elval mpogavéc 6tu n xhion oe onuelo Vf|, elval didvuoua.

ii Me tn Borifewa tng xhiong ot avayxaleg ouvliixeg yia tnv Unapn axpdtatwy

e ouvdptnone f(x,y) avilotowya e f(x,y, z) Yedgpovta

Vi = (fa, fy) =0,

aviloTolya

Vf = <fa::fy=fz>:0'

I3u6tnTeg

‘BEoto f, g|S € R2, avtictowya f, g[S € N3 xaw A € R otabepd. Tore:
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Kateubuvouevng napaydyov Khiiong

1. Dhf=0 Vf =0, 6tav f otalepd
3. Du(fg)=fDng+gDunf V(fg)=fVg+gVf
4. Dy (\f) = ADpf YV (OMf) =2V
f Dy f = fDn f Vi-fVyg
5. Dy (5> 299—29 V(g) :ggizg,owv g(x) #0.

H anédelln twv WBothtwyv aghvetal cav doxnon.
Hopddetypa 7.4 - 1

Av
flz,y, 2) = 32%y — y*22,

va unohoytotel 1 xhlon oto onuelo P(1, -2, —1).
Abor. Eivau

fo=6zy, f,=32"—3y%2% xu f, =22
Apa (Xy. 7.4 - 2a)
Vf=6xyi+3 (x2 — yzzz) j— 237k,
onéte (XUy. 7.4 - 2b)

Vipa,—2-1)=—12i-9j - 16k = (-12, -9, -16).

Hopddetypa 7.4 - 2

"Ouota, av

f(z,y,2) = In]r|,
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(b)

Sydwa 7.4 - 20 (a) H ypaguwed, nopdotaon tne xhong Vf = 6zyi +
3(2? —y?2?) j — 2022k, 6tav 2,9,z € [-1,1] xu (b) o ddvuoua
Vipa—a_1) = —12i—9j — 16k = (~12, -9, —16)

6nou r Sudvuoua Béong, va unoroylotel n xhion tne f.

Adom. Enewdt,
2, 2 A\Y2 1 2, 2., 2
]r\:r:(x +y —|—z> elvar f(x,y,z)ziln(x +y —l—z).

Téte
2x
| (22492 +27) .
_ - T _
fz 2 m2+y2+22 $2+y2+22’
eV AoYw e ouuuetplac g f avdhoyol tinot unoroyilovTal yio Tig Tapay dyoug

fy xau f,. "Apa

P . _xi—l—yj—i—zk_r
vf—fx1+fyj+fzk—m—r—2-
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Hopddetypa 7.4 - 3
Na vrnohoyiotel n xatevfuvéuevn nopdywyog tng ouvdptnong
f(z,y,2) = 22 + 2% + 322

oo onueto P(2,1,3) xatd tn detBuvor tou dlaviopatoc a =1i— 2j.

Adom. Apywd urnoloyiletol 1) xhlon e f g e&hic:
Vi=fei+fyi+fk=22i+4yj+ 62Kk, (1)
on6te oto onuelo P(2,1,3) Ba éyovue
Vilpeis =2-2i+4-1j+6-3k =4i+4j+18k = (4,4,18).  (2)
To uovadiaio Sidvucua n xatd ) dedbuvern tou diavicuatog a elval

_oc_i—2j_1i 2,_<1 2> (3)
o VETZ V5 VB \VE A/
Enouévwe oOugova xat Ue T YVOOTY WBLOTNTA TOU ECOTERLXOU YLVOUEVOU

and Tic (2) xan (3) npoxintel

ST L. 2.
(Dnf)peag = @i+4j+ 18k) - (ﬁ i— ﬁj)
1 2 4.1  4-(-2)
= (4418 (—=,——=.,0)=—F+ +18-0
( ><\/5 Vb > V5 NG
-2 ~ —1.78885,

V5

dnhad) oVugwva o ue Tig Hapatnprioeig 7.3 - 1 (iii) npaypatixds apude.

‘Eotw tdpa 1L {nteltal n xateuBuvouevn napdynyog xatd tn diebbuvor

Tou Staviouatog o = 1 — 2j yevixd xat 6yl oe ouyxexpluévo onueto. Tote
ané v (1) xou v (3) éxovue

1 2

D,f = (2ei+4yj+62k)- (—i——')

nf ( Y] V\Fi- 7

1 2

T - - (=2
= (2x,4y,62>-<—,—%,0>= + : +6z-0

ot

2
%(fﬁ—‘ly);
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dnhadh 6uola oduguva pe tic Mapatnphioec 7.3 - 1 (iii) Babuwtrh cuvdptnon.
IHapddetypa 7.4 - 4

‘Ouota g ouvdpTnong
flayy) =we™ +y
oto onuetlo P(2,0) xatd tn devBuvon e yoviag § = 27/3.

Ador. Tw tov unohoywoud e xhion tne f €yovue

1 [
~ = /—L
fo = (o e 1o (og)e e = (14 g) e,
T
2
fy = z(vy)ye™ +1=a"€"+1, ondte
Vi = (1+zy)e™i+ (xze“’ + 1) j

‘Apa 610 onuelo P(2,0) Ou elvar
Vflppe =1 +0ei+ (1+2%°) j=i+5)=(1,5).
To Sudvuoua xatd ) Sielbuvon tne yoviag 6 = 27/3 elvar
21 1. V3 <_ 13 >
5

a fi+ sin 6 2 ¢ ¢ sin 2T 5 WAE
= COS S11 = COS — SIn —71 = — — — 1 = —_—
J 3 347 ') 2

2 2
z 7 ’
xatd 1 Sievbuven Tou a elval

2 2
6mou Tpogavae |al = (— l) + (—3) = 1. Té1e 1o uovadialo didvuoua n

Enouévug

(an)P(2,0) = (1+5J) <_%i+§.]> = <1/5> : <_%>§>

1 —1
-1 <__> v5. <§> _ % ~ 3.830127.
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Ynuelwon 7.4 - 1

Fevixdtepa to Sudvuoua a xatd ) dievBuvon tne Ywviag 6 elvon
a=cosfi+sinfhj= (cosb,sinb)

6mou npogavée |al =1, ondte T0 povadialo didvucua n = a.

Hpétaon 7.4 - 1. H uéyiotny tur e xatevbuvduevne mapaydyov Dy f
utac ouvdptnone f xatd Tty Siebfuvon n woobtar ue |V f| xar ovuPaivet,

otay ta V f xaw n Eyouv tnv (o Sievbuvon.

Anédeln. 'Eotw 07 yoviatov V f xawn. Téte and ty (7.4—5), olugwva

XOL UE TOV 0pLOUO TOU EGWTERLXOY YLVOUEVOU EYOUUE
Dnf=Vf -n=|Vf||n|cosh =|V f|cos¥b. (7.4 - 12)

‘Apa 1o uéyioto ouyfaiver, 6tav cosf = 1 14 6 = 0, dnhady ta V f xau n

éyouv v Bl Stevluvon xat 1 uéylotn T tpogaveg toottal ue [V f | =
Hopddetypa 7.4 - 5
Av 7o Gdoc h evog Aogou divetal and tov TURO

h = 1000 — 0.012* — 0.02y°,

va umohoytotel 1 SielBuveon e uéytotng uetafolic oto onueto (60,100) xou

1 TLY Tou.
Abor. 'Eotw
f(z,3) = 1000 — 0.012% — 0.02y>.

Téte oVugova ue v llgdtaon 7.4 - 1 n uéywotn uetaory| ylvetar o1y

dievfuvon

on6te oto onuetlo (60,100) 1 dievBuvor elvor

V60,100 = V.f(60,100) = —1.21 — 4j = (~1.2, —4)

ue Ty [V £(60,100)| = /(—1.2)2 + (—4)? ~ 4.176. .
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Hopddetypa 7.4 - 6
‘Ouota tng ouvdptnong
fla,y,2) = (@ +y)* + (y + 2)* + (2 + 2)°

oto onuelo (2,—1,2).
Abom. 'Eyovue f; = 42 + 2y + 2z xou Aoy tne ovpuetplag tng f O elvon
fy =4y + 2z + 2z xou f, = 4z + 22 + 2y. "Apa

Vf=foi+ fyi+ k= e+ 2y+2z,4y+ 22+ 22,42 + 2z + 2y) ,
or6te oto onuelo (2,—1,2) n SeBuvon elvar
Vf(2,-1,2) = 10i+4j + 10k = (10, 4, 10)
ue Tuh |V £(2,—1,2)| = V102 + 42 + 102 ~ 14.69694. .

IMpéraon 7.4 - 2. To Sudvuvoua tne xAione Vf (xo,y0) elvar xdbeto otny
empdvea f(x,y) —k =0 oto onueio (xo,y0), avtiotorya to V f (20,0, 20)
oty f(z,y,2) —k =0 oto (z0,Y0,20). (Zx. 7.4 - 3)

‘Aueon ouvénewa tng Hpdtaong 7.4 - 2 elvar to ndpLoua:

Ilépiopa 7.4 - 1. To epantduevo eninedo oty empdveta f(x,y) —k =0
oto onuelo (ro,yo), avriotorya otny f (x,y,2) —k =0 oto (x0, Yo, 20) elvar

xdfeto oto Sidvuoua tnc xAionc Vf (zo,y0), aviiotorya V f (zg, yo).
Y0upwva UE T TApandvew TopLoU anodelxvieTaL OTL:

IMépiopa 7.4 - 2. 'Eotw to eninedo n ue elowon f(r,y,z) = Ar + By +
Cy+ D =0. Tére 1o dudvvoua Vf = (A, B,C) eivar xdbero oto 1.

IHapdderypa 7.4 - 7

Na devybel 6t 1 xatevbuvébuevy napdywyos e g(z,y) = % oe xdbe onuelo
e éMewne 222 +y? = 1, ue  # 0, oty xatevhuvor Tou povadieiou xébetou
otnyv éMkewYn o670 onuelo autd elvar ton ue undév.

AvYom. 'Eotw P = P (x0,yo) tuy6v onuelo tng éhhewdne. Lougowva ye v
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Yyfua 7.4 - 3: To dudvuoua tne xhiong elvar xdbeto otny empdvela xaL 6to

eQANTOUEVO ENiNEdO
Mpétaon 7.4 - 2 o dudvuoua tne xhlone V f (2o, yo) elvan xdbeto otny éxhedn
f(z,y) =222 + y? — 1 670 onueio auté. Tére, encldi

Vf(xo,y0) = (fz, fy) = 420,290),

10 avtiotolyo povadialo n = (ny,na) Looltal Ue

drogi+2yo] - drogi+ 2y

1623 +4y3 24 /42% + o3
Yo

2
= < U > = (n1,n2) (1)
VAad+u3 \J4ad+ 3

H »\ion tne ouvdptnone g(z,y) oto onuelo (xq,yo) elvan

2
Vg (r0,90) = (9z, 9y) = < y—% : M> (2)

n

A6 g (1) % (2) oVugova xar pe ty (7.4 — 8) - tinog unohoylouoy -

TpoXUTTEL OTL

21 v3 Yo 290
(Dng)P(zo,yo) I <__0> +———=—=0,

2
Az + g3\ To Vaad+ yg "o

dnhadh n anodeuxtéa. .
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7.4.1 Xvuvinpolueva dravuouatixd tedio

To medla autd ouvavidvral ot Puowy| xal egapuoyés Twv Ba doboly ota

7 A
eTUXAUTUALL OAOXATEOUATA.

Oplowég 7.4 - 3 (ouvinpolpevo nedio). To dtavuouatixd nedio nou mept-
Yedgetar ané tn Stavuouatixy ovvdptnon F Ga Aéyerar ouvrnpoduevo (con-
servative field), drav

F=Vo. (7.4 - 15)

Y1ug nepuntdoeig autég N Babuwtd ouvdptnon ¢ oplletal oav To duvautxd

(potential) tou dwavuouatixol Tedlov.
Hopddetypa 7.4 - 8

"Eoto 1o Stavuouatixd tedio mou neplypdpetal and T1 SLaVuoUATLX ] GUVERTNHOT)
F(z,y,2z) = zi+ yj + zk. Znteltaw vo unohoyiotel 1o duvauxd tou, epbdoov
UTdpyEL.

Ador. 'Eotw ¢(x,y,z) 10 duvauxd tou nediov. Téte

oméTE
Yo =2, Qy=Y XU @, =2,
dnhad
dp = @gdx+ @ydy+ @, dz=wvdx+ydy+ zdz
- 1(:z:2+y2+z2) dx+1(x2+y2+z2) dy
2 x 2 y
1
+§(x2+y2+z2)zdz:d(x2+y2+22).
‘Apa

o(r,y,2) =2> +y° + 2> +¢,

6tav ¢ otabepd. =
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0.010

0.00

0.010

Yyfua 7.4 - 4: Tlapdderyua 7.4 - 9: 1 poper Tou nedlou Coulomb

Hopddetypa 7.4 - 9

'Eotw 7o nedio Coulomb (Xy. 7.4 - 4), nou nepiypdgetat and ) dtavuouatixi

ouvdptnom
/

P qq r _ qf wityjt+zk
~ dregrd 4dnme (22 42 + 22)3/2 ’

Téte n F elvan duvatdy va Bewpnbel oav i xhion tne Babuwtic cuvdptnone

/ /
B _ g 1 qq 9, o 9\"l/2
P = qa(r,y,z) - 47‘[607“ - 47'E€0 (IE Tty +z ) ’

ondte 1 ¢ opilel oty neplntwon auth To duvauxd tou tedlov Coulomb.
Eilvar npogavég étL undpyouv xou Stavucuoatixd medla mou Sev elval ol
xhloeig Pabuwtdy tedlwv. Tou eldoug autol ta tedla Aéyovtal un cuvinpolv-

WEVAL.

Aocxfoeig

1. Na unohoyiotel 1 xAloT TwV TopAXdTE CUVIPTACERY
. . . —r2
i) e¥siny vi) e% —yl/?

i) In (22 +y? — 2%) vii) sin (2% + y?) — 22
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2. No unohoyiotel 1) dteubuvouevn napdy®wYog TwV TopaxdTw GUVIPTHCELY f

oto onuelo P xatd 17 diedBuven tou Savdouatog a, dtav
i) f=a24+9y>+22 P(1,2,3), a=i+j—k
i) f=€e""Y P0,-1), a=i+2j
iii) f=e%cos2y, P(1,m,0), a=i+k.
3. No Beebel ) otabepd v, €10l Gote oe xdbe onuelo Tourc Twv 3lo opaedy
(@—?+y*+22=3 +@y-1)72+2=1

T avtiotolya epantéueva eninedo va elvat xdfeto yetald touc.
4. No Beebel o yewuetpnds t6moc TV onueiov g emwdvews (y + 2)% +
. P YEWUETOLXOS C R U @ <\
2 ’ ’ ’ 7 7 ’
(z —x)” = 16, ota onola 1 eubela tou elvar x&betn oty empdveta, va elvat
TapdAATAY 670 yz-eninedo.

5. No PBpefolv ta a, b, ¢, étoL Hote o ogalpeg
(=02 +@y—02 +(z-0c?=1 xm 2>+y>+22=1

va Téuvovtat xdbeta.

7.5 Anéxhiom

Oplowég 7.5 - 1 (anéxhiom). ‘Eotw éva Stavuouatixs nedio nou neptypdpe-
tat ané Ty dtavvouatixy ovvdptnon F = Pi+ Qj+ Rk, dtav P, Q xat R o
owviotdoes ¢ F we mpoc to opboydvio olotnua aéévewy Oxyz xar 6t n F
Eyet Tovddytotoy mpdtne tdénc uepixéc napaydyovs oe xdbe onuelo (x,y, z)
tou medlou optouoy tnc. Toéte opiletar oav andxAion (divergence) tnc F xou
ovuPorilerar ue diwF 7§V -F, n Babuwri ouvdptnon
oP 0Q OR

dvF =V -F= — + — + —.
v v Bx+0y+az

(7.5-1)
Avtiotouyog oploude Sivetan 6tav F = Pi+ Q).
Ynuelwon 7.5 - 1

Eivae V- F £ F -V, Swagopetixd 1o V - F elval cuuBoliouds xat Sev €yel tnv

€VVOLYL TOU EGOTEELXOV YLVOUEVOU.
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Idu6tnteg Tng andxAiong

i) V-(AF+uG)=AV-F+uV- -G yuwxdbe A, u e R,

i) V- (fG)=(Vf) -G+ f(V-G), 6tav 1 f elvar Babuwth cuvdptnon.
HMopddetypa 7.5 - 1

Av F = 22zi + y2j — 23k, va uroloyiebel n anéxiion oto onueio (1, —1,2).

3

Abom. Eiva P(z,y,2) = 222, Q(z,y, 2) = y? xa R(x,y,z) = —23, onéte

V- -F =22+ 2y — 322

Tére V . F(l,—1,2) = —10. [ ]

7.6 Tekeotrg Laplace

'‘Eotw 6t n ouvdptnon f(z,y, z) éyel uepinéc mopaydyous Toukdytotov 2ng

t4&ne oe xdbe onuelo tou nedlov opouol tne. Téte 1 xhion tne elvan

_of., of. Of
Vi= 8.7:1+ By‘] + 8zk’

ondTe YL TV andxiier tne dwavuouatixrc ouvdpetnong V f éyouue
0 [of g (0f 0 8,}‘?)
v-(Vf) = ox ((‘3x)+6y (By)+az (32

o’ f 0 f  0°f
= —S+—5+5- 6-1
Ox? * 0y? * 022 (76-1)
Alvovtal 61n cuVEYELL Ol ToEAXITH OpLoUOL.

Oplowés 7.6 - 1 (teheotrvic Laplace). O teAeotijc Laplace eivar évac Siapopixde
teAeotiic 2nc tdénc xaw opiletar oto R2 wc eéijc:

92 9
2
A=V’ =55 t5g (7.6 - 2)

evd avtiotolya oto R3 wc:

A O 0t

—@‘1‘8—%-1-@. (7.6 - 3)
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Tougova xat ye v (7.6 — 1) éyouue Tov napaxdtw oploub.

Optowég 7.6 - 2 (Laplacian ocuvdptnong). ‘Eotw n ouvdptnon f(x,y)
IS C R2, aviiotoya f(x,y,2)|S C N3 ue S avowxté ovvolo, mou éyel
Touddytotoy 2n¢ tdénc uepixéc mapaydyovs oto S. Téte n Laplacian tnc
[ opiletar w¢

0*f  0°f
2
. g —= = — _— . - 4
V- (V) =V f=Af 8x2+(9y2’ (7.6 - 4)
avtiotolya
0°f  0*f  O0*f
. =V2f = =Ly 2L -
VA(V)=Vf =Af 922 +8y2 + 5.2 (7.6 - 5)
Ewwd, étayv
V2f=0 (7.6 - 6)

n f Myetaw appovixn xou 1 (7.6 — 6) opller tnv e€lowom tou Laplace.

7.7 Ytpofilhowog

Optopés 7.7 - 1 (otpofihiowéds). Eotw éva Siavuouatixd nedio nov nept-
yedpetar and tn Stavvouatixlj ovvdetnon F = Pi+ Qj+ Rk émov P, Q
xat R ot ouviotdoes ¢ F we mpoc éva oploydvio olotnua aédvewy Oxyz
xar yia Ty omola umotifetar OTL umdpyouy ToUAdytoTov ot mpdtne TEENC
uepIXES mapdywyol oe xdfe onuelo tou mediov optouol tnc. Téte opiletar
oav otpofiiioudc (curl) tnc F xar ovuforiletar ue curl F firot F 7 xae V xF,

n Stavuouatixi ouvdetnon

i j k
S N | o
P @ R
Ané v (7.7 — 1) npoxtntel 6t
VXxF=(Ry—Q:)i+(P.—Ry)j+ (Qs — Py k. (7.7-2)

“Bléne Mdbnuo: Awavuouotixée Suvapticeis yiac yetafhntic, Optouéc 5.1 — 9.
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IdL6tnteg Tou otpofLtAtopot
Ou mepLo06TeQo Y ENOLULOTOLOVUEVES ELVIL:

i) Vx(F+G)=VxF+VxG,

ii) Vx (AF) =AV xF yw xébe A € R,

iii) V x (Vf) =0, dn\adf o otpoPrhiowds tng xAlomg elvar undéy,

iv) V- (V x F) =0 n anéxAion tou otpofiiicpot elvar wndév
H anédelln agrivetal cav doxnor.
Hopddetypa 7.7 - 1
'Eotw F = yzi + zzj + 2zyk. Tére

P(z,y,z) =yz, Q(z,y,2) =zx xu R(z,y,z) = 2y,

onote
i j k
g 0 0
VxF=| — — — |=zi—yj
8 or 0y 0z o
yz 1z 2TY

dnAadh to dudvucua V x F avixel 6to xy-eninedo.

7.7.1 Aoctpbfila dravuopotixd medio

Oplowés 7.7 - 2 (aotpbfiho nedio). ‘Botw éva Stavuouatixd medio mou
reptypdpetar and 1y dravvouatixy ouvdetnon F. Tote to nedlo fa Aéyeta

aotedfiro (irrotational field), dray toyUet
VxF=0. (7.7 - 3)

Ye onowadhnote G nepintwon to nedlo Bu Aéyetar oTpofld (vortex field).
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Hopddetypa 7.7 - 2
To davvouatind nedlo

F = 423y222 i+ 3219?22 j + 20832 k

elvar aotpdPilo, eneldh

VxF= =0.

$|Q’; [y

J k

0 0

Jy 0z
A3y 3atyP2? 20hP2

ArnoSewvietat 6tL toylel To mapaxdte Hedpnuo.

Ok o 7.7 -1. ’Eva Stavuouatixd nedio elvar aotedfiro, otav elvai
)

ouVTNEOUUEVO XatL avTioTpopQ.

Egapuoyéc tou bewpruatoc Ha dobovy oto Mdbnua tov Enucauntiiwy Ohoxinpwudtwy.

Aoxroelg

1. No unoloyiotel 0 6TpoBLALoUGC TV SLavuouaTiX®Y Tediwy Tov TepLypdpovtal

and TS TURAXATL dtavuouaTixés ouvapthoec F:

i) 2?14 y%j + 22k,

i) xi+yzj— (22 + 2%) k.

2. Acel&te 671 10 Topaxdtw nedlo elval aoTedBLho

F = 6xyi + (3x2 — 3y2z2)j — 232k,

5

®Anoyopedetal N avadnuooieuon 7 avamapayeYY TOU TopGYTIOE 610 GUVOAG Tou
TunuUdTeY tou ywelc ™ yeanth ddewa tou Kaf. A. Mrgdtoou.
E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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Avolkta Akadnuaika Madnuata

Texvoloyiko Ekmaudeutiko 16pupa ABrvag

TéAog Evotntac

Xpnuatodotnon

* To mapov ekmaldeuTIKO UALKO €xel avamtuxBel ota mAaiola Tou eKMOLOEUTIKOU
£€pyou Tou dLbaokovra.

* To £pyo «Avolkta Akadnuaikd Madnuata oto TEI ABAvag» £xel xpnUaTtodoTHoEL
HOVO TN avadlapopdwaon Tou EKMALSEUTIKOU UALKOU.

* To €pyo vlomoleitat oto mAaiolo Tou Emixelpnotakol Mpoypappotog «Ekmaidevon
kat Al Blou MaBnon» kat ocuyxpnuatodoteitat and tnv Eupwnaikn Evwon
(Eupwmaikd Kowvwviko Tapeio) kat and eBvikoug népouq.

11X \KO NMPOrPAMMA
EKﬂAIAéYXH KAl AIA BIOY MAGHZH — EznA

YNOYPIFEIO NAIAEIAL KAl BPHIKEYMATON

EvpwmdixiEvwon EIAIKH YNHPELIA AIAXEIPILHI
Eupanaind Konvewved Tapsio
Me tn ouyxpnuaroddrnon e EAAGSag xat tng Evpwnaixr¢ Evwong



INUELWHOTA

Inueiwpa Avadopag

Copyright TEI ABrvag, ABavacloc Mnipatoog, 2014. ABavacilog Mmpdatcog. «Edappocpéva
MaBnuatikd. Evotnta 7: Alavuopatikog Aladopikdg Aoylopog». Ekdoon: 1.0. ABriva 2014.
AwaBéopo ano ) Siktuakn dleuBuvon: ocp.teiath.gr.

Inueiwpa Adslodotnong

To mapov UALKO SlatiBetal pe Toug 6poug TG adelag xpriong Creative Commons Avadopa,
Mn Eumnopikn Xprion Napouola Atavoun 4.0 [1] ) yetayevéotepn, AleBvng EkSoon.
E€atpouvtal ta autoteAn €pya tpitwv T.Y. dwrtoypadisg, Staypdupata KA., To omoia
EUTIEPLEXOVTAL OE QUTO Kal Ta omoia avadépovtal pall e Toug 6poUG XPoNG TOUG OTO
«Znuelwpa Xpnong Epywv Tpitwv».

0G0

[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epmnopkn opiletal n xpnon:

e 10U 6ev mepAOUPBAVEL AUECO 1 EUUECO OLKOVOULKO OdENOC amo TV Xpron tou
£pyou, yla To Slavopéa Tou £pyou Kal adelodoxo

e 10U Sev meplhapPavel olkovouLkr cuvaliayn w¢ mpoilnobeon yla tn xpron n
npoofaacn oto £pyo

e 10U Sev MpooTmopilel oTo SLavopéan Tou €pyou Kal aSeL080X0 ELETO OLKOVOULKO
odelog (m.x. Stadnuioetg) anod tnv mpoPoAr] Tou £pyou o SLaSIKTUAKO TOTIO

O Sikalouxoc unopei va mapxel otov adelodoyo EexwpLoTr AdELa va XpnOLOTIOLEL TO £€pYO
yla epmoptkn xpnon, ebocov autd tou {ntnbel.

AwatApNon ZNUELWHATWY

e Omoladnmote avamapaywyn N Slaokeun Tou UALKOU Ba ipEneL va
oupneplhaupavel:

e To Inuelwpa Avadopdg

e ToInueiwpa Adeloddtnong

e Tn énAwon Alatnpnong ZNUELWHATWY

e To Inuelwpa Xpnong Epywv Tpitwv (epodoov undapyel) pall pe Toug
GUVOSEVOUEVOUC UTIEPCUVEEGHOUG.


https://ocp.teiath.gr/
file:///C:/Users/pantelis/Downloads/[1] http:/creativecommons.org/licenses/by-nc-sa/4.0/
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